Sheffield
Hallam
University

$#%% 8%'()*%

/ $#%% &9%'()*% $#%% &%
$ 0 $



http://shura.shu.ac.uk/information.html




P " HE $%& W

+ - + + - S { ) , 1)
( ( -, ( +

+( 0 1 0o * ( (

( 1 ( -
##234 56. 2 +) * 7 ( - )
(- 8 L, +)- - " 50S$- % (
L, & -9 H#2.

#H#2
5. &( & - 1 (71()
< =



#S$ %
#)

& ' $
&' &* %

0112

- %

# (



Abstract

We present here the results of a series of molecular dynamics (MD) simulations of
systems of soft repulsive tapered particles. Essentially, the objective of the project
was to investigate the effect that changing the degree of taper of these particles
has on the collective behaviour of the system. The particle shapes were modelled
using the parameterised Gaussian overlap (PHGO) contact function, which had
previously been used in Monte Carlo (MC) studies of systems of hard particles
with the same range of shapes [Phys. Rev. E 68, 021708 (2003)].

The work carried out falls into three main categories. Firstly we calculated the
splay and bend reduced flexoelectric coefficients, ej; and e33, for a number of sys-
tems in the nematic phase. This was done using the linear response approach
developed by Nemtsov and Osipov [Kristallografiya 31 2, 213-218 (1986)]. The
values of e}; measured for the tapered systems studied were all positive and of the
order of +0.1, whilst the e}; values were of a similar magnitude but negative in all
cases. These numbers correspond to values of the order of pCm™, which is consis-
tent with typical values measured experimentally for the flexoelectric coefficients.
The reduced coefficients for systems of uniaxial particles were also calculated and
found to be approximately zero, as they should be for particles with this type of
symmetry.

The second major theme in the project was the mapping out of the shape-density
phase diagram, through both compression and decompression sequences, for ta-
pered particles having a constant length to breadth ratio of 3 but different degrees
of tapering, ranging from an extreme tear-drop shape to the uniaxial Gaussian el-
lipsoid. The results of our MD simulations broadly agreed with those obtained by
the MC route [Phys. Rev. E 68, 021708 (2003)]. Isotropic, nematic, smectic and
ordered solid phases were clearly identified. In addition a so-called ‘curvy-bilayer’
(CB) phase was observed, which locally possessed similar order to the smectics
but did not exhibit any clear long range order.

The structure of the CB phase was investigated further and found to be a type of
bicontinuous cubic phase, specifically the Ia3d or gyroid (G) as it is also known
— a phase never before obtained from this type of simulation. Characterisation
of the I-G transition was undertaken, which indicated that the gyroid freely self-
assembled from precursors present in the isotropic fluid. The Sm-G transition
was also characterised and found to take place via the formation, firstly of stalks
joining two adjacent smectic bilayers and then subsequently pores which bisect
these bilayers and initiate the emergence of the gyroid morphology.
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for the formation of the mesophases. What follows is a very basic overview to give
a flavour of some of their essential characteristics, for the purposes of putting the
objective of this project into context. For a proper introduction to the subject,
the reader is directed to the texts [1-3].

In terms of classifying the types of molecules that form liquid crystals, two main
categorisations have traditionally been used, which relate to the overall shapes
of the molecules. Calamitic LC molecules have an overall shape that is rod-like.
A classic example of calamitic mesogens is the nCB family. These consist of
an essentially rigid aromatic core of meta biphenyl. At one end of the core, a
cyano headgroup is attached and at the other end a flexible alkyl chain, C,Hop 1.
Calamitic LC molecules typically range in size from 20-50A in length and 3-5A
in width. Discotic LC molecules, on the other hand, have a disk-like form. In
general they consist of a flat rigid core made up of several aromatic rings from
the perimeter of which radiate flexible alkyl chains. The dimensions of discotic
LC molecules typically range from 20-50A in diameter whilst the thickness of the
central disk is 3-5A.

The simplest mesophase formed by calamitic LCs is the nematic, denoted N, in
which the molecules have no long range translational order but do have a pre-
ferred orientation. This preferred orientation is defined by a unit nonpolar vector,
7, called the director. The degree of orientational order is characterised by an
orientational order parameter, P, which may be defined as a microscopic average

over the molecular orientations with respect to the director

3 1
P2= <§COS291'—§>

where 0; is the angle between the major axis of molecule 7 and 7i. P, is zero for
the isotropic phase, denoted I, in which the molecular orientations as well as the
positions are randomly distributed. For an ideal system in which all the molecules
are perfectly aligned P = 1. Typical order parameter values for real liquid crys-
tals range from 0.3 to 0.8. Discotic mesogens also form a nematic phase but in

these, the orientational correlation is between the minor axes of the molecules,
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which are perpendicular to their central disks.

Another important mesophase formed by calamitic mesogens is the smectic phase,
denoted Sm, in which the the molecules have a mutually preferred orientation
and, in addition, stack into layers, thus imbueing the system with one dimen-
sional translational order. If the director is perpendicular to the layers, the phase
is termed smectic A (SmA). If it makes an angle other than 90° to the layers, it is
known as a tilted smectic phase, denoted SmC. In both SmA and SmC, there is
no intralayer ordering of the molecules. However smectic phases do exist in which
the mesogens organise themselves into hexagonal or rectangular arrays within the
layers, these are termed SmB phases. The variant of this phase in which the direc-
tor is also tilted with respect to the layer normal is denoted SmlI. In the SmB and
Sml phases, there are no correlations between the mesogen positions from layer
to layer, however the directions of the axes which define the ordered intralayer
packing are correlated. This is known as bond orientational order. If smectic LC
phases are cooled to sufficiently low temperatures or compressed to high enough
density, they crytallise into the solid phase, which by definition possess both intra-
and inter-layer long-range order.

So called chiral variants of some of the phases described above are also observed.
These form when the mesogens, rather than being uniaxially symmetric, possess
a distinct inversion assymmetry — they have a handedness. In the chiral nematic
phases, which are by convention denoted by an asterisk like so N*, the preferred
orientation of the molecules rotates as one moves through the sample in a direction
perpendicular to the director. In the chiral variants of the tilted smectic phases,
the director, whilst maintaining a constant tilt angle with respect to the layers,
rotates from layer to layer about the layer normal, thus describing a cone.
Discotic mesogens exhibit a markedly different type of positional order compared
to the smectics formed by rod-shaped molecules. Instead of forming layers, they
assemble into columns rather like stacks of coins. The positions of the disks along
the axis of the layer may be periodic or disordered. Also the minor axes of meso-

gens may either be parallel to the column axis or tilted at an angle to it. The



columns themselves tend to form into two-dimensional lattice arrangements in
which the ordering can be hexagonal, rectangular or oblique.

Besides categorising liquid crystals according to the symmetries of their con-
stituent molecules and those of the structures that they form collectively, liquid
crystals are also grouped according to the principle external agents which drive
their phase transitions. In this regard, there are two major categories, namely
thermotropic and lyotropic. With thermotropic LCs, phase transitions are driven
by changes in temperature. Thermotropic LCs are usually composed purely of
mesogenic molecules or blends of different mesogens. Mesophases are obtained
from these types of materials either by cooling the initially isotropic fluid or else
heating an initially crystalline solid. The phase transitions in these systems are
brought about principally by the effect that thermal energy has on the confor-
mations and mobility of the flexible parts of the mesogens. Lyotropic LCs on
the other hand consist of mesogens in a solvent such as water or oil. Here phase
changes are brought about principally by altering the concentration of the solu-
tion and, thus, the number of mesogens per unit volume. However in lyotropic

LCs temperature will also play a role to a greater or lesser extent.

1.2 Predicting mesophase behaviour

Relating the properties of the constituents of LCs to their collective behaviour and
thus gaining a better understanding of how to engineer them in order to better
exploit there unique properties is indeed a formidable problem. The theoretical
modelling of LCs and indeed of complex fluids in general, is extremely compli-
cated due the fact that these systems are dense and inhomogeneous, making it
very difficult to treat the many body interactions which determine, at the molec-
ular level, how the fluid behaves.

One of the key strategies adopted in theoretical modelling of dense fluids, which



avoids this difficulty, is mean field theory (MFT), also known as self consistent
field theory. In this approach, the many interactions of a model fluid molecule
with its neighbours are replaced by an average or effective interaction. Several
such theories have been developed which makes qualitative predictions for phase
transitions in liquid crystals consistent with experiment the most successful of
these being Maier-Saupe theory. In general, MFT has been fairly successful in
making qualitative predictions for phase transitions in thermotropic LCs that are
consistent with experiment. However the approach rarely succeeds in making ac-
curate quantitative predictions. The main reason for this is precisely that they
neglect the contributions of short range interactions and also fluctuations in the
overall interaction potential from the mean.

