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' SUMMARY

As an aid to jet pump design and performance analysis,
a theoretical investigatibn on turbulent confined jet mix-
ing in a non-uniform axisymmetric duct typically used in
jet pumps'and ejectors has‘been undertakeh. A so-called
Prandti-Kéimogorov two-equation turbulence model, with
tﬁrbulent kinetic energy k and turbulent energy dissipation
rate € as the two parameters, is incorporated into the
time-mean Navier-Stokes equations to form‘a complete set
of partial differential equations which describes the .
turbulent flow mathematically. The equatio?s.are solved
numerically via a primitive pressure-velocity finite-
difference procedure using a digital computef. The time-
mean static pressure, velocities, turbulent kinetic energy
and dissipation rate are preéicted directly throughout the
whole flow field.

To validate the computer model, predicted time-mean .
static preSsuré and velocity as well as turbulent shear
Aétress for flow in a uniform bore mixing tube.are conmpared
with the published results. The method is then exteénded
to predict flbws in conical diffusers and t&ﬁical jet
pumps} The predictions are also compared with the availa-
ble experimental data. | |

A laser Doppler anemometer is used to measure the
mean and fluctuating velocities of water jet mixing in a

uniform perspex mixing tube with a centrally located

vii



nozzle. The measured data which enable turbulent kinetic
energy to Be evaluated, are compared with the computer
predictionéjtd further consolidate the theoretical model.
Finally, the computer model is used to predict the
performance of a proposed jet pump and to investigate the
influence‘of various geometricai parameters on jet pump
perfbrmance. The capabiiity of the computer model as
a useful design tool is also demonstrated via an optimi-
zation procedure to give the optimum‘geometry for a given

design specification.
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NOMENCLATURE

The symbols are explained as they are introduced

throughout the thesis. Inevitably, some of the symbols

are used to represent more than one quantity. Unless

otherwise stated, the symbols will have the following

meanings.

ngbol

Apsdps by Ay

Meaning

Coefficients in the general difference
equation

Surface areas of control volumes for
U and V

Coefficients of the general algebraic
equation for ¢ in tri~-diagonal matrix
form

Constants in the source terms for
turbulent energy dissipation €

Constant in the source term for turbulent
kinetic energy

Coefficients in the convective terms of
the difference equation

Craya-Curtet Number for confined jet flow

A constant in the equation for turbulent
viscosity

Velocity of light

Coefficients in the diffusive terms of
the difference equation .

Diameter

A function of wall roughﬁeSs in the
logarithmic velocity distribution near
the wall

Force

Frequency of light

ix



=

=

= KRR

Doppler frequency

Turbulent energy produétion term
Total head

Incident angle of a light beam
Tuibulent kinetiec energy
Unit-vector

Roughness parameter of a wall

Length in general or length scale in
the turbulence models

Mixing length in Prandtl's model
Flow ratio of a jet pump

HMass flow rate

Head ratio of a jet pump
Time-mea@ static pressure

Instantaneous and fluctuating static
pressures

Primary and secondary flow rates of a
jet pump

Radii of curvature of the nozzle wall
and inlet duet wall respectively; also -
refer to inner and outer pipe radii in
Chapter 6 . -

Reyndlds number

 Distence of a point from the axis of

symmetry; also represents refractive

~angle in Chapter 6

Radii of the central jet and mixing duct
for an uniform mixing duct

Radii of curvature for x and y surfaces
respectively ‘

Source term in the differental equation
for ¢ :

Source terms in the difference equation

for ¢



Spacing. between nozzle exit and m1x1ng
tube inlet

Time in general; also thickness of a
perspex wall in Chapter 6

Time-mean velocities in the x and y
directions

Area-mean velocity of a duct

Instantaneous velocities in x and y
directions

Fluctuating velocity components in three
orthogonal directions

Turbulent velocity
Velocity vector
Streamwise and cross-stream coordinates

for a general 2-D orthogonal azlsymmetrlc
coordinate system

2-D Cartesian coordinates

. A turbulent quantity, ™M where m,n are

constants; also represents the axial
direction of cylindrical polar coordinates

Angle between the axis of symmetry and
dlrectlon X

~Efflclency, also represents refractive

index in Chapter 6
Diffuser included angle
Wave length of light

Lamlnar, turbulent and effectlve v1scos1-
ties of the fluid :

‘Density

Turbulent Prandtl/Schmldt numbers for
k and &

Turbulent energy dissipation rate
Shear stress
Kinematicvviscosity

A variable represents U,V,k or £
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?

Subscripts

o)

A

in'
J
N,S,E,W

n

N,S,€,W
o}
P
Y

S

<k

von Karman constant in the logarithmic
velocity distribution :

Beam intersecting éngle

Mixing tube inlet section
Diffuser inlet section
Quantity measured in air
Centre-line value
Diffuser

Entrained quantity

Refers to inner in general; also refers
to incident beam in Chapter 6

Inlet condition

Primary jet

Pertaining to neighbouring nodes which
lie respectively north, south, east and
west of node P

Nozzle exit

Pertaining to the four sides of the
control volume surrounding node P

Quter S
Pertaining to node P

Quantity measured in perspex wall

- Secondary inlet section; also refers to

scattered beam in Chapter 6
Mixing tube
Quantity measured in water

Refers to section at a distance x downé
stream of mixing tube inlet ‘

xii



- INTRODUCTION

Confined jét mixing is a fundamental fluid flow
phenomenon of practical engineering importance. It is
concerned with the mixing of a high velocity jet with a
slow-moving fluid stream in a duct. TheAdesign‘of many
devices sﬁgh as jet pumps and.ejectors, gas turbine
combustors, gas burners, etc., are all benefited Ifrom
the understanding of the mechanism of such flow. Despite
the wide application of confined jet mixing, the subject
’received‘relatively little attention in the past as com-
pared with free jetvflow or other boundary layer flows.
The present study is mainly aimed at confinéd jet mixing
related to jet pump design and performance analysis.

Jet pumps and ejectors are simple pumping devices
directly derived from the pfinciple of confined jet
mixing. When a high velocity jet ejects into a mixing
chamber, the slow~moving~adjacegp fluid is dragged along .
in the jJet dirécﬁion. 'The mixing between the}driving‘and
" entrained fluid results iﬁ momentum transfer from.the
high velocity driving jet to the low speed enfréined -
fluid. It is obvious that the increase in %élocity in
the entrained fluid is achieved at the expense of the
energy of the driving jet. |

. Unlike other pumping devices such as.positi€e dis-
placement; centrifugal or rotary pumps, & jet pump does
not require any moving part. Its working principle is

based on a purely fluid dynamic phenomenon. No mechanical



energy is being used to increase the energy-of the entrained
fluid., The advantages of such a primitive device are its
simplicity, reliability, absence of moving parts, and
cheapness.,
Jet pumps are being used in many areas, such as
process industries; STOL aircraft augmentation and space-
oriented syétems; recirculation devices in nuclear reactors;
and more common, in deep-well pumping, booster pumping as
well as dredging andbpriming devices. Because of their low
cost and easily replaceable nature, jet pumps are especially '
suitablé for pumping hostile fluids such as slurry which
might be harmful to other expensive pumps.
A typical jet pump consists essentially of a primary
nozzle, a suction chamber, a mixing tube and a diffuser
as shown in Fig.0-1. The‘nozzle and the suction chamber
are connected to the driving iine and suction line respec-
tively. The two fluids undergo turbulent mixing in a
mixing tube and the combined fluids then pass through a
diffuser which serves as a pressure head recovery device.
' The relevent geometries and flow conditions are also
indicated in the diagram. o
The four fundamental parameters used for jet pump
design and performance analysié afe usuallykpresented in
non-dimensional forms. These are:
(1) the ratio of the entrained flow rate to the
brimary flow rate, knovn as the flow ratio M3
Qo

¥ = "QT



(ii) the ratio of total head gained by the entrained

fluid to total head lost by the primary fluid,

known as the head ratio Nj;

Hd - Hs

N = o=

(iii) the area ratio of nozzle to mixing tube, R;’

and (iv) the efficiency rl s Wwhich is equivalent to the

output power divided by the net input power

-
driving g, : Y I
line N Le g |
'S
- l ' T %
Hj P b ‘ i&ﬁ‘_N“*“‘§;:E?
1
suction nozzle - |
-chamber
\ 7 ) entrance | mixing tube diffuser, |
region ~ ‘ ’
suction

line

Fig.0-1 Typical Jet Pump Configuration

Other geometrical variables of significant importance

on performance and design are mixing tube length lt’

nozzle to mixing tubé spacing s and diffuser included



angle 9 o Wall profiles of the Secondary‘entrance region’
may also have some influence over the performance.

Al though jet pumps have been the subject of extensive
experimental studies, very few investigations have dealt
with the basic flow‘behaviour. The inadequacy of theore-
tical and experimental studies on confined jet mixing has -
led to a sifuation whereby the designs of jet pumps and
ejectors in the pasthavelargely relied on empirical
data obtained from model pump testing. Performance
prediction is unreliable as it varies for eéch individual
design.. Owing to_the large number of geometrical parame-
.ters iﬁvolved, the previous research has not been able to
provide consistent design recommendations. There is also
- a lack of a satisfactory explaination on the limitation of
- jet pump performance such‘asAlow head rise, low entrain-
ment ratio or low efficiency..

This thesis reports the research work carried out
by the author. The thesis can be divided into three
parts: -
A(i) The development of a set of computervmodels

which predict flows in (a) the mixiﬁgffube‘

région; (b) the entrance region; and (c) the

- diffuser region of a typicalbjet pump device.
(ii) Experimental studies of turbulent confined‘jet
B mixing using a laser Doppler anemometer‘for the
‘measurements of meén anﬂvfluctuating velocities.
(iii) The application of the computer prediction tech-

nique to the deSign and performance prediction'



of jet pumps.

The present theoretical approach, ﬁnlike the previous
analytical methods which relied on large amount of empiri-
cal input data, is to incorporate the Prandtl-Kolmogorov
two equation k- € turbulence model into the time-mean
Navier Stokes equations to form a set of partial differ-
ential equations. The equations, which are elliptic in
character, are solved numerically by a finite difference
procedure uSing a semi~-implicit line by line method to-
gether with a tri-diagonal matrix algorithm. The primitive
.variables,pressure and velocity are solved directly rather
thanlusing the vorticity-stream function approach.

"The flows in the entrance region, mixing tube and
diffuser are solved thfough uéing similar but separate
cdmputér ptograms. This enables the use of the most
aﬁpropriate co~ordinates system for each flow configura-
tion és well as avoids the excessive storage requirement
on the computer. The computed time-mean velocity, turbu-

lent shear stress and static pressure distributions in
‘thesé flow regions are compared with the exist%pg experi-
mental results from varioué sources. » \

The laser Doppler anemometry (L.D.A.) technique is
employed to measure the‘time-mean and fluctuating T.MeSe.
velocities in the'mixing tube where turbulent mixing of
. two co-axial jet streams takes place., The turbulent

kinetic energy in the mixing tube is calculated from

the three orthogonal‘r.m.s. velocities. The measured



time-mean velocity and turbulent kinetic energy are then
compared with the computer prediction. The accuracy and
limitation of using the L.D.A. for the measurement of turbu-.
lent water Jet mixing are also discussed.

Tinally, the computer programs are used to predict
pressure and velocity fields for various geometrical
‘combinations,'i,e. area ratio, hozZle spacing, mixing
tube length and diffuser included angle. The effect of
varying any geometrical parameter on jet pump performance
is also studied. The final development computer model
provides a useful tool for jet pump and ejector désign.
The designer heeds only to specify geometry and required
flow ratio in order to obtain information such as pressure
rise, thrust augmentation, and efficiency. An optimiga-
tion procedure is also developed to enable the designer
to obtain optimum geometrical combination with Best

efficiency for a given design requirement.



CHAPTER 1
PREVIOUS RELATED STUDIES

1.1 Historical Development of the Theory of Jet Pumps

The use of water jet pumps has existed for more than
a hundred years., The first knowvn application of a water
Jjet pump was made by James Thomson in 1852. Since then,
numerous theoretical and experimental studies on jet pump
design and performance have been carried out. The theory
of pumping through the mixing of two jet streams was first
developed by J. M. Rankine (1870) based on the one-
dimensional continuity and momentum equations. This
concept of analysis is still widely used at the present
time, with little or nd addition to improve the prediction.

~ Gosline et al (1934) applied the one-dimensional

concept to derive the head ratio and efficiency for water
jet pumps with cylindrical mixing chambers. The details
of-the'deriﬁation are described in Appendix A.71. Reasonable
prediction of performance was obtained by the aﬁthors
uusing the analysis bﬁt only by assuming empirical loss
coefficients for_the driving line, suction 1;né; miiing
tube and diffuser. The treatment is a simple method used
in general fluid flow analysis which ignores the details -
of the mechanism by which the two streams mix with'one
- anpthef. No generality can be claimed by such an analysis
as its prediction is based on the experimental-determined

loss-coefficients on specific jet pumps. However, owing



to its simplicity, the method was employed by many other
workers, including Cunningham et al (1954), Mueller (1964),
Reddy et al (1968), and Sanger (1968a, 1971) etc. An
- attempt was made by Mueller to improve the prediétion
using two frictional loss-coefficients to account for
the developing and developed flows in the mixing tube,
but the modified versidn did not improve the prediction
(Sanger, 1968a). A method of designing liquid-to-liquid
jet pumps using a simple computer program based on the
one-dimensional analysis was developed by Sanger (1971).
Cunningham (1975) also derived a modified head ratio
{expression which took into account the 'jet loss' due to
the space between the nozzle and the mixing_tube. It.was
found that the iﬁprovement in prediction was onlj marginal
énd not applicaﬁle to all cases., -
Two-dimensional analysié of axisymmetric confined
jet mixing using momentum integral methods has been carried
out by several résearchers. The earlier works of this
kind can be found in Curtet gj958), and Dealy (1964).
" More comprehenSiVe theoretical analysis was ddne by
P. G. Hi11‘(1965, 1967). After assuming a virtual source
located a%inozzle exit plene; Hill divided the -dowvmstream
into three distinct floﬁ regioné, namely, potential outer
flow region,‘reoiroulaﬁion region and wall-jet interaction
region as’éhown in Pig. 1.1-1. He was able to predict}the
mean velocity and'pressu:e distributions using empirical
data of wvelocity andvturbulent shear stress distribution

from a round free jet. However, Hill's method was limited



- to confined jet flow with rela%ively small nozzle diameter
aé compared with that of mixing tube. The main deficiency
was thus its inability to predict the flow behaviour in
~ the potential core region for high nozzle to mixing tube
diameter ratios frequently used in jet pumps and ejectors.

The analysis is fully described in Appendix A.2.

Nozzle Mixing Duct

Sy D

N =
PPE

A ' B : c
A : Potential outer flow region
B : Recirculation region
C :

Wall~je? interaction region

Fige1s1~1 Flow Regimes of Hill's (1965) Analysis

' The de?elopment_of momentum integral method waé
carried a step forward by B. J. Hill (1971, 1973). He
. extended the analysis to include the potential core region
and used empirical.data directly derived from jet pump,
measurement. The méjor Shortcoming of the integral method
is the neceséity to use a large amount of empirical input
data. The‘accuracy of analysis thus depends on the range
of geometribal and.flow conditions under which the empiri-‘
"~ cal dafa was evaluated.
vMore.recent theoretical development of jet pump and

confined jet mixing is focused on solving turbulent trans-



port equations using finite difference procedures.
Hedges et al (1972, 1974) devised a finite difference
model_based on the conservation equationé and Prandtl's
mixing length hypothesis to predict the mean velocity
and pressure distributions. Pope (1972) also used the
Patankar-gpalding finite difference prodedure (1967)
incorporating a mixing-length hypothesis to solve for
the mean flow behayiour. However, no prediction of
turbulent shear étress or other turbulent quantity is
reported. It is dlear that in order to study the
turbulent natufe of confined Jjet mixing and to predict
jet pump flow more reliably, a more advancéd turbulence

model must be employed.

