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A B S T R A C T   

With mechanical metamaterials that display force-torque coupling receiving recent attention, we tested the effect 
of twist on indentation resistance. We hypothesised that the force required to indent a twisting lattice to a set 
depth would increase with the amount of transverse deformation caused by twist. Based on previous work, 
various chiral lattices were designed to twist by up to 1.3◦ per 1 % compression. These lattice designs were 3D- 
printed in Nylon-12, then tested, with the experiments replicated in finite element simulations. Indentation 
resistance increased with twist; the lattice with maximum twist required ~70 % higher indentation force (when 
normalised to compressive stiffness) than the non-twisting (antichiral) one during spherical indentations to 1 % 
of sample thickness. Further, we calculate the expected effects of twist on indentation resistance by combining 
the established micropolar and Willis’ plane stress moduli with classical Hertzian indentation equations. We 
found reasonable agreement (within 10 %) between 2D calculation methods use here and previous 3D calcu
lation methods. The indentation resistance calculated using the micropolar plane stress modulus followed the 
same trends as the simulations and experiments. The calculated indentation force was within 10 % of the sim
ulations and experiments.   

1. Introduction 

New counterintuitive hardening mechanisms (e.g., [1–8]) are inter
esting where comfort, energy absorption, or structural integrity are 
important. Applications of counterintuitive hardening mechanisms 
include defence [4], medical devices [9], sports equipment [10], aero
space and automotive sectors [11], to name a few [12]. Hardness is a 
measure of indentation resistance. During indentation with a rigid 
indenter, a soft substrate deforms axially and transversely. So, the 
hardness (H) of most isotropic materials increases with Young’s modulus 
(E) and the magnitude of Poisson’s ratio (ν) [3,10,13,14]: 

H∝
(

E
1 − ν2

)x

(1)  

whereby x is related to indenter shape (2/3 for a spherical indenter). The 
term inside the brackets is the effective modulus (Ẽ) [14–16]: 

Ẽ =
E

1 − ν2 (2) 

Hardness is mean pressure in a contact area at a set depth [17–21], 

while Hertzian (spherical) indentation force (F) is [20,21]: 

F =
4
3

̅̅̅̅̅̅̅̅
Rh3

√
(Ẽ) (3)  

whereby h is indentation depth, and R is the radius of the indenting 
sphere. 

Eqs. (1) and (3), and others for Hertzian indentation, can be derived 
using the method of dimensionality reduction – whereby an axisym
metric three-dimensional (3D) system is represented by a system of one- 
dimensional components [15,22,23]. During an indentation between a 
rigid indenter and an elastic half-space, with dimensionality reduction 
the half-space is represented by a 2D plane [15,22,23]. The effective 
modulus of the elastic half space (Ẽ, Eq. 2) is the two-dimensional (2D) 
plane stress modulus [17,21,24,25]. 

Counterintuitive hardening mechanisms include auxetics (negative 
Poisson’s ratio) [1–3], shear thickening materials [4–7], and chainmail 
inspired materials [8]. Isotropic auxetic material can be harder than 
equivalent stiffness conventional materials [1–3], according to Poisson’s 
ratio limits (of − 1 < ν < 0.5 [17]) and Eqs. (1) to (3). So, an auxetic 
material can be relatively soft to maximise deformation (and minimise 
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peak force) while gradually decelerating impacting bodies during blunt 
impacts, but can still reduce penetration by concentrated loads. Auxetics 
are a class of counterintuitive hardening mechanism, based on Cauchy 
continuum mechanics/classical continuum theory [17], that have 
received sustained attention since they were first made [26]. 

The constitutive equation, in classical (Cauchy) elasticity is [17]: 

σij = Cijklεkl (4)  

whereby σij is the stress tensor (units Pa), Cijkl is the rank 4 stiffness 
tensor (units Pa, with i, j, k and l equating to the axes 1, 2 or 3) and εkl is 
the dimensionless strain tensor (with εkl = εlk). Cauchy’s assumption 
that strain energy is stored in materials by symmetric linear deformation 
following application of a uniaxial load is sometimes false [27–29]. 
Some materials and structures, including some chiral (non-symmetric) 
mechanical metamaterials [30,31], bone [30,31], and composite tur
bine blades [32–34], twist internally and externally during extension or 
compression. In some cases, an internal unit cell can twist, which can 
cause an externally visible twisting response (e.g., [30,31]). Twist can 
also be more subtle, occurring around the junction between cell ribs (e. 
g., [30,31]). While twist around small internal structures is more com
mon, extreme and externally visible twist allows development and 
validation of theories to explain it. 