A second, more technically challenging approach, that does attempt to take into
account short range interactions, is density functional theory (DFT). The most
celebrated application of DFT, in relation to liquid crystals, was made by On-
sager [4]. In this theory, the liquid crystal molecules are modelled as hard sphero-
cylinders. A spherocylinder (SC) consists of a cylinder of length L and diameter D
whose ends are capped by hemispheres also of diameter D. The term ‘hard’ means
that each object interacts with its neighbours via an interaction that is repulsive
and infinitely steep — in other words a pair of such particles may not overlap. In
order to develop the theory, Onsager made the simplifying assumptions that the
spherocylinders were extremely thin, i.e. L > D, and the volume fraction, 7, of
the system very low, i.c. n = Nv/V = pv < 1. Here N is the number of particles
in the system, V the system volume, v the particle volume and p is the number
density. The result of this analysis was an expression for the free energy of the
system that could be used to determine its equilibrium phase at a given density.
This led to the prediction of an isotropic-nematic transition at a density of the
order of p ~ 1/(L?/D).

The crucial point is that Onsager theory predicts that volume exclusion effects
alone, mediated by repulsive hard-core interactions, may be sufficient to bring

about an LC phase transition. At the fundamental level, the driver of this phase



transition is entropy. In the model system of spherocylinders, the number of parti-
cles, N, the system volume, V, and the temperature, T, are constant. As such, the
appropriate free energy for the system is the Helmholtz free energy, F = U — TS,
where U is the internal energy and S the entropy. Since the particles are purely
repulsive, their interactions do not contribute any potential energy, and therefore
the internal energy is zero. By the same token, their interactions will be unaf-
fected by temperature and so T can be treated as a constant. What remains
then is a free energy that is dependent on entropy alone and the phase which is
stable, i.e. the one that has the lowest free energy, at a given density, will be the
one with the maximum entropy. That this is responsible for an isotropic-nematic
transition appears counter-intuitive at first in as much as one would not expect
a nematic, with its orientational order, to possess an entropy larger than the ap-
parently more disordered isotropic phase. The reason the nematic is favoured at
higher density is that, as the system is compressed and the elongated particles
come into closer proximity, the effect of excluded volume will increasingly result
in there being, on average, fewer positions available for a given particle to occupy.
Consequently there are fewer different ways for the particles to arrange them-
selves, thus decreasing the positional entropy. If however the particles align with
each other, though orientational entropy will be lost, excluded volume is reduced
thus freeing up more space and increasing the number of positions the particles
may occupy. It so happens that, at the isotropic-nematic transition, the loss in
orientational entropy is outweighed by the gain in positional entropy. It should
be added that this is not the only evidence for entropy driven phase transitions.
In some of the earliest computer simulations performed, Alder and Wainwright [5]
observed a liquid-solid transition in hard spheres qualitatively similar to that ob-
served in simple atomic fluids such as argon. Also, experimentally, the tobacco
mosaic virus, which has a shape very similar to the spherocylinder, has long been
known to undergo a density driven isotropic-nematic transition [6].

Indubitably other agents such as attractive (dispersion) forces, electrostatic in-

teractions, polarisabilty, intramolecular degrees of freedom and so forth have sig-



nificant roles in influencing the behaviour of real LCs and other complex fluids.
However, gross molecular shape is widely held to be one of the most important.
Further investigations into the behaviour of dense fluids consisting of anisometric
hard particles may therefore provide valuable insight into mesophase behaviour.
Theoretical approaches are inherrently best suited to treating systems with a high
degree of homogeneity and symmetry. It is therefore unsurprising that in the case
of complex fluids it is often very difficult, if not practically impossible, to incor-
porate into them the essential physical details which distinguish these types of
system. In particular, the predictions of Onsager theory become increasingly less
accurate as the aspect ratio, k, of the spherocylinders is decreased to the sort of
values encountered for real mesogens, say k = 3 — 5. Because of these difficulties,
computer simulation is increasingly used as a powerful tool for gaining insight
into the drivers of phase behaviour in LCs and other forms of soft matter at the
microscopic level. A computer simulation could be viewed as a discrete, rather
than continuous, mathematical model played out on a machine. Like theory, a
computer simulation tries to capture the essential physics of the system of inter-
est and involves numerous simplifications and approximations. However, with the
latter there is much more scope in terms of the level of detail that can be included.
In particular the many body interactions, that are so difficult to incorporate in
analytical models, are an intrinsic feature of the computer simulation.

A substantial body of simulation work has been carried out on model systems
of hard anisometric (non spherical) particles. For a comprehensive overview, the
reader is referred to the reviews by Allen [7] and Cleaver and Care [8]. Here we
confine our attention to the hard spherocylinder and the hard ellipsoid of revolu-
tion (HER). These are to date probably the most extensively studied single-site
anisometric hard particle models.

The first simulations of hard spherocylinders were carried out by Vieillard-Baron
in the early 1970s [9]. He used constant volume, constant temperature (NVT)
Monte Carlo to simulate a system of 616 hard SCs with an aspect ratio, v, of 3,

the aspect ratio for SCs being defined as v = (L+ D)/D = (L/D) +1. The shape



of spherocylinders may alternatively be characterised by their shape anisometry
k = L/D. The density range explored, as expressed in terms of the volume frac-
tion, was 7 = 0.30 — 0.54. Unfortunately in this work, no ordered phases were
observed for this aspect ratio and density range; the limitations of computer power
at that time made it impractical to run with particles of larger aspect ratios or at
higher density.

In the years that followed, more ambitious simulation studies were carried out
culminating in those of Bolhuis and Frenkel [10], who comprehensively mapped

out the hard spherocylinder phase diagram from the limitting case of hard spheres

Fig. 1.1: The phase diagram for hard spherocylinders as determined by Bolhuis and
Frenkel [10]. The shaded areas represent phase coexistence regions. The dashed line is
a rough estimate for the phase boundary between the AAA and ABC solid phases.
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at one extreme (k = L/D = 0) to infinitely thin particles at the other (k = o0),
the latter corresponds to the model particles featured in Onsager’s theory. The
phase diagram they obtained is presented in figure 1.1. It should be noted that
the density scale they use is normalised by dividing the number density by the

9



number density for close packing: p* = p/p.,. Systems consisting of particles
with a shape anisometry in the range 0 < k < 0.35, as they are compressed, freeze
into a plastic crystal phase (P) in which the particles have translational order,
i.e. their postions define a regular lattice, but their orientations are disordered.
For 0.35 < k < 3.1, an isotropic-solid (I-S) transition is observed; in this k range,
the solid consists of layers of SCs stacked one on the other in the ABC hexag-
onal stacking arrangement. At k£ = 3.1, the smectic phase emerges between the
isotropic liquid and the crystal solid. For slightly more elongated particles with
k = 3.7, the nematic phase also becomes accessible and so for k£ > 3.7 the phase
transition sequence is I-N-Sm-S. Also for k > 7.0, on freezing, the initial stacking
arrangement of the solid becomes AAA.

The first simulations of ellipsoidal particles were again pioneered by Vieillard-
Baron [11]. In fact this work was a 2D simulation study of 170 hard ellipses with an
aspect ratio, , of 6. Nevertheless both solid-nematic and nematic-isotropic phase
transitions were observed in this system. Fully three-dimensional simulations of
hard HERs were later carried out by Frenkel and Mulder [12] using constant pres-
sure, constant temperature (NPT) Monte Carlo. This work looked at both prolate
and oblate ellipsoids with aspect ratios of 3, 2.75, 2, 1.25 and 1/1.25, 1/2, 1/2.75,
3 respectively. The phase diagram obtained is shown in figure 1.2. The phase dia-
gram also included data from previous work: the limiting case for oblate particles,
-k =0, is the infinitely thin disk, which had been studied previously by Eppenga
and Frenkel [13]. The extreme case for prolate HERs meanwhile, with £ = oo,
corresponds to the needle like particles featured in Onsager’s theory of the I-N
transition. The other special case, k = 1, corresponds to hard spheres whose phase
behaviour has been rigorously investigated. To summarise the phase behaviour of
HERs, the nematic phase is observed for oblate ellipsoids with x < 1/2.5 and for
oblate ellipsoids with « > 2.5. Oblate and prolate ellipsoids with more moderate
aspect ratios in the ranges 1/2.5 < k < 1/1.5 and 1.5 < £ < 2.5 respectively un-
dergo freezing transitions from the isotropic to the ordered solid (S) phase without

an intervening nematic phase. For 1/1.5 < k < 1.5 the freezing transition is from
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Fig. 1.2: The phase diagram for hard ellipsoids of revolation as determined by Frenkel
and Mulder [12]. The shaded areas represent the authors best estimates of the phase
coexistence regions based on the state points studied. The density has been normalised
by dividing it by 8ab® where (a) is the length of the semimajor axes of the ellipsoid
studied and (‘a) is the length of their semiminor axes.
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isotropic to plastic solid (PS). No smectic phases are observed, the reason for this
is essentially that in the high density fluid, side-to-side arrangements of ellipsoids
to collectively form layers is not efficient packing (in contrast to spherocylinders
in the same situation), rather fcc packing is favoured. The most striking feature of
the phase diagram overall is the near perfect symmetry of the oblate and prolate

halves. This symmetry is not fully understood.
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1.3 Objective of the project