1.2 DMNumerical ﬂethods for Predicting Turbulent Flows.

| In the past twenty years, following the development
and application of high speed digital computers, tremen-
dous amount of research works have been devoted to the
field of numerical methods for predicting furbulent
flows. To summarized the various methods being used
and published, it WOuld require a relatively long
chapter., . However, despite +the great variefy of methods,
it is possible tb divide them, according to the computa-
tional procedurés involved, into two main categories,
i.e.,(i)integral methods, and (ii) finite-difference
methods. _
1.2.1 The Integral Methods

The integral methods require empirical data obtained

10



from experimental measurements, such as the.shape of the
velocity profile, the shear stress distribution and skin
frictioh coefficient for the 'solid wall, to incorporafe
into the integral equations of conservation. The result-
ing set of ordinary differential equations are then solved
by some appropriate numerical integration procedures such
as Runge«Kuéta method. The applications of these methods
to predict turbulent boundary layer flows were reported
by Truckenbrodt (195é), Head (1960), Escudier and Spalding
(1965) and Escudier and Nicoll (1966). Curtet (1958),
Hikhail -(1960); Dealy (1964), Hill (1965), Exley and
Brighton (1971) and Hill (1973) have applied the integral
methods to predict confined jet flows. The detail des-
cription of Hill's (1965),approach which is a typical
integral method is included in Appendix A.2.

| The widespread use of integral methods lies on the
fact that much less computer time is required as compared
with the finite difference methods. However, the‘inte~
gral methods are lacking in generality and large amount
“bf empirical information is required. In oxder to
predict different flow regions, various empiriéél forms
for velocity profile and‘shear stress distriﬁution to
suit various flow components are therefore needed as
input data to obtain reasonabie result. In view of
these deficiencies, the search for more general methods
%o predict’turbulent flows- through solving the governing
partial differential equations numerically was the main

' éoncern_in this field for the past two decades.

11



1.2.2 The Tinite Difference lMethods

The solving of partial differential equations of
mass, momentums and other variables for turbulent flows
could only be achieved if the flow couvld be treated as
obeying the Newton's viscosity law with an apprdpriaté
effective viscosity. Such concept of "turbulent" or:
Yeddy" viscésify was first introducéd by Boussinesg in
1877. He proposed that the effective tuibulent shear
stress T: could be replaced by the product of the time~

mean velocity gradient and the turbulent viscosity'/ut
_u 2U -

where U is the time—meanyvelocity and}y'is the cross-
stream distance.

The introduction of the turbulent viscosity concept
does not solve the problem completely but at least
provides a basis for turbulence modelling. The main
task left behind is to express the turbulent viscosity
_in terms of quantities which cen be determined, either
by sol#ing some élgebraic equétions’or partial,diffgren—

tial equations. -

Prandtl's mixing length hypothesis Based on the analogy
to the kinetic theory of gases, i.e., the viscosity is
vproportionalito the product of the densitj, the TeMeSe
velocity of the molecules and the mean free path,
Prandtl (1925) proposed that the turbulent viscosity

mightbbe determined by the local product of the density

12



the turbulent velocity u, and a length 1, caelled mixing

t
length,

yn =.le“’c A (1-2-2)

He then further proposed that the bturbulent velocity.was’
equal to the mixing length lm times the longitudinal time-

mean velocity gradient,
= U - -

Thus, the complete mixing-length hypothesis will

have the following mathematical relationship

g elmzl»g-gl (1.2-4)
Prandtl went on to suggest that lm_was proportional'to
the distance from the nearest wall. 1In the case of

free turbulent flows, Prandtl made an assumption that
"glm was ﬁroportional to the Qidth'of the fturbulent

nixing zone and thus only dependent upon the distance
along the main flow direction but not the lateral
direction,

Piandtl's,mixing‘length hypothesis was inporporated
into the parfial differential equations of conservation
for boundary layer flows and solved numerically by
PatankarAand Spalding (1967). The predictions of

time-mean velocity distribution in free Jjets and in

13



- turbulent flow on flat-plate were found to agree reasona-
bly well with measurements. The method was also extended
to predict the temperature, mass concentration in boundary
~layer flows by the same authors. Application of the method
to predict mean flow béhaviour of jet pump was reported
by Pope (1972). |

The main shortcomihgs of the mixing length hypothesis
are (1) turbulent viscosity is zero at those location
where %H = 0 whereas experiments have shown otherwise;
(2) no account is taken of the processes of convection
apd diffusion of turbulence in which the local turbulent

velocity is affected by the neighbouring fluids.

One-ecuation models of turbulence The shortcomings of

the mixing léngth hypothesis was overcome by the proposals
of Prandtl (1945) and Kolmogorov (1942) who independently
suggested that the turbulent viscosity was proportional

,fo the square root of the turbulent kinetic energy k. as

M =__'9k%“1 (1.2 -5)

where - k = %(u?z + 712 . w'z) oo

ut!, v! andAw'_ére the three orthogonal r.m.S. velocities,
1l is a length scale and k is to be de%ermined‘from a. |
transpoft~equation. Prandtl and Kolmogorov derived the
k-transport equation separately from the Navier-Stokes
équations. ‘The final approximated form of the k-equation

can then be solved simultaneously with the momentum and

continuity equations. The model was used by Runchal(1969)
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to predict the turbulent flow in a sudden eﬁlarged pipe
and by Wolfshtein (1968) in predicting the impinge jet
flow. Pun and Spalding (1967) also succeeded in apply-
ing the similar model to predict turbulent confined jet
mixing in cylindrical combustion chamber.

Instead of using the concept of turbuvlent viscosity,
Bradshaw et al.(1967) assumed that the turbulent shear
stress is proportional to a variable called turbulent

enexrgy k',

Ty = Ok’
where C is a constant. They derived a tramnsport equation
for k' which was then solved together with other conser-
vation equations. SatiSfactory predictions were obtained
- for a number of external wall‘boundary layer flows. Nee
and‘Kovasznay (1969) also proposed that the kinematic
turbulent viscosity should be determined directly by a
transport equation. All the above methods are always
referred to as,one—equation,modelé of turbulence. The
'major shortcoming of these models is that the;length
scale 1 which always appeared in the transportkéqua%ion is
needed 4o be prescribed algebraically. A ﬁfécise pres-
cription of 1 is, however, férely possible except for

boundary~layer flowvs.

Two-equation models of turbulence The deficiency of the
one-equation models has led to the search for more compe-
tent models to be able to predict turbulent flows with-

out prescribing the length scale algebraically. Such
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models require that another’variable relatea to the
length scale should be determined by an additional
transport equation and can thus be referred to as two-
equation models. Perhaps Komogorov (1942) was the first
person to propose the idea of two-equation model. In
1942, he suggested that the turbulent viscosity could
bé determinéd by the turbulent kinetic energy k and the
characteristic frequency of energy-containing motions f

so that

My =5 (1.2-6)

Both k and f should be détermined from separate differen-
tial transport equatiohs. Comparing equation (1.2-6)
with equation (1 2=~ 5), it can easily be seen that Komo-
gorov actually chose kz/l as his second dependent variable.
From then onwards, many authors have proposed various
two-equation models using different dependent variables,
among them are Rotta(1951) and Spalding (1967) who used
% and 1; Harlow and Nakayama (1968) who used k and k?/z/l
Rotta (1971), Ng and Spalding'(1972) who used k“énd i
and Spalding (1969) who used k and k/l?. It’is apparent
that the difference among various two-ecquation models is
the choice of the second dependent variable to ‘determine
the length scale. 1If the second variable is desighated by
= ¥™M™ with m and n being constants, a summary of various

two—equatlon model can be listed in Table 1.2-~1.
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Proposer(s) ' z Symbol

EX
Kolmogorov o (1942) k?/1 f
Harlow-Nakayama (1968) /21 €
Rotta ‘(1951)
- N 1 l
Spalding (1967)

Rodi-Spalding . (1970)
Ng-Spalding (1972)

2 W

Spalding = (1969) k/1

Table 1.2-1 Some pronosals for the dependent variable

of the second eqvatlon

A1l the two- -equation models provide facility for
both variables k and 1 to appear in the Prandtl-Kolmogorov
formula for‘ﬂt’and they are both determined by solving
the appropriate transport equations.

The successful applications of two-equatioh ﬁodels,
-esPecially the k-g model, for predicting turbulent flows,
both boundary layef type and recirculating typé; were
- reported by many authors. The decay of a plane jet in a
moving stream was predicted by Launder et al (1972) and
the agreement.with experimental data was found to be
mu.ch betﬁer as cdmpaﬁed with predictions using mixing-
length and one-equation mbdels. Other boundary layer
flows predictions include the turbulent pipe flows

obtained by Jones and Taunder (1973) and wall-jet flow
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~predicted by Sharma (1972). Iﬁ recirculating flows,
prédiction‘of film cooling was obtained by Matthews and
Whitelaw (1971), cylindrical furnace flow was predicted
' by Elghobashi and Pun (1974) and forced cavity fiow was
.reported by Hielson (1973).

Multi-eguation medels of turbulence Other turbulence

models‘being proposed include the three-equation model of
Hanjalic (1970) who used k, £ and u'v' as dependent
variables and the'five-equation model of Daly and Harlow
(1970) in which the normal turbulent stressesgjﬁ , V!

‘and Wt together with WvT and € are determined by five
‘differential transport equations. However, few successful
prediction based on the multi-equation models has been
reported. This'suggesfs that a model of such complexity

is not yet well established for general application.

The solution procedures employed Almost all the early

solution procedures for calculating turbulent flows

using finité-difference method were based on the,computeﬁ
code developediby Patankar and Spalding (1967) and

V\Gosman et al (1969).} The former solved parabplic eguations \

in boundary layer flows and the later solved eiiipticA

equations in reéirculating flows. Both pro;edures employ-

ed the stream function—vdrticity approach which solved the

stream—fﬁnction and vorticity together wifh the turbulent

parameters and then transformed back to time-mean velocities

and pressure. New solution ?rocedures which solved the

primitive variables,velocities and pressure,were develop-

ed by Patankar and Spalding (1972) and Caretto et al (1972).
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They were widely tested in many flow predictions as
reported by Gosman and Pun (1974) and Pun and Spalding
(1976).

13 Previous Bxperimental Studies

" 1.3.1 Experimental Studies on Confined Jet Mixing

The éarly experimental studies of confined Jet
mixing were mainly concerned with meanyflow_behavioﬁr.
The centre-~line velocity, the static pressure and the
velocity profiles were the main interests to many
researchers. HMeasurements of centre-line velocity
.decay and velocity profiles across various sections in .
uniform duct were first obtained by Forstali and Shapiro
(1950). Static pressure along the duct wall and velocity
profiles were measured by Helmbold et al (1954) who used
both uniform and non-uniform.mixing ducts. Other similar
measvrements: of mean flow behaviour inelude those made by
Mikhail (1960), Becker, Hottel and Williams (1962), Dealy
(1964), etec., 211 using Pitot static tube for their velo-
‘“city measurements., | |

Turbulenf.fluctuating velocities in both longitudinal
and rédial direction of a confined jet flow were first
measured by Curtet and Ricou (1964) using a constant-
temperature hot-wire anemometer. The most complete
measurement of confined jet mixing to daté was probably
done by Razinsky and Brighton (1971) who measured the

centre~line velocity, the wall static pressure, the

velocity profiles, the longitudinal r.m.s. velocity as
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well as the Reynolds stress. The mean velobity was
measured by a Pifot static tube and the turbulent gquanti-
ties were measured by a constant-temperature hot-wire
anemometer, All these works have contributed a great
deal to the understanding of the mixing behaviour in
ducté.

1.3.2 Experimental Studies on Jet Pumps and Biectors

Large amounts of literature on experimental studies
of Jjet pumps and ejéétors have been accumulated in the
past fifty years. Most of the literature is summarised
in a BHﬁA Reviéw compiled by Bonnington and King (1972).
The earlier works on jet pumps are mainly concerned with
'performance tests and pressure rise measurement along
the duct wall, Typioal wqus"of such are those of Gosline
et al (1934), Keenan et al (1942), Tolsom (1948) and
Kasfner et al (1950).

Many experimental investigetions have also been
devoted to various geometrical effects on jet pump
performance. Gosline et_al,(1954), Vogel (1956),
Mueller (1964) and Hansen et al (1965) carried ouib'
experimental tests and recommended "a mixing tube
length ranging from 3.5 to 8.0 diameters foé‘optimum
performance. As fof the effect of nozzle to mixing
tube spacing, Schulz (1952) established that the |
optimum spacing lie between 1 and 2 nozzle diameters
whereas Hansen et al (1965) recommended a value between
0.8 and 1.4. -Schulz (1958) and Mueller (1964) also

discovered that a bétter performance was obtained by
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having the secondary flow inlet in the shaée of a round-
ed bell mouth. The diffuser angle is another geometrical
variable which many workers have made considerable experi-
mental studies in order to give a recommendation to achieve
a good performance. HMueller (1964) recommended a 50
diffuser included angle for best efficiency whereas an
8% included angle was proposed by Vogel (1956). It is
clear that although many efforts have been devoted to the
investigation of geometrical effects on jet punp perform-
ance, no consistent recommendation of optimum geometrical
cohfigufation has been made. The facts that a large number
of geometrical variables are involved and their interre-
lated effects on the flow behaviour in mixing tube and
diffuser meke it extremely difficult to gemeralize the
' pfoblem.

| IExperimental studies of several low-area-ratio water
jet pumps were carried out by Sanger (1968a, 1968b, 1970).
Statig'pressure and efficiency were obtained for ﬁwo area
ratios of 0.066 and 0.197. _The mixing tube lengths used
were 7.25 and 5.66 diameters whereas nozzlé spacing rang-
ing from O to 2.9 tube diameters. It was obéei&ed that
the efficiency for the shorter mixing tube bﬁmp was about
2% higher for both area ratios which suggested that
for these area ratios, mixing tube length. between 5 and
6 diameters was sufficient for optimum mixing. However,
it was concluded by the author that because of thé inter-
dependence among the various geometrical pafameters, no

optimum geometries,dan be established for all jet pumps.
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Other experimental studies on jet pumps are concerned
with applications of jet pump devices under various operat-
ing conditions, cavitation studies and using jet pumps to

" pump a dissimilar fluid.

1¢4 Previous Applications of Taser Doppler Anemometry on

Related Flow Ieasurements

| The first successful appnlication of laser Doppler
anemometry to. the measurement of fluid velocity can be
attributed to Yeh and Cummins (1964). In their pionecering
work, theyvmeasured the velocity in a fully developed
‘laminar pipe flow of water. The technique was later
abplied to turbulent water flows by others inoluding
Goldstein and Hagen (1967), Welch and Tomme (1967), etc.
A The measurement of turbulent air flow was carried out by ..
ﬁewis, Foreman, Watson and Thornton (1968) and Haffaker,
Fuller and Tawrence (1969). The technique has been used,
for exémple, by Durst and VWhitelaw (1971) to measure the .
mean and fluctﬁating‘velocities of an axisymmetric air
~'jet§.by Melling and Whiteiaw (1973) to measure the three
orthogonal comﬁonents~of mean and r.m.s. flucfﬁéting“
velocities of a rectangular water channel fibw. lMeasure-
mencs of-furbulent'Shear stresses in pipe flow using two
trackers and a correlator were obtained by Bourke et al
(1971) and Morton and CGlark (1971). |

More recently, laser Doppler anemometry has been

~applied to measure some highly turbulent flows using

frequenoy shifting techniques, Durst, Wigley and Zaire
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(1974) carried out measurement of mean and fluctuating
velocities downstream of a square flow obstacle with
turbulent intensity up to 50%. Baker (1974) reported the
measurement of three orthoéonal r.m.S. velocities in the
fully developed region of a turbulent jet. The mean and
fluctuating velocities downstream of an annular jet with
substantial'reoirculation were méasured by Durao and
Whitelaw (1974). It is dbvious that the laser Doppler
anemomefry, although a rather new technique,'will emerge 
as a very powerful tool in the future fluid flow measure-

ments.
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CHAPTER 2
THE MATHEMATICAT, MODEL

In this chapter, the partial differential equations
»governing the basic_laws of conservation of mass and
momentum for a incompressible viscous fluid are first
described. The equations, when apply to a turbulent
flow, require the additional terms to account for the
fluctuating components of the variables. A two-equation
k- € turbulénqe model which provides informations foxr the
extra terms is incorporated into the time-mean differeﬁ—
tial equations to form a complete mathematical model for
the two—dimensidnal axisymmetric turbulent flows. Appro-
pr@ate boundary.conditions which simulate the practical
vjet pump sifuation in order ﬁo obtain realistic brediction

are discussed.

