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Abstract:

The present work presents a mathematical framework to simulate steel-
concrete composite columns with equivalent steel columns. A total number of
three simulation methods are presented, in order to simulate circular and
rectangular concrete-filled hollow sections, as well as concrete-encased I-shaped
sections with steel columns of similar shape. The simulation is achieved by the
satisfaction of three equations regarding their (a) axial resistance, (b) flexural
stiffness about the major axis and (c) flexural stiffness about the minor axis.
Solution of the aforementioned provides the dimensions of the equivalent steel
sections as functions of the characteristics of the steel-concrete composite sections
(@) in a closed form for all hollow sections and (b) in a high-accuracy
approximate solution for I-shaped sections. The accuracy of the proposed
methods and their general applicability are evaluated. The results yielded are
indicative of the effectiveness of the proposed methods.

Keywords: steel-concrete composite, steel sections, columns, equivalence

Introduction

Steel-concrete composite elements were initially used as a means to increase
the fire-resistance of steel elements. However, they have proven to be particularly
cost-effective as they use a relatively low-cost material, i.e. concrete, in order to
substitute a proportion of the required steel. There are numerous applications of
composite structures, especially in tall buildings. In civil engineering practice,
though, steel-concrete composite elements are not often used in conventional
building, mainly due to the lack of suitable finite element software.

Literature on the performance of steel-concrete composite columns is
particularly rich, while new original research articles on the topic seem to be
published in an increasing rate. The topic first investigated was the performance
of concrete-filled circular hollow sections (CFCHS) (1-15). There is also
abundance of investigations on concrete-filled hollow
(CFRHS), such as (16-28), as well as experimental works comparing the
performance of CFRHS and CFCHS, such as (29-32). The majority of the
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available literature on their behavior dates back to the 1980s (33-45), while such
elements have been constructed since the end of the 19th century.

However, despite the wealth of scientific knowledge available on composite
columns, the existing engineering software focuses mainly on the design of pure-
steel or reinforced concrete elements. Hence, in order to render their design
possible using any structural engineering software, composite sections could be
simulated using equivalent pure-steel sections. In conventional buildings, the
elements mainly designed as steel-concrete composite are the columns and slabs,
while use of composite beams is particularly limited. In the work of Papavasileiou
(46), an extensive investigation on the simulation of composite columns was
performed, in order to define a mathematical framework which would provide
solutions in closed form, or of particularly high accuracy. A similar work, dealing
only with partially-encased I-shaped sections was performed by Marinopoulou et
al. (47). In both works it is pointed out that the internal stresses developed in
columns subjected to gravitational or seismic loads, are mainly axial force and bi-
axial bending, while shear forces are particularly low compared to their capacity.
Hence, in order to simulate a column’s performance, an equivalent fictitious
section should have the same axial resistance and flexural stiffness about the
major and minor axes. Furthermore, in order to allow the application of the
proposed methods for the determination of alternatives in practice, the geometry
of the fictitious sections should not differ substantially from that of the composite
steel-concrete sections (e.g. simulating a concrete-encased I-shaped section with a
circular one).

Simulation of concrete-filled circular sections

Two equations need to apply for the simulation of steel-concrete composite
double-symmetrical circular column sections with pure steel sections: (a) of their
axial resistance and (b) of their flexural stiffness. The computational advantage of
concrete-filled circular sections over concrete-filled rectangular sections is that
their flexural stiffness is the same in all directions. However, when reinforcing
steel is installed for safety reasons when designing against fire-induced damage
scenarios, the stiffness of circular sections depends on the direction of lateral
loading considered. In this work, the number of installed longitudinal
reinforcement is considered to be a product of 4 (ie. Npas = 4n, where n is an
integer), so that the stiffness of the section about y-axis is the same as its
stiffness about z-axis. The geometrical characteristics of the steel-concrete
composite and the fictitious pure-steel section are illustrated in Fig. 1.

(b)

Figure 1. Geometric characteristics of the (a) composite concrete-filled and (b) fictitious pure-steel circular
hollow section.
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Since all bars have the same diameter, the total area of the reinforcement is
a product of the area of a single bar multiplied by the number of bars (Eqn. 2.1).

2 2
As,totszars'(TJzzl'n'(”.‘ld ]zn'ﬂ-'dz (21)

The flexural stiffness provided by each bar to the composite section is the
summation of the flexural stiffness of the bar and the additional stiffness
calculated by the parallel axis theorem. The axis around which the stiffness is
calculated is herein referred to as “reference axis”. For any value of n selected,
there will be two bars the central axis of which is exactly on the reference axis, as
well as two bars with a distance equal to the radial distance (Ze. the maximum
distance). All other bars will have a distance of Rs;. The value of Rsrdepends on
the value of n, while at any case there will be 4 bars with the same distance from
the reference axis. The flexural stiffness of an individual bar is calculated as:

e
Is,bar{”f]: ”(42) :Is,bar{”'wj (2.2)

64

The additional stiffness due to the parallel axis theorem is:

a 7-d? a z-d?) (d?
Isﬂgr:( 4 j'RS| Isﬂir:( 4 J(16+RS.|ZJ (2.3)

Hence, the total flexural stiffness of the reinforcement is calculated as the
summation of the flexural stiffness of all bars (Eqns. 2.2 and 2.3). Introducing the
normalized variable rs; = Rgi/d, the total stiffness of the reinforcement is
provided in Eqn. 2.4.

e b e B )

4n-4

g2 2 4
1X:[”4d J 4~n.f—6+Rsz. 240+4-> 1 ||
i=1

I :(”fzjv{mcf+2~R52-(1+2~)ir&i2ﬂ (2.4)

The axial resistance and flexural stiffness of the steel circular hollow section
are calculated in Eqns. 2.5 and 2.6 respectively.

4, =[”'fzj—(”'(l);2‘z)z]:Z.(Dz—(D—z.z)z):

Aa:%(D—(D—z-t))-(D+(D—z-z)):%(z-z)-(z-D—2-z):>

(2.5)
A, =n-t-(D-t)

I :(;r-654]_[;r.(D6—42.t)4]:;‘,(th_(D_z,t)zt):

I, =%-(D2—(D—Z-t)z)-(Dz+(D—2-t)2):

Ia=%t~(D—t)-(D~(D—t)+2~t2) (2.6)

The total area and flexural stiffness of the concrete section (Eqns. 2.7 and
2.8 respectively) can be calculated considering a solid circular section from which
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the corresponding characteristics of the longitudinal reinforcement provided in
Eqns. 2.1 and 2.4, are subtracted.

TR e o)
AC=(Zj-(D2—4-D~t+4~t2)—n~[”'4d2):[”'(D:‘zlt)zj_n.[ﬂfzjz
4 :(Zj-((D—Z-t)Z—wdz) (2.7)

I =(”'D4]—1 -1 :I(,z(”'DAJ—g- (D=t)-(D-(D=t)+2-£)-1, =

I z(ﬂ-(D6;2't)4j_(”'4d2Hn.”i:+2.R52 -(1+2'ﬂirs,fﬂ (2.8)

The fictitious pure-steel section is a circular hollow section made out of steel
of the same grade as that of the composite section. The variables required for its
definition are the external and internal diameter. The thickness of the section is
simply calculated as half their difference: tiet = (Difiec — D2siet) /2. Eqns. 2.9 and
2.10 provide the formulas for the calculation of the total area and second moment

of area of the fictitious section.