Clearly then molecular shape is an important factor in determining the mesophases
formed by liquid crystals. The essential aim of this project is to contribute to the
body of hard particle simulation work by investigating the behaviour of systems of
particles with tapered shapes i.e. particles that, unlike the uniaxial spherocylinder
and HER, have polar shape anisometry. To this end we have carried out molecular
dynamics (MD) simulations of soft repulsive tapered particles, or ‘pears’ for short.
The main body of work investigates the effect which systematically altering the
degree of taper has on the general phase behaviour of the system. This builds on
previous MC studies of purely hard particles having a similar type of shape [14].
The soft repulsive variant of this potential is used here because the hard particle
potential is non-differentiable and therefore cannot be used in constant timestep
MD, which involves calculating derivatives of the potential in order to obtain the
intermolecular forces which drive the dynamics. One may well ask why we bother
to carry out this type of simulation at all using MD when a very similar system has
been studied using MC? There are two main reasons. Firstly, if the results of the
MC simulations are found to be closely reproduced by the analogous MD study,
then the latter provides good verification of the former and vice versa. Secondly,
MD provides additional dynamical information about the system which cannot
be obtained from MC runs.

We have also studied the flexoelectric properties of systems of tapered particles.
Flexoelectricity is a property of LCs whereby when a net mechanical distortion is
imposed upon a sample of the material, a net polarisation is induced. It is analo-
gous to the more widely known piezoelectric effect observed in certain crystalline
materials. According to Meyer, flexoelectric properties may be engendered by
certain characteristic shapes of the materials constituent molecules — one of which
being a wedge-like or tapered shape. The use of the MD simulation technique was
essential in this work since, in the method used to determine of the parameters

which characterise flexoelectricity, the calculation of torques is required.
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1.4 Outline of the thesis

In chapter 2 we will describe precisely the shapes of the particles to be consid-
ered and demonstrate how they are generated. The shapes range from a uniaxial
particle, which is very similar to the hard ellipsoid of revolution, to extremely
tapered tear-shaped particles. We will then explain the method used to model
the particle shape in the simulations. This is known as the parameterised hard
Gaussian overlap (PHGO) model as used previously the simulation work on sys-
tems of hard particles [14]. In the final section of this chapter the potential used
to mediate the interactions between the particles will be described. This potential
is essentially a continuous analogue of the strictly hard particle potential used in
the MC studies. »

Chapter 3 describes the simulation methodology, beginning with a brief overview
of how the MD simulations are organised. The forces and torques which drive the
dynamics of the system are then defined as well as the observable properties of
the system calculated in the course of the simulation. Since the latter are actually
calculated during the simulation, they are referred to as ‘runtime’ observables.
The final section describes a battery of distribution functions, which were used to
analyse in detail the structure of the phases formed in the simulations once they
had reached completion.

In chapter 4 the results from a series of preliminary simulations are presented.
These were designed primarily to test that the code was performing satisfactorily.
They also provided an opportunity to develop the analysis techniques later used
to elucidate the properties and phase behaviour of the systems generated by the
main simulation runs.

Chapter 5 describes how a specialised analysis technique, known as the linear re-
sponse approach, was used to calculate the flexoelectric coefficients, e;; and ess,
for our systems of pears. These are respectively the splay and bend flexoelectric
coefficients and are the key quantitative measure of the flexoelectric properties of

a material. They were calculated for several tapered particle systems at various
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(CB) regions of the phase diagram are mapped out. This was accomplished by
carrying out a series of compressions and decompressions of monodisperse systems
of 1250 particles for a range of particle shapes. The phase diagram obtained from
the decompression series is presented in figure 1.3.

The structures of the various phases were thoroughly interrogated using the distri-
bution functions defined in the methodology chapter. However, the precise nature
of the curvy-bilayer encountered in the x3 survey was not clear. Therefore, a fur-
ther series of compressions and decompressions was performed on larger systems
of 10000 particles, the results of these simulations are presented in the final main
chapter. Stored configurations from these simulations were subjected to a clus-
ter analysis technique in order to elucidate the structure. This analysis enabled
us to identify the phase as consisting of two identical, interpenetrating periodic
networks. Further analysis confirmed that the CB phase was in fact the bicontin-
uous cubic phase Iadd, otherwise known as the gyroid (G). This phase has been
observed previously in a small number of simulations which included attractive
interactions in the potential but never in a hard particle model. We have recently
published a paper [15] summarising this unprecedented result and discussing its
significance and wider implications. These matters are also touched on in the final
chapter of the thesis in which we draw together the major conclusions from the
simulations carried out so far and indicate some promising directions for future

work.
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being the half width of the particle at its mid-section) so that the ends of the two
curves meet. A second constraint is that the points by, by, ag, a; must always
be positioned so that they are colinear, as must by, bz, as, a,, this is to ensure
that there is no discontinuity in the gradient of the profile at the meeting points.
Points by, b, and a;, a; have fixed y-coordinates of —h and h respectively. For
particles with a particular aspect ratio, the value of h is constant; for k3 particles
it is equal to 2.0. The degree of taper is controlled by altering the horizontal
positions of by, bs, a;, a; subject to the overall arrangement remaining symmet-
ric about the long axis of the particle. If the control points are positioned such
that the line segments a;b; and asb, intersect at a point lower than the apex of
the particle, i.e. below (0,5/2) as illustrated in figure 2.2 (a), then the taper is
very pronounced and the particle has a partially concave tear-drop shape. If, on
the other hand, the intersection point of these line segments (or the extensions
thereof) occurs above the apex, the profile will be less tapered and, in addition,
purely convex, as illustrated in 2.2 (b). The situation shown in figure 2.2 (b),
where the control points a; and ay are coincident marks the threshold between
concave and convex particle profiles, and corresponds to kg = k. So in general, as
the intersection point occurs higher up the y-axis, the degree of taper is reduced,
which corresponds to increasing ky value. In the extreme case, illustrated in 2.2
(c), where by, a; and b,, a, are placed such that the two lines passing through
them are vertical, the particle is no ldnger tapered and is reduced to a symmetric

elliptical shape, for this situation, kg is equal to infinity?.

2The scheme used to generate particle shapes was developed by Zannoni and coworkers and
is described in [17] , however this description does not include a precise quantitative statement
specifying the relationship between 6 and kg
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of particle, there do exist well defined criteria for testing whether particles are
overlapping, just touching or not overlapping. For a pair of spherocylinders (SCs)
¢ and j, with diameters d; and d;, Vieillard-Baron introduced the following test

criteria [9]

< 0 if ¢ andj overlap
i (rij, i, d;) = =0 if i andj are externally tangent (2.2)

> 0 if 7 andj do not overlap

where 7;; is the interparticle vector defining the relative positions of the two
ellipsoids, ¢ and j and 4; and 1i; are unit vectors defining their orientations. The

test function is given by
Ui (rij, @iy 4j) = 0(7, G, B5) — (ds + dj)° (2.3)

where ¢ is the closest distance between the line segments along the axes of the
cylindrical portions of the spherocylinders. There is also an analogous test criteria,
developed by Perram and Wertheim [19], which holds for for non-identical general

ellipsoids:

< 1 if ¢ andj overlap
fij (15, Q4,Q5) = =1 if ¢ andj are externally tangent (2.4)

> 1 if ¢ andj do not overlap

Here 7;; is the interparticle vector and ; and ; denote sets of coordinates defin-
ing the particle orientations. The test function, f;;, meanwhile is given by an
expression which is very much more complicated than the analogous one for SCs.
Such test algorithms are suitable for use in MC simulations of hard particles,
where one simply requires a means of deciding whether a trial move should be
accepted or not. However they are unsuitable for constant timestep MD simu-
lations because they do not specify the contact distance in an analytical form.