2.1 The Equations of lMotion fo1 an Incompressible Viscous |

The derivation of the eqﬁations of motion based'on
the basic lawé of 6onserVation ére readily avaiiablé in
many standard text books on fluid mechanics such as
Schlichﬁing (1960) and Hinze (1975). The equations,

according to Hinze (1975), when expressed in a tensor

notation using Cartesian coordinates takes the following

forms:
éon”binui‘by: 4 gg + %@uj = 0 (2.1_1)
. | 5

j = 1, 2, 3
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Momentum equation in xi-direction:

Du,
i '3

s e . . 2' "'2
j = 19 2’ 3

where G&i is the stress in the Xi~direction operates in a
plane which is perpendicular to the direction x4 P, is
an external force per uﬁit volume acting on the fluid
in xi~direction°

For an incompressible fluid,

g -2, 2 [0, 2%
axjoxji - 'ax ’axj[:/l(axj 4Bxi)

equation (2.1-2) can be written as

i - D oty Uy
5t = - 2%, * Bx._[/u(bx. + Dxi) + Py (201-3)

=1, 2,3
where p is the statlc pressure and/u.ls the dynamlc

- 'viscosity of the fluid, Equations (2.1-1) and (2.1-3) are
usually referred to as the Navier-Stokes equations which
form the basis of the whole theory of viscous fluid mecha-

nicse.

2.2 The Need for Turbulence Modelling = -~

The eqﬁations of motion described in section 2.1 |
are generally applicable to 1aminar.fiows but not turbu-
lent flows; ‘In brief, a turbulent flow is defined as an
irregular fiuid motion in which the various quantities
show a random variation with time and space coordinates.

Turbulent flows can occur when fluids flow through
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conduits (turbulent pipe flow), pass over solid bodies
(wake), or when neighbouring stream.of the fluids wifh
different felocities pass over one another (jet mixing).
At present, one is unable to obtain solution for the time~
dependent turbulent flow field using existing computers.
Eortunateiy, it is possible to describe turbulent flow
with distinct average values of various gquantities such
as velocity, preésure and temperature, etc. If a turbu-
lent flow field is gquasi-steady, averaging with respect to
time can be used. But for a homogeneous turbulent flow
field, averaging with respect to space is preferred. In
_most of the engineering-prbblems,-time—avéraged values
are more useful for engineers and designers.'

The instantancous values of velocity and pressure can
be written as |

w, = U, + u,’! - (2.2-1)

and ' P

]

P+ p! (2.2-2)

where Ui and 2 are the time-mean values and uii, p' are
the fluctuating values, . B |

~° The equations of motion for the averagé.values in
turbulent flow weré first derived by Osborne Reynolds.

He substituted the instantaneous values of u; and p into

the equation (2.1-3) to give the following form.

DU, ' U, 20,  ____
i 0P N ) i . 1y 1o 1 . (2.2-—3)
- Oy = oxy [:/1(33:]. t ?xi) f’uiuj)]* i

j=1,2,3
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'Cbmpare this equation with the original momentum equation
(2.1-3), it can be seen that the extra-terms - pE;TEgT
are required to add to the viscous stresses in order
that the instantaneous variables can be substituted by
their time-mean values. Because Reynolds was the first
person to derive the equation for turhulent flow in this

form, the turbulent terms-eui'u.' are often called Rey-

nolds stresses. :
To solve equation (Z.Z—S)f_the tefms'-@{Z{VEET must
be known. Since there is no direct way of knowing the
magnitude of these terms, a mathematical model to“relate
effect with known quantities is therefore required. Thus,
a model of ‘turbulence, in the words of Launder and Spalding
(1972) will 'propose a set of equations which, when solved
with the mean-flow equations, allows calculation of the

relevant correlations and so simulates the behaviour of

real fluid in important respects'.

2.3 The Differential Eauations of Counservation Applied

to Two-Dimensional Axisymmetrical Flows

—

2.3.1 Thie Coordinate System

Before making any attempt to express any equation for
a particular flow configuration, an appropriate coordinates_
system>must be chosen. In this thesis, owing to the fact
that fluid flows take place at various flow components,

the most general two-dimensional orthogonal axisymmetrical
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coordinate system is used. Fig. 2.3-1 illustrates such
a coordinate system in which the coordinates X and ¥y
characteriée the members of two orthogonal families of
surfaces of revolution. T, and Ty are the radii of cur-

vature for x and y surfaces intercepting at point P and

r is the distance from P to the axis of symmetry.

Iy

i 2

4£iié~ Axis of symmetry

| Pig.2.3-1 The Orthogonal Axisymmetric Coordinate
System.

The merit of using such a general arbitrary orﬁho—

gonal coordinate system is that the coofdiﬁates céﬁ bé'.

so chosén that all the flow boundaries are parailel to

the grid surfaces. In the present investigation, a

typical jet pump flow field consists of (i) an annular

entrénce region,(ii) a cylindrical mixing tube and (iii)

a difoser.‘ By using the coordinate system outlined above)

a grid Paﬁtern can be devised to accommodate all the three
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~flow regions as shown in Fig.2.3-2.

In general,‘rx

configuration

84 o
mixing tube diffuser
/7 <= :
\Y o
/ ~X SAAANANS S A S AN AL A S A AN AN AANY AN Y >
: i
f ;
| : T
z s of symmet
secondary Az Y
cinlet primary
inlet
FPig.2.3-2 The coordinate system applied to jet pump

, . and r are function of x and y.

y

In the uniform mixing tube region,

= ©o°
= o0

= ¥

= 00 _ _

X 4+ X
o

]

(k + xo)sin@

(2;3-1)

(2.3—2)

where'xd and Fg are given in Figure 2.%-3 and their values

depend on the diffuser included angle and the inlet diame~-

ter.
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—
e |
: |  Axis of symmetry
diffuser '
inlet

Fig.2,3-3 Diffuser geometry
In the annular entrance region, explicit expressions for
Tys ry and r are much more cumbersome. However, all the

variables x, v, Tys T and r can conveniently be calcula-

y
ted in terms of Cartesian coordinates. Details of the

calculation will be illustrated in section 4.3.2.

2.3.2 The Differential Fouations of Conservation

. The equations for conservation of mass and momentum,
when expressed in the general orthogonal X, y coordinate
system described above for a steady flow, will take the
following forms. e |

‘ The continuity equation,
Z (pr0) + & (Erv) =0 (2.3-3)

The momentum equation in x-direction,

112, 2 2 Wy D 20
'f[?iz(f’UrU) + 55070 = o2 (r torefy) - ﬁ(rﬂeffay)]
| =-§§ + Su‘
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where

SU. U)

k. Lbf /%lfb (f%bffa\)]
Z/ueff(Us;n{e, + Vcos{8)

T

sing (2.3-4)

The momentum equation in y-direction,

%—{%(?Urv) + %((’VTV) ax(r/uei‘fgx (r/””eff ]

,_.._RE.;.SV

oy

: 2
v_J1]|2 Uy . 2 oV LU
S = T [bx(r/u‘effay) * by(r/'l“effay)] *tr

2/ueff(Usinﬁ + Vcosﬁ)
- 2

T

X

cosB (2.3-5)

where U,.V, P are time-mean velocities and static pressure.
The full derivation of the momentum equations is given in
Appendix A.3.

The momentum equations are obtained by assuming that
the fluid is treated as obeying Newton's viscosity law.
‘AFor a ‘turbulent flow,/ueff accounts for both viscous
bstress and Reynolds stress. By comparing equatlon (2 3-4)

with equat1on (2 2-3), one can write
( ) = ( ?—1) - ﬁ'u' (2.3-6)
_/uei‘f 'ax 'bx /Jl OUi¥5 y

An appropriate model of turbulence is thus required to
relate the turbulent stresses .- - pui'uj' to some

- known quantities throughout the flow field.
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2.4 The Choice and Application of Two-Equation k- £ Model

It was first proposed by Boussinesq in 1877 that the
turbulent shear stress could be replaced by the product

of the time-mean velocity gradient and the turbulent vis-

cosity/ut, ie€ey

>U

, o U
- Pujuy = M5z

L .) | |
. 2.4~1
j bxi (2.4 ;)
Subs%ituting Equation (2.4-1) into (2.3%-6), one gets

| /"‘eff =/,l + /l,l,t » (2-4—2)

1

Thus, the effective viscosity in a burbulent flow is
equal to the sum of the molecular viscosity-and the
turbulent viscosity. Unlike the molecular viscosity
which is the real property of the fluid, the turbulent
viscosity can become effective onlvahen there is flow
and its velue varies from point to point in the flbw
depending upon the turbulent strﬁcture at that partiéularA
location. | |
Many turbulence models have been proposed to relate
'ﬂ% to some quantities which can be-determined.”_The\out—
line of various modéls and their merits and . shortcomings-
have been described in section 1.2.2. In the present
studies bf‘confined jet mixing and jet pump flows, owing
to the intéraction between the mixing shear region and the
wall shear region, the length scale profile is unable to be
prescribedthroughout the flow field. The mixing length

and one-equation models will not be able to predict these
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- flows satisfactorily. However, in view of the fact that
the multi-équation models are far less established and
more compufing time is required, the choice of a two-
equation model is a compromise of accuracy and economics
unless a more complicated multi-equations model is proved
to be necéssary. ‘

The Prandtl-Komogorov two-equation model states that

the turbulent viscosity/ut can be written as

My = ?/lpkél (2.4-3)

where k = %(u'2 + 12 w‘z), 1 is the length scale and

gu,is a constant. %k and 1 are to be determined by their
transport equations. However, it turns out that the
length scale itself is not the most appropriate dependent
vafiable. Various workers have selected different com-
binafions of m and n of a quantity ¥™™ as their second
dependent variable instead of using 1 itself. (See

Table 1.2-1). A quantity, called turbulence energy
"dissipation rate € , first proposed by Harlow and
Nakayama (1968) and subsequently favoured by ﬁéhy othér
workers -is chosen as the second dependent vériablés in

the present work where

£= - (2.4-4)

The reasons for this choice are : (i) it is relative-

ly easy to derive the exact equation for € ; (ii) € appears
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directly as an unknown in the transport equétion for k3
(iii) the effective turbulent Prandtl Number O appeared
in the £ -equation os a constant irrespective of the
distance from the wall whereas for other combinations,
such as k1 and k/l%ﬂhuisnot so, as proved by Launder
and Spalding (1973). |

. Turthermore, the k-£ model are well established and
has been incorporated into standard computer code by
Gosman and Pun (1974) for sélving turbulent recirculating
flows. The model was widely tested and enjoyed satisfac-
tory predictioné for a wide range of flows. Examples
of such applications of k- £ model can be found in the
works of Hanjalic (1970), Elghoboshi and Pun (1974),
Matthews and Whitelaw (1971) and Wielson (1973).

The k- and £~ equations, when using a general
orthogbnal axisymnetric coordinate system described in
section 2.3.1, may be expressed in the following form at
high Reynolds numbers.

k-equation: o o

( /“eff ak) ( /U‘eff gl;)]

112 P
;E—i(pllrk) + -5—3}-( erk)
= G’ - CDPE » (2o4"'5)
g€-equation:

%[5%( OUrE ) + (evre) - (2L i L 25) - 2 (Zfets ?é)]

oy o oY

= C,E6/k - C,eE%/k (2.4~6)
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where

G=/“JC< [(a,) G+ =GR+ P")}
1 V2 - v
+ (50 5 } (2.4-T)

These équations are modified from the cylindrical polar
forms used by Gosman and Pun (1974). They differ in the
expression of the turbulent energy production term G.
The derivation of G, equation (2.4-7) is given in Appendix
A4, | ' | |

. By .combining equations (2.4-3) and (2.:1,_’-4),'}@t is

related to k and £ as
' - 2 ‘ _ o
My = C/J e k /€ (2.4-8)

It is now p0831b1e to obtain the five unknown varia-
bles, neamely, U, V, P, k, £ by solving five 51mu1taneous
equations (2.3-3), (2.3-4), (2.3~5), (2.4-5) and (2 4-6)
with the help of the auxilliary equations (2.4-2) and
. (2.4-8). | o

The values qf_the constants QP" CD, 01,‘02, Gk and
O¢ must be prescribed to complete the specification of

. the model. At high Reynolds, these constants are given
the values listed in Table 2.4-1 as recommended by _
Leunder and Spalding (1973) and Gosman and Pun (1974).
This set .of values has been widely used in various

flow problems and is generally accepted for flows of
plane jets, mixing layers and the plane and axisymmetric

wall flows.

~
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p p C4 Cy Ty Te
0.09 1.00 1,44 1.92 1,00 1.21

Table 2.4-1 Thé values of the constanté used in the
k- £ model

In the present study of jet pump flows, these values
are chosen for the whole flow field without any modifica-

tion.

2,5 Modification of the Model for 'Near Wall' Flow

The model described in section 2.3 and 2.4 is only
valid for fully turbulent flow. When close to a solid
wall, there are regions where viscous effect are signi-
ficant compared with turbulent effect; In these regions,
some modifications on the transport equafions are there-
fore necessafy. |

2.5.1 The 'Taw of the Wall'!

In the vicinity of a solid wall, the flow_is‘deter-
_mined by (i) wall shear stress, and (ii) roughness. The.
mean velocity component U in this region, acco#ding to
the classical theory of turbulent boundary layer along

a flat plate (Hinze, 1975), is a function of (i) wall
shear stress Ty’ (ii) roughness parameter kf; (iii)
normal distance from the wall y and (iv) kinematic vis-

cosity V .

ioeo ’ ﬁ'r
' U ='F(""‘9kf7\)9Y) (2'5"1)

36



where G has the dimension of velocity and is usually

P
referred to as wall-friction velocity or wall shear stress
velocity U¥*, i.e.,
Gy

~ * 2,5=2
3 ,U | (2.5-2)

Irom the dimensional analysis,

U _ Uy _ £ -
gE = IS, =) (2.5-3)
For a smooth wall where kf = 0
U *¥ '
gE = f(Uv ) . (2°5'4)
In the viscous sublayef,
2U
My = Ty
and Ty

From equation (2.5-2), it follows that

()

= 5 - (245-5)

If it is assuméd that, for the wall region, the
shear stress remain constant and equal to the wall shear
stress, the following relationship can be written for the

turbulent part of the wall region,
U _ - | -
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In the neighbourhood of the wall, it may be assumed that
turbulent viscosity is proportional to the distance from

the wall. TFrom dimensional analysis,

My = KQU¥y (2.547)

where K is a dimensionless constant called von Karman
constant and having a numerical value of 0.4187. Subs-
tituting equation (2.5-7) to equation (2.5-6) gives

vy = v

é:
Using the dimensionless expression gt = %% and y+ = Eﬁl ’

one gets

. + .
Ky* E-I—I-; =1 (2.5-8)
oy
The solution obtained by integration is
Uf =-%1ny+"+ const. (2.5-9)

For a rough wall with roughness parameter kf, a similar

solution can be obtained

+ 1 +
U" = <1nd~ + const. - - (2.5-10)
Kk

Equation (2.5-9) and (2.5-10) can be combined into a

general form



‘where E is a function of the wall roughness. According
to Launder and Spalding (1973), E approximately equal to
9.0 for a smooth wall. |

Equation (2.5-11) is the well-known expression of the
logarithmic 'law of the wall' applied to the turbuleﬁt
part of the wall region and only determined by the wall
: roughness and'the distanée from the wall. Even in the
outer regibn of the boundary layer, the logarithmic ve-
locity distribufion only deviates slightiy from the actual
experimental résults. Thus, from a pfactical engineering
viewpoint, the logarithmic velocity distribution can pro-
vide acceptable mean-velocity profile for turbulent flows
in a pipe or boundary layer.

In the near—wail'region where generation and dissi-

pation of energy are in balance, it can be shown that

L
€

Combining equations (2.5-12) and(2.5-11) gives

(0% (2.5-12)

U.

~

z
(___(_'»1 (C/U_C‘D) k% = )
e .

where

This is the final expression where the turbulent wall .
shear stress can be evaluated from the values of k, y and

U adjacent to the wall, If the value of y© is less than
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11.63, the laminar shear stress expression is used

To= Ay (2.5-14)

The wall shear stress is then incorporated into the
source term S* of the U-momentum equation (293—4)'for flow

next to the duct wall.