Aﬁct = (Z)'(Dlz,ﬁa _Dzz,ﬁct) (29)
Iﬁcr = é'(Dﬁﬁct _D;,ﬁct) (210)

The ratio of the internal diameter over the external one is defined as £, so
D, 1a =B+ Dy - SinCE Dy > D, 05 B (0;1]. Also, the ratio of Djse over D is

defined as . So, the two variables used herein are « and S. Additionally, in order
to normalize the yielding/cracking stress of the materials, the variables @ and s
are introduced. Their values are determined by dividing the cracking stress of
concrete and the yielding stress of reinforcing steel by the yielding stress of
structural steel: ¢ = f /f, and ¢ =f /f, . Also, the area of the structural steel
is normalized dividing by the total area of the composite section: 4, /4, = p,
and the area of reinforcing steel is normalized dividing by the area of the

concrete: P, = AS/AC = AS =p, -A Finally, the wvariables p'a Zl—pa and

p's=1+ P, are introduced in order to simplify the final equations. Using the

aforementioned, the area of the concrete is calculated as:

7-D? 7-D?

ATATA=T oA A AT
e LA
. _n_ ) 7Z'.D2 _(1—,0a)_ z-D? _pi,a' LDZ

Using the equilibrium of the axial resistance for the steel-concrete composite
section (48) and the fictitious pure-steel section (49), a relationship between the
two variables is defined. The final expression of the equation is defined by
substituting the section areas using Eqns. 2.1, 2.5, 2.9 and 2.11 and normalizing
by the total area of the composite section (i.e. As; = xD?/4).
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NglzN;Z :Aﬁct'fa :Aa'fa+Ac'ﬁ+As'ﬁ:

- (Dlzfict - Dzz fiet)

fo=A L +HA L HA - =

2
- Dl fict

(1ﬂ)( ]f Acf+AfHA T =

f

D].Zflct
-5 [

J At AR AT
fa fa\ fa
'Dlzflct
(1—ﬂ2)-(ﬂ y j A+A G+ A g =
7D,
—5). 1, fict
('B)[ 4 j:Aa+AC~¢‘.+AS'¢S
T

)

2 6ep0)=

)
az'(l—ﬂ2)=pa+(;:

\

Pao(p+p,-4,)

a*(1-p)=p, + (2.12)
A second relationship between Dy s and S Is defined by the equilibrium of
the flexural stiffness of the actual and the fictitious sections. In order to
normalize the flexural stiffness of the concrete and the reinforcing steel, the ratio
of the Young’s modulus of each material over that of the structural steel is
introduced: ¢ = E. / E, and ¢ = E; / E, The remaining dimensions are
normalized as: d/D = 6, Rs/D = ryand t/D = 9.
Ea lig =(E- Doy D Ea 1y =Ea-l, +E. I, +E( -1, =

E, -1, E, I, E I E. I
7r~‘D4 - z-D* " z-D* " z-D* =
wfa) m 78] =08 )
64 64 64 64
D —Ds ) 8-t-(D—1)-(D(D—1)+2-1 64-1, 64-1,
( 1,/ D4 2, /i ): ( )(DE )+ )+‘//C'7Z..D4 +‘//5'7Z-,D‘43
(D} = D2 1) D-2-1) 64-1
Bhae Do) g..1-0) (1-0)+2:0" e P2 s, -y ) e
a“-(1—/34):8-9-(1—.9)-((1—9)+2-92)+y/c-(1—2-9)4+(.,y5—y/c)-64'[§;:>
o

a*(l-p)= (2.13)

Since the expressions on the right side of the Eqns. 2.12 and 2.13 are the
summation of products of positive numbers, they are apparently positive
numbers. Hence, in order to simplify the solution of the set of equations, they are

replaced by the positive variables dx2 and dy2 respectively. So, Eqns. 2.12 and

n—-1
—0)(1-0)+26%)+y, (1-20)" + N&* + 325%2(1 + 22‘/5,,.2)
i=1

2.13 are transformed to Eqns. 2.14 and 2.15 respectively.
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Dividing Eqns. 2.14 and 2.15 and solving for &, its value is defined as a
function of .
2 (1=82)-(a2- 2)) q? d’/d?
@BV 8D & o o) fr e < EIE) )
a’-(1-8?) d’ ' (1+4°)
Substituting o in Eqn. 2.14, using Eqn. 2.16 and solving for 5, its value is
determined in Eqn. 2.17.

Wt i-r)-i=t-m B oz oL

y

ﬂ:P‘@?ﬁﬂ (2.17)

Hence, substituting 4 in Eqn. 2.16 and solving for «, its value is defined in
Eqn. 2.18:

, d? 2.4 2.4

:@jf@?V%n:ﬁ e a)™ " Vel ) (2.18)

a

Simulation of concrete-filled rectangular sections

In order to simulate the performance of concrete-filled rectangular sections, a
procedure similar to that performed for circular sections is selected. However,
since the flexural stiffness of rectangular sections about y-axis (major axis) is
increased compared to that about z-axis (minor axis), two equilibriums of
stiffness need to apply (one for each direction), as well as the equilibrium of axial
resistance. The additional equilibrium is necessary because, in order to define a
fictitious rectangular hollow section, three variables need to be determined: the
height, the breadth and the thickness of the section. Fig. 2 illustrates the
geometrical characteristics of the steel-concrete composite section. It should be
noted that, in this Section, longitudinal reinforcement is also taken into
consideration, as it could be used for fire-resistance purposes, even though its use
in practice is not compulsory.

Z
t

//II/I‘I////II/II/I//I//I/II/I/

= 4

() Y
7
|

@ 7
0
0 h

h| e 7 Lhct

’ ¥
’

@ x
% ,
. |

@ @ z) / T

A
b z
bl,ﬁcl

Figure 2. Geometric characteristics of the (a) composite concrete-filled and (b) fictitious pure-steel
rectangular hollow section.

The total area of the longitudinal reinforcement (Eqn. 3.1) is simply
calculated as the area of a single bar multiplied by the number of bars installed.
In sections with a rectangular shape the same number of bars would be installed
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in both directions. However, the larger the ratio of height over breadth is, the
more bars would be required on the large sides of the column in order to confine
concrete during a fire-induced damaged scenario.

2
AS’,0,=(2-n+2~m—4)~AS=(2-n+2-m—4)-[”f J (3.1)

The second moment of area of the longitudinal reinforcement is calculated as
the second moment of area of a single bar multiplied by the number of bars used
and the summation of the additional second moment of area for each bar
calculated using the parallel axis theorem. Since the bars’ section is circular, their
second moment of area is the same about both axes, so the first part (Eqn. 3.2) is
the same for both axes. For both axes there are bars which have the maximum
distance from the reference axis (ie. As for the calculation of 7, and bs for the
calculation of Z,), bars with intermediate distance from it (i.e. A for y-axis and
bsi for z-axis) and bars directly on the reference axis. Those bars provide the

values Iyajd (Eqn. 3.3), I;dzd (Eqn. 3.4), 0 for y-axis and I;‘id (Eqn. 3.6), |Zadzd

(Eqn. 3.7), 0 for z-axis respectively. Hence, the total second moment of area for
the longitudinal reinforcement is calculated in Eqn. 3.5 about the major axis and
Eqn. 3.8 about the minor axis.