Fortunately an approach exists which has been used to derive an analytical form
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of contact function that closely approximates the steric interaction for hard ellip-
soids of revolution (HERs). Furthermore, as we will show, this analytical form
can be adapted to yield a contact function for tapered particles. This approxima-
tion to the contact function for ellipsoids is known as the Gaussian overlap (GO)
model, introduced by Berne and Pechukas [20]. Wee will now describe the model
in some detail.

The GO model starts by conceiving an idealised elongated molecule as represented

by a three-dimensional ellipsoidal Gaussian distribution.
~1/2 _
G(r) = |y / exp[—r -y~ 7] (2.5)

where 7 is a general position vector and v denotes the range matrix which serves to
modulate the directional variation of the distribution in space. The range matrix
is given by

v = (I’ —d®) ad+ d*l (2.6)

where 4 is a unit vector along the principal molecular axis, 4 denotes the outer
product and | is the unit matrix. The parameters [/ and d quantify the half-length
and half-width of the distribution representing the molecule.

The second step is to postulate that the interaction potential, U;;, between a pair
of such molecules, ¢ and j, is, in some sense, proportional to the mathematical

overlap of their Gaussians
Uij(ﬁi,'iij,rij) ~ / dr Gi(’l”)Gj(’I‘ - ’I",'j) . (2.7)

The result of this integral is itself a Gaussian function of the intermolecular vector
7;; and the molecular orientations ; and i; (on which +; and ; respectively are

dependent).

-1/2

-1
Uij('&,’,ﬁj,"’ij) ~ ‘1, +ZJ‘ €xp [—T'ij . (11 + 1_7) . T,‘j] . (28)
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For a given particle-particle orientation (;, @;), the principal axes of the distri-
bution are given by the eigenvectors of (L. -+ zj) and the equipotential surfaces
are ellipsoids, which of course share these axes of symmetry. The variation in
the potential profile observed along directions in #;; space is modulated by the
eigenvalues of (v, -+ lj) whilst the prefactor |y, + Zjl_l/ 2 simply acts as a scaling
factor for the magnitude of the potential. Berne and Pechukas emphasised these

two controlling factors in the potential by writing Eq.(2.8) in the form

2
Ui (B 85,m5) = €, ;) ex [———]—] 29
i (1, 85,7i5) = €(;, 1) exp o2 (d;, G, i) (2:9)

where ¢ is called the strength parameter, which modulates the strength of the
particle-particle interaction, and ¢ is the range parameter which determines the
width of the potential. By equating terms in equations 2.8 and 2.9, it transpires
that the task of obtaining € and o essentially amounts to determining expressions
for the determinant and inverse respectively of 7, + 2 If both particles are
identical, i.c. I; =1; =l and d; = d; = d, then the following expressions result.

Firstly the strength parameter is given by

-1/2

e(di,0;) = €0 [1 — x* (4 4;)°] (2.10)

where ¢ is the basic unit of energy setting the energy scale of interactions. Sec-

ondly the range parameter is given by

L L2 oA L oa2) ]2
X ) (@-fy + b 7)" | (d- iy — - 7) (2.11)
2| [14x (b)) [T = x (4-;)]

o(d;,1;,7;) = 0o [l -

where oy = v/2d is the basic unit of length and y is the shape anisotropy parameter

x=E-&)/(F+d) (2.12)
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In the special case where one of the molecules, j say, is replaced by a sphere (not
‘necessarily of the same diameter as ¢) then € = €, oo = (d? +d?)"/? and the range

and anisotropy parameters become

O'('l’l‘.i, ’F’LJ) = 0y (1 — X (ﬁ'i'ﬁij)2)—1/2 (213)
where
x = (1 —di) / (I + dj) | (2.14)

In the case where both molecules are replaced by atoms, the range parameter
reduces to 0 = 0g = (d? + d?)'/2, which further simplifies to o = /2d if both
atoms arc the same size i.e. d; =d; =d.

It is instructive to calculate the value of the range parameter ogo for selected
molecular arrangements and compare the values obtained to the corresponding

contact distances, oy, for hard ellipsoidal particles. This comparison is made

Tab. 2.1: Comparison between values of the Gaussian overlap contact function and the
hard ellipsoid contact distance for various inter-molecular arrangements.

configuration OHE 0Go

side-to-side OO 2d V2d

end-to-end A G )| V2l

T l+d|VIE2+d?

X @ 2d V2d

in table 2.1. For the side-to-side, end-to-end and X-configurations, multiplication

by a factor of v/2 maps ogo exactly onto the equivalent hard particle contact
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of idealised elongated uniaxial molecules, Berne and Pechukas proposed replacing
the constants oy and €j in equation 2.15 with the orientation dependent range and

strength parameters, o(4;,1;,7;;) and €(;,4;), equations 2.11 and 2.10, as follows

T,‘j Tij

A A oA 12 A A A 6
ng(@.,aj,mj):46(@,12].){(9(_%1_@) _ (M) } (216)

The result was an anisotropic, st.retched version of the Lennard-Jones potential as
shown in figure 2.5 (a); the two graphs illustrate the potential for the side-to-side
and end-to-end configurations. The crucial point to take on board here is that
the Gaussian overlap approach, though it does not automatically yield a potential
describing the interactions between atoms and molecules, does provide, in the
guise of the range parameter o(4;,%;,7;;), an extremely useful contact function for
describing the hard-core interactions of elongated molecules. We will henceforth
refer to Berne and Pechukas’ range parameter as the Gaussian overlap contact
GO = GO (g i, 7;)

Some years after its introduction, Gay and Berne [21] made two modifications to

function, o

the original GO model. In brief, they proposed that the existing contact function

be inserted into the Lennard-Jones potential in the following alternative manner

UGP (d,d5,m35) = €0e® (4,45, f25) {R™ — R°} (2.17)
where
09
R= —— : 2.18
(Tij — 099 (4,1, 7j) +0'0> (2.18)

and again oy = v/2d. This generates a shifted rather than a stretched form of
the potential. The second modification was to introduce a new and more com-
plex strength parameter, e¢2 (1;,4;,7;;), dependent on the orientation, #;, of the
interparticle vector as well as the relative orientations of the particles themselves.
These changes were motivated by the discovery that major differences existed be-

tween the attractive part of the Gaussian overlap potential and that of an equiv-
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overlap contact function for non-identical uniaxial ellipsoidal particles

2r2 1+ xc 1-—xc

ij

12 1n2Y 17 Y2
UGGO(ﬁd,'&j,’Fij)ZUO [1_ X {(aa+a 1b) 4 (ca— a™'b) }} (2.19)

which contains a new constant appropriate for particles of dissimilar dimensions

0§60 = (& + d2)™/* (2.20)
as well as two new anisotropy parameters
2—a) (- a)]"”
X = (2 2)(’2 Z) (2.21)
T+ @) (2+d)
2—d2) (2 +a2) ]
o’ = l(lz d2) (Jz 2)} (2.22)
(13 — d3) (17 + d3)

Within equation 2.19 we have made, for the sake of compactness, the following

substitutions

a=(G-ry;) b=(@-ry) c=@a) .

If one of the particles is made oblate then x and a? become imaginary, it is

therefore preferrable to express the contact function, equation 2.19, as follows

2 2 -272 -1/2

A X [aa”+a™"b° —2xabc

O'('U,Z',Uj,’l‘ij) = 0y [1 — —2 { 1— X202 (223)
i

since the coefficients a?y, a2y, and x? appearing in this alternative form are
always real. It should also be noted that if I; = I; and d; = d; then a? goes

to unity and the expressions for gy and x and, hence, o(4;,4;,7;) reduce to the

original form for identical particles.
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Fig. 2.6: Schematic illustrating how the particle-point contact function (Eq.2.24) traces
out the profile of different classes of shape.

(a) d; = I; (b) d; #1; (2) &; = di(a), l; = l;(a)

the coefficients were adjusted recursively until the coordinates generated by 2.24
matched, within an acceptable margin of error, the profiles of interest. The details

for this procedure are as follows

e Define the desired profile of the particle by obtaining a set of 100 points
(zj,y;) from cquation 2.1 (the origin of the coordinate system being the

geometric centre of the particle).
e Convert the points to polar coordinates (7, ¢;).

e Calculate for cach point the scalar product @ = 4, - #; = cos(¢;).
The recursive fitting procedure then proceeds as follows

e For each point, calculate, using equations 2.25 the parametric half width

and half length d;(@) and [;(a).