2.5.2 HModification of k and € in the 'Near Well' Region

| In the near wall region the shear stress components
can no longer be calculated from the fully developed
turbulent flow. Thus the turbulent energy production
’term G appeéred in k- and £- equations has to be modified.

Using the original G term from Appendix A.4,

G = T - (2.5-15)

The normal stress components’txx and T&y remain

unchanged ,

. (2.5-16)‘

' UV
TXX=2/.Lb('-‘3§+'f"X)
L Ty .
.Ty_y = 2/”‘6(337' + ry) (2.5 ‘1 7)

The shear stress components ‘rﬁx and T;y should be cal-
culated from equation (2.5-13) or (2.5-14). The modified
G near the wall then takes the following form:
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_ 2 V2 ¥ 20y , U 3V
G = 2/#% (5§) + (ay) + E;(BX) + ry(ay)

ou . oYy -
T, % + 5% | - (2.5-18)

To determine the near Wall value of £ , equation

(2.5-7) is substituted into equation (2.4-8),

Cule”
€= v
KU*y
From equation (2.5-12)
I ERES
U* = ?g = (Culp)* ¥°

the near-wall £ - value can now be expreséed as follows ¢

N3 3/2
) (c/uoD)4 k

£ = CDK/y

(205-19)

It should be noted that equation (2.5-19) does not give
the value of € at the wall but the value of ¢ at the
point P next to the wall as shown in Fige2.5-1.

LLLL2LLLL2 L L L 2222820242080

a
P |

Fig.2.5-1 The 'near wall'! node
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2.6 The Boundary Conditions

~There are basically fouf different types of boundary
conditions needed to be specified so as to complete the
 flow description. They are: (1) the wall boundary, (2)
the axis of symmetry, (3) the inlet flow condition, and

(4) the outlet flow condition.

At a solid wall, both velocities along the wall U
and normal to the wall V are set to zero for no-slip
and non-permeable conditions. The shear stress at the
wall is calculated from equation (2.5-13) or (2.5-14)
so that it can be included in the source term S% for
those grid nodes adjacent to the wall. _
ForAk and 8‘, the near-wall values are calculated
 with a modified. G-terms and the modified & values, i.€.,
equations (2.5-18) and (2.5—19) respectively,

On the axis of symmetry, radial velocity V is zero
and the gradients %% s %% and %§ are all gero too.

Appropriate profiles for U, V, k and £ are necessary
_to specify in the inlet section. The outlet U-velocity
is specified by éonsidering the overall mass c?nservation, .
V can be set tb zefo and k and & are assumed to be fuily
de&eloped. The assumption fdr outlet flow specification
is adceptable when the outlet section is fixed beyond the

.region of interest.
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CHAPTER 3
THE NUMERICAL METHODS

3.1 The Finite Difference Equétions

The steady two-dimensional axisymmetrical turbulent
f1low without swirl which occurs in jet pumps can be des-
cribed‘by the five partial differential equations given
inVCﬁapter 2, It is possible to solve these equations
by some appropriate finite-difference techniques. There
are basically two distinct methods of solution. In the
first method, the continuity and the momentum equations
kare trénsformed into two partial differential equations |
of stream functibn Y and vorticity w to eliminate the
pressure. Together with k and € , the four partial'diff-
erential equations are solved numerically throughout'the

“flow field first and the pressure field is then deduced
separately. The second method is based-on a novel proce—
dure known as SIMPLE (Semi-Implicit Method for Pressure

Linked Equations) déveloped by Patankar and Spalding
(1972), Caretto et al (1972), etc., which solvgufor.the
prinitive variables U, V and P together with k and € ..

The advantage of the veiooity-pressure approach over
the sfréam'function-vorticity approach is that flows with
pressure-dependent density can be handled which provides
wider scope of apﬁlications to compressible flows; In
an attempt to compare the two procedures, Ha Minh et al

(1978) applied both methods to predict flow in a sudden
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enlarged pipe and observed that the velocity~pressure
approach gave better predictions of pressure and turbu-
lent properties (k and u'v') as compared with measuring
data. It is the velocity-pressure approach which is
being employed in the present work and is to be discuss-
ed iﬁtthe fqllowing sections.

3.1.1 The Staggered Grid and Control Volume

Before deriving»the finite difference equations
from the governing partial differential equations , a
gird arrangement and the contfol volumes for the varia-
bles have to bé specified. TFig.3.1-1 illustrates part
of the grid arrangement for a general 2-D orthogonal

coordinate system. The intersections of the solid lines

 \3

e Pk, g
—rv'
b v

Fig.%.1-1 A typical grid arrangement

mark the grid'nodes where all the scalar variables (i.e.,

Py, k, € ) are calculated and stored. The U and V velocity
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components are computed and stored at the midway between
a node and its upstream neighbour as shown by the arrows

— and 1} vrespectively. The conﬁrol volume boundaries
are placed midway between the locations where the values
of the variable are stored. Thué, for any point P, there
are three different control volumes as shown in Fig.3.1-2.

Such a grid arrangement is often referred to as staggered

grid.
N | N
|
T ) W :: E
I
W E P I E r—_NFf—j
1 I l :
. I t
| s |
S | SRR P ——— |
(a) i
- ___IN
ro T HE | (c)
o W . §P - E - |
i i' - Fig. 3.1-2 Control volume
L_”"f“’J' ‘, for (a)P,k, € (b) U and
-~ Is  (c) V.
(b)

The advantages of the staggered grid are: (i) From
a computational viewpoint, since the U anﬁ V velocities
are placed between the pressures which featured in the

momentum balance, the pressure gradients can be evaluated
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directly without interpolation; (ii) based on the same
argument, these velocities lie on the boundaries of the
control volumes of P, £ and k and can therefore be used
directly for the calculation of convective fluxes across
these boundaries; (iii) the floﬁ boundaries which are
located midway between the grid 1ines’can easily be
simulated by specifying the U and V values.

3.1.2 The General Bxpression of the Finite Difference

Equation
. The partial differential equations for U, V, k and

€ are in fact similar and can be expressed in a general
form for a 2-D orthogonal axisymmetrical coordinates des-
cribed in Chapter 2, i.es,
C119 2 2 FMert 24y D Tforf 24

r[aX(E’UNP) + 55(07re) - 5% A 5%) = 35¢ & 55
::Sq) . (301—1)

where ¢ is a dependent variable stands for U, Vv, k or € .

- O¢ and S¢ have the values given in Table 3.1-1.

K S 5
| oP u
U ) 1 . —-5?{ + S
P v
V' 1 -':55; + S
o 0 ¢ - CyPE
e % (C,£C - C0E°)/k

Table 3.1-1 Values of T4 and S¢ for U, V, k and E
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A finite difference equation for ¢ can then be deriv-
ed by integrating equation (3.1-1) over a control volume
enclosing a point P in the flow field. Fig. 3.1-3 shows

a curvilinear orthogonal grid around P of which the double

Axis of symmetry

Fig. 3.1-3 Control volume around point P.

integration will take place. N, S, E, W represent the
four neighbouring points arpund P. The control volume

“boundaries in x and y directions are placed at midway
of the main gfid lines, Integrating equation-(3.1-1)
with respedt to x and y over the control volume bounda-
ries surrounding P and rearranging gives (detailed

integrations are given in Appendix A.5),
-C + 0 - - g¢
[(AE + Ay +'AN + As) + (Ce c, +C, _Cs) : SP] qu

= Ay Pp + Mgy + Apdy + Ag g + S P o (3.1-2)
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where the A's are the coefficients expressing the comb=-
ined effects of convection and diffusion and the C's
are the convective -coefficien'ts account for the mass
flow rate across the surfacesof the control volume

surrounding P, i.e.,

C, = (QUrdy),
Cy = (PUI‘&*Y)W
(3.1~3)
¢, = (pvréx)
Cy = (QVréx)s

The subscripts e, w, n, s denote the four surfaces of
the control volume as shovfn in Pig.3.1-3. The values
of A's depend 'on the differencie scheme. If the central
difference scheme is employed to evaluate the convective

terms,

D_ - 0.5 Ce

g = Do
Ay =D, + 0.5C, B (3.1-4)

AN-.-_-Dn—O.S Cn

i
=
+

S g 0.5 Cs

where the D's are the diffusive coefficients given as

f ovll ovIs
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_ ?ﬂeffSY)
e " opbx ‘e

- (réefféy )

Dy, cp6X )w (3.1-5)

Thersd%

D, = (55

D = f_/_l.e_.__._ffgx)
s 033y S
If, instead, é upwind difference scheme is used to

evaluate the convective terms, the A's will take the

following values{

Ay = D + 0.5¢( Col - ce)

Ay =D, + 0.5( Cw + Cw) (3.1-6)
¢ ‘

Ag =D + 0.5( Cyl - cn)

Agq = D + 0.5¢( Cg| + cs)

xSﬁ¢ and Su¢ are obtained from 1inearizing the source

term S¢ listed in Table 3.1-1 such that

In (%e

rS¢ dxdy = Sp‘?gb + Su‘? (3.1-T)
Vs v ¥y

The complete derivation of equation (3.1=2) as well

as all the coefficients above are given in detail in
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Appendix A.5.

The choice of central or upwind difference scheme
depends on fhe contribution from the convective term.
If the contribution from the convective term is gréater
than that of the diffusive term,:upwind difference is
used. Otherwise, central difference should be employed.
Such choice is based on fhe fact that as the convective
contribution is greater than the diffdsive contribution,
the directional effect is important. The upwind differ-
ence scheme which streéses more on the influence of the
upstream conditions is thus preferred. The combined
effect can be expressed in the following mathematical

relationships

{De - 0.50, if [0.5C,] < D,
D - 0.5C, + 0.5 cel if {0.50¢,| » D,
. D, + 0.5C, if [0.50,| < D
W= | |
D + 0.5C + o.slcW if |0.50, | > D, (3.1-8)
R ~{Dn - 0,50, if |0.50, & D
.
D~ 0.5C, + o.5|0n| if |o.5¢ | < D
. D, + 0.5C, 1£ 0.50,| < Dy
S B N
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The term Ce - Cw + Cn - CS appeéring in the left-
hand-side of equation (3.1-2) is the net mass flow rate
out from the control volume. " If the continuity equation
is satisfied, i.e., when the final solution is reached,
this shbuld be zero. But in the intermediate iteration,
the net mass flow rate may.not be zero and a false source
can‘be calculated from the previous value of q@P, if

Mp = G = G, + G = C (3.1-9)

e S

then the false source = ﬁP¢P°1d

value of ¢ at P evaluated from the last iteration. The

, where ¢§°ld is the

finite difference equation (3.1-2) becomes

. ' . old
(ZAj + Mp - Sl‘f)qbp = ZAjgbj + mP¢,~P + Su¢

j=E,VI,N’S j=E,Xq,N,S 4 (301-10)

The inclusion of ﬁP¢? and ﬁP¢?01d into the finite
~difference equation will not affect the final solution as
when the solution is approached, both ﬁP and (¢p -‘¢§°1d)
- are small. It will only be necessary to include thése
terms if fhey can help to stabilize the iteration process.

Since the convergence criteria for the above equation 1is

. - s. ¢
(Z%+m% SP) ZZ%
J=E,VW,N,S ' j=BE,W,N,S
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it is clear that only when th is positive will the terms

old

np¢p and my¢y be included in the equation. Thus, the

complete finite difference cquation for gbcan be written

as
Ap@p = zAjcj)j + Suﬁb
j =N, S, B, W
where | (3.1-114)
Ap = z./s.j - SP¢
j = N, S’ E, VI
for ﬁP < 0
and -
< : old ¢
APSbP = ZAJ. ¢j + qubP + 8,
j=N, VW, E, W
where ' (3.1-11B)
Ap = T Ay + Mg - SP¢
j = N, S,_'E’ VVI
for mP>O

Equations (3.1-11) are the general forms of all the
fihite'difference equations for U, V, k and € . The
equations differ in the source term expressions SPq’ and
Su‘:’? which can be obtained by integrating Sg listed in
Table 3.1-1 via equation (3%.1-7). If ¢ is a velocity
' compohent, S&"has two distinet parts, a pressure-gradient

term and an additionél term due to radius of curvature.
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The pressure is a unique'variaﬁle in this solution proce-
dure as it is not governed by a transport equation but
enters through the momentum source term. The values of
Su¢ and SP¢ appropriate for the present flow situation
are tabulated in Table 3.1-2. The integration and appro-

ximation are given in Appendix A.6.

Variable ¢ S | S,?
: 4 u PV2
U | 0 O°5(ae+aw)(PW—PP)+(—§;)PVP
) 2
eff v, .V U
v f(éig—)?vp O.S(an+as)(ES~PP)+( rX)PvP
2
k -(EQEEE;E) v GV
HMegg PP PP
NI '
~x 2% A S
Hett
Table 3.1-2 Values of Spp and 8.9, al, a; , 2 and
ag are surface areas of the appropriate control

vélumes for U and V. Vp is the control volume

for the variable concerned. -

3e1e3 The Finite Difference Equation for Pressure Correc-
To solve the finite difference equations for U and V,
it is necessary to have the values of pressures. However,

these values are not known in advance. The normal practice
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is to initially guess the best estimated pressure (deno-
ted by P*) so that the velocity field U* and V¥* can be
obtained; The U* and V¥* velocity field will not in‘genen
ral satisfy the continuity‘equation. The pressure correc-
tions are made such that the veiocity field is brought
into conformity with the continuity equation. The true

pressure P is thus given by
P = P¥ 4 PV (3.1-12)

where P' is the pressure cdrrection. By applying.the

general finite difference equation for ¢ to U¥, V¥ and
U, V respectively and subtracting the guessed momentum
equafion from the corresponding momentum equation with

appropriate approximation, one gets

o '
U, = UP* + DW(PW' - PP’) (3.1-13)
. - v - 1 -
Vo = V5% + D (Pg' = Pp') (3.1-14)

u, u v, v
O.B(ae+a‘) 005(an+as)

u W v o o LV
where Dw." 3 and DS = - R AP and AP
A? A :

P .

are the coefficient AP'for U and V respectively.
The substitution of equations (3.1-13) and (3.1-14)
into the finite difference form of the continuity equation

gives
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P, p_ P
Ap PP‘ = zAj I’j + 8y (3.1-15)
j=N,S8, E, W
where
P P
AP = ZAJ
j = N, S, E, “VT
and. . s
P .
.Su = -mP
The coefficient are given by
AW = Dw (erSy)w
_ U
A.E = De‘(eréy)e
— v |
Ay = Dn(er 53{)n

v
Ag = D (er 8x)

The full derivation of equations (3,1-13), (3.1-14) and
" (3.1-15) are given in Appendix A.7.

By solving P' throughout the flow field,lawbetter
estimated pfessure field can be obtained byfadding P' to

the existing pressure field after each iteration; i.e.,

Pn+1 = P% 4+ P!
where P* is the pressure used for nth iteration, P' is
the solution obtained from the nth iteration and Pn+1 is
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the updated pressure to be used for n+1th iteration.

