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Abstract 

The Theory of Critical Distances groups together a number of approaches postulating that, in cracked/notched materials subjected 
to static loading, breakage takes place as soon as a critical length-dependent effective stress exceeds the material tensile strength. 
The characteristic length used by the Theory of Critical Distances is a material property that can directly be estimated from the 
ultimate tensile strength and the plane strain fracture toughness. In the present investigation, based on a large number of bespoke 
experimental results, it is demonstrated that the Theory of Critical Distances is successful also in quantifying the detrimental effect 
of cracks and manufacturing defects in 3D-printed concrete subjected to Mode I static loading. 
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1. Introduction 

There has been a significant increase in the number of cementitious based, large-scale, additive manufacturing 
processes under development internationally over the last 10 years (Ma et al., 2022). These methods utilise precise 
placement of material under computer control to additively build a component or structure, removing the requirement 
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and substantial cost of conventional moulds. This in turn releases the designer from the millennia-old constraint of 
minimizing the number of component variants to maximize the number of elements cast from each mould. 

A further advantage of the most sophisticated current technology is that complex geometries such as double-curved 
surfaces can be created at the same cost and speed as the simple flat panel geometries, usually created with traditional 
casting methods. Furthermore, the removal of moulds (or shuttering) also makes possible the automated, in-situ 
placement of the material, so that site based operations such as structural walls and columns can also be constructed 
using layer-based techniques. The technology thus lends itself to on/off-site, factory-based, high-value component 
manufacture and to on-site automated construction. Both applications have the potential for streamlining work flow 
on site through just-in-time manufacturing, introducing more variability in the design of structures, reducing material 
usage and waste, as well as removing operatives from the need to directly handle harmful materials in dangerous 
environments. 

While this exciting technology has a great potential yet to be exploited in full, a main barrier against large-scale use 
of modern 3D printing techniques in additively manufactured concrete is the lack of specific structural analysis tools. 
In this setting, this paper reports on an attempt of extending the use of the Theory of Critical Distances (Taylor, 2007) 
to the static assessment of additively manufactured concrete containing cracks and manufacturing defects. 

 
Nomenclature 

a crack length 
a0 theoretical crack length delimiting the long-crack regime 
F shape factor 
Kc fracture toughness 
KI mode I Stress Intensity Factor (SIF) 
KIc plane strain fracture toughness 
L critical distance 
Oxy system of coordinates 
r,  polar coordinates 
p angle between 3D-printing filaments and specimen’s longitudinal axis 
eff effective stress estimated according to the Theory of Critical Distances 
FS plain material flexural strength 
g nominal gross stress 
t tensile strength 
UTS ultimate tensile strength 
th nominal gross stress resulting in the static breakage of cracked materials 

 

2. The short crack regime problem 

In the Linear-Elastic Fracture Mechanics (LEFM) discipline, the Stress Intensity Factor (SIF) is used to describe in 
a concise, effective way the entire linear-elastic stress field in the vicinity of the tip of the crack being analysed. The 
SIF under Mode I loading can be quantified according to this well-known definition (Anderson, 1995): 

𝐾𝐾𝐼𝐼 = 𝐹𝐹𝜎𝜎𝑔𝑔√𝜋𝜋 ∙ 𝑎𝑎    (1) 

where a is the crack length, g is the nominal gross stress, and F is the so-called shape factor which depends on the 
geometrical/loading configuration characterising the specific case being considered. LEFM assumes that, in a cracked 
material subjected to Mode I static loading, failure takes place as soon as KI equals the material fracture toughness, 
Kc. Based on this assumption, Eq. (1) can easily be rewritten for the incipient failure condition case (i.e., KI=Kc). 
Accordingly, that the magnitude of the nominal gross threshold stress, th, resulting in static breakage takes on the 
following value: 

http://crossmark.crossref.org/dialog/?doi=10.1016/j.prostr.2022.12.041&domain=pdf
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and substantial cost of conventional moulds. This in turn releases the designer from the millennia-old constraint of 
minimizing the number of component variants to maximize the number of elements cast from each mould. 