4
L =2 n42-m=4)-To o :(2-n+2-m—4)~(”éj J (3.2)

2
Ij‘f‘f=2~m-AS-h52=2~m-(”4d j'hsz (3.3)

a . d 2 n-2
uf:z{”4 | S (3.0
i=1l

_ plus plus
Iy,s_IR,tot+|y,l +va2 =

z-d* 7-d? 2 z-d?) ¥,
I,.=(2-n+2-m-4)- +2-m- -h,+2- > hi=>

. 2 2 n-2
l,,=2 z-d” ), (n+m-2)- a +m‘hy2+2h3i (3.5)
. 4 16 s T
d2

17 =210 :2-n~[”'

z,pd v 4

j-bf (3.6)

2
1 =2 24
’ 4

JZb (3.7)

plus plus
| +1 1 =

75 IR,IOI

) 4 . 2 . 2 m-2
Izs:(Z-n+2-m—4)-(ﬁ d j+2~n-(” d j-bf+2-(” d J-bei:
: 64 4 4 )=
5 .
Iz,szz.(”g'd J.|:(}’l+m_2).(?6]+n.b52+Zb52v‘:| (3.8)

Regarding the rectangular hollow section, the total area (Eqn. 3.9) and
second moment of area about both axes (Eqns. 3.10 and 3.11) are calculate easily

by subtracting the values corresponding to the internal rectangle, by those
corresponding to the external one, as they have the same centroids.

A, =b-h—(b—2-1)-(h—2-t)=b-h—b-h+2-b-t+2-h-t—4-1* =
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A, =2t-(b+h-2-1) (3.9)

I :[bl-;ﬁj_((b_z.t)l.(zh—z.tfJD I, =(bl-;fJ_(l_z,gb).(l_z.gh)s -[bl';f]:

1, =(1-(1—201,)'(1—2'9h)3)~(b'h3j (3.10)

12

Iz’a:[b;hJ [(b 2:)12(h 2.t)J:>IM:(b;hj_(l_zﬂb) 2. 0)(;,12;1J:>

I, =(1(12-95)3.(12-@))-[1’3’}’} (3.11)

12

Due to the existence of longitudinal reinforcement, the section of the
concrete is irregular. However, since its centroids overlap those of the steel
section and the reinforcement, its area (Eqn. 3.12) and second moment of area
(Equs. 3.13 and 3.14) are calculated by subtracting the values corresponding to
the aforementioned from those of the solid rectangular section defined by its
height and breadth. In order to express the equations as a function of b and A,
the ratios 6, =¢/b and 6, =t/h. Their purpose is to allow for the quantities

bh3/12 and Irb?/12 to be extracted and, consequently, simplify the equations.

2
AL’ :b-h_Aa_A; :bh_zt(b+h—2t)—(2n+2m—4)[ﬂ-4(:ij:

2
A :b-h—2-t~b—2-t-h+4-t2—(2-n+2-m—4)~(”4d ]:>

AL.=(b—z-t)'(h—2-t)—(2-n+2~m—4)-(ﬂ;‘d2J (3.12)
bk’ bk’ (BB
[y,c :[ 12 ]_Iy,a_[,v,s :( 12 j_(l_(l_z'eb)'(l_z'eh) )( 12 J_Iy,,r =

=(1-2-6,)-(1-2-6,) (b-;ﬂj_le
l,,=01-2-6,)-(1-2-6,) (b hs] ( Mmm 2)- (S;Jm h,’ +Zh } (3.13)

i=1
3
I*(' = b h Iza zv -

j ~(1-2-6,) (1—2.917)).[1’;?}_[2“?:
1.=(01-2-6,)(1-2-6,) J
1, ‘(1‘2'9b)3(1‘2'9h)-(b;hj_(”'2d ]'{(“m—Z)'[;j;JM-bsz+TZjb§,i} (3.14)

The definition of a fictitious pure-steel section with a uniform thickness was
thoroughly investigated. However, approximations were required, so the resulting
formulas yielded were not in closed form. The advantage of a closed form formula
is that there is no deviation between the values obtained for the actual composite
section and the fictitious pure-steel one. In order to allow for the definition of
such formulas, the constraint on the thickness should be removed, so that the
flexural stiffness about one axis can be increased without particular effect.
However, as the number of variables increased to four, an additional equilibrium
is required. This equilibrium was strategically selected in order to correlate the
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variables to each other. Specifically, the ratio of the external dimensions should
be equal to the ratio of the internal dimensions (Eqn. 3.15). Fig. 2.b illustrates
the fictitious pure-steel rectangular hollow section. The thickness on each side
can be calculated using the formulas provided in Eqns. 3.16 and 3.17.

bl, fict b2,fict

=——=y = bl,ﬁct = V'bz,ﬁct and M =7 Py i (3.15)
hl,fict N, it
hy oo =My s
Jfict 2, fict
U fia = S (3.16)
b . —b, .
by o = =T > S (3.17)

The total area and second moment of area of the fictitious section are
calculated using the formulas that apply on the rectangular hollow section of the
composite column. Introducing the variable y (Eqn. 3.15), all formulas are
expressed in Eqns. 3.18, 3.19 and 3.20 as a function of A7 4e, D1 sier and y.

Aﬁct = bl, fict 'h1, fict _bZ,ﬁ(rt 'hz, fiet = bl, fict 'hl, fia TV 'b1,ﬁct v 'hl, fiet =

Aﬁn :(1_72)'bl,ﬁcz 'hl,ﬁa (3-18)
T bl, fict 'hffict _ bz,ficl 'h; fict _ bl, fict 'hffict _ 7'b1,fict '73 'hfficl
i 12 12 12 12
bl,fict 'h13,fict
Iy fie :(1_74)'712 (3.19)
|- bls,ficz N i _ bza. o _ bla.fict N i _ 7 'b23, i "7 Do i
2 fe 12 12 12 12
b3 . -h, .
Iz,fict _ (1_ 74). 1,fm12 Y, fict (3.20)

The definition of the unknown variables is achieved by the solution of the
set of equations corresponding to the aforementioned equilibriums. The first
equation is formulated by the equilibrium of axial resistances, substituting the
respective areas from Eqns. 3.1, 3.9, 3.12 and 3.18.

ngt :NF:(iiCt:Aa'fa+A\:' fc+&'fs:Afict'fa3

Aa : fa +A¥ ’ fc +& : fs :(1_7/2)‘b1,ficl 'hl,fict : fa (3'21)
Both sides of Eqn. 3.21 are divided by f. and the variables ¢c = fc/ fa ,

P.=A / A, and p,'=1-p, are introduced in order to normalize the

yielding/cracking stresses.
(1_72)'b1,ffict 'hl,fict : fa _ Aaf' fa 4 A;f' fc + Asf' fs =

a a a a

(1_7/2)'b1‘fict'hl,fict:Aa+p\:'¢c+As'¢s (3.22)
The area of the longitudinal bars (A4s) can be replaced by a function of Ac,

introducing their ratio p, = AS/Ac . From Eqn. 3.12, substituting the area of the

structural steel and concrete, using the aforementioned, the area of concrete can

be expressed as a function of b and 4 (Eqn. 3.23).