Substitute these trial values into the particle-point contact function, equa-

tion 2.24.

For each point calculate the square of the difference between value given by

2.24 and the true particle-point distance, r;j: A% = [r; — 03]

100
J

Minimise the sum ) A?j by adjusting the polynomial coefficients.
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Figure 2.7 shows the results of this procedure for a range of tapered particle

profiles. In nearly all cases the procedure resulted in excellent shape reproduc-

Fig. 2.7: Selected £ = 3 tapered particle profiles as reprodced by the parameterised
d;(a) and [;(a@). Also shown with each particle is an ellipsoid of aspect ratio 3 to give
an impression of the degree of taper in each case.

20 T T T T T

5

=2.5

tion, although for the lowest kg values one does observe undulations in the fitted
profiles.

Table 2.2 gives the expansion coefficients for the parameterised d;(a) and [;(a)
for a number of different tapered particle shapes. In general, the expansions for

d;(a) consist of 11 terms, whilst those for /;(a) contain only 2 terms, with kl(o)

Tab. 2.2: Sets of coefficients used in the polynomial expansions of d and [ for various

pear shapes.

&3/{393.0 /€4k94.0 KJ5]€95.0
E® | 0501852454 | 0.501377232 | 0.497721868
() | -0.141145314 | -0.129608758 | -0.123155821
EP | -0.060542359 | -0.074219217 | 0.024405876
ES) | 0225813650 | 0.484166441 | 0.723627215
kY | 0.832274021 | 0923492041 | 0.389831429
E®) | -1.015039575 | -1.987232902 | -3.018638148
kS | -2.504045172 | -2.943008017 | -1.951629076
k) | 1.375313426 | 2.808075172 | 4.413215403
ES) | 3196830129 | 3.815344782 | 2.998417509
KO | -0.699241457 | -1.426641750 | -2.241573216
k(O | -1.430400139 | -1.682476460 | -1.416614353
E® | 1.498259615 | 1.995006501 | 2.493069403
EY | -0.002027616 | -0.004518187 | -0.008067236
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approximately equal to x/2 and kl(l) typically having a value much smaller com-
pared with that of the other coefficients. The consequence of this is that /;(@)
remains essentially fixed for all @, whereas the more numerous and more heavily
weighted terms in d;(@) play the main role in modulating the parametric ellipsoid
shape so as to trace out the required pear profile. These choices for the numbers
of coefficients were made on the recommendation of Barmes etal. [14], who found
that they consistently gave good polynomial fits to the required Bezier profiles.

To summarise: when suitably parameterised half lengths and half widths d;(a) and
l;(a) are inserted into the particle-point contact function, Eq. 2.24, said function
accurately reproduces the shapes of tapered uniaxial particles we wish to study.
This means that the overall shape of each parametric ellipsoid, ¢, approximates
fairly well to the excluded volume of a hard pear as it would be seen from the
perspective of a point particle j. For example, when ¢ = 0° and j is at the apex of
the particle, as shown in figure 2.8 (a), it ‘sees’ a thin ellipsoid which, in a sense,
mimics the three-dimensional shape of that part of the pear which is closest to
J. Similarly, when ¢ = 180° and j is at the base of the particle, it ‘sees’ a fatter

Fig. 2.8: Plots of the parametric ellipsoids generated by the particle-point contact
function for selected polar angles ¢.

(a) (b)

9=0 ¢=90

10 \ \
AN AL}

20

20 L i

ellipsoid. On this basis, it is reasonable to suppose that, if both sets of semiaxial
lengths are parameterised, i.e. d; — d;(a), l; — l;(@) and d; — d;(b), |; — 1;(b)
(where b= b/r = 4; - 7;;) and inserted into the full particle-particle contact func-
tion, equation 2.23, then the resulting contact function may serve as a reasonably
accurate approximation of a pear-pear contact function. This is known as the

parameterised hard Gaussian overlap (PHGO) model.
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The behaviour of the PHGO model was assessed graphically by plotting, for var-
ious mutual orientations of particles 7 and j, the contact profile generated by the
contact function, the contact profile being the locus of contact points traced out
as j is translated through 360° about 7. In addition, the shapes of the pears and
the parametric ellipsoids mimicking their shapes were superimposed onto the plot
for selected polar angles, ¢, in order to gain an impression of how accurately the
(PHGO) contact function modelled the steric interaction between two tapered
particles. The contact profiles for a pair of parallel and antiparallel k3ky3.0 pears
are presented in figure 2.9 along with that of a pair of parallel k3 Gaussian ellip-
soids.

The parallel contact profile has a symmetric torpedo like form reflecting the equiv-
alence of configurations (a) and (e) as well as that of (b) and (d). In general the
contact function would appear to represent the steric interaction accurately ex-
cept for when the particles are side-by-side and the bottom halves of the pears
overlap somewhat. This is due to the fact that, for this arrangement in particu-
lar, the true contact point lies some distance from the line joining the centres of
the two particles. Recall that the parameterisation of the model is based on the
particle-point contact function, which best approximates the topography of that
region of the pear that is close to this line. In fact, when the particles are exactly
side-by-side, the parameterised version of equation 2.23 gives an identical contact
distance for both the parallel and antiparallel arrangerﬁents.

The anti-parallel contact profile is asymmetric, as it should be, for arrangements
(f) and (j) and also (g) and (i) are quite distinct. This time the side-by-side
contact distance given by the PHGO contact function is accurate, in fact for an-
tiparallel configurations the contact function would appear to perform well across
the entire range of polar angle.

Contact profiles for other pear-pear orientations are shown in appendix E, along
with the equivalent profiles for Gaussian ellipsoids. For the v = 45° and v = 135°
the contact function again performs quite well in general. For the v = 90° arrange-

ments, the contact distance appears to be somewhat overestimated. However, as
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Fig. 2.9: The plots below show contact profiles (red lines) generated as particle j is
translated through 360° about a second identical particle, 7, in the z-y plane whilst the
angle v subtended by the particles’ orientation vectors remains constant. Plots (a-e)
show the contact profile for a pair of identical k3ky3.0 pears parallel to each other. Plots
(f-j) show the contact profile for a pair of identical k3ky3.0 pears antiparallel to each
other. Superimposed on each plot for a selected polar angle ¢ are the shapes of the two
pears and the parametric ellipsoids which mimic their tapered shapes. Plots (k-0) show
the contact profile for a pair of parallel k3 Gaussian ellipsoids. This contact profile is
also included in both (a) and (f) (dashed line) for comparison.
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mentioned earlier, the original GO contact function itself departs somewhat from
the HER contact distance for the ‘T’ configuration (see table 2.1), which is similar
to the v = 90° arrangements.

Though these graphical characterisations of the contact function are not exhaus-
tive (in particular they are only two-dimensional), they strongly suggest that, in
general, the parameterised version of the GO contact function provides a satisfac-
tory approximation for the steric interaction of hard tapered particles. Certainly,
figure 2.9 confirms that the model is imbued with the correct symmetry proper-
ties. Also in the course of analysing the simulation results, particularly the three
dimensional renderings of the particles as well as certain distribution functions,
there were no indications of excessive overlaps of particles (symptomatic of the un-
derestimation of contact distance) nor of unnatural gaps inbetween them (due to
overestimation of contact distance). Given that the PHGO approach is computa-
tionally very efficient, requiring little more computational effort than the standard
GO shape parameter, these modest imperfections appear justified. Indeed, given
current hardware capabilities, the PHGO approach offers the only viable route to

producing the volume of results on tapered particles described in this thesis.

2.4 The model potential

To obtain a continuous interparticle pair potential for MD studies, analogous to
the hafd particle potential used by Barmes et al [14] in their MC simulations, the
PHGO contact function, 0" #%0(4;,4;,#;), was inscrted into a potential of the
Weeks-Chandler-Anderson (WCA) type, also described as soft repulsive (SR) or
hardcore, which resulted in the following potential

deg {R'? — RS} + ¢y 15 < o

U{;HGO (ﬁ'i)ﬁj7rij) = (226)
0 Tij Z To
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This is simply a truncated, shifted variant of the Lennard-Jones potential. It
is shifted in a similar way to the Gay-Berne potential, equation 2.17, that is in

equation 2.26, R is given by

R= — )
Tij — U(w,uj,”‘ij) + oy

(2.27)

However note that here we have introduced the new constant o, which, for all

the simulations reported in this thesis, was arbitrarily set to a value of

o0 = /(052057 = % . (2.28)

This new parameter is required because the prefactor oy appearing in o 799 (4;,4;,7;;)
is no longer constant since the particle half-widths d; and d; are parameterised,
i.e.
PHGO 412 210\ 712
oPHGO (d,-(a) +d;(b) ) (2.29)

The choice of o, is in keeping with the nominal half-widths of the tapered par-
ticles (or rather the half-widths of their Gaussian distributions, since the contact
function ultimately derives from a Gaussian overlap integral). In all cases these
half-widths have a value of 0.5. Thus o0,, may be taken as the basic length unit
in our simulation studies and corresponds to the separation of a pair of particles
when they are placed side-to-side, this is effectively the width of the particle.

