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Abstract

In the present work, a new study on the piezoelectric-based structure by
means of Finite Element Method (FEM) is conducted. Currently, the piezo-
electric model in the FEM-based commercial software is only applicable via
2D plane stress and 3D solid elements. However, piezoelectric structures
are usually manufactured as thin-walled structures, i.e., plates and disks.
Therefore, it is more convenient to model a piezoelectric-based structure with
2D shell elements. In this study, FEM with a thermal analogy approach is
implemented. Thermal coupling characteristics are utilised as the equivalent
of electromechanical properties. Thermal analysis is much more established
in FEM-based software; thus, applications with various types of elements
are enabled. Therefore, the evaluation of piezoelectric structure via shell
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element with a thermal analogy approach could be performed. Static and
dynamic analyses are conducted with experimental and numerical valida-
tions. As depicted in some details in this paper, the shell model with
thermal analogy shows an excellent agreement with the 3D solid piezoelectric
elements with insignificant variances, less than 0.3%.

Keywords: Piezoelectric, finite element method (FEM), thermal analogy,
actuator.

1 Introduction

Piezoelectric materials have become popular over the last three decades
due to their electromechanical properties, i.e., actuating and sensing capa-
bilities; thus, enabling versatile applications [1]. Growing applications of
piezoelectric material are justified by their beneficial aspects, such as com-
pact and space-saving constructions, high actuating precision, extremely
short response times, absence of friction, vacuum and cleanroom capability,
and the possibility of operation at cryogenic temperatures [2]. Innova-
tive piezoelectric-based structure applications could be found in the fields
of vibration control [3–5], structural health monitoring [6–9], and energy
harvesting [10, 11].

As an actuator, piezoelectric materials allow the utilisation of an elec-
trical load excitation to counteract mechanical responses induced by distur-
bances [2, 5]. In aerospace applications, piezoelectric-based structures are
considered one of the alternatives for active vibration control [3, 4, 12].

The application in structural health monitoring uses the combination of
piezoelectric-based sensors and actuators [8]. Damage detection could be
enabled using the ability of piezoelectric material to generate and receive
the strain waves propagated in a structure [7]. Furthermore, the electrome-
chanical piezoelectric coupling effect is used to harvest the energy from
mechanical vibration [10, 13]. Hence, recent studies seek much further
development concerning self-sustained actuators and sensors, i.e., for aircraft
vibration control and dynamic instability suppression [14].

Piezoelectric-based structures are usually arranged in a laminated
composite-like manner, involving one or more piezoelectric layers that are
stacked with a substructure material, i.e., isotropic material. Hence, there are
also some focuses on the development of piezoelectric-based composites.
One of the topics concerns the functionally graded material, or in this case
functionally graded piezoelectric materials (FGPMs) [15, 16]. An FGPM
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possesses variation of the mechanical and electrical properties in a spatial,
i.e., thickness direction [15].

Numerous works have been conducted concerning FGPMs variations,
i.e., for sandwich microplates [17, 18] and annular/circular sandwich
microplates [19, 20]; exposure to various environments, including ther-
mal [21, 22], magnetic [23], electromagnetic [24], thermal and magnetic
field [25], hygrothermal [18], and hygromagneto-electro-thermal environ-
ments [26]. The state-of-the-art in this field discusses FGPMs as energy
harvesting structures [27, 28].

In terms of computational methods, Finite Element Method (FEM) has
been an established approach for structural analysis, including for compos-
ite structures. Shell and plate theories have been well developed for FEM
with continuous improvement [29–31]. One of the earliest developments of
piezoelectric structure using FEM was discussed by Tzou and Tseng [32].

The model by Tzou and Tseng [32] incorporates electrical potentials
as additional degrees of freedom (DOFs) within a solid thin element. Fur-
thermore, a model for laminated composites was proposed by Hwang and
Park [33], employing bending plate elements. Both models described in [32]
and [33] are applicable for evaluating piezoelectric-based sensors or actua-
tors. Implementation of plate and shell theories for advanced piezoelectric
composite has also been proposed in various studies, from the classical plate
theory to a higher-order shear deformation theory [34], as well as for static
and dynamic analyses [35, 36]. Moreover, new piezoelectric finite element
concepts for energy harvesting have also been discussed in a few articles
[37, 38].