Twist has recently received attention following its rational design 
[30,31]. Twist can be explained using the Cosserat/micropolar contin
uum [27,29,35], and the Willis continuum [36–38]. These theories 
introduce homogenisations as internal asymmetric length scales tend 
towards the size of the applied deformation zone. Cosserat and micro
polar theories are similar – but in Cosserat theory, the microrotation was 
not originally connected to applied displacement [29,39–41]. Micro
polar theories for solid materials typically assume the rotating units are 
bonded and the macrorotations can be calculated from the micro
rotations and displacements [30,39,42]. The constitutive equations for 
the micropolar continuum are [30,42]: 

σij = Cijkl εkl +Dijkl Φkl (5) 

and, 

Mij = Aijkl Φkl +Bijkl εkl (6) 

whereby A, B and D are additional generalised rank 4 tensors (Bijkl =

Dklji), M is the couple stress tensor, and Φ is the rotational strain tensor. 
An alternative to micropolar continuum, also capable of explaining 

the effects of twist, is Willis continuum [36–38]. While this theory 
contains dynamic and motion tensors, here we consider only the static, 
homogenised case – with the constitutive equation [38]: 

∇ • σ = ∇ • (C : ϵ) − α∇× u (7)  

Whereby α describes asymmetry (units Pa/m) and has been estimated to 

fit microstructurally faithful simulations, while u is the displacement 
vector. 

Indentation of micropolar materials has been considered before (e.g., 
[43–47]). These works typically formulate contact pressure and radius 
(via local stress in 3D), to amend the equations for contact force [46]. 
Focussing on pressure rather than force, these works do not exclude 
calculation of contact force via the micropolar 2D plane stress modulus 
and method of dimensionality reduction [22]. 

The method of dimensional reduction is the simplest and most 
intuitive form of indentation analysis. If shown to be valid for twisting 
materials, it could allow an intuitive demonstration of the effect of twist 
on indentation resistance while simplifying analysis methods. Applica
tion of the method of dimensional reduction requires an axisymmetric 
indenter, and an isotropic (or transversely isotropic) elastic half-space 
[15,22,23]. Introducing twist into indentation analysis requires some 
adaption of the equations relating to the elastic half-space (Eq. 2), 
possibly the application of micropolar [29,48] or Willis formulations of 
the 2D plane stress moduli [38]. While twist causes a non-axisymmetric 
deformation direction (opposite on either side of the indenter), the 
magnitude and resultant strain energy density are equal. So, it is useful 
to investigate whether results of analysis based on the method of 
dimensional reduction are comparable to experimental or micro
structurally faithful finite elements simulation results. 

In this study, we test the hypothesis that twist, which translates axial 
to transverse deformation [30,31], would provide a hardening mecha
nism analogous to Poisson’s ratio (Eqs. 1 to 3). To test this hypothesis, 
we develop the method of dimensional reduction to include plane stress 
moduli that include twist; the micropolar continuum [27,29,35] and the 
static variant of Willis continuum [36–38]. We use the established 
mathematical approach in the method of dimensional reduction to 
represent surface deformation [15,16,21,22,43–47], and the material’s 
micropolar 2D plane stress modulus to calculate contact force [15,16,21, 
22], then investigate a simpler 2D plane stress approximation using 
Willis continuum [38]. We compare these analytical results to 3D 
analysis methods from the literature [46], and experimental and finite 
element indentations of previously developed designs of mechanical 
metamaterials with varying amounts of twist [30]. 