A+ A +A =b-h=>A,+A +p,-A =b-h=A,+(+p,) A =b-h=

pub-h+(+p) A =b-h=0+p,) A =(1-p,)b-h=

(1-p.) P
4, =5 Padpp=Lepp 3.23
(1+p,) P, (3:23)
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Finally, both sides of Eqn. 3.22 are divided by b4 and the variables
B =0 /b and 7=h 4, /h are introduced. Hence, the first equilibrium, as

well as the next two are herein expressed as functions of 5, 5 and y.

(1_72)'b1,ﬁct B e 7,,4_ @, A ¢

b-h b-h b h b-h
2 . .
(—r)pbnh_,  Ad poAd
b-h b-h b-h
(1=72)-B-1=p, +@.+p,4) 2 > (3.24)

The second equation required for the definition of the fictitious section’s
geometrical characteristics derives from the equilibrium of flexural stiffness about
the major axis (Eqn. 3.25). Substituting from Equns. 3.5, 3.10, 3.13 and 3.19, the
equilibrium of the stiffness about the major axis becomes:

(E I)y,act = Ea : Iy,fict = Ea : Iy,a + Ec : Iy,c + Es ’ Iy,s = Ea : Iy,fict (325)

Both sides of the equation are divided by £, and the normalized variables

.=E./E, and = E, JE, are introduced. Additional normalized values
(Eqns. 3.26, 3.27, 3.28 and 3.29) are defined in order to allow for the
simplification of the following formulas. In particular:

The diameter of the longitudinal reinforcement is normalized using:

d d
;Zéb and ;:5/1 (326)
The dimensions As; and bs; are normalized using:
b, h,.
si_ ) d si_ _ 3.27
b S,1 an h nS,I ( )

The thickness of the rectangular hollow section is normalized using:
t t
Z = (9b and ; = 0}1 (328)
The second moment of area provided by the reinforcement is normalized using:
lys

Substituting /s from Eqn. 3.5, and introducing the necessary normalized
variables, the expression of sy is transformed as provided in Eqn. 3.30.

2 n-2
a,, =6 (76, .5]1).{(;1 +m —2).[5;6} +nn +Z’7il} (3.30)

i=l
The normalized values S8=Db1 scc/b and n=hy fit/h are introduced, in order to
allow the resulting expression to be independent of the measurement units used.
Substituting in Eqn. 3.25 the respective second moment of area expressions from
Eqgns. 3.5, 3.10, 3.13 and 3.19, dividing both sides of the equation by Ea-b-h3/12
and introducing the normalized variables described above, the equation forms as:
E, 1, .=(EI), . =E, 1, . <E, -1 +E I +E I =

v, fict v,act v, fict
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EG_M% £ -0-2.0)0-2 ))[bh]+E A, +E, 1,
b-i’ - o -
E( 12 J ( ]
(1_7/4)"3'773:(1_(1_2'Hb)'(l_z'gh)3)+‘ﬂz b.h Y. bl.);:z =
e
(=7) s =-0-0.)-0-2:60)-0-2:0) )+ . ~v.) a, (3.31)

Applying a similar procedure on the equilibrium of flexural stiffness about
the minor axis, the third equation is formulated. The variable «s, is designated as
the ratio of I,s over b%h/12, in order to simplify the expression of final equation.
Using the expression of .5 defined in Eqn. 3.8 and using all aforementioned
normalized values, the expression of s, is given in Eqn. 3.32.

g2 2 m=2
el Bl

== =
R EN) b h

12 12
a,.=6-(7-0, ﬁ,,){(mm—z){?;}n.ﬁf +mfﬂji} (3.32)

The second moment of area values of each constituting component are
replaced by the formulas defined in Eqns. 3.8, 3.11, 3.14 and 3.20. Both sides of
the equation are divided by FE.b°h/12, and the equation is simplified to Eqn.
3.33.

Ea'lyia=(E 1)aq =Ea-la+E -1, +E -1, =
E, -1 E, 1., E-I_ E.I.

ok bk Bk Bh

12 12 12 12

e A R

z,fiet

12 12 I,

b - b e Y

12 12 12 12
(-7*)p n=l-(-v.)-(1-2:6,)-(1-2-6, )+ (v, ~v.)-a,. (3.33)

The three equations forming the set under investigation are Eqns. 3.24, 3.31
and 3.33. In all the aforementioned, the expressions on the right side of the
equation consist of variables with known values. By definition, the variables used
on the left side are positive numbers, so their product is a positive number as
well. Hence, the expressions on the right side are positive numbers, the value of
which is known. Hence, in order to simplify the solution process, they are

replaced by the positive variables df, dyz and dzz, so Eqns. 3.24, 3.31 and 3.33
transform to Eqns. 3.34, 3.35 and 3.36.

(1-5%) p-n=a: (3.34)
(1-7*)B-7* =d? (3.35)
(1-7*)p n=a (3.36)

Apparently, (1_7/4>:b2 _(yz)zJ: (1—7/2).(1+ yz). So, replacing it in Eqns. 3.35
and 3.36 and dividing by Eqn. 3.34, formulas giving 7° and £ as functions of y
are received.
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(A=y"-B-n’ =d; =>(1=p*)-(1+y*)--n-n’ =d; =
df o _dy/df

[(1—72)~ﬁ-77]-(1+y2)-f72=d§3(1+72)-772=F:>f7 = ) (3.37)
X @L+77)
A=yH-pm=d>=>1-y)-+y*)-B-n-p =d’ =

2 2\ p2 _ 42 2y z_dizz Z_CIZZ/dx2
[(A-7°)-B-n-Q+y°)-p=d; = U+7°)-B —d3:>ﬂ g (3.38)

Multiplying Eqns. 3.37 and 3.38 and receiving their square root, an

expression of 57 as a function of y is determined.
2 2
2:d;/dz2 dzz/dz :(ﬁ.n)zzd;-dzz/(dj)z _ Vd, -d. (3.39)
(1+7%) A+y?) (1+7%)? di-(1+7%)
Substituting the expression of F# from Eqn. 3.39 in Eqn. 3.34 and

introducing the variable K = (dzz)z/Jde -dy2 , the equation can be solved for y.
2d22'd52 '(1_7/2)=d3:>(1_7/z)= (dZZ)Z 3(1_7/2)
(d2)-@+r%) @+r?) Juzoaz  @s?)

-7 =(0+y*) K=>1-y* =K+K-y* =

B’ n

=K=

1+K)-y?=(1-K)=y?= (1_K):>)/: 1-K) =

(1+K)

Variables G (Eqn. 3.41) and # (Eqn. 3.42) are determined by substituting the
expression of y in Eqns. 3.37 and 3.38 from Eqn. 3.40.

d?/d? d?/d? d?/d?
nzzﬁ:n: ﬁ:n y/ X =
e e 2-(d2)2

o a2 /d? . d?/d?
PR CH 2:Jd} d] +2-(d7] ~2-(a?f
d7.d? +(d2) JdZ-dZ +(a2f

_ (a2 a2 +(a2) ) a: (3.41)
n (2.