The potential is made purely repulsive by truncating it at the potential minimum

by defining the cutoff distance as
ro = 0 190 (d;,d;,75) + (2/° — 1o, - (2.30)

Finally the potential is shifted vertically by €y, with the result that it goes to zero
at the cutoff, a property that is essential; this also has the effect of making the
gradient equal to zero at the cutoff, a property which, improves the stability of
the integration algorithm. The resulting soft repulsive potential is shown in figure

2.10 along with the hard particle potential. Since the former rises so steeply, a
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a strictly solid figure — although it is intended to closely reproduce the behaviour
of a system of hard particles. Secondly the contact function does not perfectly
model the profiles of the particles featured in figure 2.7. Nevertheless it is worth
noting that the lower kg particles have an appreciably larger nominal volume than
their less asymmetric cousins. Whereas the volumes of particles with ky greater
than about 6.0 are little different from that of the ky = oo particle. It is also
interesting to observe that an ellipsoid of revolution has a distinctly lower volume

than the ks = co PHGO particle.

37



™



- / - 0,025 = Q - Q ’ -
- - - B *, 5
v L - .5 5 5 - - 5
- 5 - 5 - 5 - -/ 5
- $ : -
/ : : ,
L R
3 QP W
; Cosu s ,
F - = - )
3 QQ 4
i i -5
8 -- . : : : - > ,
Y -3@ W -§
- L 3 B Y045 3 B Y04
- 0 & 4B 45
- ’|_

Y - 3YQlL YT3Y@ 4 YBB4

&" 68L/X8B 8X&99:
Y3 B4 - 7 - +&

- KL & #A B 45

5 . = - .- - > -,
MNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN



All the simulations were carried out within an orthorhombic Qolume, V, having
dimensions L, Ly, L,. This is henceforth referred to as the simulation box or
simulation volume. The number density of particles within this volume is simply
defined as the number of particles N divided by the volume, p = N/V. The
position of each particle, 4, is specified by a position vector r;, the origin of the
coordinate system being located at the centre of the simulation box. The relative
position of another particle, j, with respect to ¢ is defined as r;; = r; — 7;, the
corresponding unit vector being specified by #; = r;;/r;;. In order to perform
simulations of bulk fluids, standard periodic boundary conditions (see for exam-
ple [23]) are applied in all three Cartesian directions.

Changes in density are implemented by rescaling the particle coordinates and the
box lengths by the same proportion in each Cartesian direction. On occasions so
called anisotropic rescaling is applied, whereby the ratios of the box dimensions
are allowed to vary whilst the volume is kept constant. This is intended to prevent
pressure anisotropy from developing in systems with anisotropic supramolecular
order, in particular the smectic phase. The details of the anisotropic rescaling
algorithm will be discussed in the next chapter. The initial configuration for a
compression series usually consists of an FCC arrangement of particles, each of
which is oriented in the [111] direction. In specifying the initial density, care must
be taken that it is sufficiently low that the particles in this starting formation
are not overlapping. The particles are then randomly assigned with initial linear

velocities from the Maxwell-Boltzmann distribution

m O\ 32
fMB(T) = (271’/63T> eXp[—mUQ/,?,kBT] . (3.1)

An analogous distribution could also have be assigned to the angular velocities
however, as we will show in chapter 4, energy equipartition between the transla-
tional and rotational degrees of freedom occurs very rapidly compared to a typical
run length. Therefore, in these simulations at least, assigning an initial rotational

velocity distribution is not strictly necessary.
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Most of the simulation runs are carried out in the constant NVT or canonical
ensemble, although from time to time runs in constant NVE or microcanonical
ensemble are performed for the purposes of thermalisation or as acid tests for
coding or procedural errors. In the NVT runs, the temperature is maintained by

periodically adjusting the linear velocities, v;, thus

v, = v; (3.2)

where v} is the rescaled velocity, Ty is the target temperature and T the instan-
taneous measured temperature. In addition, the linear momenta of the individual
particles are shifted in order to maintain zero net linear momentum for the system

as a whole. The shifted momenta are given by

N
1
p;i=Dp;— N Z'mivi . (3.3)
i

Temperature and momentum rescaling are applied at every time step. The particle
positions, orientations linear and rotational velocities are advanced through the
four so called integration steps within the time stepping loop featured in figure 3.1.
The integrator used here is the velocity-Verlet algorithm [24], which is summarised
in the next section along with definitions of the forces which ultimately drive the

dynamics of the system.

3.2 Forces, gorques and their integration

In our simulations, the net force on a given particle ¢ is assumed to be the vector
sum of pairwise forces f;;. This force may be expressed as an appropriate gradient

of the pair potential Us;

Fi; ==V, Ui (3.4)
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The assumption that the interparticle potential contains only pairwise contribu-
tions and no higher body terms is entirely justified here. The very nature of
the hard particle potential ensures that the interaction between any given pair
particles will be in no way affected by the presence of other particles in the vicin-
ity. We observe that U5#5C contains three scalar products involving 75, namely
a = (G;-ri), b = (@) and r = 15 = (7 - ri;). It is therefore convenient to

rewrite equation 3.4 as

Fii==_ VryUs(s-7y) (3.5)

wherein s represents the set of vectors {;, i;, #;;}. Manipulation of the right hand
side of 3.5 (see appendix B) leads to an expression for f;; in terms of derivatives
with respect to the dot products a, b and r;;.

anj . anj “ anj “

Ty ==, %~ %~ 3 i (3.6)

According to Newton’s third law, the force on particle j due to i is the equal and
opposite of f,;, i.e. f;; = —Ff,;. The total force on each particle is simply the sum
of all the pairwise contributions
N
.fi:z.fij‘ (3-7)
J#
The full explicit expressions for the derivatives appearing in 3.6 are not given here
since they are unwieldy even for a pair of Gaussian overlap particles with constant
half-widths and half-lengths, let alone for PHGO particles wherein d;, [; and dj,
l; arc parametric in & = (@-#;) = a/ry; and b = (d4;-#;) = b/r;; respectively.
As far as the coding of these derivatives was concerned, the strategy adopted
was essentially repeated application of the chain rule which naturally breaks the
calculation down into small steps, which makes checking for errors less daunting.
The angular acceleration of a body are related to its moment of inertia and the

net torque acting on it by
7 = Loy = Lw; = L;0; (3.8)



where I, is the inertia tensor, «; is the angular acceleration, w; is the angular
velocity and 6; is a vector parallel to w; which defines the orientation of the body
in space. A linear particle (that is to say one with cylindrical symmetry), whose
orientation is defined by a unit vector, i, pointing along the long axis, has only
two degrees of rotational freedom since it is invariant to rotation about 4. Further,
rotation is at all times perpendicular to % and the inertia tensor reduces to the
principal moment of inertia I. The expression for the torque on such an object

reduces to

=N g =G Ag; (3.9)

where g, can be thought of as the turning force acting on 4; and is referred to in
this context as the ‘gorque’. In the above expression the full gorque can always

be replaced by its component perpendicular to 4, since
4 A g, =10 A g} (3.10)

where the perpendicular component is given by

95 =9:—(9;- &) & (3.11)

The gorque, g,;, on ¢ due to a second linear particle j can be obtained by taking
the gradient of the interparticle potential with respect to the unit vector ; of the

former
9i; = —Vg, Ui . (3.12)

We note that U5#9C contains two scalar products involving 4;, namely & =
a/rij = (@;-7;) and ¢ = (@;-4;). It is therefore convenient to rewrite equation 3.12

as
9 =—>_ Va Uy (s-ii) (3.13)

where

s = {ﬁj, ’f\'z]} .