Despite growing attention and expanding studies over the last decades, in
FEM-based software, the options for piezoelectric-based elements are still
limited. Currently, only 2D plane stress and 3D solid elements are avail-
able in commercial software [39]. In addition, most of the developments in
piezoelectric elements requires extensive computational programming [40].
Therefore, the present work focuses on the utilisation of commercial software
as much as possible to evaluate the piezoelectric-based structure.

The drawback of piezoelectric elements in commercial software comes
from the implementation of 3D elements. Commonly, piezoelectric structures
are manufactured in patches of thin-walled plates. Thus, a piezoelectric
model via 3D elements will exhibit some shortfalls, i.e., very dense meshing
configuration and over-stiffness in bending [40]. Moreover, the model with
very thin elements requires special treatment to avoid issues such as shear
and membrane locking [29]. From the previous studies, some alternative
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techniques have been proposed to model piezoelectric structures in commer-
cial software, i.e., equivalent circuits, spring models, and thermal analogy
approach [39, 41].

In the present work, the so-called thermal analogy approach is imple-
mented as an alternative to piezoelectric modelling. The choice of the thermal
analogy method is due to its better compatibility with the thermal load
module in FEM-based software. Early developments of the thermal analogy
approach using FEM are discussed in [42–44]. The thermal load module is
accessible and integrated into every commercial FEM-based software, and it
can also be combined with other modules, such as the stress analysis module.
In the most recent study, the thermal analogy approach was utilised to
evaluate energy harvesting cases in combination with aeroelastic loads [40].

In this study, a new investigation by means of FEM with a thermal anal-
ogy approach is conducted with also experimental and numerical validations.
One of the main focuses is the modelling of thin-walled piezoelectric patches
via shell elements in commercial software. Static and dynamic analyses are
done in this work. Moreover, the dynamic characteristics of the structure are
compared to experimental results. For the first time, comparisons between 3D
electromechanically coupled piezoelectric elements and shell elements with
the thermal analogy method from commercial software are depicted. Some
details on the results are discussed in the following sections.

2 Piezoelectric Constitutive Equations

Piezoelectric materials exhibit electromechanical coupling properties which
defined as a cross-coupling between elasticity variables (stress and strain)
and dielectric variables (electric field). Based on the IEEE Standard on
Piezoelectricity [45], the electromechanical constitutive can be expressed:

{T} = [cE ]{S} − [e]T {E} (1)

{D} = [e]{S}+ [ϵS ]{E} (2)

where {T} is the 6× 1 stress vector, [cE ] is the 6× 6 elastic stiffness matrix
under constant electric field conditions, {S} is the 6×1 strain vector, [e] is the
3 × 6 matrix of piezoelectric coupling coefficients that denote the coupling
between the mechanical and electrical domains, {E} is the 3 × 1 electric
field vector, {D} is the 3 × 1 electrical displacement vector, and [ϵS ] is the
3 × 3 matrix of permittivity or free-body dielectric coefficient matrix under
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Figure 1 Tensor directions for defining constitutive equations [46].

constant strain conditions [40]. The tensor directions of the piezoelectric
effect are illustrated in Figure 1.