=

d?-d’ )-a?
d?/d? d?/d? d?/d?
ﬁZ: z/; jﬂ: z/; z X
d+7%) d+7%) (a2f
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d?/d?
2..Jd?.d2 +2.(d?f - (af

Jaz-d? +(dzf

p= =p= (3.42)

Simulation of concrete-encased I-shaped sections
Formulation of the mathematical simulation model

Concrete-encased steel I-shaped sections require the use of transversal
reinforcement (stirrups) which, along with the longitudinal reinforcement confine
the concrete core. Hence, the composite section resembles that of reinforced
concrete one. However, particular provisions are required in order to ensure the
composite performance of the column. Transference of stresses from the concrete
component to the steel core takes place with shear studs welded on the steel
section before the installation of the reinforcement, while additional dowels might
be required for the longitudinal bars that are not adequately constrained by the
installed stirrups. Nevertheless, all aforementioned do not affect the column’s
resistance to axial loading, or its flexural stiffness, so in this work the components
taken into consideration are the I-shaped section, the concrete and the

longitudinal reinforcement, as illustrated in Fig. 3.a.
z tw 4

a b
Figure 3. Geometric chara((:tt)aristics of the (a) composite concrete-encased and (k()) )fictitious pure-steel
I-shaped section
Longitudinal reinforcement is installed so that it forms a rectangular cage.
The same geometry was considered for the rectangular hollow sections, so the
total area and combined second moment of area of the reinforcement are
determined using Eqns. 3.1, 3.5 and 3.8. Regarding the steel I-shaped section, the
same properties are calculated considering rectangular components and adding or
subtracting their properties correspondingly. Two additional variables are defined
for the dimensions of the hollow rectangles defined by the section’s flanges and
its web: ba':(ba—tw)/z and h,'= h,=2-t, . In order to simplify the resulting

equations, normalized values are used in this Section as well (Eqns. 4.1 and 4.2).

e Normalized by the breadth of the composite section:

t b b
W 0, £ = d —2 = ' 4.1
b b ﬂa an b ﬂa ( )

e Normalized by the height of the composite section:
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'
I—WZH',h—“:na and h“:n'a (4.2)

h h h
So, the total area of the steel I-shaped section (Eqn. 4.3) is calculated as the
area of the surrounding rectangle, subtracting the area of the two hollow
rectangles on both sides of the web. The same applies on the calculation of the
second moment of area about the major axis (Eqn. 4.4), since the center of all
aforementioned components is on y-axis. For the calculation of the second
moment of area about the minor axis (Eqn. 4.5), three rectangles (breadth ;
height) with the same center need to be considered: the external one (D ; 4), the
one defined by the internal sides of the section’s flanges (b ; 4’;), and the web of

the section between the two flanges (¢w ; £7).

Aa:ba'ha_z'b'a‘h'a:ﬁa'b.na'h_z'ﬂ'a‘b.ﬂ'a'hj
Aaz(ﬂa'na_z'ﬂ’ .77' ).b h
A bm ), [Bubn SR
12

]va =[ba.ha3] 2 (b' h’ J [
a 12
(/7’ 1, =21 '3 ( - j (4.4)

(4.3)

12

L b,’-h, ) (b’ -h, Sy
S V) 12
,Za:[ﬂﬁbS- ] [ﬁ LU ] [93 LU ]j
: 12

(8- Bl 0 )( T J (4.5)

The concrete section has a particularly irregular shape, mainly due to the
existence of the longitudinal reinforcement, so its geometrical properties (Eqns.
4.6, 4.7 and 4.8) are indirectly calculated by subtracting the ones corresponding
to the steel core and the longitudinal reinforcement from those of the external
rectangle (b ; h).

=

2
AC :b.h_Aa _AS :b.h_(ﬂa .na_Z'ﬂ'a.n'a).b'h_(2-}1+2'm—4)'(ﬂ-.4d J2

=(1-4, -7, +2-ﬂ‘a-n'a).b-h—(2-n+2-m—4)~[”'4d2j (4.6)

b-i b-i ; 3\ (b-K
1. = -1, -1, = B, 0> -2-p,7) -1, =
y.e ( 12 ) y.a V.8 ( 12 ] (ﬂa nu ﬁa’]a ) 1 V.8

d2 ) n-2 )
=W-Bn>+28.1, ( 2J ( Mmm 2)- (16]+th +izl“h“} (4.7)
b*-h -h 3 s .\ (b*h
Iz,cz[ 12 j_lz,a_lz,s ( J (ﬂ M. — ﬂ 77 +6° - )( 12 j_lz,s:>
=(1—ﬂa3-ﬂa+ﬂ'a3-n'a—93~n'a)-[$j—[ﬂgJ-{(mm—z){i}nbf+ib§i}

Using the normalized values pa, o5, pa” and ps” defined in Section 2, a more
compact expression is determined for the area of the concrete (Eqn. 4.9).
A +A +A =b-h=>A,+A4 +p,-A. =b-h=A,+(+p,) A =b-h=

‘ (=
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p.b-ht(l+p)- A =b-h=0+p,) 4. =(1-p,)bh=

(1-p.) Al
Ac=(1+ps).b.hzz-b-h (4.9)

The fictitious pure-steel section selected is based on a similar method used
for partially-encased I-shaped sections (47). It consists of the steel I-shaped
section used in the composite section, reinforced by additional plates installed on
its flanges and web, as illustrated in Fig. 3.b. The flange plates installed have the
same thickness as the web of the steel section, while their height (dada), as well as
the height (haga) and breadth (baaa) of the web plates are variables.

The position of the plates was selected so that their centroids match those of
the I-shaped section. The geometrical properties of the I-shaped section have
already been calculated (Eqns. 4.3, 4.4 and 4.5), so only those of the additional
plates (Eqns. 4.10, 4.11 and 4.12) need to be defined. The plates’ dimensions are
normalized by dividing with the breadth of the composite section (b, = #-b and

t,=0-b) and its height (h,,, =n-h and d_, = 5-h).

Auig =2-Bugq -Nogg +2- 0oy -t, =2-(8-17+ x-6)-b-h (4.10)
Dagg N3yt (2 h,)' t,-h’
Iy,add:2' add add 4w ( Cadd+ a) _w a =
12 12 12
b-h?
(1 Z(Z'ﬂ'ﬂ3+9’(2'l+77)3—9'773)' o (4.11)
I, :2.t\i/'dadd +(2'badd +tw)3'hadd _tvav'hadd =
' 12 12 12
3
I, a0 :(2-63-;(+(2-ﬂ+9)3-77—93-77)-u (4.12)

12

Applying the equilibrium of axial resistances, dividing by the yielding stress
of structural steel and eliminating the area of the steel I-shaped section which
appears on both sides of the equation, a relationship between the area of the
plates and those of the concrete and the reinforcement is determined (Eqn. 4.13).

N}?ﬂ;t :N;g :>Aﬁct.f :Aa'ﬁz+AE.‘fc+As.‘fs =

Aot Awa fo= A Sar A S+ A =

A So=A. - f.+ A S (4'13)
Substituting the areas of the plates (Eqn. 4.10), concrete (Eqn. 4.9) and

reinforcing steel (A, = p, - A,) in Eqn. 4.13 and dividing by b4, it transforms to

a function between g, n and y (Eqn. 4.14).