2. Methods 

2.1. Micropolar continuum model 

With classical indentation response reliant upon a representative 2D 
plane [15,22,23] represented by the 2D plane stress modulus (Eqs. 1 to 
3), we tested whether such a relationship can be amended to include 
twist. The stiffness matrix for the micropolar 2D plane stress problem is 
[29,48]:  

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

σ11
σ22
σ12
σ21
M13
M23

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=
Em

1 − vm2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 νm 0 0 0 0

νm 1 0 0 0 0

0 0
1 − νm

2
(
1− N2)

(1 − νm)
(
1 − 2N2)

2
(
1 − N2) 0 0

0 0
(1 − νm)

(
1 − 2N2)

2
(
1 − N2)

1 − νm
2(1 − N2) 0 0

0 0 0 0 2lc2( 1 + νm
)

0

0 0 0 0 0 2lc2( 1 + νm
)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ε11
ε22
ε12
ε21
Φ1,3
Φ2,3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(8)   
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Herein, the “11” axis is aligned to the direction of indentation. The 
micropolar length scale (lc) previously used for chiral lattices similar to 
those we use here was 188 µm [30]. As we used lattices with 50 times 
larger (25 mm sided) unit cells and external dimensions, lc was 
increased (by a factor of 50) to 9.3 mm. For these indentations with a 
contact radius (a ≈ √2Rh ≈ 5.9 mm) less than 46.5 mm (a < 5 lc), 
modification of the lattice response would be required [46]. Φ is the 
twist angle per axial strain. Em and νm, micropolar Young’s moduli and 
Poisson’s ratio [35], were obtained here by finite element simulations. 
The coupling constant (N) can be calculated from shear and torsional 
moduli: 

N =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k

2(Gm + k)

√

(9)  

whereby k is a micropolar modulus [29]: 

k = 2(Gm − Gt) (10)  

while Gt was measured torsional modulus, and shear modulus (Gm) was 
[29,35,48]: 

Gm =
Em

2(1 + νm)
(11) 

Assuming axisymmetric twist that can be homogenised in 2D, while 
considering loading in the vertical 11-axis (ε22 = -ν × ε11, ε12 = (ε11 - 
ε22)/2 + ϕ2,3, ε21 = (ε11 - ε22)/2 – ϕ2,3, ϕ1,3 = ϕ2,3, and ϕ was measured), 
all micropolar plane force and torque stresses can be calculated by 
expanding Eq. (8). The strain energy density (Um) is [17]: 

Um =
σiεi
2

+
MiΦi

2A
(12) 

using the Einstein summation. Couple stresses (Mi) were divided by 
the unit cell cross sectional area (A) to maintain the units of Um (J/m3, or 
N/m2). Dividing couple stress by unit cell cross sectional area allows 
recovery of Cauchy mechanics when many unit cells are used, and the 
energy to twist each one increases (Eq. 8). The micropolar plane strain 
modulus (Ẽm) is: 

Ẽm =
Um

ε11
(13) 

So, Eq. 3 becomes: 

F =
4
3

̅̅̅̅̅̅̅̅
Rh3

√
(Ẽm) (14) 

With clear steps to calculate Ẽm (Eqs. 4 to 9), Eq. (10) could provide a 
method to calculate (and tune) the indentation resistance of materials 
that twist. To verify the micropolar 2D plane stress modulus calculation 
method (Eq. 14) using theoretical 3D calculation data [46], we set h/R 
to 0.01, Gm and R to unity, and vary lc between 0 and 0.5. The coupling 
constant N is proportional to √lc, while in the absence of unit cells in the 
study in the literature we set A = πlc2. We then vary Φ from zero to the 
product of 1.5◦ per % strain (the approximate limit found in this work) 
and (1-νm

2 ), with νm set to 0 and 0.5. 

2.2. Willis continuum model 

The Willis variant of the representative 2D plane [15,22,23], and 2D 
plane stress modulus, can be formulated from [38]: 

⎛

⎜
⎜
⎜
⎜
⎝

σ11
σ22
σ12
σ21

⎞

⎟
⎟
⎟
⎟
⎠

=
Em

1 − νm2

⎛

⎜
⎜
⎜
⎜
⎝

1 νm 0 0
νm 1 0 0
0 0 1 − νm α
0 0 α 1 − νm

⎞

⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎝

ε11
ε22
ε12
ε21

⎞

⎟
⎟
⎟
⎟
⎠

(15) 

We use the same strain conventions as above. As in previous work by 
Kadic et al. [38] using similar lattices, we arbitrarily set lw/L (Willis 
length scale/ lattice width) as ϕ × L/9 (using radians), based on the 
relationships in Fig. 3 and 4a of reference [38]. We also calculated α as 
n2 × Gm × lw/L, where n is the number of unit cells per side. This 
relationship was again derived from Kadic et al. (Eq. 15 in reference 
[38]). We included the multiplier n2 based on the varying number of 
unit cells, as Kadic et al., used 3 by 3 lattices throughout. So, strain 
energy density and plane stress modulus can (again) be calculated – 
based on the following variants to Eqs. (13) and (14): 

Ẽw =
Uw

ε11
(16)  

F =
4
3

̅̅̅̅̅̅̅̅
Rh3

√
(ẼW) (17)  

whereby the subscript W denotes Willis values. 