3.2 The Solution of the Tinite Difference Equations
The finite difference equation for ¢ at a point

P(I,J) can be written as

Apdi,y T ARPii, 5 t AP, t AP, ger T AsPi, -1 4 5%
! |

(302"1)

In such a typical equation , there are five variables in

existence.If, however, the values of ¢3 and ¢3

, =153
are taken from the previous iteration or in the case of

+1,]

the first iteration given by some initial wvalues, equation

(3.2-1) can then be redudéd to three unknown variables}i.e.,

R R R R (3°2*?>
where bj = Ag
dj‘ = Ap  ’
2, = Ay
and oy = Apfig,g t Myfiog,g * ST

Bquation (3.2-2) is an algebraic equation relating
the value of ¢ at P and its two neighbouring points N

and S. Tig. 3.2-1 illustrates a typical grid line arrange-
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ment where the axis of symme-

try is placed between Jj=1 and

. §=NT
j=2 and the wall boundary is S i R e e SN
’ ] P J=NT-{
placed midway of j=NJ-1 and 9 3 ot
j=NJ. In the case where the : p j
node is next to the axis of S i1
. -~ 2 b
symmetry, i.e., j=2, the ] 5 . =2
usual link between ¢, and o L =1
o ~ -4)1’2 : I A I
its southern neighbour ¢, ,no
_ i,1
longer in existence and AS
. Fig3.2~1 The ith grid line

is set to zero. Similarly,
when the node is next to a

solid wall, no linkage between ¢i NT =1 and ¢i NJ,and AN=O.
’ = 9

A set of such equations for all the nodes along the ith

grid line can then be assembled in a tri-diagonal matrix

forﬁ. | N
dy -3, $i,2 Co
by 4y -3y $i,3 | %3
b, d, - =
io% T 1,3 °;
“byro2 ng-2 “wg-2|| ¢ ,wi-g |°WI-2
Pzt Swa-t|| 95, wgeq] [CHI-1
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The above set of equations, with a maximum of 3
unknowns per equation, can be solved by Gaussian elimina-

tion using a recurrence formula

Pi,5 =% + By Pi,gen (3.2-4)
c. + b.o. 1
ol. = —J d j"d _ o
o o (3.2-6)
and . = . 3;2“
J -bjﬁj~1 + dj

,The solution is obtained by back substitution solving for

(Pi’N'J_1 ? ¢i,NJ—2 H 0.'00_) till ¢i,2 . -

The overall procedure is in such a manner that solu-
~ tion start from i=2, obtaining all the ¢'s valuesat i¥2
then prdceed to i=3%;4,.... etc., so that all the ¢'s of
the whole flow field are obtained. This is called the

mri-Diagonal Matrix Algorithm (TDMA) of the line by line

. procedure.
It has been found that some degree of under-relaxation
is necessary in order to achieve stability during the

iteration. By using an under-relaxation factor f, AP

and Sd?in_équation (3.2-1) will be modified to Ap' and Su?'
as follows:
A .
AP' = —f— (302“7)
) 5 41 - 5% 4 (1-r)=2¢, (3.2-8)
u . £f'P
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where ¢P is the existing ¢ value at P. TFrom experience
by trial and error, the values of f are set to 0.5 for

U and V, 0.7 for k and £ and 1 for P'.

3.3 [The Overall Procedure of Solution
Befofe proceeding to the solution of the finite differ-
'ence‘equation’(F.D.Ee) féf various Variables, initial wvalues
for all the variables throughout the flow field are speci-
fied. The solﬁtibn procedure is the cyclic repetition of
the following steps:
(i) The effective viscosity is calculated by equa-
tions (2.4-2) and (2.4-8) using the existing
stored values of k and £ .
(ii) The F.D.E. of U and V are solved by TDHA using
the existing pressure field P* to calculate the
source terms. The resulting values of U¥ and V¥
are usually not satisfied with the local continui-
ty equation and an 'error! mass souré; m for each

cell can be calculated.

(iii) The F.D.E. for pressure correction (3.1-15) is

N

P
. The new pressure field is obtained by

solved by‘TDMA using the ‘'error! source -m. as

g P
\ u
adding P' to P¥*, i.e., P =P¥ + P', The U

and V velocities are also corrected using equa-
tions (3.1-13) and (3.1-14).

(iv) The F.D.E. for k and € are solved by TDMA.

(v) The updated values of the variables are used to

compute the coeffiéients and source terms of the
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F.D.E.'s for the next iteration. The above.procedure (i)
to (iv) are repeated until the pressure correction P! is
small enough throughout the flow field. This ensures
that both momentum and continuity equations are satisfied
simultaneously. |

To improve the rate of convergence of the procedure,
certéin variabie can be solved mére than once before pro-
ceeding to solve the next variable. This idea is called
the number of sweep in solving a specific variable. It
is found that in solving P', the increase of the number‘
of sweeﬁ to 2 in the case of jet mixing problem and to
5 in the case of diffuser problem will improve the rate
of convergence. -

The termination of the iteration procedure is‘based
on the ‘error' mass source term m. The procedure is
deemed to have converged when the sum of,the absolute
‘error' mass source throughout the flow field is small

compared with the inlet mass flow rate ﬁin’ iece.,

C -C_ +C_=-2¢ ' ,
ZV e .W n S, < s ' (3.3-1)
min -~ L b \

where & is a small positive value depénding on the require-
ment of accuracy. In most cases, 5 =10"% will give a
fairly good éccuracy for the solution. Bésideé depending
upon the S which determines the number of iteration, the
accuracy also depends on the number of gridlines specified

in the flow field. More grid lines will require more
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computer time. The choices of the number of grid lines
and the value of & apparently depend on the compromise

between the accuracy and economy.

61



CHAPTER 4
THE COMPUTER MODEL

4,1 Introduction

' The set of partial differential equations discussed
in Chapter 2 and the numerical method described in Chapt~
er 3 were embodied into a basic computer program called
TEACH (teaching elliptic gxisymmetric characteristic
heuristically) by Gosman and Pun (1974). The original
program can.only‘handie cylindrical pipe flows. The
present computer models for predicting the flows in
various components of a typical jet pump are devised
based on the basic TEACH program. In order to predict
the upstream entrance régioﬁ and the downstream diffuser
region, thé models must be able to accommodate the general
two-dimensional orthogonal axisymmetric coordinates des-
cribed in Chapter 2. Thelpresent Chapter describes only
briefly the basié structure of the computer program és
_more details are available in the report written by Gosman
and Pun (1974). However, detailed description of modell-

ing the various flow components are included.

4,2 The Basic Structure of the Computer Pfogram

The computer program in the present work is written
in Fortran IV. It consists of a main program and ten sub-
routines. The flow chart of the program is shown in Fig.

4.2-1, The gebmetry_specifioation, grid calculation and
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SUBROUTINE

MAIN

SET COMMON BLOCK
AND FLOW DOMAIN

o e e —— et vt oot ot}

SPECIFY GEOMETRY
AND CALCULATE GRID

SET CONSTANTS AND
BOUNDARY CONDITIONS

e —— ——————— e — — ——]

' SUBROUTINE

CALCU

CALCV

g ]

«—] ' CAICP

CALCULATE CONTROL
INIT VOLUMES AND SET
INITIAL VARIABLES
— | PRINT GEOMETRY AND
N INITIAL VARIABLES
.
SOI!VE FODQE. FOR U,
V, P', ky €
PROPS | UPDATE },(_t

PRINT INTERMEDIATE
OUTPUT IF NECESSARY

CALCTE

TERMINATION TEST

——

PRINT FINAL, RESULTS

CALCED

N ]

PROMOD

LISOLV

Fig. 4.2-1 TFlow chart of the computer program
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simulation of boundary conditions are done at the beginn-
'ing of the main progfam. The duties of the subroutines
are briefly described in the main program block. The
" solviag of finite difference equation for each variable

is carried out in the individual subroutine, i.e., CALCU
for solving U, CALCP for solving P', etc. The 'near-wall'
modification for all thé variable is done in the subrou-
tine;?ROMOD and the line by line procedure of solving
simultaneous algebraic equations using the TDMA technique
is performed intthe subroutine LISOLV. The updating of
viscosity after each iteration is carried out in the
‘subroutine PROPS, The solving of finite difference equa-
tions is repeated until the termination test as described
in Chapter 3 is fﬁlfiled and final results are printed.
A.complete listing of the computer program for calculating
| typical jet pump mixing tube including secondary inlet
region is given in Appendix B.1.

It should bé noted that except for the subroutine
INIT, other subroutines are applicable to various flow
“coniigurations.subjecf t0 minor changes in evaluating
the source terms of the finite difference equations.
Programs for various flows differ in the main program and
the subroutine IKIT where the setting up of the geometry,
gfid,}boundary conditions and control voluﬁes must be

able to simulate a particular flow accurately.

4.3 The Simulation of Various Flow Components

4,%,1 Uniform lMixing Duct

A uniform mixing duct consists of a round nozzle
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“located at the centre of the iﬁlet section of a.uniform
diameter mixing duct is shown in Fig.4.3-1. A high velo-
city jet meets the secondary fluid at the inlet section.

" Both the primary and the secondary velocities caﬁ be
taken as uniform across the inlet sectiqn as indicated by
Uiand UO respectively. “The radius of the central jet is
T and‘thé‘inner radius of the mixing duct is Ty e

/

S~

.

Uo f

I

Rt
}—-—-——b—
ug

U

{
!
/

Fig., 4.3-1 Uniform mixing duct

The general 2-D orthogonal'axisymmetric coordinate
aeséribed in Chapfer 2 vhen épplied to such a uniform
mixing duct, is reduced to a cylindrical polar coordinates
with x and y as coordinates in the axial and radial direcé
tions reSpectively, i.eey X = g and y = r. The grid for
such a coordinate syStem‘ié shown in Fig.4.3-2. The grid
lines are specified throughout the flow domaiﬁ which is
bounded by fhe axis of symmetry and the duct wall from
the inlet to the exit. NI radial grid‘lines and NJ axial
grid lines are used. Uniform grid spacings are used in_
the radial direction whereas a geometricallexpansion of
. grid spacing is used in the axial direction so that thé
up-stream region where the mixing is more vigorous will

have a finer grid. The radial grid spacing in the central
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jet region is DY1 and that in the outer region is DY2

as shown in Fig.4.3-2.

. TY(r) .
Ni{ l[l‘lll’l[ll Pa Lol kk bk d LK. VNI NTWTAVE NN IR W] lllltlr’llliljlllléuc{ wall
NI-1 '
1
DYZ2
o , K
Nozzle JSTEPH 4
wall  ygrEp|— D‘
' 2 Ti
J=1 , xX(z
booI= NI-1 I=NI | 2)
I=1

Fig. 4.3-2 The grid and boundary for uniform mixing duct

The flow boundaries are specified according to Table

403-1-

| Flow Boundary

Grid Location

Axis of symmetry

Midway of J = 1 and J = 2

Duct wall

Midway of J

NJ~-1 and NJ

Initial jet boundary

Between J=JSTEP and J=JSTEP+1

| Inlet section

Midway of I=1 and I=2

/ Outlet section

Midway of I=NI-1 and NI’

Table 4.3-1 Flow boundary specification for uniform

mixing duct

Thus, the radial grid spacings are given by

(4.3-1)



and DY2 = g TarEr (43~2)

The listing of the main program and subroutine INIT is
given in Appendix B.Z2. |

" 4.3.,2 Typical Jet Pump Mixing Tube Including Secondary

Inlet Region

A typical jet pump mixing tube inciuding secondary
inlet region is shown ih Fig.4.3-3. The configuration of .
the }nlet region is governed by (1) the profile of the
secondary inlet duct leading to the constant diameter
mixing tube, (2) the profile of the external surface of
the nozzle, and (3) the distance between the nozzle exit

and the mixing tube inlet.

~

Fig. 4.3-3 Typical jet pump mixing tube including inlet
region
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The profiles of both the nozzle and the secondary
inlet duct are described by circular arcs with radii Ri
and Ro respectively. The annular passage formed by these
profiles will provide a continuous convergence of flow
area which ascertains flow with less loss. Although other
inlet profiles are possible, it is shown by Mueller (1964)
and Fasol et al (1958)_that circular arc profiles give
better performance, The disﬁance from the nozzle exit
té the mixing tubé inlet is s and the diameters of mixing
tube and nozzle exit are dt and dn respectively. By vary-
Ving these five geometrical variables, a wide range of entxry
configuration can be obtained and investigated using a com-
mon computer programn. -

A general 2-D orthogonal Curvillinear coordinate
system ié devised to specify grid positions in the flow
fieid. Coordinate x is in the streamwise direction where
the grid lines are drawn so as to lay between boundary
wall and the axis of symmetry. The grid lines for coor-
dinate y are orthogonal to the x grid lineé everywhere,
NThe compiete secondary inlet grid'together with part of
the mixing tube grid is shown in Fig.4.3-4. Tﬁé'positions
of the grid modes in the annular region are calculated in
terms of a Cartesian coordinates Xy and X, as shown in
Fig. 4.3-5. The inlet duct wall can be described by an
equation of circle in Xy = X, coordinates with céntre
at'(0,0).- Similarly, the nozzle wall can be represented
by another equation of circle with centre at (-s, b) where

s is the nozzle spacing, i.e.,
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X2

| 4}6J0

(7] X,v

duct wall

Intermediate 2 2 2
circle , 5¢ - A+ X2 = Ro
Or%ojénaf .
civcle /Y

nozsle wall

Cti+5) 4(20-b)*= RE | T f

Fig.4.3=5 Calculation of grid nodes

For duct wall,
For nozzle wall,

)2 2

(x1 + 3)2'+ (x, = b)° = R, - (4.3-4) .

where b = Ri + T ".Ro - T
From any point at the nozzle wall, it is possible to deter-
mine the centre and radius of a orthogonal circle which

forms a y grid line. A series of intermediate circles

which lie between nozzle and duct walls and cut orthogo-
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nally with the orthogoﬁal circle can be devised to form
the x grid 1iﬁes. The intersections of the orthogonal
and intermediate circles are thus the grid nodes in the
inlet region. The detailed calculation‘of the positions
of these grid nodes are given in. Appendix A.8.

The tieatmentsAof the duct Qall, the axis of symme-
try and the outlet section are similar to those used for
uniform diameter mixing tube described in section 4.3.1.
Other boundaries aé shoWn in Fig.4.3.4 aré specified

according to Table 4.3%-2.

Flow Boundary Grid Location

Primary Inlet

Between I=INOZ and I=INOZ+1
(Nozzle exit) ’

Secondary Inlet Midvway of I=1 and I=2
Mixing Tube Entrance Between I=IENT and I=IENT+1
"Nozzle Wall Between J=JNOZ and JNOZ+1

Table 4.3-2 Flow boundary specification for typical

jet pump mixing tube

The'selection of INOZ depends on the length of the
annular flow region., The value of IENT can be calcﬁla—

ted from

TENT = INOZ + NJ - (JNoz £ 1) (4.3-5)

The whole flow domain is thus completely specified

71



by two inlet sections, the nozzle wall, thevduct wall,
the axis of symmetry and the outlet section. Uniform
primary jet velocity and secondary annular veloéity are
specified at the two inlet sections according to the
primary and secondary flow rétes of the jet pump under
inveétigation. In order to calculate the secondary inlet
velbéity, the annular flow area at the secondary inlet
section is calculated by a separate short program AREA
listed in Appendix B.4. Other boundary conditions are
specified according to section 2.6. The listing of the
”completé compufer program for calculating flow in jet

pump mixing duct is given in Appendix B.1.

4,3,% Conical Diffuser

Fig. 4.3-6 shows the geometry of a typical conical
diffuser with inlet diameter d1 y» included angle @ and

- axial length 1d .

o2

Fig. 4.3-6 Geometry of a typical conical diffuser
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. The geometry of a diffuser is completely described by
these three variables. If the diffuser wall is extrapo-
lated to meet the axis of symmetry at a point O as shown

~in Fig. 4.3-7.

mFig. 4.%-T Coordinate systém for conical diffuser
The position at any poin£>P in the flow field is detef—
mined by»distanée OP or R and the angle between OP and
the axis of symmetry 93 » The general 2-D orthogonal .
coordinates X and y as described in Chapter 2 can then
be expressed in terms of R and 9j, i.e.,

X =R " (4.3-6)

il

y = RO, - (4.3-7)

J

A completefgrid of the diffuser flow region using a 8 x 8

grid is.shown in Fig. 4.3-8.
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Inle{ ) ‘ ' N Outlet

" Fig. 4.3-8 The grid of a conical diffuser

th

The angle Gj at every node on the grid line can be

calculated from NJ, j, and O as follows:-

The value of x at the inlet section xin is obtained from

d, and @, i.e.,

Ay .
X, = 2 . (403“9)

in .
sn.n2

)

P

The specification of flow boundaries is similar to’
the mixing duct problem. However, it is necessary to
specify the U-velocity at outlet section from the overall
‘mass flow conservation considering the increase in flow
area. The procedures are as follows: |

(i) Evaluate the mass flow rate ét I=NI-1, mNI-1

(ii) Calculate the velocity correction U, .. frdm‘mNI_1
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and the inlet mass flow rate ﬁin'.