Aadd . fa =A:' fc+As' fs :>(2'badd 'hadd —;2'Cadd tw) fa — A&ff + '%f fs —

a a ¢ a

2'badd 'hadd +2'Cadd 'tw :Ac '¢c +As '¢s =

(blh}.(z.ﬁ.b.n.m2.Z-h-9-b)=(blhj'(pf"b'h~¢c+p.a 'b'h'Ps‘VjsJ:
. N ps ps

=g+ ps-4,) (4.14)
Yol

S

(2-p-n+2-7-6)=

The second and third equations are determined by the equilibrium of
flexural stiffness about the major and minor axis respectively. In order to simplify
the final equations received, the ratios o, (Eqn. 3.30) and «, (Eqn. 3.32) are
introduced. Where possible, the normalized values previously defined in this work
are used. In both equations, the each component’s geometrical properties are
replaced with the expressions provided in (a) Eqns. 4.4, 4.7, 3.5 and 4.11 for the
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second moment of area about the major axis and (b) Eqns. 4.5, 4.8, 3.8 and 4.12
for the second moment of area about the minor axis. Normalizing by b-h®/12

and b®-h/12 respectively, the resulting equations (Eqns. 4.15 and 4.16) are both
functions of 5, n and y.

(E.[)y,ﬁd = (E.I),Vﬂfl :>Efl .Iy,a +Ea .Iy,add :Ea .Iy,u +Ec .Iy,c +Es .I}’as f—
Bolyais _Eclye E-lys g _y |
Bolyoas =Ec 1y o+ B0, = an = E, —+ E == Naag TWe by Tl =
2. b"dd .hjdd + tw '(zlcadd + ha )3 _ tw 'ha3
12 12 12 vl I,

b-n
12
1

287 +60-(2- x+n,) 01, —wc-( = JH//S a,, =

b-n’
12

12
a,, =

b’ TV

280 +6-2- g0,V ~0n =v. (1-Bn’ 28,0 )+, -v.)a,  (415)
Eu .Iz,add _ Ec 'Iz,c + E.&' ‘Iz,s

250402 24n,) =00, =y, -

Ea.lzadd :Ec.lzc+Ev.Izv = =
' ' A . E(l E{l EE
| 7| v, |
| — N + N . z,add _rec z,c+ s z,8
z,add ‘//c z,c l//s z,8 b3 i h b3 . h b3 . h
12 12 12
2,’3"Cudd +(2'badd+tw)2'hadd _ti"hadd ;
12 12 12 ze
=y, - +y . -a. .=
b3-h l//a b3~h l//s -4
12 12
3
(-p.n. -2, )(”12’7] L,
20" 7 +(2:p+0f n-0"n=y, 5 Y, =
12
260 g+ p6) -0 n=y. (-1, -20 1)+, -v.)a,. (4.16)

Since the expressions on the left side of Eqns. 4.14, 4.15 and 4.16 are positive
numbers, while all variables on the right side of the equations have known values,
the latter are replaced by the positive known variables d f , d 5 and d Zz It

should be noted that the aforementioned should not be confused with those
defined in Sections 2 and 3. Hence, Eqns. 4.14, 4.15 and 4.16 transform into the
following:

2-Bn+2-y-0=d (4.17)
2B +0-2-x+n,) =d; (4.18)
2-6°- y+(2-B+6) -n-6*-n=d> (4.19)

Three additional variables are defined, in order to perform the required
operations on Eqns. 4.17, 4.18 and 4.19 and solve for the unknown variables 5, »

and i, =0, +d} [0, u =3n,’ +d?/0 and u, =n,+d’ /0. Equ. 4.7
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is divided by ¢ and Eqns. 4.18 and 4.19 are divided by ¥, so Eqns. 4.20, 4.21 and
4.22 are formulated.

2-B-(n/0)+2-x=d;[0=2-B-(n/0)+2- x =, -1, (4.20)
2-8-)0) -0 +(2-y+n,) -n, =d} 0=
2-5-(n/0) -0*+(2-x+n,) =n, +d’ 0=

2-8-(n/0) -0 +(2-y+n,) =u,’ (4.21)
2-4+(2-p+0) -n/0* —n=d?]0’ =
2 z+(2- 0 -1)(n/0))0 = .-,

The product 2-,8.(77/49)3-(92 in Eqn. 4.21 is particularly smaller than the

others, so it may be omitted without significant effect on the final outcome. So,

(4.22)

eliminating 2. ﬁ-(n/9)3-6?2 from the equation, the unknown variable y is
determined.

(2'l+77a)3 z/uy3 3(2'Z+na)zluy j(z'l)zﬂy_na :>Zz(luy_77a)/2 (423)

Substituting 2y from Eqn. 4.23 in Eqn. 4.20, a function between £ and 7 is
received:

2:-B-n/0)+ p, =, ~ . —1, =2 f-(/0)~ u, — (4.24)
The values of 2-y and Z-ﬂ-(ﬂ/ﬁ), defined in Eqns. 4.23 and 4.24

respectively, are introduced in Eqn. 4.22, so a function of 5 is determined.
w, =1, +(2-5+6) ~1)(2/0)/6* ~ ., =
(@ proy-1)}(n/0)6> ~ 1.~ 1, =

2 J—
(M) +3.(2-ﬂj+3zﬂzﬂy3
0 0 ;ux_:uy

(Mj 3(gj(3uJo (425)
9 6 lux _luy

Eqn. 4.25 is a quadratic equation in which the unknown variable is (2. ﬂ/@)-
Since both its numerator and denominator are positive numbers, only the positive

solution of the equation is valid. So, solving for 3, its value is determined in Eqn.
4.26.

(Z-ﬂjz\/m_3:\/4.(,uz—ﬂy)—B-(yx_ﬂy)_g.\/ﬂx_luy B
0 Ho—py 42 2 Ju -,
([ ersas]-

2 Hy = My

V4l =y ) =3 =) =3 g
4\ Hy = 1y

The unknown variable 7 is defined by dividing (2- ,6’)(77/ (9) by (2- B/ 9),
using the expressions provided in Eqns. 4.24 and 4.26 respectively.

_(2’13)'(77/9):> (:ux_luy)'z'\//ux_'uy

T @pe) T )3l - ) -3t i,

B~0- (4.26)

=
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3
2- Y Hy — Hy
n~ (4.27)
\/4(/‘12 _:uy)_3'( X _luy)_g'\//'lx _luy
Finally, the dimensions of the installed plates on the fictitious pure-steel
section are provided in Eqns. 4.28, 4.29 and 4.30:

V4l = )-3- ) =3 -,
4u - u,
3
h (o h (4.29)

ag =1 h=
“ Ja =, ) =3, = p1,) =3 Jp, - 1,

b, =Bb=|0- b (4.28)

dadd:Z'h:(’uy;na]'h (4.30)

Assessment of the simulation method

Since a simplification was made in order to define the solution of the set of
Eqns. 4.17, 4.18 and 4.19, resulting in the removal of the component
2-B-(/6) -0* in Eqn. 4.21, the formulas determined are not in a closed form, and
so they provide an approximate value for each variable. Hence, the accuracy of
the simulation formulas needs to be evaluated. For this purpose, a variety of
standard I-shaped sections were selected. As a reference, a typical concrete-
encased composite column section consisting of a HE320A steel core is used. The
concrete compressive strength is 25MPa (7.e. C25/30 grade), while its cover on all
sides of the column is 50mm from the rectangle defined by the steel section’s
flanges. Its linear reinforcement consists of 12mm diameter bars, the yielding
stress of which is 500MPa. A total number of 12 bars are installed: 5 bars parallel
to the column’s height and 3 bars parallel to its breadth. Eqns. 4.31, 4.32 and
4.33 provide the formulas to calculate the deviation of the composite section’s
axial capacity (Eqn. 4.31) and flexural stiffness about the major and minor axis
(Equs. 4.31 and 4.32 respectively).