The matrices sE , d and εS depend on the symmetry centre of the
anisotropic material used for the piezoelectric structure [2]. Furthermore, the
type of piezoelectric material and its treatment determine the non-zero com-
ponents of these matrices [45, 47]. Conventionally, the ferroelectric ceramics
commonly employed by piezoelectric material manufacturers are polarized
in the direction 3 and exhibit symmetry in their hexagonal crystallographic
structure. As a result, the constitutive equations become [43]:
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Piezoceramic manufacturers provide only the strain-charge form of the
piezoelectric coupling coefficients [d]. The relationship between [e] and [d] is
given as [43]:

[e] = [d][cE ] (5)

3 Piezoelectric – Thermal Analogy

Direct numerical simulation of piezoelectric elements is not commonly avail-
able in commercial FEM-based software. Several commercial FEM-based
software that include a built-in piezoelectric module are limited to 2D plane
stress and 3D solid elements. However, piezoelectric structures are usually
found in thin-walled structures. Consequently, piezoelectric modelling using
3D piezoelectric elements requires an exceedingly fine mesh, leading to high
computational costs. Additionally, piezoelectric-based structural applications
can induce bending and torsional deformations; thus, plane stress elements
are not suitable.

The thermal analogy models the piezoelectric material based on the anal-
ogy between thermal strains and piezoelectric strains. Piezoelectric materials
expand when electrical charges are applied to them. Similarly, materials also
expand when subjected to a temperature difference. This thermal concept has
been more established in FEM-based software than the piezoelectric concept.
The generalized Hooke’s law considering the thermal effect can be written
as [43]:

{T} = [cE ]{S} − [cE ]{α}∆Θ (6)

where {α} represents the 6 × 1 thermal expansion coefficient vector and
∆Θ = Θ−Θ0 represents the temperature difference with respect to a refer-
ence temperature Θ0. Equation (6) illustrates the relationship between stress
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and strain arising from mechanical loads (the first term on the right-hand side)
and thermal loads (the second term on the right-hand side).

The expression in Equation (6) shares similarities with that of Equa-
tion (1). By comparing both equations, it becomes evident that the relation-
ship between piezoelectric strains and thermal strains is:

[cE ]{S} − [e]T {E} = [cE ]{S} − [cE ]{α}∆Θ

[e]T {E} = [cE ][d]T {E} = [cE ]{α}∆Θ

[d]T {E} = {α}∆Θ (7)

In matrix form, Equation (7) can be written as:

0 0 d31

0 0 d31

0 0 d33
0 d15 0

d15 0 0

0 0 0





∆φ1

t

∆φ2

t

∆φ3

t


=



α1

α2

α3

α4

α5

α6


∆Θ (8)

where ∆φ represents the voltage difference and t is the thickness of the
piezoceramic actuator. Equation (8) implies that the voltage actuation of
piezoelectric materials can be simulated using conventional elastic elements
with thermal actuation.

4 Piezoelectric Actuator Model

In the present work, two analyses were conducted by using Abaqus. First, the
computational model using 3D solid piezoelectric elements was evaluated.
Next, the piezoelectric structure was modelled using 2D shell finite elements
with the thermal analogy. Both models – the 2D shell thermal analogy model
and the 3D solid piezoelectric model – were investigated for their actuating
mechanisms, and the results were then compared.

A piezoelectric-based composite known as a Macro Fiber CompositeTM

(MFC) [48] was used as the actuator. MFC structures have been utilised for
various studies in structural vibration control [50, 51]. A unimorph plate
structure with a layer of host structure and a layer of piezoelectric patch
was studied. The dimensions of the unimorph plate are 340 mm × 38 mm
× 1 mm for the host structure (aluminium) and 28 mm × 14 mm × 0.3 mm
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Figure 2 The FE model of the unimorph plate (right) compared with the experimental model
(left).

Table 1 The material properties of aluminium and piezoelectric [48, 49]

Material Property Symbol (Unit) Aluminium Piezoelectric

Density ρ (kg/m3) 2604 5440

Young’s modulus E (GPa) 51.44 30.34

Poisson’s ratio ν (−) 0.33 0.31

Piezoelectric coefficient d31 (pC/N) – −170

d33 (pC/N) – 400

Dielectric εT33/ε0 (−) – 1593

for the MFC actuator, as depicted in Figure 2 (right). In the current study,
the dimensions of the unimorph plate were chosen to represent a typical
microsatellite panel. In such cases, the first bending frequency is usually
below 10 Hz, and the second frequency is in the order of tens Hz [52, 53].
The properties of both aluminium and the piezoelectric materials are listed in
Table 1.