U - min T Twr-1

cor —  Ayr_q@

(4.3-10)
~ vhere ANI—1 is the flow area corresponding to
I=NI-1. |
(iii) Add Ucor'to every U-velocity at I = NI - 1 and
calculate U at I = NI using the continuity

relationship.
U(NI,J) = | U(NI-1, J) + U (fﬁl:l) (4.3=11)
’ - ! cor A ¢
: NI
Other boundary conditions are specified according to

section 2.6. A listing of the main program and subroutine

- INIT for solving the diffuser flow is given in'Appendix B. 3.
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CHAPTER 5
FLOW PREDICTION

It is now possible to apply the computer models
described in Chapter 4 for flow predictions. In order
to validate the theoretical approach described in this
thesis; the cémputer programs are first employed indi-
vidually to predict flows in (i) uniform mixing duct,
(ii) typical jet pump mixing tube with secondary inlet
region and (iii) conical diffuser. The predicted results
are compared with the published experimental data. The
computer models are then used subsequently to simulate
the flow in‘a typical jet pump system which consists of
a entrance region, a miiing tube and a conical diffuser.
Predictions of the pressure rise and the overall perfor-
mance parameters are then obtained and compared with the

available experimental data.

51 Flow in Uniform Diameter Mixing Tube

51«1 Introduction

A typical uniform mixing tube with a rgundAnozéle
loéated‘at the centre of the inlet section as shown in
Fig.4.3-1 is the simplest design of a jet pump. Experi-
menfal studies of jet mixing in suchfa uniform duct were
carried out by many workers. Among them, Helmbold et al
(1954) carried out the measurements of the axial static

pressure and the radial total pressure profiles at various
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stations downstream of the nozzle. Razinsky.and Brighton
(1971) measured the mean and fluctuating velocities, sta-
tic pressures as well as the turbulent shear stress
- throughout the whole flow field. Sanger (1968a, 1968b)
carried out comprehensive tests of several jet pumps,

all havingruniform mixing ducts followed by conical
diffusers.

| Theoretical analyses of confined jet flows were

carried out by Curtet (1958), Dealy(1964), Hill (1964), .
Exley and Brighton (1971) and Hill (1973). Baker, Hottel
and Williams (1962) derived a non-dimensional parameter'
called Craya-Curtet Number C, » based on the ratio of
kinematic-mean ahd dynamic-mean inlet velocities, to
determine the éharécter of the flow in the mixing duct.

In a mixing duct of constant diameter, as shown in Fig.
4.3;1, Ct can be expressed iﬁ terms of the radius ratio

and the initial velocity ratio.

. U
C, = — . g (5.1-1)
t T, .
2 2 iv2 2 25\ &
Evi - U, )(f;) * %(Uo - U ﬂ'
' ) T,
. _ - ~iy2
where , | U, = (Ui Uo)(ro) + Uy

Hill (1964)lproposed that the flow behaviour of confined
jet mixing was a function of a non-dimensional parameter

~—E;T which when applied to a constant diameter mixing

(me)=
tube gave the following value,
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n A + (Fifr,)?

s = (.501"2)
M) B2 2t amm )P/ )P B
. » k Uo ‘
where - }\O = -ﬁ-—-:——ﬁ—-
1 (o]

It is apparenf that both parameters are soleiy deter-
mined by fhe area ratio and the initial velocity ratio.
The character of jet mixing in a uniform duct is thus
determined by the radius ratio and the initial velocity>
ratio of the primafy Jet to the secondary flow.

5¢1.2 Results and Discussion

The compuﬁer model described in section 4.3;1 has
been used to predict the flows of the air jet mixing in
two uniform ducts measured by Razinsky and Brighton (1971)
as well as the water jet mixing tested by Sanger (1968a).
The geometries of the ducts and the inlet flow:conditions

’are 1isted in Table 5.1-1. All the results for comparison

| Author : ,-ri/rO Ui/U0 ro(m) Ufm/é) medium
Razinsky and Brighton | 1/3 3 » 0.15 45.0 | air
n o 15 | 10 10.15 | 45.0| air

" noooow /6 3 |0.15 45.0 | air |
n " o 1/6 10 0.15 | 45.0 | air

Sanger o 0.257 | 3.00 0.0171'-30.0 water

" 0.257 | 4.04 10.0171| 30.0 | water

n - | 0.257 | 5.66 |0.0171| 30.0 | water

n 0.444 | 2.91 [0.0171| 22.0 | water

T 0.444 | 5.44 |0.0171| 22.0 | water

- Table 5.1-1 The geometries and inlet conditions of ducts
for flow prediction
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were obtained from an IBM 370/158 computer using a 14 x 14
grid. However, the effect of the number of grid lines be-
ing employed on the predicted result was studied and dis-

cussed

The mean axial velocity prediction The axial velocity
‘profiles at various stations downstream of the nozzle
exit are 6f significant importance in the studies of
confined jet mixing. They indicate the degree of mixing
between the two streams as well as the degree of entrain-
ment. Fig. 5.j-1 presents the predicted velocity profiles,
non-dimensionalized by the area-mean velocity U  , as |
'Compared with the four combinations of inlet velocity
ratio. and radius.ratio reported by Razinsky and Brighton
(1971) [seé Table 5.1-1], Fig.5.1-2 shows the comparison
'Qf predicted'and measured centre-line velocity decays.
The agreement between the prediction and the measurement
is fairly good despite the fact that nb detailed infOrma—A
| tion regarding the inlet turbulent kinetic energy and |
energy dissipafion rate Was.reported. The inlet k-~profile
~was calculated from the r.m.s. velocity ;T? by assuming
“isotropic turbﬁlenée in both primary and secondéry floWs,
i.e.

]
k. = 5 ul

in (501"3)

The inlet £ profile was calculated via

£, = Jin O (5.1-4)
i 1. .
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where 1, ~is the length scale at the inlet section.
Without better information, lin may be taken as constant
across the inlet section. in the predictidn of Razinsky
and Brighton's work, the following assumption was made
in order to give a good agreemenﬁ between prediction and

- measurement.

1, = 0.005¢ % - (5.1-5)
The influence bf the inlet length scale on the axial -
mean velocity field has been investigated by running the
computer program with varying lin while keeping other
flow conditions unchanged. The results obtained from a.
radius ratio of 0.25 and inlet velocity ratio of 6.0 are
shown in Fig.5.1-3 which compares the centre-line velocity
decays. It is apparent that a larger inlet length scale
causes the velocity on the axis to decay at a‘faster rate,
i.e. larger eddy size can lead to better mixing. However,
the effect is relatively small over a largé range of 1,

Pressure prediction The static pressure rise in the mixing

tube 1s of vital important in jet pump performance. The
capability of the computer model to predlct accurately the
static pressure variation along a uniform mixing tube is
an essential indicator to determine the success of the
model for this particular application. The predicted
préssure variations along the duct wall of a uniform
mixing tube with various radius ratios are compared in
Fig. 5.1-4 with the experimental data from Razinsky and

% See AppenJix A.9
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Brighton (1971) for incompressible air flow. In the case
of water jet mixing, predicted pressures are compared with
the data from Sanger (1968a) as shoﬁn in Fig. 5.1-5. All
| the pressures were taken with reference to the inlet sec-
tion and non—dimensionalized using the area-mean or the
nozzle exit velocity. In general, the agreement between
the prédiéted and measured distributions are acceptable.
The influence of the inlet length scale on the static
‘pressure distribution was studied by the computer program.
The results are presented in Fig. 5.1-5. It appears that
a .larger inlet‘length scale will lead to an earlier recb-
-very of pressure which is resulted from a better miking
.due to larger eddy size at inlet. However, the effect on
pressure variation over a wide range of inlet length scale
is also relatively small. |

Turbulent energy and shear stress predictions One major

advantage of the computer model is its capability of pre-
dicting the turbulent behaviour throﬁghout the whole flow
field; Since fhe turbulent kinetic energy k and energy
dissipation £ are the two dependent variables used in the
transport equafioné, k and € are calculated diféctly via
the numerical procedure. ‘The predicted k—distribution

for the case of gi“= 3 and ;1 = % is presented in Fig.5.1-7.
The profiles of k?ﬁmz at vargous stations‘downstream reveal
that there is a very thinvbut high turbulent energy zone

between the primary and secbndary streams at the beginning

of the duct. This can be explained as the result of vigo-
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- rous mixing between the twoAstreams; The jet growth fur-
ther down-~-stream is made clear by the'spread of the high
turbulent eﬁergy zone. The peak of the k-profile is in-
creased at first and then decreases. This shows that the
degree of mixing is intensified at first and then dimini-
: shed graduélly. The profile at about 12 radius downstream
suggests that the mixing-is_almost completed there as no
obvious peak is observed.~ Since'there is no existing
experimental data of k for comparison, experimental studies
using a laser.Doppler anemometer to measure the mean and
~ the three orthogonal fluctuating velocities were carried
out iﬁ a uniform mixing duct. The results are reported
ih Chapter 6 and compared with the predicted values,.

The turbulent shear stresses.which arise from the
cross-correlation of fluctuating velocities as given by
equétion (2.4-1) can be re-written for cylindrical polar

coordinates as
T =y @+ 2D C G

In the mixing duct case,

U 2V
>t 7 2%
Thus -eu utv’ =,/Ltgg (5.1-6)
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From equafion (2.4-8),

2. :
/}Lt = 9u€>h /e
the Reynolds shear stress term can then be expressed as

- 2 k_ 20U -
u'vf- 9# e 5T (5.1=7)

As U, k and € are predicted throughout the whole flow
field, u'v' can be evaluated everywhere. Thevpredicted
utvy brofiles across various stations of a uniform mixing
duct are non-dimensionalized by Um2 and the results are

~ compared with Razinsky and Brighton's (1971) data as shown

in Fig. 5.1-8. The agreement appears to be satisfactofy.

The influence of grid spacing To investigate the influence

of the grid spacing on the predicted results, three diffe-
rent grids were used to predict the same flow situation
with radius ratio of % and vélocity ratio of 10. The
comparison of centre-line velécity decay aﬁd Static pre-
ssure rise are shown in Fig. 5.1—9. It can be observed
tha@ by inereasing‘the grid from 11 x 11 to 18_¥A18; the
reSults do not show drastic change, especiaiiy when the
flow is fai enough downstream. However, the computer
time required for 18 x 18 grid is almost three timeg
that of>11 x 11. It is thus necessary to choose an
apﬁropriate grid size based on the compromise of economy

and accuracy.

94



{ ! 3 1
x/l‘o= 2 +
;
A .
.03 ] -\ L T
.02 | AN T
A
.01 | g 4.
A
) I3
0 N 1 ! } °
. i J v .
t - ; y
o , N ‘ N ' t - .
T 1 ¥ 1
02 04‘ '6 '8 1.0 4

r/ T,

Fig. 5.1-8(a) Comparison of Predicted Shear Stress with

data from Razinsky and Brighton, r

o _
Yo 1 BT

95
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Some comments on the accuracy ahd possible improvements

In general, the agreement between prediction and measure-
-ment is acceptable for axial velocity,vstatic_pressure and
-turbulent shear stress. The accuracy might be improved,

especially in the case of high velocity ratio and small
radius ratio, by specifying a finer radial grid spacing

in the mixing region where velocity gradient is high. To

some extent, the empirical constants listed in Table 2.4—1
. may have some effect on the accuracy of the prediction.

By improving these constants, a bétter result can be
expected. - However, it is anticipated that large amount.
of measurements aré necessary before a bettey set of
constants cen be established.

The results‘obtainéd so far reveal that the two-
equation turbulence model is capable of predicting, with
acceptable accuracy, the time;mean velocity and static
pressure as well as the turbulent behaviour of the flow
in an unifofm miking duct. The next task is to apply |
the model to'pfedict the flow-in a typical jet pump mixing
‘fube with a secondary‘inlet region where flow area is
reducing and the noézle is placed at some distance upstrean

of the inlet section of the mixing duct.

5.2 Flow'in Typical Mixing Tube Including Secondary Inlet
Region

5.2.1 Introduction

The geometrical configuration of a typical jet pump

mixing tube with nozzle exit placed in the varying-area
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inlet region is shown in Fig. 4,33, A'computer model
which simulates the mixing tube together with such a
secondary inlet region is developed‘and described in
section 4.%.2. The model was used to predict the flows
~in the domain and compared with the experimental data
from Sanger (1968a). ‘Flow conditions were varied So
that their effects on fhe,performance were discussed.
All fthe prédictions were obtained using a 26 x 12 grid.

5.2.2 Results and Discussion

The computer model was used to predict two mixing
tube tested by Sanger (1968a). The geometries of the

two mixing tube A and B are listed in Table 5.2-1.

Mixing Tube

a,(m) a /4,  s/a,  R(m) R, (n)

A 0.0342  0.257 1.05  0.127 0.165
B 0.0342  0.444  0.96 0.127 0.1903

 Table 5.2-1 Geometries of mixing tubes used for prediction

The predicted pressures along the duct wall were

" plotted and compéred with'the measured values‘obtained

by Sanger as shown in Fig. 5.2-1. Tt is clearly demor-
strated thét the correlation between the prédicted and

the measuréd values is fairly good. The predicted pressure
profiles fqr various flow ratios in mixing tubé A are also
presented in Fig.*5.2-2.v The results shoﬁs that}thé loca~
tions of minimum and maximum pressure points are closer

to the nozzle exit at lower flow ratio. As the flow ratio

increases, these locations move further downstream from
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the nozzle exit. This tendency is more obvious for the
maximumvpressure point. It is also observed that the
pressure in the mixing tube increases more abruptly in
the case of smaller flow ratio possibly due to larger
initial velocity ratio between the primary and the secon-
dary flows which leads to a more vigorous mixing.

It may be concluded that for the same nozzle to
mixing tube area ratio, a higher flow ratio will require
‘a longer mixing tube to achieve the maximum possible pre-
ssure r;se.' This discovery explains the inconsistency of
the optimum mixing tube lengths recommended by various
authors as the flow conditions under investigations differ
widely. B

To‘ensure that thejprediction is acceptable for a
wide range'of flow ratios, the pressure rise in the constant
diameter mixing tube is non-dimensionaligzed by %eth and
plotted against the flow ratio so as to compare with
- Sénger's data. PFig. 5.2-3 shows a satisfactory comparison

between the prediction and the measurement. |
) The predicted streamw1se velocity proflles across
various flow sectlons throughout the whole flow fleld
are shown in Fig. 5.2-4. Comparison for two different
flow ratios is also shown. The centre-~line veiocity
decays are shown in Fig. 5.2-5. The results show that
the centre-line velocity decays faster as flow ratio
reduces. If the centre-line velocity decay is taken as
a measure of the degree of m1x1ng, then it can be conclu-

ded that mixing is. completed earller in the case of a
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lower flow ratio. A longer miiing tube is thus required
for a higher flow ratio. This has coincided well with
 the conclusion drawn from the pressure prediction.
Although no detailed information is given fdr the
turbulent intensity or turbulent kinetic energy distri-~
bﬁfion at the inlet in Sanger's work, uniform k-profile
were aSsumed for nozzle exit and secondary inlet region

as follows.

~
]

o.oomn2 * (5.2-1)

k

]

o.ooBUS2 % (5.2-2)
where Un and Us are the mean velocities at hozzle exit and
secondary inlet respectively. The choice was based on an
- estimation that the local turbulent intensities at the
hozzle exit and the secondar& inlet were around 3% and
4.5% respectively, and the flow was assumed to be isotrbpic
turbulence. The inlet ¢ -profile was specified according
to equation (5.1-4) with 1, = O 0025d;

A typical k-dlstrlbutlon profile is presented in
Fig. 5.2-65 It is clear that the results reflect reasonably &
well the turbuient behaviour of the confined‘jet mixing
with the mixing zone having a higher turbulent kinetic

energy.

563 Flowvin A Conical Diffuser

50631 Intrdduotion

A conical diffuser is often used as the pressure head

% See Apéendix A.9
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recovery device in jet pump systems. McDonald et al (1966)
tested various conical diffusers of different inciuded
angles and'length to investigate theirvﬁerformances.
Muellér (1964) studied a series of diffusers in jet pumps
héving included angles ranging from 3.5% to 10.70. He
concluded that for optimum jet ﬁump performance with best
éfficiency, the diffuser with larger included angles must
be vsed in conjunction with a longer mixing tube in order
to prevent separation in the diffuser. The results of
Mueller also reveal that the best efficiency occurs at é
combination of 5° diffuser included anglé with a mixing
tﬁbe length of 6.5 diametérs.‘ By testing two sets of Jet
pumps , Sanger (1968a, 1968b) showed that a combination of
a 6O’diffuser included angle with a mixing tube length of
5.66 diameters gives a better performance than a 8.1°
diffuser combined with a mixing tube of 7.25 diameters
long; It is apparent that the diffuser performance depends
upon the inlet velocity profile which itself depends on a
number of factors in the jet pump system, i.e., mixing tube
- length, nozzle.spacing, areéﬁratio and flow ratio.