2.3. Experimental methods 

Six chiral and antichiral lattices, based on work by Frenzel et al. [30], 
were designed in computer aided design software (SolidWorks, 2020, 
Dassault Systèmes SOLIDWORKS Corp., USA) and 3D-printed in 
Nylon-12 (selective laser sintered, Formlabs, Fuse 1 - Supplementary 
information S1 and S2). Powder was mixed at a refresh rate of 30–70 %, 
heated to 200 ◦C, then sintered using a 10 W Ytterbium Fiber laser 
(200 µm spot size, 110 µm layer height). Lattices were post processed by 
manual brushing and bead blasting with compressed air and abrasive 
blast beading media (Guyson, Euroblast 4). 

The chiral lattices (Fig. 1a) had various rib angles (θ); 34.3◦ (tangent 
to the outer circle and the maximum possible value), 30◦, 25◦, 20◦ and 
10◦. The rib angle was 0◦ for the antichiral lattice (Fig. 1b). The cubic 
chiral unit cells were asymmetric (Fig. 1c), causing twist in compression, 
with the amount of twist increasing with θ. As the antichiral lattices 
(Fig. 1d) were symmetric they did not twist [30]. Mass increased with θ; 
the 34.3◦ chiral lattice was ~10 % heavier than the antichiral one. 
Ideally, during indentation testing (ASTM D3574 – 11 - [49]), many unit 
cells would contact an indenter, with the length of sample sides close to 
double the indenter diameter. To give high twist, which reduces with 
more unit cells [30], lattices consisting of three by three by three cubic 
unit cell were predominantly used here (25 mm sides for each cell, 
equating to ~71 mm sides for the lattice). 

To facilitate indentation testing, a uniform sheet (1.5–1.6 mm thick) 
replaced the top layer of 2D extrusions. Top sheet thickness was varied 
to maintain constant bending stiffness relative to the lattice 2D extrusion 
(Supplementary information S5). These top sheets were printed and 
modelled as part of the lattice, so were also present during compression 
tests. Fillets of radius 0.25 mm were applied under the sheet – where cell 
ribs otherwise caused sharp angles (≤ 45◦), and 0.5 mm radius fillets 
were applied to all ≤ 45◦ angles in the unit cells (Fig. 1a & b). The 
1.5–1.6 mm thick top sheets had a bending modulus 2.6–2.7 times that 
of the 2D cell they replaced (Fig. 1a & b), corresponding to the nor
malised second moment of area IN. The critical length in micropolar 
solids relates to the radius the microstructure bends or twists around. 
For the structures used here, the bending and twisting length were 
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similar [17]. So, for the effective point load caused by the indenter, the 
bending radius would be expected to be equal to lc when IN = 1. Irre
spective of indenter size, the radius of curvature of the top sheet, which 
we name effective spherical indentation radius (R*), was: 

R* = lc×IN (18) 

(i.e., R* = 2.6 × 9.3 ≈ 25 mm). Varying the thickness of the top sheet 
between 1 and 2 mm, to vary IN between 1 and 6, the relationship in Eq. 
18 was maintained (within 3 % for IN > 2.6 – see Supplementary in
formation S5). 

Quasi-static tests at a rate of 2.85 mm/minute to 1 % compression 
(~0.71 mm), and indentation tests with a 50 mm diameter hemisphere 

Fig. 1. Dimensions (in mm) of 2D a) Chiral (θ = 34.3◦), and b) antichiral (θ = 0◦) extrusions (thickness 1.8 mm) that were rotated around the central y- and z-axes to 
create isotropic, cubic; c) chiral and d) triaxial symmetric antichiral unit cells. 

Fig. 2. a) Experimental indentation set up, and b) and c) simulation set up; b) flat plate and c) indentation. Axis labelling convention in (b) is used throughout. Red 
dots in (b) show lattice corner points tracked in the simulation and experiment, yellow dots show unit cell corner points tracked in the experiment, and the blue 
dashed line shows the edge at the centre of each face tracked in simulations. 