In this study, an experimental model was also created to assess the
dynamic characteristics of the unimorph plate. An illustration of the uni-
morph plate used in the experiment is displayed in Figure 2 (left). A pre-
liminary experimental test yielded a structural damping value of approxi-
mately 1.6% for the unimorph plate. This damping value was subsequently
incorporated into the finite element model to complete the material properties.

5 Computational Analysis

5.1 Unimorph Dynamic Characteristics

This section presents the structural dynamic analysis of the unimorph plate
with the piezoelectric used as a sensor. In the FEM model, the host structure
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Table 2 The natural frequencies of the first three bending modes
Natural Frequency (Hz) Variance

Piezoelectric Thermal Piezoelectric Thermal
Mode Shape Experiment Element Analogy Element Analogy
1st bending 6.40 6.45 6.43 0.83% 0.45%
2nd bending 39.00 39.46 39.43 1.18% 1.09%
3rd bending 114.50 109.54 109.52 4.33% 4.35%

(a) 
 

(b) 
Figure 3 Comparison of mode shapes between experiment and numerical results for (a) first
bending and (b) second bending.

was represented by using four-noded linear quadrilateral shell elements
with reduced integration (S4R element type in Abaqus). The MFC was
modelled using two different approaches: shell elements for the thermal
analogy approach and solid electromechanical piezoelectric elements. In this
case, the solid twenty-noded hexahedron piezoelectric elements with reduced
integration (C3D20RE element type in Abaqus) were chosen.

The natural frequencies and mode shapes of the unimorph plate are
displayed in Table 2 and Figure 3. After that, the dynamic analysis was con-
ducted in the frequency domain by applying base excitation at the root of the
specimen. The frequency response functions obtained from both numerical
and experimental methods are illustrated in Figure 4. The results obtained
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Figure 4 The frequency response of the unimorph plate.

from modal analysis and frequency response analysis exhibit significant
agreement in terms of natural frequencies. As a result, the FE model can
be confidently employed for subsequent analyses.

5.2 Piezoelectric Actuator Analysis

This section presents the numerical results of the unimorph plate with the
piezoelectric used as an actuator. The two numerical models – finite elements
with thermal analogy and 3D piezoelectric finite elements – were evaluated
and compared.

Utilising the thermal analogy, the piezoelectric structure can be mod-
elled using shell elements. Similar to the model employing 3D piezoelectric
elements, the aluminium beam was represented by linear quadrilateral shell
elements. However, a key distinction lied in the region containing the piezo-
electric material. In this area, laminated composite shell elements comprising
both aluminium and piezoelectric layers were employed. According to Equa-
tion (8), the thermal expansion coefficients of the piezoelectric layer were
α1 = α2 = −1.7× 10−10 ◦C and α3 = 4× 10−10 ◦C.

A static analysis was conducted by applying a constant voltage to the
piezoelectric material. The analysis utilised voltages of 50 V, 75 V, 100 V,
125 V, and 150 V. Consequently, the corresponding temperature differences,
calculated using Equation (8), amounted to 167000◦C, 250000◦C, 333000◦C,
417000◦C, and 500000◦C, respectively. The host structure was clamped at the
root, and the resulting vertical displacement of the beam was evaluated. The
static analysis results are depicted in Figures 5 and 6.
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Figure 5 The relation between tip vertical displacement and voltage based on 3D piezoelec-
tric element and thermal analogy.

Figure 6 The vertical displacement along the length of the beam when the piezoelectric is
subjected to 100 V based on 3D piezoelectric elements and thermal analogy.