Besides being used in a jet pump device, the conical
diffuser is also widely used in many other fluid flow sys-
tems. A reliable prediction of diffuser flow behaviour
and performance is certainly required. |

The present study is to use the computer model des-
cribed in section 4.3.3 to predict the flows in conical
~ diffusers. The inlet vélqcity profile which is dictated
by the ﬁpstream geometries and flow}conditions is speci-

fied as the inlet boundary condition.
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5.3.2 Results and Discussion

The computer programme for calculating the flow in
conical diffuser has been run for two diffusers with in-
| cluded angles of 4° and 8° and inlet Reynolds Number of
1.25 x 10° so0 as to predict the experimental performance' 
obtained by McDonald et al (1966). The two included angles
are chbseh based on the fact that most diffusers used in
jet pumps are within the range of 3.5° to 8°. As no
information on turbulent intensity at the inlet was reported
by the authors, the following inlet k-values and length
scale were’used as they produced good predicted results-

compared with the experimental data.

2 *

= 0.001U1

-
|

where 1 denotes the diffuser iniet section.

The results are presented in Fig. 5.3-1 where the
hpredicted and the experimental pressures are gompared.

The prediction in the region up to 10 radius of the diffu-
ser inlet section are in excellent§agreemenfwwith the
measurement. Further downstream, the prediction is slightly
higher than the measurement in both cases.

To study the flow behaviour in the diffuser, mean
velocity profiles at various sections were aiso plotted.
Fig. 5.3-2 presents the mean velocity development of the
8° included angles diffuser with uniform inlet velocity.

* See Appendix A.9
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The results clearly demonstrate the development of the
bﬁurbulent boundary layer in diffuser flow. Fig. 5.3-3
presents the non-dimensional turbulent kinetic energy
profiies with an assumed uniform k-profile prescribed
at the inlet. Once again, the turbulent boundary layexr
development is clearly shown. At the initial region of
the diffﬁser,,there is a very thin but high turbulent
gnergszone close to the diffuser wall. TFurther down-
stream,‘owing to the growth of turbulent boundary layer,
the'high turbulent energy zone increases its thickness -
with a reduction in its magnitude. The peak of the k-
"pfofile also moves further away from the wall as the flow
developed downstream. |

Diffuser flow in coﬁﬁunétion with a mixing tube as
used in typical jet pumps were also studied. The jet
mixing computer prdgramme was run using various area
ratiés and flow ratios. Tﬁe predicted velocity profiles
at the end of the mixing tube were then used as inlet
velocity profiles for the diffuser programme, Predictions

were obtained for two Jet pﬁﬁp configurations tested by

Sanger (1968a). The detailed geometries are tabulated in

Table 503"‘1 .
- Area Ratio : dn/dt 1,6/<1Jc o s/dt
0.066 ‘ 0.257 7.25 8.1° 0
0.197 0.444 5.66 & 0

Table 5.3-1 Geometries of two jet pump diffusers
| used for prediction

13



FPig.e 5.3-4 and 5.3-5 present the predicted static
pressure along the wall for various flow ratios. Both
‘cases show good correlation between'predicted and measured
values. All the diffusér predictions were obtained using
a 14 x 12 grid. .

The results so far reveal that the k- £ turbulence
model is capable of predicting satisfactory results in
conical diffusers not only by itself but also in conjunc-
tion with a mixing tube. They are expecially encouraging}
in view of the fact that both mean flow behaviour as well
as turbulent structure are obtainable at the same time.
Since the mean velocity and k-profiles at the inlet are
prescribed as inlet boundary conditions, the programme
can readily be used to investigate many other flow pro-

blems where the diffuser is one of the flow components.

5.4 The Prediction of Overall Performance of Typical Jet

Pump

5.4.1 Introduction —
N The successful predictions of the flows in jét pump
components using the conmputer models describedﬁin Chapter
4 have led to a conclusion that it is 'possigie to predict
the overall performance, i.e., pressure rise, efficiency,
etc., in a typical‘jet pump system, Once the flow ratio
of a jet pump is specified, the head ratio will be the
oniy parameter to determine the efficiency df the pump.
The prediction of the static pressure throughout the

whole flow field will enablé the head ratio and thus
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'+733&0L 8&7: '27,,&0&0' +75 *& 40&'&6, 7, 7 07,%&0 % (1%
2/628&6,07,(/6 8(,%/), 27)'(61 '&0(/)" -&.&2,L &=2&4, , %7,

76 &=28&"'(;& 2/62&6,07,(/6 1(;& 7 % (1% -2 '(1673 2/+4/<



6&6,S *), ,%& 2/62&6,07,(/6 /. 3701&0 470,(23&" '%/)3- *&
&4, | 7 +(6(+)+ &;&6 (. ,%&5 -/ 6/, 2/6,0(*),& ',0/61

/443&0 '(1673' #761 76- 65-&0 N >AO 73'/ -('2/;&0&-

%7, %& '(1673<,/<6/('& 07,(/ .0/+ ,%& 76&+/+&,&0 8(33
-&,&0(/07,& 7, % (1% 470,(23& 2/62&6,07,(/6 #%&6 ,%&
/443&0 '(1673 (' 40/2&''&- *5 7 .0&B)&625 ,072:&0L ,%&
3/8&', 3(+(, /. 470,(23& 2/62&6,07,(/6 8(33 *& ,%& /6&
'y..(2(&6, ,/ +7(6,7(6 7, 3&7', /16& 470,(23& (6 ,%&

'27,,&0(61 :/3)+& .10 +/', |. ,%& ,(+& 22/0-(61 ,/

)O',L &33(61 76- #%(,&378 N >DOL ,%& +7=(+)+ 2/62&6U
,07,(/6 7, 8% (2% 7 .0(61& +/-& [4,(273 '5', &+ 8/)3- *&
&+43/5&- (' 7*1), 470,(23&' '"(+)3,76&/)'35 40&'&6,

(6 ,%& '27,,&0(61 0&1(/6 <

(1%,<2/33&2,(61 5',&+ , %7' *&&6 '%/86 *5 )0',L

&33(61 76- #%(,&378 N >DO ,%7,L ./0 7 -)73 *&7+ 76&+/+&U
,&0L ,%& '(1673 B)73(,5 8(33 (+40/:& (. ,%& 3(1%, (6,&6'(U
(&' 1. ,%& ,8/ *&7+' 70& +7,2%&- )0', N >?0 '%/8&-

%7, (. ,%& 4%/,16 "%/, 6/('& (' ,%& 40&-/+(676, 6/('&
2/6,0(*),(/6L ,%& '(1673<,/<6/('& 07,(/ -8&20&7'&" 8(, %
(620&7'(61 7613& *&,8&&6 ,%& *&7+' 7' 8&33 7' 8(,% (620&7'U
(61 7613& /. -&,&2,(/6 % &/0&,(273 76735'(" *5 )0',L
&33(61 76- #%(,&378 N >DO 40&-(2,&- ,%7, 76 (620&7'& (6
-&,8&2,(/6 748&0,)08& /. ,%& 4%/,/+)3,(43(&0 (620&7'&' ,%&
'(1673 ',0&61,% *), 6/, 6&2&''705 ,%& '(1673<,/<6/('&

07,(/ 33 ,%&'& 0&')3,' 0&;&73 ,%7, ,%& 3(1%,<2/33&2,(61
'5', &+ 0&40&'&6,' 76 (+4/0,76, 470, /. 37'&0 /443&0
76&+/+&,&0 76- '%/)3- *& -&'(16&- 270&.)335 (6 /0-&0 ,/

72%(&:& ,%& /4,(+73 0&')3," /. '(1673 ',0&61,% 76- '(1673<



I<6/('& 07,(/
D D !0&B)&625 %(.,

6 ,%& 27'& /. +&7')0(61 %(1%35 ,)0*)3&6, .3/8' /0
,%& 0 + ' :&3/2(,5 8(,% 6&13(1(*3& +&76 ;&3/2(,5L 7 3701&
.3)2,)7,(/6 /. 14438&0 .0&B)&625 40&;&6,' ,%& )'& /. ,%&
,0&B)&625 ,072:&0 7' ,%& 40/2&''(61 ,&2%6(B)& % (' ('
*8&27)'& +/', .0&B)&625 ,072:&0 276 /635 ./33/8 .0&B)&625
.3)2,)7,(/6 )4 1 # [. ,%& +&76 .0&B)&625 /8&;&0L
"Y2% -(..(2)3,5 276 *& /;&02/+& *5 )'(61 ,8/ *&7+"' /.
-(..&0&6, 87;&3&61,% ,/ (6,&0'&2, 7, ,%& .3/8 07,%&0 ,%76
8/ *&7+'Q /. ,%& '7+& 87;&3&61,%E %& &..&2, 8/)3- *&
/ 40/-)2& 7 .0(61& 47,,&06 +/;(61 720/ ,%& +&7')0(61
/3)+& (6',&7- /. 7 ',7,(/6705 .0(61& 47,,&06 20&7,&- *5
8/ 3(1%, *&7+' /. '7+& 87;&3&61,% /8L 7 470,(23& 8(,%
M&O/ +&76 ;&3/2(,5 (6 ,%& +&7')0(61 ;/3)+& 8(,% 7 +/;(61
.0(61& 47,,&06 8/)3- *& &B)(;73&6, ,/ 7 +/;(61 470,(23&
(6 ,%& +&7')0(61 ;/3)+& 8(,% 7 ',7,(/6705 .0(61& 47,,&06
%& /443&0 .0&B)&625 40/-)2&- *5 7 ', 7,(/6705 470,(23&
76- 7 +/;(61 .0(61& 8(33 -&4&6- /6 ,%& -(..&08&6, .0&B)&625
*& B8&&6 ,%& ,8/ *&T+' L %/8&:&0L 7 +/;(61 470,(23& ('
408&'&6, (6 7 +/;(61 .0(61& 47,,&06L ,%& /443&0 .0&B)&625
8(33 (620&7'& (. ,%& 470,(23& 76- ,%& .0(61& 47,,806 70&
+/:(61 (6 ,%& /44/'(,& -(0&2,(/6" %)'L (, (" /*; (/)"
%7, *5 208&7,(61 7 .0(61& 47,,&06 +/;(61 (6 ,%& [44/'(,&
-(0&2,(/6 /. ,%& 470,(23& +/:&+&6,L ,%& +&76 /443&0 .0&U
B)&625 8(33 (620&7'& 76- %&62& ./02& ,%& .3)2,)7,(61

.0&B)&625 ,/ .733 8(,%(6 ,%& 8/0:(61 0761& /. ,%& .0&B)&625



,072:&0 %& /443&0 .0&B)&625 8(,% ,8/ (62(-&6, |*&7+'
/. )6&B)73 .0&B)&62(&' .1 76- .1 (' 1(;&6 ]*5 &B)7,(/6

NDL < O 76- 0&40/-)2&- 7" ./33/89

A ] .(? b < (W E
(X .(? A~ ' ('2733&- ,%& .0&B)&625 '%(.,L

/| (623)-& 7 .0&B)&625 '%(., (6 76 /4,(273 '5',&+L
,8/ $0711 2&33' 70& (6',733&- (6 ,%& /4,(273 )6(,L '/ , %7,
&72% *&7+ 47''&' ,%0/)1% /6& 2&33 %& $0711 2&33' 70&
-0(;&6 *5 7 -0(;&0 8% (2% %7' '&;&073 .0&B)&625 '&,,(61"
, &72% /. ,%& '%(., '&,,(61L . L ,%&_08&B)&625 /. /6&
*&7+ (' (620&7'&- *5.,". 76- ,%7, /. %& /,%&0 *&7+ ('
0&-)2&- *5Q". L %& .0&B)&625 -(..&0&628& /. ,%& *&7+"
7.,&0 47" (61 ,%0/)1% ,%& $0711 2&33' (' &B)73 .,/ ,%&
.0&B)&625 '%(., '&,,(p1 .L %& 2%/(2& /. . ('-8&4&6-<
&6, )4/6 ,%& ,)0*)3&6, (6,&6'(,5 7' 8&33 7' ,%& /0(1(673

+&76 .0&B)&625L

DA %& &7')0&+&6, /. &76 76- 13)2,)7,(61 C&3/2(,(&'"
(61 L
D AE %& [+4/6&6," /. ,%& 7'&0 /)438&0 6&+/+&,&0
%& 37'&0 /44380 76&+/+&,8&0 )'&- (6 ,%& 40&'&6, (6U
&', (17,(/6 2/6'("," /. ,%& ./33/8(61 2/+4/6&6,'9<
N(O +#L &< & 37'&0 +/-&3 )1%&' 2? < 8(,%

4/8&0 )6(, +/-&3 <RS



N((O 6 (6,&107,&- /4,(273<)6(,L 54& S

N(((O .3/8 -(0&2,(/6 7-74,&0 8(,% -0(;&0L 54&
?S
N(;O 4%/,/+)3,(43(&0 54& S
N:O !0&B)&625 ,072:(61 '(1673 40/2&'' (61 &3&2,0/6(2"
548&
%& 700761&+&6, /. ,%& /4,(273 2/+4/6&6," ,/1&,%&0
8(,%F, %& +(=(61 ,)*& ,&', '&2,(/6 (' '%/86 -(7107++7,(27335

(6 1(1 D A<

.3/8 -(0&2,(/6
7-74,&0

37'&0

$0711 4%/,/+)3,(43(&0

2&33"
G(6,&107,&- /4,(273
)6 (,

(1 D A< 4,(273 700761&+&6, /.

%& 37'&0 87' -(0&2,35 +/)6,&- 16,/ ,%& /4,(273 )6(, '/
%7, 765 0/,7,(/6 /. ,%& /4,(273 )6(, ./0 +&7')0(61 -(..&0U
&6, ;&3/2(,5 2/+4/6&6,' -/&' 6/, 0&B)(0& 0&<73(16+&6, /.
% & 37'&0 %& .3/8 -(0&2,(/6 7-74,8&0 8% (2% 2/6'('," I.
8/ $0711 2&33' 76- 7 .0&B)&625 -0(;&0L 87' (62/04/07,&-
(6,/ ,%& /4,(273 )6(, '/ 7,/ .72(3(,7,& ,%& +&7')0&+&6,

/. %(1%35 ,)0*)3&6, +(=(61 0&1(/6 7' 8&33 7' ,%& 07-(73



76- ,761&6,(73 0 + ' ;&3/2(,(&' 8%&0& ,%& +&76 ;&3/2(,5
(' 6&13(1(*3& %& ,8/ 37'&0 *&7+' 8&0& *0/)1%, ,/ 20/"
7, %& +&7')0(61 4/(6, (6 ,%& +(=(61 ,)*& *5 ,%& 2/6;&01&6,
3&6' /. ,%& 14,(273 )6(, %&<4%/,/+)3,(43(&0 87' 4372&-
/6 ,%& '7T+& /14,(273 *&62% 7, ,%& /,%&0 '(-& /. ,%& +(=(61
)*& )'(61 ,%& -)73 *&7+ /0 .0(61& +/-& /. 700761&+&6,

/| &6')0& ,%7, ,%& ,8/ 37'&0 *&7+' 276 *& *0/)1%, ,/
20/ 7, 765 4/(6, (6 ,%& +(=(61 ,)*&L 7440/40(7,& 7-@)',U
(61 +&2%76('+' 70& 0&B)(0&- %& (6,8&107,&- /4,(273 )6(,
76- ,%& 4%/,/+)3,(43(&0 8&0& +/)6,&- /6 76 /4,(273 *&62%
(7 ,8/ 7-@)',7*3& 0(-&0" %& 0(-&0' %7:;& .(6& 7-@)',(61
'2088"' ,/ +/;& ,%& [4,(273 )6(, 76- ,%& 4%/,/+)3,(43(&0 (6
% & ;&0,(273 76- 3/61(,)-(673 -(0&2,(/6' /. ,%& +(=(61 ,)*&
%& &6,(0& /4,(273 *&62% 87' ')44/0,&- *5 ,8/ ')44/0,(61
+8&2%76('+' .(=&- /6 ,%& .07+& /. ,%& 0(1 72% /16& /.