43



By manipulation of the rhs of 3.13, in a similar fashion to the treatment of 3.5,

we obtain an expression for g;; in terms of a and ¢

oUs; oUsj .,
9= Tpq T T Tge W

(3.14)

and, simply by interchanging 4; and 4;, a similar expression for g;; in terms of b
and c

7 g (3.15)

The total gorque on each particle is simply the sum of all the pairwise contributions

N
g;= Z gij - (3.16)
j#i
Singer [25] showed that it is possible to express the dynamics of a linear particle, in
terms of the rotation of the axial vector, 1;, as a second order differential equation
of the form

Iz’iiL = g,lj + )\’&, (317)

where )\ is a correction factor necessary to maintain the modulus of #; at unity.
Discretised forms of equation 3.17 have proved highly suitable as a means of evolv-
ing the rotational dynamics of systems of uniaxial particles in MD simulations.
One such integration scheme is the velocity-Verlet algorithm, which we use in our
MD simulations, and which we now briefly outline. Within the velocity-Verlet
scheme, given the positions, linear velocities and forces on all particles at time

step s, the following four steps are applied to obtain rgsﬂ), 'vz(”l) and fl(s“)

At

s41/2 s

v = v§)+§7—n—if§5’ (3.18)
e R AN 2} M (3.19)
Calculate £+ (3.20)

S S At s
oD = A g plerh) (3.21)
2m,~
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An analogous set of steps are used to advance the orientations, angular velocities

and gorques

U§s+1/2) — (s)+ 2A1tg(s)+)\n (s) (3.22)
™ = w4 AT (3.23)
Calculate g*+" (3.24)
alt) = Gen QA;QSTI)“"( (s+1/2) u§s+1)) uY (3.25)

Note that here, where we denote the first and second time derivatives of the
orientation vector as @ and i, the hat (") above u has been dropped for clarity.
The extra terms in equations C.5 and C.8, as compared to C.1 and C.4, are the
correction factors required to maintain the unit modulus of ». In particular, The
factor A" in C.5 is a Lagrangian correction factor whose initial value is obtained

from equation C.9 and then refined by two identical iterative steps C.10 and C.11

_ At o) A ) ) At ()
1+ /\0At)2(u(s) . u(s)) —-1- )\oAt
N o= A — ( i 2
0 2At(1 + \At) (3:27)
PAN2 (0 (8) (Y 1 _
Vo 14+ NAt) (u;” - u;’) — 1 — XAt (3.28)

2At(1 + NAY)

If transcribing these equations into computer code, note well that the A that ap-
pears in the final term of the numerator in C.11 retains the original value Ao as
given by C.9, whilst the A that appear elsewhere in C.11 have the value X’ obtained
from the preceeding iteration, C.10. The velocity-Verlat algorithm was selected
for use in our simulations because of its stability over long simulation times. In
all simulations the time step used was At = 0.0015. This value was chosen for
two reasons, firstly this length of time step has been used in many other studies,

therefore use of the same value here allows, if needs be, for a more direct com-
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parison with those studies. Secondly this length of time step consistly resulted in

excellent energy conservation in test runs in the NVE ensemble.

3.3 Runtime Observables

In this section we set down the definitions of the system observables that are
computed and accumulated during the course of each run and then time averaged
at its end. The total potential energy of the system is simply the sum of all the
pairwise interactions
N N TR
=33 0,233 0 o2
i=1 j>1 =1 j#i
The total kinetic energy consists of translational (trans) and rotational (rotor)

parts associated with the linear and rotational velocities of the particles. These

are calculated separately for the z-, y- and z-components of the velocities

N

1 (a
KEifnsto = D 5mivy"" (3.30)
=1
AR
o . 2
KE1('ot)or tot — ; Emiuz('a) (331)
I{Etrans tot — Z KEt(fa)ns tot (332)
a
I(Erotor tot = Z KE,%)OT tot (333)
a
KEtot = KEtrans tot + KErotor tot (334)

where a = z,y, 2. The total system energy is the sum of the system potential and

kinetic energy

Etot = Utot + K Eoy - (3.35)
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The temperature of the system is based on the fundamental energy equipartition
relation, which states that the average kinetic energy per degree of freedom is
equal to (1/2)kgT. Since each particle has three translational degrees of freedom
but only two rotational degrees of freedom, because it is a linear particle, the

temperature is given by

2

T= 5Nkg

KEy . (3.36)

Note that the Boltzmann constant, kg, simply equals 1.0 when physical properties
are expressed in reduced units. The temperatures associated with translational
and rotational motion are calculated individually in order to check for energy

equipartition

Tr(ms = rans .

,, o, KB (3.37)
2

Trotor - mKErotor . (338)

The ideal pressure, Pigeq, is given by the ideal gas equation PV = NkgT', which
assumes that the molecules comprising the gas have negligible volume and exert
negligible forces on each other

NkgT

=T (3.39)

Rdeal =

The excess pressure, P,...ss, which accounts for the finite particle volume and

interaction potential, is given by a form of virial equation

SRR

1 1
Pea:cess - VI/V - v

N
=1

N
> i fi (3.40)
j>i

where d is the dimensionality of the system, which is obviously 3 in this case. Nat-
urally, this quantity is accumulated within the interactions loop. The Cartesian

components of the excess pressure are calculated separately in order to provide a
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gauge of pressure anisotropy

éé‘c)esﬁ ZZ @l (3.41)

z__l J>i

The total pressure is simply the sum of the ideal and excess pressures

Ptot - Ijideal + Pemcess . (342)

The mobility of particles is characterised by their mean squared displacements
1< 2
2 o
(e =5 X S (o) 0} - (3.3
i=1 a

where Ar( ) = r( )(t) - rlg“)(O). As we shall see, monitoring the mean squared
z-, y- and 2- components of displacement is useful for determining if diffusion is
favoured along a certain axis, whilst the magnitude of the overall mean squared
displacement is a good indicator of liquid-solid transitions. The diffusion coeffi-
cient is also measured

1 ((6r(t)*) (@)

= —— 7 or,” ) (1) 3.44

24 At 6N z_; za: ( i } (3.44)
where 5r( ) = r(a)( t) — r®(t — Ab).
The orientational order within the system is characterised by the director, 7, and

the nematic order parameter P,. The classic definition of the order parameter is

P2=<2cos92——2—> NZ( (G; - i) —%) (3.45)

where 6; is the angle subtended by the individual particle orientation vectors and
the director. To obtain P, using this equation, one must have 7. In principle it is
possible to solve this problem by treating 7 as a variable, and finding the value
of it which maximizes P,. This would be done by evaluating equation 3.45, at
a given timestep, for the particle coordinates 4; and a discrete distribution, on

a unit sphere, of trial 7 values. The maximum P, value and hence the director
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would then be determined by calculating numerically the gradient with respect
to 7i of the resulting set of P values. This is clearly quite an involved procedure.
Fortunately the solution can be arrived at more directly by diagonalising of the

Q-matrix,

Q- gi (uM _ % ;) (3.46)

1

where | is the unit second-rank tensor. The Q-matrix contains within it the
contributions of all the particles to the collective orientational ordering of the
system. According to this procedure, the nematic order parameter is the largest
eigenvalue of the Q-matrix and the director is the eigenvector corresponding to
this eigenvalue. This is the method we use, it is implemented with the aid of
standard mathematical functions from the Numerical Recipes library. A polar
order parameter P; is also defined. To obtain it we first compute a polar director

7ip; thus

[
np; = Nzﬁd

fipy = —LL (3.47)

then the polar order parameter itself is calculated using

N
1 I

The runtime observables described above are calculated at each and every timestep

in the production phase of each run and accumulated for time averaging at the end

of the run. The instantaneous values of observables are saved to file, usually every

100 timesteps, throughout the entire run. Particle positions and orientations are

also saved to file, normally just during the production phase, at intervals typically

of 10000 timesteps.
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3.4 Post processing

As we shall see in the forthcoming results chapters, plotting the averages of certain
observables can provide good indications of phase transitions. Also, one can often
immediately recognise the type of phase that prevails by inspecting visualisations
of the system, as generated using an appropriate computer graphics package.
However, for quantitative information relating to phase structure, we often need
to compute distribution functions or correlation functions as they are also known.
The simplest of these is the radial distribution function go(r;;). To compute this,
a spherical sampling volume centred on a given particle, i, is divided into a series
of concentric spherical shells as shown in figure 3.2 (a). We choose to limit the

maximum radius of the sampling volume t0 Ryphmax = Lmin/2, where Ly is

Fig. 3.2: Schematics showing cross-sections through the sampling volumes used in the
computation of (a) radial, (b) longitudinal and (c) lateral distribution functions.