Figure 5 presents the correlation between the vertical tip displacement
of the host structure and varying voltage inputs. As evident from Figure 5,
a linear relationship exists between the vertical displacement of the host
structure and the voltage input. Notably, a higher voltage input corresponds
to a greater vertical displacement of the host structure. Moving to Figure 6,
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the vertical displacement of the host structure is shown along the length of
the beam when the piezoelectric is subjected to a 100 V input. In Figure 6, a
peak appears at the x-axis value of 40 mm. This peak is a consequence of the
presence of the piezoelectric patch in that particular region. The piezoelectric
material imparts bending to the host structure. However, due to the clamped
boundary condition at the root of the beam, the piezoelectric attempts to
induce bending results in a positive vertical displacement instead. Analysing
the static analysis results, the difference between the results obtained through
the thermal analogy and those using 3D piezoelectric elements is approx-
imately 0.3%. This close correspondence demonstrates a strong agreement
between the outcomes of both methods. Consequently, the thermal analogy
method effectively predicts vertical displacement in the context of static
analysis.

Figure 7 The frequency response function of the model based on 3D piezoelectric elements
and thermal analogy.

  
(a) (b) 

Figure 8 The comparison of displacement contour from FEM at t = 5 ms based on (a) 3D
solid piezoelectric elements and (b) thermal analogy with shell elements.
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(a) 

(b) 

(c) 

(d) 
Figure 9 (a) The voltage input used for the time response analysis; the result of time
response analysis of the model at (b) 45 mm from the clamp, (c) 200.5 mm from the clamp,
and (d) 340 mm from the clamp based on 3D piezoelectric elements and thermal analogy.
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Additionally, a dynamic analysis was conducted using both frequency
response analysis and time response analysis. For frequency response anal-
ysis, a sinusoidal voltage was applied to the piezoelectric material with
an amplitude of ∆φ3 = 0.5 V, i.e., ∆Θ = 1667 ◦C for the thermal
analogy model. This analysis aimed to observe the effect of frequency on the
tip’s vertical displacement and to compare it with the results obtained from
the finite element approach using three-dimensional piezoelectric elements.
The results of the frequency response analysis are presented in Figure 7.

In the time response analysis, a single sinusoidal pulse with an amplitude
of 250 V, i.e., ∆Θ = 833, 333 ◦C for the thermal analogy, and a period
of 500 µs was applied to the piezoelectric surface. The analysis focused on
measuring the vertical displacement at three specific points along the length
of the beam’s edge: 45 mm, 200.5 mm, and 340 mm from the clamp. The
results from the thermal analogy method were compared with those of the
finite element analysis based on the three-dimensional piezoelectric elements.
The results of the time response analysis are illustrated in Figures 8 and 9.

Based on the results from the frequency response analysis in Fig-
ure 7 and the time response analysis in Figure 9, a notable alignment is
observed between the 2D shell model utilising thermal analogy and the model
employing 3D piezoelectric elements. The discrepancy between both mod-
elling approaches is approximately 0.3% in the frequency response analysis.
Similarly, in the time response analysis, the behaviour of the unimorph plate
closely resembles that of both the thermal analogy and the 3D piezoelec-
tric element models. Consequently, the thermal analogy method effectively
predicts the dynamic response of the piezoelectric material.

6 Conclusion

In this study, an evaluation of a piezoelectric-based composite structure
has been carried out employing FEM with a thermal analogy approach.
By employing the thermal analogy, the piezoelectric structure has been
effectively modelled and evaluated using 2D shell elements in FEM-based
software. This shell model has proven a suitable representation of a piezo-
electric patch as a thin-walled structure. The comparison between the model
with the thermal analogy approach and the 3D electromechanical piezo-
electric elements has demonstrated excellent agreement. In addition, the
dynamic characteristics of the structure have been successfully validated
against experimental results.
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The results obtained through the thermal analogy approach have shown
insignificant discrepancies (less than 0.3%) in both static and dynamic
responses when compared with the 3D model utilising electromechanical
piezoelectric elements. Therefore, based on the current results, the ther-
mal analogy approach holds promise as an alternative method for eval-
uating piezoelectric-based structures, particularly in representing them as
thin-walled structures.
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