O. Duncan et al.                                                                                                                                                                                                                                



Materials Today Communications 35 (2023) 105616

5

to the same depth, were undertaken on a uniaxial test device (Hounsfield 
HK10s, 10 kN load cell, Fig. 2). The hemisphere was selected to match 
the expected curvature of the top surface (based on Eq. 18) to avoid 
stress concentrations (see supplementary Fig. S6d). One test was un
dertaken per lattice per condition, with a preload of 50 N for compres
sion tests (~10 % of maximum compression force), reduced to 5 N for 
the indentation tests (~10 % of maximum indentation force). Tests were 
filmed by two synchronised cameras (Phantom Miro, R111 & Nikon, AF 
Nikkor 14,585 mm lens, 1200 × 800p, 24 Hz – Fig. 2a), and de
formations of the front face of lattices were measured by stereo (3D) 
digital image correlation (DIC, GOM Correlate Professional, 2018 – Carl 
Zeiss GOM Metrology, GmbH, Braunschweig, Germany). GOM’s CP20/ 
MV 72 × 90 mm calibration board was used following supplier guide
lines, and black dots on (white) lattice corners and the corners of the 
central unit cell were tracked by the software (Fig. 2b). Axial deforma
tion was calculated from vertical movement of dots in the corners of 
lattices. A force constant for compression and indentation tests was 
obtained by fitting lines to force vs. displacement data – with DIC 
displacement used during compression tests and device displacement 
during indentation. Only the final linear region – 0.15 mm applied 
displacement – of each test was analysed, removing sections affected by 
uneven contact between the compression plate/indenter and lattice, due 
to printing imperfections. Micropolar Young’s modulus, Poisson’s ratio 
and twist results, used to validate the FE simulations, are shown in 
Supplementary information S3. The ~20 % differences between simu
lations and experimental data are attributed to warping and other im
perfections on printed lattice surfaces, experimental error, and 
assumptions in the FE model. 

2.4. Finite element methods 

The tests were also simulated in a finite element model (ANSYS 
Workbench Mechanical (Static Structural), v2021 R2 (Livermore Soft
ware Technology Corporation, CA, USA)). An isotropic, linear elastic 
material model was used based on measured (ASTM D638-14 [50]) 
Nylon-12 properties for printed samples (E = 1.79 GPa, ν = 0.37, den
sity = 982 kg/m3, Supplementary information S2, which were as ex
pected [51,52]). A tetrahedral (solid element) mesh, with an element 
size of 0.9 mm, was applied to the lattices (Supplementary information 
S4 for mesh convergence study). The mesh was refined by defining 
contact and surface sizing around the indenter (0.5 mm over the contact 
region, and half the top sheet thickness over the top sheet). The 
compression plates and indenter were assigned steel (E = 200 GPa, 
ν = 0.3), and an element size of 2.5 mm. A low co-efficient of friction (of 
0.1) was defined between the lattice and compression plates/indenter, 
which was close to the assumed frictionless calculations (Eqs. 1 to 17). 
The results were cross-checked against those for the typical value for 
nylon on steel of 0.5 [53] (Supplementary information S3). The simu
lations with a co-efficent of friction of 0.1 and 0.5 were expected to 
match more closely to the calculations and experimental values, 
respectively. During the simulations of flat plate compressions, twist 
angle and deformation were recorded at the eight lattice corners, and 
the centre of lattice sides, respectively (Fig. 2b). Torsional tests were also 
simulated, by fixing plates to the lattices and applying a remote rotation 
(φ) of 1◦ – measuring the applied moment (T). Torsional modulus (Gt) 
was: 

Gt =
Tl
φJ

(12)  

whereby l was lattice height, and J was the polar second moment of area. 
See Supplementary information S6 for torsional simulation details. 