A further advantage of the most sophisticated current technology is that complex geometries such as double-curved 
surfaces can be created at the same cost and speed as the simple flat panel geometries, usually created with traditional 
casting methods. Furthermore, the removal of moulds (or shuttering) also makes possible the automated, in-situ 
placement of the material, so that site based operations such as structural walls and columns can also be constructed 
using layer-based techniques. The technology thus lends itself to on/off-site, factory-based, high-value component 
manufacture and to on-site automated construction. Both applications have the potential for streamlining work flow 
on site through just-in-time manufacturing, introducing more variability in the design of structures, reducing material 
usage and waste, as well as removing operatives from the need to directly handle harmful materials in dangerous 
environments. 

While this exciting technology has a great potential yet to be exploited in full, a main barrier against large-scale use 
of modern 3D printing techniques in additively manufactured concrete is the lack of specific structural analysis tools. 
In this setting, this paper reports on an attempt of extending the use of the Theory of Critical Distances (Taylor, 2007) 
to the static assessment of additively manufactured concrete containing cracks and manufacturing defects. 
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2. The short crack regime problem 

In the Linear-Elastic Fracture Mechanics (LEFM) discipline, the Stress Intensity Factor (SIF) is used to describe in 
a concise, effective way the entire linear-elastic stress field in the vicinity of the tip of the crack being analysed. The 
SIF under Mode I loading can be quantified according to this well-known definition (Anderson, 1995): 

𝐾𝐾𝐼𝐼 = 𝐹𝐹𝜎𝜎𝑔𝑔√𝜋𝜋 ∙ 𝑎𝑎    (1) 

where a is the crack length, g is the nominal gross stress, and F is the so-called shape factor which depends on the 
geometrical/loading configuration characterising the specific case being considered. LEFM assumes that, in a cracked 
material subjected to Mode I static loading, failure takes place as soon as KI equals the material fracture toughness, 
Kc. Based on this assumption, Eq. (1) can easily be rewritten for the incipient failure condition case (i.e., KI=Kc). 
Accordingly, that the magnitude of the nominal gross threshold stress, th, resulting in static breakage takes on the 
following value: 
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𝜎𝜎𝑡𝑡ℎ =
𝐾𝐾𝑐𝑐

√𝜋𝜋(𝐹𝐹2∙𝑎𝑎)
    (2) 

The threshold condition estimated according to Eq. (2) can then be plotted in a Kitagawa-Takashi (1976) like (log-
log) diagram (Fig. 1) plotting th against an equivalent crack length calculated as F2a (Usami, 1985). The key feature 
of this simple way of modelling fracture is that experimental results obtained via cracked specimens characterised by 
different values of F can all be brought back to the reference case of a central through-thickness crack in an infinite 
plate loaded in tension. For this reference case, the shape factor, F, is invariably equal to unity. According to the log-
log diagram seen in Fig. 1, Eq. (2) states that th increases as the equivalent crack length decreases, eventually 
becoming larger than the material tensile strength, UTS. Since a material cannot be characterised by a strength that is 
larger than its intrinsic ultimate tensile strength, the schematisation of Fig. 1 suggests that the LEFM concepts can be 
used to model the mechanical behaviour of cracked materials as long as the equivalent crack length is larger than a0, 
that is: 

𝐹𝐹2 ∙ 𝑎𝑎 ≥ 𝑎𝑎0 =
1
𝜋𝜋 (

𝐾𝐾𝑐𝑐
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈

)
2
    (3) 

 

Fig. 1. Kitagawa-Takahashi diagram. 

 
In this setting, as schematically shown in Fig. 1, much experimental evidence demonstrates that there exists a 

gradual transition from the short- to the long-crack regime (Usami et al., 1986). Thus, LEFM returns accurate estimates 
solely when the equivalent crack length is larger than about 10a0 (Taylor, 2007). The considerations reported above 
should make it evident that attention should always be paid not to use LEFM out of its range of validity; otherwise, 
the estimates of strength would be non-conservative. As it will be discussed in the next section, according to Taylor 
(2007), these problems can all be overcome in a very simple, effective way by modelling the fracture problem through 
the Theory of Critical Distances (TCD). 