A(Nd) = Nra,act = Nra fict _ (farAg+feAct fs-As) — fa- Afict (4.31)
NRd,aCt (fa AgtforAct S As)
AED), = Eltot,y,act —Eg- Iy,fict _ (Ea ' Iy,a +E.- Iy,c +Es - Iy,s) —Eq- Iy,fict (4 32)
Y Elioty act (Eg Iy +E.Lc+Es- L)
AED), = Eliot zact = Eqa " Iy fict _ (Ea lpq +Ec I+ E- Iz,s) —Eq Iy fpice (4.33)

Eltot,z,act (Ea ' Iz,a + Ec ) Iz,c + Es ! Iz,s)

The proposed simulation method was applied and the fictitious section’s
axial capacity and flexural stiffness were calculated. Comparing the
aforementioned with the properties of the composite section, the largest deviation
is noticed on the stiffness about the major axis, Ze. 0.021%. In engineering
practice, an admissible deviation level would be less than 5%, while for values
less than 1% the method would be considered to have high accuracy. The
determined values are particularly smaller than the aforementioned high accuracy
limit, so one could consider the steel-concrete composite section and the fictitious
pure-steel section to have practically the same properties. In order to evaluate
the proposed method and to determine the limitations that might apply, a
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Figure 4. Assessment of the accuracy of the simulation method: (a) IPE, (b) HEA, (c) HEB
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Figure 5. Assessment of the accuracy of the simulation method: Structural steel grade.
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Figure 6. Assessment of the accuracy of the simulation method: Concrete strength class.
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Figure 7. Assessment of the accuracy of the simulation method: Rebar diameter.
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Figure 8. Assessment of the accuracy of the simulation method: Reinforcing steel grade.
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thorough investigation on the factors which affect its accuracy needs to take
place. Hence, a total number of 101 simulations were performed. The factors
taken into consideration are: (a) the core I-shaped steel section, (b) the structural
steel yielding stress, (c) the concrete strength, (d) the rebar diameter and (e) the
reinforcing steel yielding stress.

In order to determine the effect of the steel core size on the accuracy of the
proposed simulation method, three sets of standard I-shaped sections were
considered: (a) 18 IPE sections with sizes from IPE80 to IPE600, (b) 25 HEA
sections with sizes from HE100A to HE1100A and (c) 25 HEB sections with sizes
from HE100B to HE1100B. It should be noted that typically HEA and HEB
sections are preferred for steel or composite columns, while IPE sections are
mainly used as beam sections. So their use in this work is mainly for investigation
purpose. The fictitious section properties were compared to those of the actual
composite sections and the results are illustrated in Figs. 4.a, 4.b and 4.c for the
IPE, HEA and HEB sections respectively. For all sections it is noticed that there
is no deviation between the axial capacity of the actual and the defined fictitious
section. Furthermore, the deviation on the section’s stiffness about the minor axis
is in all cases negative. Compared to the deviation on the section’s stiffness about
its major axis, it is particularly smaller. Its minimum absolute value is 0.002%
and its maximum value is 0.0149%. In all scenarios it can be assumed negligible,
as it is less than the deviation that occurs for a composite column simulated
using fiber element model with a large number of fibers for each component and a
simple model using the minimum admissible number of fibers.

The range of values of deviation on the stiffness about the major axis is
significantly larger. In all cases it is positive and it was calculated from 0.0041%
up to 0.5434%. It should be noted that the largest values are found for the
smaller sections of each group (IPE80-IPE100, HE100A and HE100B). Steel
sections with height less than 200mm are typically not used in engineering
practice as core for concrete-encased composite sections, as there is not enough
space on its web for the installation of the required shear headed studs, in order
to achieve the composite performance of the column. For larger section sizes, the
deviation is particularly decreased with the maximum value being less than 0.1%
(it is determined for IPE200). In all Figs. it can be noticed that the larger the
size of the core section is, the more the deviation decreases. In order to verify this
correlation, one needs to examine the stiffness percentage provided to the column
section by the steel core. Fig. 9 illustrates the total stiffness contribution of (a)
the steel core and (b) the reinforced concrete to the composite section. It can be
noticed that for small sizes the contribution of the steel core is particularly lower
than that of the reinforced concrete: IPE80 section provides only 5.78% of the
composite section’s stiffness, so it could be considered as a practically reinforced
concrete section. For larger sections this is reversed and it reaches up to 53%.
However, even though the stiffness of the steel core is taken into consideration on
both the composite and the fictitious section, the additional plates simulate the
reinforced concrete only. So, the deviation to the total stiffness about the major
axis is directly related to the contribution of the reinforced concrete.

Similar effect to the accuracy of the simulation method was found to have
the structural steel yielding stress. Even though it does not affect directly the
overall stiffness of the composite or the fictitious section, but only their axial
resistance, increased yielding stress was found to lead to reduced deviation on the
stiffness about the major and minor axis. In particular, 6 steel grades with
yielding stress from 195MPa to 460MPa (49) were considered and the results are
presented in Fig. 5. In all cases there was no deviation on the axial capacity of
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the sections, while the highest deviation for the stiffness about its minor axis was
as low as 0.005%. The stiffness about the major axis reaches up to 0.118% for fy
= 195MPa, while there is no deviation for yielding stress higher than 460MPa. It
should be noted that structural steel with yielding stress below 235MPa is
currently not used in practice. The most common steel grades for normal
capacity carbon steel are 275MPa and 355 MPa.
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Figure 9. Contribution of the constituent materials (steel I-shaped core and surrounding reinforced
concrete) to the total effective stiffness (EI)e of each composite column.

High grades of steel (fy. > 500MPa) were also considered, but the results
are not presented, as they do not provide additional information. In particular,
for yielding stress higher than 355MPa the deviation is below 0.003%, while for
460MPa or higher there is no deviation. However, a remark made applying the
proposed method for fy, = 800MPa was that the method could not yield results.
The problem occurs on the calculation of the normalized value 8. The calculation
formula for B contains (ux - yy) as a denominator. Since y,? is a positive number,
the product of (ux - yy) should be positive as well. The larger the value of fy, is,
the smaller the normalized value ux becomes, while yy is not affected. No problem
occurred when increased concrete strength was assumed. So, for particularly
increased structural steel yielding stress, very low concrete strength classes
cannot be used. However, the same applies in engineering practice already. The
concrete strength is directly related to the structural steel yielding stress. As the
stresses are transferred between the steel core and the concrete by the means of
shear headed studs installed on the core section’s web, the lower the concrete
strength is, the larger the number and diameter of the studs is required. So, high
grade steel is typically used in cooperation with high strength concrete.
Therefore, even though the aforementioned limitation applies on the proposed
method mathematically, it is highly unlikely that such an issue might occur
during its application in practice.