Equivalent lattices were modelled using beam elements, to show the 
effect of varying the size (and number) of unit cells without substantially 
increasing the computational requirements of the simulations. Main
taining the same overall dimensions and unit cell shape as in Fig. 1a & c, 

the number of unit cells were 1, 3, 5 or 7 per side (i.e., 1–343 unit cells, 
with ~10 to ~70 mm sides). As in prior work [30], the critical length 
did not change with unit cell size while maintaining lattice dimensions. 
Beams were extracted from modified lattices, topology was shared be
tween all beam elements, and a midplane shell was used to replace the 
top sheet (in ANSYS Space Claim). Circular cross-sectional areas of 
1.5 mm were set for the three unit-cell sided lattice to maintain the 
second moment area of the beams, edited to maintain lattice density (in 
ANSYS Mechanical). Pinball radii (boundary between open and closed 
contact) of 1 mm were applied to contacts, and effective top sheet 
thickness was set to 1.5 mm. Beam elements had a maximum mesh size 
equal to their diameter, to maintain an aspect ratio (length/diameter) of 
1 (with <1.5 % change in maximum compression force as element size 
increased by double or decreased by 50 %). The top sheet surface ele
ments had a maximum mesh size of 0.75 mm. 

3. Results 

The micropolar 2D plane stress methods used here show reasonable 
fit (within 10 %) with data from a previous (3D) exploration of Hertzian 
contact in couple-stress elasticity (Fig. 3). 

During compression, the lattices behaved as expected; the chiral ones 
twisted (Fig. 4a) and the antichiral ones did not (Fig. 4b). The upper half 
of the chiral lattice rotated clockwise, and the bottom half rotated 
anticlockwise (when viewed from above). The deformation amplifica
tion (scale factor of 10) used to clearly show shape change created the 
false appearance of cell rib buckling, which was not present without 
amplification, nor during the experiments (e.g., Supplementary Fig. S3). 
The total twist angle was up to 1.3◦ per 1 % strain (Table 1). The anti
chiral lattice bulged (Fig. 4a), while the θ = 34.3◦ chiral lattice con
tracted transversely (Fig. 4b); respective positive and negative Poisson’s 
ratio (auxetic) behaviour. The micropolar Young’s modulus (Em) of the 
chiral (34.3◦) lattice was ~50 % lower than that of the antichiral (0◦) 
one (Table 1), and the magnitude of the chiral lattice’s Poisson’s ratio 
(νm) was also lower. As we varied rib thickness to maintain lattice mass, 
rather than maintain rib second moment of area, those with solid ele
ments were stiffer than those with beam elements (Table 2). 

Fig. 3. Comparison between Eq. (14) and previous theoretical exploration of 
the Hertz contact in couple-stress elasticity [46]. 
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Normalising to flat plate compression force, noting that the magni
tude of Poisson’s ratio was lower for the twisting than for the non- 
twisting lattices (Table 1), twist increased relative indentation force 
by ~70 % (Fig. 5a). Relative experimental indentation force followed 
the same trend as the simulations but was ~10 % higher (Fig. 5a). Eq. 
(10) predicted indentation force to within 7 % of the simulations 
(Fig. 5a), tending to match more closely as twist increased. Classical 
Hertzian indentation force predictions (using the Cauchy plane stress 
modulus, Eq. 2) do not include twist, so did not follow the trend of 
indentation resistance increasing with the amount of twist (Fig. 5a), as 
expected. The Hertzian indention force of the non/low-twisting lattices 
(θ ≤ 10◦) was within ~10 % of simulation and experimental values, and 
within 2 % of the micropolar calculations – within rounding errors. 
Similar fit (within ~10 %) between simulation (beam element model) 
and micropolar calculation was seen for various unit cell sizes (Fig. 5b). 
The increasing relative force with the number of unit cells was due to a 
higher effective radius (IN was highest for the seven cell sided lattice). 

4. Discussion 

Experimental, simulation, micropolar and Willis values for relative 
indentation force agree (Fig. 5). Fig. 3 also shows that the micropolar 
plane stress methods agree with 3D methods [46], with the cases herein 
broadly meeting the assumption that twist caused an axisymmetric 
response so lattices could be homogenised in 2D. The limitations to 
axisymmetry, found here to have a small effect on analysis results, were 

Fig. 4. Resultant deformation of a) antichiral, and b) chiral lattices at 1 % compression (deformation scale factor of 10, same legend (a) for both). Annotations added 
to (b) to show lattice twist direction. Top compression plate hidden. 

Table 1 
Lattice characteristics from simulations – Gm was calculated from Em and νm.  