(a) (b) (9
I — min E——
;/ .
7
7
7
v ny’ ]
/ S
—%
7o
Dcyl ...............
8,(r,)olo[o[o[1]o]

length of the smallest simulation box dimension!. The radial distance of each

neighbouring particle, j, from ¢ is calculated and is ‘binned’ according to which
shell it lies within. In other words an array element is incremented every time a

distance r;; is found which lies within a certain interval and, thus, a histogram of

1By this we mean the smallest boxlength associated with any of the configurations that
contribute to the analysis since this value determines the shell thickness, a parameter that is
best kept fixed, for a given class of g(r), throughout the course of its compilation
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distances r;; is compiled. The principle of this operation is illustrated in figure
3.2 (a). This is repeated for all particles in the system and for a number of
configurations, these having been saved during the simulation run (correlation
functions are nearly always calculated after the simulation has finished). The
purpose of the exercise, of course, is to reveal distinctive patterns in the way
the local population density of particles varies with r;; and, thus, gain insight
into the subtleties of the phase structure. The bigger the system and the greater
the number of configurations analysed, the better will be the statistics and the
finer the structural detail revealed. The totals accumulated in each bin, b, of the

distribution function are normalised by dividing by three quantities

1 o 1 o 1
() N Nconfig

ideal

F = (3.49)

n

n,(.f;Zm, is the number of particles that would be expected to be found in shell b if

the particles were distributed randomly like those of an ideal gas, i.e.

N
b b
”gd)eat = Tvs(hlu (3.50)

If rp is the inner radius of the shell b and ¢ the thickness of the shell, then its

b
volume, Vs(hg

. Will be given by
Vy, = [(ro + 1) — 7]

[3r5t + 3ryt? + ¢°] (3.51)

ERE)

The shell thickness is usually defined by specifying the number of bins, so that
t = Rsphmax/Nbins- As for the other two terms in equation 3.49, N is the total
number of particles in the system and Ngnfig the number of configurations anal-
ysed to obtain the distribution function. Thus the normalisation allows for a fair
comparison to be made between g(r)s obtained from different system sizes and
different numbers of configurations.

The next major type of distribution function is the longitudinal distribution func-

tion g1 (rijs), which is designed to capture particle-particle correlations as a func-
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tion of the distance parallel to the director. Hence ;43 = —7y; - i. Note that a
minus sign is included here due to the fact that we happen to have defined the
interparticle vector such that it points from j to %, that is r;; = r; — r;. This
function is used, in particular, to quantify the interlayer distances between the
lamellae of smectic phases. The sampling volume for this function is a cylinder
divided into a series of disks each of thickness ¢, as shown in figure 3.2 (b), the
axis of the cylinder being parallel to 7. To ensure that the volume does not
overstep the periodic boundaries, its dimensions are constrained by the following
inequalities.
H, < Lpincoso

Dy < Lpipsino .

where a = tan™!(K), K being the desired height to diameter ratio of the cylinder.
The normalisation factor for g;(rijs) is similar to that of the radial distribution

function, equation 3.49, except that the shell volume for g;(r;js) is given by

Vi = 21(Deyi/2)%t

In the analysis of the structures formed by tapered particle we also make use
of a second variety of longitudinal distribution function, namely g;(r;jja;). This
is similar to g;(ria) except that it is a function of the distance parallel to the
molecular orientation, @;, as opposed to 7, hence ryjjja, = —74j - @;. Accordingly
the axis of the cylindrical sampling volume is parallel to ;.

The final major type of distribution function is the lateral distribution function
g2(T4j14), which is designed to capture particle-particle correlations as a function
of the distance perpendicular to the director, hence r;;,1 4 = 1/71'2]' — Tijja- The
sampling volume for this function is again a cylinder aligned with the director but
this time divided into annular shells as shown in figure 3.2 (c), with volumes given
by

V= 2mHoyi (21t + t2)
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where once again r is the inner radius of the shell and ¢ its thickness. This func-
tion is designed to pick up intralayer correlations in smectic phases i.e. between
particles within the same layers. The height of the cylindrical sampling volume
is therefore chosen so that it should encompass a single layer. The radius is then
automatically set to the largest value it can have without exceeding the periodic
boundaries. A second variety of lateral distribution function is defined, namely
92(Tij.14;), which is a function of the distance perpendicular to 4; as opposed to
7, hence 145, 4, = w/T?j — 735|a- Naturally, in this case, the axis of the sampling
volume is perpendicular to ;.

All of the g(r)s described so far give correlations in terms of local particle popu-
lation densities. However we also find it useful to consider variants of the above
functions which reflect the correlations in terms of the relative orientations of par-
ticles. For example we define a polar radial distribution function, go(r;;)(?, which
has a sampling volume identical to go(r;). The difference is that with go(rij)(P b
the quantity that is accumulated in the histogram is AP, = cos(y) = (4; - 1),
~ being the angle subtended by the two orientation vectors. Also the histogram
is normalised differently, it is normalised using the corresponding unnormalised
go(r3;)- Thus a high value of go(r;;)F'Y, for a given distance r;;, would indicate
that particles at this separation are strongly correlated in terms of their relative
orientation but it does not necessarily mean that such a correlation is common-
place. In a similar vein, a nematic radial distribution function go(r;;)"'? is defined
in which the quantity that is binned is AP, = (3/2) cos?(y) — (1/2), Again, the
corresponding unnormalised go(r;;) is used to normalise go(rij)(P 2).  Analogous
polar and nematic varieties of the longitudinal and lateral distribution functions

are also defined. This menagerie of functions is summarised in table 3.1.
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Tab. 3.1: Summary of the distribution functions used to clarify and quantify phase
structure. The entries in the ‘shorthand’ column are truncated forms of the full function
notation, which are used in the text henceforth as well as for the labelling of graphs of

these distribution functions.

function shorthand distance quantity binned
90(i;) go (rij - 7ij) number density
go(ris) PV | g§V (rig-riy) | cos(y) = (@& @)
gO("'ij)(PQ) g(()PZ) (rij - Ti5) (3/2) cos?(y) — (1/2)
91(rij4) 91}7: (=745 - 1) number density
91 (rija) FY ggpl)n (=735 - 1) cos(f) = (72 - 4;)
a1 (riga) ™) | of™n (=rij- ) | (3/2)cos?(6) - (1/2)
91(7ij)4;) g (=735 - G;) number density
1 . L
91 (Tij||zi,~)(Pl) ggpz)u (—rsj - 6;) cos(7y) = (d; - ;)
01(rij1a) 2 | of u (=rij-d;) | (3/2)cos?(y) - (1/2)
92(Tij15) gon rizj (rij - )2 number density
92(rig L)V | gf"n % —(rig-A)2 | cos(9) = (- )
92(rijLa)F? | g Pn 18— (rij - W)? | (3/2) cos?(6) — (1/2)
92(7ijLa;) gau rZ —(rsj-4)? | number density
92(rizLa) " | g8 u ri; — (rij - @)? | cos(y) = (d; - 4;)
92(rijra)F? | of Pu % = (rij- @) | (3/2) cos®(7) - (1/2)
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the distribution functions. The third section discusses a number of supplementary
simulations in which so-called anisotropic rescaling is implemented. Anisotropic
rescaling is an algorithm which essentially allows the simulation box dimensions
to change in order to better incorporate phases with periodic order, in particular
the smectic phase. Hence compression sequences which include the application of
this rescaling method are referred to as anisotropic compressions as opposed to
isotropic compressions in which the ratios of the boxlengths remain fixed. The
fourth and final section presents the results of four anisotropic compression series
which are identical except for the numbers of particles simulated. The system sizes
used here are N=1250, 2500, 5000 and 10000. These simulations were performed
to check whether the periodic boundary conditions have a significant influence on

the stability and structure of the phases formed.

4.1 Isotropic compression series

The first of our MD simulations for soft repulsive pears to be performed was an
isotropic compression of k5ky5.0 particles, as summarised in table 4.1. The initial
run, at a number density of p = 0.20, used, as its starting configuration, the stan-
dard arrangement of 1000 particles arranged parallel to each other on an FCC

lattice. Having assigned a Maxwellian translational velocity distribution to the

Tab. 4.1: Summary of main run parameters for isotropic compression of 1000 x5kg5.0
soft repulsive pears.

[run | p | Ap | ensemble | Ny, (averaging interval) |
1 | 020 ]000| NVE 500k (250-500K)
2-43 | 0.21-0.62 | 0.01 NVT 500k (250-500k)
44 0.62 0.00 NVE 500k (250-500k)

system, it was then run for 500 ksteps in NVE for the purposes of thermalisation.
This run also provided an opportunity to monitor the energy conservation of the

system. The number density was then increased over a series forty-two NVT runs
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