3. The short crack regime problem 

The TCD assumes that static breakage takes place when a material critical length-related effective stress, eff, 
becomes larger than UTS. Based on this postulate, the incipient failure condition under Mode I static loading can then 
be formalised as follows: 

𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈    (4) 
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As per the state-of-the-art knowledge, eff can be calculated according to either the Point, Line, Area, or Volume 
Methods (Taylor, 1999; Susmel & Taylor, 2008a; Susmel & Taylor, 2008b). Since the use of these different 
formalisations of the TCD results in similar estimates (Taylor, 2007), in what follows we will use the TCD solely in 
its simplest forms, i.e. the Point Method (PM) and Line Method (LM). According to the PM and LM then, eff takes 
on the following values, respectively (Taylor, 2007): 

𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜎𝜎𝑦𝑦(𝜃𝜃 = 0, 𝑟𝑟 = 𝐿𝐿/2)    (5) 

𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒 =
1
2𝐿𝐿 ∫ 𝜎𝜎𝑦𝑦(𝜃𝜃 = 0, 𝑟𝑟)𝑑𝑑𝑟𝑟2𝐿𝐿

0     (6) 

The meaning of the symbols being used is explained in Fig. 2a. In definitions (5) and (6), critical distance L is a 
material property that is estimated from the plane strain fracture toughness, KIc, and the ultimate tensile strength, UTS, 
via the following well-known relationship (Whitney & Nuismer, 1974; Taylor, 2007): 

𝐿𝐿 = 1
𝜋𝜋 (

𝐾𝐾𝐼𝐼𝐼𝐼
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈

)
2
    (7) 

 
(a) 

 

 
(b) 

Fig. 2. (a) uniaxially loaded plate containing a central through-thickness crack; (b) normalised Kitagawa-Takahashi diagram and transition from 
the short- to the long-crack region modelled according to the PM and LM. 

To use the PM and the AM to model the transition from the short- to the long-crack regime, consider a infinite plate 
containing a central through-thickness crack of semi-length a (Fig. 2a). This plate is assumed to be loaded in tension. 
By taking advantage of the classic analytical solution due to Westergaard (1939), the linear-elastic stress along the 
crack bisector (i.e., =0 in Fig. 2a) can be expressed as: 

𝜎𝜎𝑦𝑦(𝜃𝜃 = 0, 𝑟𝑟) = 𝜎𝜎𝑔𝑔

√1−( 𝑎𝑎
𝑎𝑎+𝑟𝑟)

2    (8) 

If stress y is calculated through Eq. (8) at a distance r from the crack tip equal to L/2 and the failure condition is 
expressed according to Eq. (4), the PM can directly be re-written to model the transition from the short- to the long-
crack regime as (Taylor, 1999): 
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the short- to the long-crack region modelled according to the PM and LM. 
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containing a central through-thickness crack of semi-length a (Fig. 2a). This plate is assumed to be loaded in tension. 
By taking advantage of the classic analytical solution due to Westergaard (1939), the linear-elastic stress along the 
crack bisector (i.e., =0 in Fig. 2a) can be expressed as: 
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If stress y is calculated through Eq. (8) at a distance r from the crack tip equal to L/2 and the failure condition is 
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Following a similar strategy, the LM effective stress can directly be calculated as: 
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so that, according to failure condition (4), the transition from the short- to the long-crack regime can be modelled via 
the following simple relationship (Taylor, 1999): 

𝜎𝜎𝑡𝑡ℎ = 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈√
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The normalised Kitagawa-Takashi diagram seen in Fig. 2b makes it evident that the PM - expressed according to 
Eq. (9) - as well as the LM - formalised via Eq. (11) - are successful in linking the plain material static strength (on 
the left-hand side) with the cracked plate nominal strength estimated according to LEFM (on the right-hand side). 
While the estimates obtained from the two methods are very close to each other, in the transition region, the PM is 
seen to be slightly less conservative than the LM (see Fig. 2b). 

 

Fig. 3. 3D-printed specimens tested under three-point bending: plain specimen (a); specimen containing a saw-cut crack-like sharp notch (b); 
specimen weakened by surface roughness (c); specimen weakened by manufacturing defects (d). 