The investigated factor with the strongest effect on the accuracy of the
simulation method is the concrete strength. A total number of 14 concrete
strength classes were taken into consideration, from C12/15 up to C90/105 (50).
It should be noted that concrete with strength less than 20MPa is typically not
used for reinforced concrete or composite steel-concrete columns. Furthermore,
concrete with strength equal to or more than 50MPa is classified as high-strength
concrete (51). The results yielded are illustrated in Fig. 6. While, for low strength
concrete classes the deviation is as low as 0.001%, for high-strength concrete, it
increases dramatically, reaching up to 2.370%. This is a result of the increased
contribution of the concrete to the stiffness of the composite section. The
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concrete strength is directly related only to the section’s axial resistance, on
which there is no deviation in all investigated cases. However, increased concrete
strength results in increased modulus of elasticity of the concrete as well (50).
While C12/15 has a modulus of elasticity of 27GPa, it increases up to 44GPa for
C90/105. Contrary to the contribution of the steel section investigated
previously, that of reinforced concrete increases up to 63.74% for C50/60, but
then drops down to 60.64% for C90/105. Hence, it can be assumed that the
concrete’s strength and its modulus of elasticity affect the results not only
directly due to the properties of the composite section, but also through the
normalized variables used.

The composite section’s stiffness is also related to the reinforcing steel
yielding stress, as well as the diameter of the installed bars. In order to
investigate their effect on the accuracy of the proposed method, two more sets of
simulations took place. In the first set, 10 bar diameters were used, ranging from
6mm to 32mm. In all cases there was found to be no deviation in the simulation
of the axial resistance. The maximum deviation on the section’s stiffness about
both minor axes was found for the largest bar size used ie. 32mm: A(EI), =
0.453% and A(EI), = -0.006%. Evaluation of the results illustrated in Fig. 7
shows that the deviation on the calculated stiffness dramatically for the larger
bar sizes. This is directly related to the proportion of the section’s stiffness
provided by the longitudinal reinforcement, which increases with a similar rate. It
is the combination of the rebars’ location in relation to section’s centroid and the
elasticity modulus of the steel. In particular, for 6mm bars considered the
proportion of the total stiffness about the major axis provided by the
reinforcement is below 1%, while for the largest size considered, ie. 32mm, it
reaches up to 44%. In the second set, 5 steel grades were considered: from
250MPa to 517MPa (US grade 75) and the results yielded are presented in Fig. 8.
It can be noticed that higher steel grades are associated with increased deviation
on the section’s stiffness. However, unlike the bar diameter, the effect of the steel
yielding stress seems to have a linear correlation to the calculated deviation. It is
also remarkable that, even though A(EI)y is particularly low, A(EI), is not also
reduced; its value is constantly -0.003%. Hence, it should be pointed out that,
even though the ratio of A(EI), over A(EI), is particularly increased, the value of
both is extremely low.

The applicability of the proposed method on reinforced concrete sections was
also investigated. Because the functions of the variables uy, ¢y and y, required for
the determination of the dimensions of the fictitious section contain components
divided by ¢, the particular variable cannot be equal to zero. Hence, a fictitious
composite section with a steel core without area or stiffness, but for which the
variable ¥ is equal to 1077 was considered. The value 1077 was not selected
arbitrarily, but it is the smallest value for which the calculations can be
performed in the software used. The materials comprising the fictitious section
have the same properties as those used for the reference section, including the
structural steel which is not installed. Finally, its height was considered to be
300mm and its breadth 200mm. Applying the proposed simulation method, it was
noticed that while there is no deviation for the axial capacity and the stiffness
about the minor axis, the calculated stiffness about the major axis is totally
erroneous: its deviation reaches -99.515%. Various alternatives were also
evaluated in order to improve the results to a deviation below the admissible
limit, but all were unsuccessful. Hence, it can be assumed that the proposed
method cannot be applied on reinforced concrete columns. Nevertheless, as the
methods proposed in Sections 3 and 2 are mathematical functions of closed form,
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a reinforced concrete column can alternatively be simulated as a pure-steel
rectangular or circular hollow section.

Concluding remarks

In this work, three methods were proposed in order to simulate steel-
concrete composite columns with equivalent pure-steel columns. All methods
intend to determine pure-steel sections which have the same axial resistance and
stiffness about the major and minor axis as the composite steel-concrete section
simulated. The methods outlined define fictitious hollow circular and rectangular
pure-steel sections are in a closed form. Hence, the results yielded from their
application define steel sections with exactly the same properties as their
composite steel-concrete counterparts.

Formulas are provided regarding the calculation of the properties of the
composite sections, but for standard sections such data can be retrieved directly
from section tables and be normalized appropriately in order to calculate the
variables di?, d,” and d? when they are required. The formulas provided for the
calculation of known variables, such as d.?, d)’ and d/, as well as unknown
variables, ie. o B, 1, y and y, use normalized values. So, the application of the
proposed methods is independent of the measurement units used, while it is
possible to scale the results (e.g. define a section with 1.5 times the stiffness
about the minor axis) simply by multiplying d.?, d,” and d,? with the required
factor.

It is remarkable that both methods proposed for hollow sections are
applicable on any type of section (e.g. reinforced concrete section). However, the
same does not apply for the simulation method presented for I-shaped sections,
which requires the existence of such a section in the core of the initial section, in
order to yield accurate results. Nevertheless, the method is applicable with high
accuracy for any concrete-encased I-shaped section, the construction of which is
feasible in practice as well.

Application of the proposed simulation methods on sections with simpler
geometry than the ones proposed, ie. square hollow sections instead of
rectangular sections and partially-encased I-shaped sections instead of “fully’-
encased sections is possible. The formulas provided could be easily simplified, but
this is not presented in this work, as it does not provide additional information.
The proposed methods could also be generalized in order to simulate column
sections with any type of materials. Additionally, the sections consisting of a
single material (in this work it is steel), could consist of other materials, provided
that the yielding stress (fy) and Young’s modulus (Es) are replaced by the
respective values used in order to define the axial resistance and flexural stiffness
of the alternative material accordingly. Nevertheless, when such an application
takes place, the investigator should take into consideration all the differences
between the materials on the actual sections and the simulated ones.

This work is not intended as an alternative to EC4, but as an additional tool
for engineers in practice, so phenomena such as the various buckling types should
be addressed according to the applicable design codes. Of particular importance is
also that all proposed methods simulate the elastic behavior of the column
sections. They can be applied for design purposes, in order to evaluate alternative
solutions, or reduce the computational time required, especially when time-
demanding procedures such as structural design optimization take place (52-56).
However, the inelastic behavior of the composite section and its equivalent pure-
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steel counterpart are not the same. Hence, the proposed methods cannot be
applied in order to evaluate the inelastic performance of a building e.g. under a
seismic excitation.

The post-elastic behavior of the sections depends mainly on their mechanical
properties, while the formulas used consider a linear behavior up to the maximum
stress/strain. Application of the described procedure in order to define a similar
model in order that simulates the section’s post-elastic behavior would be
impractical, as one would need to define a different equivalent section for each
step of the analysis, in order to achieve an acceptable level of accuracy of the
simulation. A different approach than the one described in this work might be
more suitable for this purpose.
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