Angle (θ◦) 34.3 30 25 20 10 0 

Em (MPa) 9.57 10.51 11.49 12.41 14.32 14.98 
Gm (MPa) 5.27 5.22 5.26 5.40 6.04 6.25 
Gt (kPa) 1.49 1.01 0.76 0.63 0.52 0.51 
νm -0.09 0.07 0.09 0.11 0.19 0.20 
Twist (◦ per 1 %) 1.30 1.02 0.61 0.29 0.14 0.01 
lw (mm) 17.90 14.10 8.30 4.00 1.90 0.00 
α (MPa/m) 166.9 130.3 77.2 39.4 20.6 1.9 
Mass (grams) 36.1 34.9 34.1 33.7 33.1 33.0  

Table 2 
Lattice characteristics from beam element simulations.  

Unit cells/side 1 3 5 7 

Em (MPa) 4.91 5.92 4.33 3.85 
Gm (MPa) 3.59 3.67 2.94 2.26 
Gt (kPa) 4.73 3.21 2.18 1.02 
νm -0.09 0.07 0.09 0.11 
Twist (◦ per 1 %) 0.67 0.88 0.80 0.63 
A (mm2 × 10− 3) 71.0 23.2 13.9 9.9 
lw (mm) 9.3 12.2 11.0 8.8 
α (MPa/m) 6.52 79.0 158.2 191.0  

Fig. 5. Normalised indentation force vs. a) 
twist angle per 1 % strain, and b) unit cells per 
side, from solid (a) and beam (b) element finite 
element simulations, micropolar calculations 
(Eq. 14), Willis calculations (Eq. 17) and clas
sical Hertzian contact (Eq. 3), which does not 
include twist but is included for each sample for 
comparison. Experimental error bars show 
minimum load cell precision ( ± 0.33 N, or 
± 3 × 10− 3), simulation error bars show mesh 
convergence error (1.5 % of force, or ± 5 ×

10− 3). Same legend for (a) and (b).   
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i) twist caused variable sign (but not magnitude) of deformation on 
opposing sides, and ii) lattice unit cell isotropy was triaxial (cubic), not 
axisymmetric. The Hertzian contact mechanics assumptions of isotropy 
[17], elasticity (Supplementary Fig. S9, showing no visible damage to 
the lattice), and relationships between indenter and sample size, were 
broadly met (ASTM D3574 – 11 - [49]). 

The experimental data’s discrepancy in relative indentation resis
tance was attributed to the low number of tests (one per condition / 
lattice design) and warping of the top and bottom of lattices during 
printing, causing lower than expected micropolar Young’s moduli 
(Supplementary information S3). Warping was most evident in the 
outlying lattice with ~0.6◦ of twist per 1 % strain (Fig. 5a), and its effect 
was noticeable, because the deformations were relatively low. While we 
used Nylon-12, to allow precise printing by selective laser sintering, an 
alternative approach that may be useful in further work would be to 
print lattices with a hyperplastic material, for testing to a larger depth. 
Options to precisely fabricating flexible 3D lattices are becoming 
increasingly accessible [54–56]. Inclusion of a flexible material around 
cell junctions, and rigid material within the cell, could also increase 
control over the amount of twist [57]. 

The lattices were assumed to deform as continuum solids – which 
may have also caused discrepancies. Lattices with few unit cells were 
required here because; i) twist reduces with more unit cells [30]; ii) we 
approached the limits of the manufacturing and testing equipment 
(Formlabs Fuse 1). Fit between Eqs. (14) and (17), and the simulation 
data, were insensitive to the number of unit cells in the lattice (Fig. 5b). 
Our approach differed from the previous one using nanoscopic indenters 
to achieve high ratios of internal length scales to contact radius [43–47]. 
While we had control over lattice stiffness, twist and Poisson’s ratio, we 
had to create a solid, connected upper surface for the indenter to load. 
The indenter then acted as a point load, creating a curved, approxi
mately spherical, surface (see supplementary Fig. S6d). While the effect 
of changing the top sheet could be explained by Eq. (18) (see supple
mentary Fig. S7b), varying the indenter size had little effect, because the 
contact radius was smaller than the effective radius (Eq. 18). Similarly, 
we would not expect the effective radius to change if another shape (e.g., 
punch or cone) were used to apply the indentation, although these may 
have caused high pressure zones and local plasticity. 