4. Manufacturing of the 3D-printed concrete specimens 

The specimens being tested were manufactured using the following ingredients: 52.5N CEM I Portland Cement, 
fly ash, silica fume, sand, water, polycarboxylate ester-based superplasticiser, and amino tris (methylene phosphonic 
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acid) based retarder (Lee et al., 2012a; Lee et al., 2012b). The parent material was 3D-printed using an ABB IRR 6640 
6-axis robot. The concrete was extruded at a printing rate of 200, 225, and 250 mm/s by using a nozzle having diameter 
equal to 10 mm. During manufacturing, the layer height was set equal to 6 mm and the pump flow rate to 0.72 L/min. 
As soon as they were additively-manufactured, the slabs were covered for 24 hours and cured in water for 28 days. 
Print speeds of 225 and 250 mm/s were used to introduce manufacturing defects in the material due to volume 
mismatch. After post-manufacturing curing, the concrete slabs were saw-cut to make rectangular beams with width, 
W, in the range 44-53 mm and thickness, B, in the range 34-56 mm (Fig. 3). The rectangular section beams used to 
make the specimens were cut so that the printing direction was either parallel, p=0°, or perpendicular, p=90°, to the 
specimen longitudinal axis. 

The specimens were tested under three-point bending (Fig. 3) up to complete breakage by setting the displacement 
rate equal to 33.3 N/sec. The span, S, between the lower rollers was set equal to either 60 mm, 80 mm, or 100 mm.  

Other than the plain (i.e., un-notched) samples (Fig. 3a), three other different configurations were considered. These 
different configurations are described in what follows. 

The specimens containing the crack-like sharp notches with depth a varying in the range 2-27 mm were fabricated 
using a circular tip blade having thickness equal to 2.6 mm (Fig. 3b). 

A number of specific experimental results were generated to investigate the detrimental effect of the surface 
roughness resulting from the deposition filaments (Fig. 3c). For these specimens, the valleys characterising the surface 
texture were modelled as cracks. The depth, a, of these equivalent cracks was defined as the maximum valley depth 
below the filament peaks in the vicinity of the failure location. This simple geometrical definition for the depth of the 
equivalent cracks resulted in values of length a varying from 1.2 mm up to 3.5 mm. 

A final batch of specimens was manufactured so that 3D-printing-induced flaws were introduced mainly on the 
side undergoing tensile stress during testing (Fig. 3d). For a given vertical cross section, the defects were assumed to 
be interlinked, resulting in an equivalent crack having length, a, defined as shown in Fig. 3d. 

The complete description of the experimental results generated according to the above experimental protocol can 
be found in a recent article by Alanazi et al. (2022). 

 

 

Fig. 4. (a) uniaxially loaded plate containing a central through-thickness crack; (b) normalised Kitagawa-Takahashi diagram and transition from 
the short- to the long-crack region modelled according to the PM and LM. 

5. Accuracy of the TCD used in the form of the PM and LM 

All the tested specimens were modelled using Finite Element (FE) code ANSYS® to determine the relevant linear-
elastic stress fields. The samples were all schematised as single edge notched bend (SE(B)) beams where the notch tip 
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radius was set invariably equal to zero. Any individual FE model was built using the actual geometrical dimensions, 
with the crack length, a, for the various cases being defined as discussed in the previous section (see Fig. 3). The stress 
analysis was performed using bi-dimensional elements with thickness PLANE183. The mesh density was gradually 
increased in the vicinity of the crack tip in order to reach convergence in the determination of the stress intensity factor. 
The linear-elastic stress fields estimated from these FE models were then used to determine not only the stress intensity 
factors, but also the shape factors according to the standard procedure recommended by Anderson (1995). 

Based on the experimental results being generated, the plain material flexural strength, FS, and the plane strain 
fracture toughness, KIc, were estimated to be equal to 13.7 MPa and to 1.2 MPa·m1/2, respectively. Having determined 
FS and KIc for the 3D-printed concrete under investigation, Eq. (1) was used to estimate the critical distance value – 
where UTS was directly replaced with FS. This simple calculation returned a value for critical distance L of 2.4 mm. 

These material constants together with the experimental results being generated were then used to build the 
Kitagawa–Takahashi diagram reported in Fig. 4. This chart summarises the overall accuracy of the TCD used in the 
form of the PM, Eq. (4), and LM, Eq. (5). The diagram of Fig. 4 makes it evident that the use of the TCD resulted in 
a remarkable level of accuracy, with this holding true independently of the type of local stress raiser being analysed. 

6. Conclusions 

• With 3D-printed concrete as well, LEFM is recommended to be used in the presence of cracks/defects 
having equivalent length 2a larger than 10L - where critical distance L is calculated via Eq. (7). 

• The TCD is seen to be successful in modelling the transition from the short- to the long-crack regime under 
Mode I static loading in 3D-printed concrete containing cracks and manufacturing defects. 
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