To allow an idealised study into the indentation of twisting mate
rials, without the need for a top-sheet and correction according to Eq. 
(18), further work could develop quasi-continuum twisting structures (e. 
g., [58]). Such quasi-continuum structures, either with small unit cells or 
large external dimensions, would be more complex to make and test, 
respectively. While these may not be commercially viable, development 
of the underlying theory remains important, with implications for the 
analysis of biological tissue [30,31], composites [32–34], other lattices 
or mechanical metamaterials [59–61], or foams where twisting occurs 
within cells (rather than externally) [62]. Conversely, testing such ma
terials may provide another option to develop the theory, although with 
less twist the effect sizes would be smaller, placing greater requirements 
on experimental accuracy. 

The simulation, experiment and calculation findings all follow 
similar trends, with the implication that relative indention resistance 
increased with twist. The classical indentation Eqs. (1 to 3), and those 
we applied to indentation for the first time here (Eqs. 8 to 17), use the 2D 
approximation for plane stress modulus. Eqs. (8) to (17) provide an 
intuitive link between variables (such as indentation depth and radius), 
material properties (such as Young’s modulus, Poisson’s ratio and twist) 
and indentation force. They remain relatively untested during indenta
tion of twisting materials, and the limits of application of the method of 
dimensional reduction could still be explored. Further work could apply 
or develop Eqs. (8) to (18), or other 3D analysis methods [43–47], for 
off-centre contact with the unit cells, non-symmetric indenters, or 
anisotropic materials, where deformations in the third axis may be 
imbalanced. Such work could facilitate better understanding of the ef
fect of twist during indentation, and inform the design of simpler to 

make, 2D extruded (orthotropic) twisting lattices. 
We used small strains and indentation depths, while much of the 

previous work on mechanical metamaterials focusses on impact – with 
high indentation rates, and large depths/strains [10,63–65]. The Willis 
methods presented here are well suited to analysis of elasto-dynamic 
events [36,37], but have not been developed to account for strain re
gions with non-linear behaviour. These methods required a lower 
number of additional variables (α and lw), making characterisation and 
analysis simpler, but these variables required some estimation [38]. 
Conversely, micromorphic methods, more similar to the micropolar ones 
used here, have been extended to large strains [66], and the additional 
variables can be measured [35]. With more tensors, analysis can become 
complex, or a source of compiled errors; selecting the most appropriate 
method could affect analysis cost and accuracy. 

Showing that twist increases hardness provides options for funda
mental and applied research. As with auxetic materials [3,10,67], 
twisting materials could provide benefits during impact. While trans
verse contraction of conventional auxetics during compression can 
cause earlier densification [68], twist would not. During impact, early 
densification of padding is associated with higher risk of damage or 
injury [10,69,70], and twist is an alternative counterintuitive hardening 
mechanism that reduces such risks. Twist/compression (or extension) is 
a coupled term, meaning that twisting a material with twist/
compression coupling causes either extension or compression. So, twist 
could also provide a tuneable response to torsional fretting – where twist 
between contacting bodies causes surface damage [71], with applica
tions from human joints to car suspension [72]. Targeting twist as a 
counterintuitive hardening mechanism could become a research focus 
spanning mechanical metamaterials, solid/continuum mechanics, 
experimental mechanics and applied mathematics, with potential 
cross-sector applications. Demonstrating and validating analysis 
methods for twisting materials, so they can be efficiently modelled as 
continuum rather than microstructurally faithful materials, is an 
important step in their realisation. 

5. Conclusion 

Twist caused a ~70 % increase in normalised indentation force over 
a similar non-twisting lattice. While Poisson’s ratio varied between the 
twisting and non-twisting lattices, the magnitude of Poisson’s ratio was 
highest for the non-twisting lattice, so the changing Poisson’s ratios are 
unlikely to have affected the findings (Eq. 2). Calculating micropolar 
(Eq. 8) and Willis (Eq. 15) plane stress moduli allowed prediction of 
indentation force (Eq. 14 & 17) to within 10 % of simulation and 
experimental values. Micropolar methods were more complex but more 
rigorous, while Willis methods were more efficient (requiring fewer 
variables). Twist can be considered a potentially beneficial hardening 
mechanism, opening a new field of study spanning contact mechanics, 
micropolar/higher order elasticity and mechanical metamaterials. 
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