% &'& +&2%T6('+' 2/+40('&- 76 (6;&0,&- L *7'& 37(-
47073383 ,/ ,%& 3/61(,)-(673 7=(" /. ,%& +(=(61 ,)*&
3/61 (,' 74&= 7 072: 87" 2), 'I 7', 722/++/-7,& ,%&
4(6(/16 /. 7 20/ '3(-& +/)6,&- /6 /4 /. ,%& *7'& N'&&

I(1 D A<?0 $5 ,)06(61 ,%& 4(6(/6 %&7-L ,%& 20/''U
'3(-& 276 *& +/;&- 73/61 ,%& *7'& (6 ,%& 3/61(,)-(673
-(0&2,(/6 /. ,%& +(=(61 ,)*& (=&- /6 ,/4 |. ,%& 20/"'U
'3(-&Q (" 7 ,%(2: 437,& 8(,% ,8/ V .10//;& 2), (6,1 (,
0)66(61 7, 0(1%, 7613&" ,/ ,%& -(0&2,(/6 /. ,07:&3 /. ,%&
20/''<'3(-& '&2/6- '3(-& N37,8073 '3(-&0 8% (2% %&3-
% & /4,(273 *&62% 87' +/)6,&- 16,/ ,%(' 10//;&- 437,&
1(6& 7-@)',+&6, /. ,%(' 37,&073 '3(-& 87' +7-& )'(61

,%0&7-&- 3(6: *&,8&&6 ,%& '3(-& 76- 7 ,744&- *3/2: . (=&-
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(1L DEA< 376 :(&8 /. +(=(61 ,)*& 76- /4,(273 *&62%



J ,%& ,< 10//;&- 437,&E  %&<+&2%76('+ ,%)' 40/;(-&'
72(3(,(&" .10 ,%& 8%/3& /4,(273 *&62% ,/ *& +/;&- 73/61
% & +(=(61 ,)*& 7=(" *5 0/,7,(61 ,%& 4(6(/6 %&7- /. ,%&
3/61(,)-(673 20/''<'3(-& 76- 720/' +(=(61 ,)*& *5 7-@)"',U
(61 ,%& 37,&073 '3(-& %& /;&0733 4376 ;(&8 /. ,%& 7-@)',U
+8&6, +&2%76('+L /4,(273 *&62% 76- ,%& +(=(61 ,)*& (' '%/86
(6 1(1 DEA<

%& *3/2: -(7107+ /. ,%& .0&B)&625 ,072:(61 '(1673
40/28&''(61 &3&2,0/6(2' )'&- (6 ,%(' &=4&0(+&6, (' '%/86
(6 1(1 D A<AE %& &B)(4+&6, (' 7 ',76-70- 472:71& -&;&U
3/4&- *5 R RE %& % (1% ;/3,71& ')4435 )6(,
40/;(-&' 7 2/6,(6)/)'35 7-@)',7*3& 13,71& .1 ,%&
4%1,/+)3,(43(&0 Q %& 4%/,/+)3,(43(&0 0&2&(:&- 7 /443&0
"% (.,&- 3(1%, '(1673 '27,,&08&- *5 470,(23&" .0/+ ,%&
+8&7')0(61 ;/3)+& %& 3(1%, '(1673 %7' 7 '(6)'/(-73
(6,&6'(,5 ;70(7,(/6 8(,% ,(+& , %7' *&&6 '%/86 *5 ,%&
1(6,&0.8&08&628& .0(61&] +/-&3 40/4/'&- *5 )-- N D O ,%7,
,%& .0&B)&625 /. ,%(' (6,&6'(,5 :70(7,(/6 (' &B)73 ,/ ,%&
/4438&0 .0&B)&625 /. ,%& '27,,&0&- 3(1%, N'&2,(/6 D < O
%& -),5 /. ,%& 4%/,/+)3,(43(&0 (' ,/ ,076'./0+ ,%& 3(1%,
'(1673 (6,/ 76 &3&2,0(273 '(1673 8(,%/), 2%761(61 (,'
.0&B)&625 %& '(1673 .0/+ ,%& 4%/,/+)3,(43(&0 1/&'
(0',< ,/ 7 408&7+43(.(&0 8%&0& ,%& '(1673 3&;&3 (' 07('&-
| 7 38&:;&3 8% (2% 276 *& 722&4,&- *5 ,%& ,072:&0 % &
4087+43(.(&0 73"/ 2/6,7(6' ,%& % (1% 47'' 76- 3/8 47"
(3,&0' ,/ 0&+/;& ,%& 3/8 .0&B)&625 4&-&',73 76- % (1%
.0&B)&625 6/('& .0/+ ,%& /443&0 '(1673 %& '(1673 ('

% &6 .&- ,/ ,%& .0&B)&625 ,072:8&0 8% (2% 40/-)2&' 76
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7673/1)& ;/3,71& -(0&2,35 40/4/0,(/673 ,/ ,%9& (6',76,76&/)"
/443&0 .0&B)&625 76- %&62& /. .3/8 ;&3/2(,5 6 /0-&0 ,/
40/;(-&  ',7,(',(273 (6./0+7,(/6 /6 ,%& +&76 76- .3)2,)7U
(61 ;&3/2(,(&" ,%& /),4), ;/3,71& .0/+ ,%& ,072:&0 (' .&-
/7 -(1(,73 ;/3,+&,&0 ./0 -&,&0+(6(61 ,%& +&76 ;&3/2(,5
76- ,/ 7 0&(6 "' ;/3,+&,&0 ;(7 7 '(1673 2/6-(,(/6&0 ./0
-&,8&0+(6(61 ,%& OL+ 'L ;:&3/2(,5L

4%/,/1074% /. ,%& 37'&0 76&+/+&,&0 +/)6,&- /6 ,%&
@&, 4)+4 &', 0(1 (' '%/86 (6 37,& DEA< 76- ,%& '(1673
40/2&''(61 &3&2,0/6(2" (' '%/86 (6 37,& DLA<?L
DLA ? %& &7')0&+&6, /. %0&& O0,%/1/673 C&3/2(,5

/+4/6&6," (6 7 (02)370 (=(61 )*&

%& ,%0&& /0,%/1/673L 2/+4/6&6," /. ;&3/2(,5 (6 7
2(02)370 +(=(61 ,)*& ,/ *& +&7')0&- 70& '%/86 (6 (1
D A<

%& ./33/8(61 47071074%"' 70& 2/62&06&- 8(,% -&,7 (3"
l. ,%& 1&/+&,0(273 '&,<)4 /. ,%& 37'&0 /4,(2' 76- ,%&
6&2&''705 2732)37,(/6 40/2&-)0&"' ./0 &;73)7,(61 ,%& +&76

76- 0 + 'L ;&3/2(,(&" (6 ,%& ,%0&& /0,%/1/673 -(0&2,(/6"

(1L D A< %& ,%0&& /0,%/1/673 .3)2,)7,(61 ;&3/2(,(&"



37,& D A< %& 37'&0 /443&0 76&+/+&,&0 +/)6,&- /6 ,%& 0(1

37,& D A<? %& '(1673 40/2&"''(61 &3&2,0/6(2"



%& +&7')0&+&6, /. +&76 76- .3)2,)7,(61 0 + ' :&3/2(,(&"

(6 ,%& 7=(73 N3/61(,)-(6730 -(0&2,(/6 %& .3/8 (6 ,%&
+(=(61 ,)*& (' 7'')+&- ,/ *& 7=( <'5++&,0(273 %& 7=(73
2/+4/6&6, /. ;&3/2(,5 87' +&7')0&- (6 7 %/0(M/6,73 4376&

8% (2% 2), ,%0/)1% ,%& 7=(' /. ,%& +(=(61 ,)*& 8/ %/0(U
M/6,73 37'&0 *&7+' .0/+ ,%& /4,(273 )6(, 8&0& *0/)1%, ,/
+&&, 7, 765 4/(6, /6 ,%& 4376& '/ ,%7, ,%& *('&2,/0 /.

% & *&7+ (6,8&0'&2,(61 7613& (' 4&04&6-(2)370 ,/ ,%& 7=("

/. %& +(=(61 ,)*& N'&& !(D A<DO / &6')0& ,%7, ,%&
+8&7')0&+&6, 87'Q,7:&6 7, ,%& 2/00&2, 4376&L 7 40/*& 87"
(6'&0,&- .0/+ ,%& ,/4 /. ,%& +(=(61 ,)*& ,/ 3/27,& ,%&
286,08 /. ,%& +(=(61 ,)*& #%&6 ,%& ,8/ 37'&0 *&7+'

20/'"'&- &=72,35 7, ,%& 40/*& ,(4L ,%& 40/*& 87' 0&+/;&-

76- ,%& .3/8 87' 3&., )6-(',)0%&- 8%&6 72,)73 +&7')0&+&6,"
8&0& ,7:&6 $5 +/;(61 ,%& 8%/3& /4,(273 *&62% %/0(M/6,7U
335 7, 0(1%, 7613&' ,/ ,%& +(=(61 ,)*& 7=('L ,%& +&7')0(61
4/(6, 87' ,%&6 +/:&- 7875 .0/+ ,%& 2&6,0& ')2% ,%7, +&7')0&U
+&6, 7, ;70(/)' 3/27,(/6" /. , %7, 470,(2)370 +&7')0(61 '&2U
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&7')0(61 *&T+"
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I(1 D A<D &7')0(61 4376& ./0 <;&3/2(,5
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8(61 ,/ ,%& 0&.072,(;& &..&2,L ,%& -(',762& ,07;&33U
&- *5 ,%& /4,(273 )6(, (' 6/, &B)73 ,/ ,%& -(',762& ,07;&U
33&- *5 ,%& +&7')0(61 4/(6, 08&37,(/6'% (4 *&,8&8&6 ,%&'&
8/ +/:&+&6," (' ,%) 6&&-&- ,/ *& &', 7*3('%&- IDLA<>
(33)',07,&' ,%& *&7+ (6,&0'&2,(/6 ./0 +&7')0(61 ,%& 7=(73

1 &3712(,5

I(1 D A<> $&7+ (6,&0'&2,(/6 ./0 7=(73 :&3/2(,5
+8&7')0&+&6,

6 (62(-&6, *&7+L 8% (2% %(,' ,%& /),&0 8733 ')0.72&
7, L (. 47"&" ,%0/)1% ,9%&33 (6,/ ,%& 87,80 8(,%/),
765 0&.072,(/6L 8(33 +&&, 7 '5++&,0(273 *&7+ N6/, '%/860
7, | %7:(61 7 -(',762& -1 .0/+ ,%& /),&0 8733 ')0.72&
/8&:&0L -)& ,/ ,%& 0&.072,(/6' (6 ,%& 4&0'4&= 8733 76-
87,&0L ,%& *&7+' 72,)7335 (6,&0'&2, 7, #/Q&,8(,% 7
-(‘,762&-LQ 0/+ ,%& /),&0 8733 ')0.72& L ¢ %e
(62(-&6, 7613& (6 7(0L 0 (' ,%& 0&.072,(;& 7613& (6

4&0'4&= 76- 0 (' ,%& 0&.072,(;& 7613& (6 87,&0L ,%&6
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:&3/2(,5L .3)2,)7,(61 ;&3/2(,5 76- '%&70 ',0&"" )'(61 7
'(613& 2%766&3 76&+/+&,8&0 V 6./0+7,(/6L | 2

)O',L L #(13&5L < 76- 70&L N >AO Q 7'&0< /443&0
768&+/+&,05 76- (,' 7443(27,(/6 ,/ .3/8 (6;&',(17,(/6"

(6 ,%& &6;(0/6+&6, /. ;&1&,7,(/6 V 6(;&0'(,5 /.
R703'0)%&L &4/0, $ F&+FA

31%/*7 % (L 76- )6L # N >AO V ,%&/0&,(273 76-
&=48&0(+&6,73 ',)-5 /. ,)0*)3&6, -(..)'(/6 .37+&" (6

253(6-0(273 .)0672&"' V 0/2 % 5+4/'()+ /6 [+*)', (/6
'2)-(&0L 76- (2/33L # $ N DDO V %& '%&70<8/0:<

L(6,8&1073 0&37,(/6 (6 2732)37,(/6' /. ,)0*)3&6, */)6-705

3758&0' V +4&0(73 /33&1&L &2% 61 &4, &4/0,
# F F

'2)-(&0L 76- 473-(61L $ N DO V 6/,& /6 ,%&
,)0*)3&6, )6(./0+<40/4&0,5 %5-0/-567+(2 */)6-705 375&0
/16 7 '+//,% (+4&0+&7*3& 8733S 2/+470('/6" /. ,%&/05 8(,%
&=4&0(+&6, V >

=3&5L " 76- $0(1%,/6L " N >0 VvV 3/8 '&4707,(/6

76- 0&7,,72%+&6, (6 2/6.(6&- @&, +(=(61 E " [. $7'(2
61(6&&0(61L 076" L ")6& > E

1/3'/+L N AO VO0&-(2,(61 3(B)(- @&, 4)+4 4&0./0+U

762& V 0/2 /. 7,(/673 /6.&08&62& /6 6-)',0(73 5-07)3(2L
L 2, A

1/0',733L # 76- %74(0/L N O Q /+&6,)+ 76- +7"'
,076'.&0 (6 2/7=(73 17" @&,' Q " /. 443(&- &2%76(2'L
c/3 >

/3-',&(6L N >0 Q /-&06 &:;&3/4+&6," (6 !3)(- 567+(2'V
=./0- 6(;&0'(,5 0&''L =./0-

/3-',&(6L " 76- 71&6L CF N D>0 V)0*)3&6, .3/8
+&7')0&+&6," ),(3(M(61 ,%& /443&0 '"%(., /. '27,,&08&-
37'&0 07-(7,(/16 Q %5'(2' /. !3)(-'L C/3 L A

/'3(6&L " 76- QS$0(&6L N AO T %& 87,&0 @&, 4)+4
6(;&0'(,5 /. 73(./06(7L )*3(27,(/6 (6 61(6&&0(61L
c/3 L [/



2>  /'+76L 76- )6L # N >AO0 V 732)37,(/6 /.

0&2(02)37,(61 .3/8' V /)0'& /,&'L +4&0(73 /33&1&L
/6-/6L &4/0, | F>AF?

2 </'+76L L )6L # L )62%73L R L 473-(61L $
76- #/3.'%,&(6L eN D O V &7, 76- +7'' ,076'.&0 (6
0&2(02)37,(61 .3/8' V 27-&+(2 0&''L /6-/6

2 7 (6%L 76- %7''7(61L N > O V/+& 6)+&0(273
40&-(2,(/6" /. (62/+40&''(*3& ,)0*)3&6, .3/8' V 0/2 ',
6, /6. /6 )+&0(273 &,%/-' (6 7+(670 76- )0*)3&6,
13/8L 876'&7L >

76'&6L 76- R(667:5L N DO V %& -&'(16 /. 87,&0
@&,F 4)+4' 70, <&=48&0(+&6,73 -&,&0+(67,(/6 /. [4,(+)+
~&'(16 4707+&,&0' V 74&0 D <# F! < L /; D

76@73(2L R N3 > O V 8/<-(+&6'(/673 7'5++&,0(2 ,)0*)3&6,
.3/8 (6 -)2," V %  %&' ('L 6(;&0'(,5 /. /6-/6

?2 703/8L ! 76- 7:757+7L N DO VO076'4/0, /.
,)0*)3&6, &6&015 -&275 07,& V /' 37+/'" 2(&62& 7*
6(;&0'(,5 /. 73(./06(7L &4/0, < AE

&7-L N DO V6,07(6+&6, (6 ,%& ,)0*)3&6, */)6-705
375&0 V 762 ?
A  &-1&'L R 76- (33L N >?20 V .(6(,& -(..&0&62&

+&,%/- .10 2/+40&"'(*38& @&, +(=(61 (6 2/6:8&01(61<
-(;&01(61 -)2,' VJI)&&6V' 6(:&0'(,5 %&0+73 2(&62&
&410, | F>?2L >7

&-1&'L R 76- (33L N >AO0 V /+40&"''(*3& .3/8
&E@&2,/0' a 70, L &;&3/4+&6, /. 7 .(6(,& -(..&0&62&
.3/8<+/-&3 V 7480 >A<! <

D &3+*/3-L $ L )&''&6L 76- &(60(2%L N AO

V6 &=48&0(+&6,73 2/+470('/6 /. 2/6',76, 40&'')0& 76-
2/6',76, -(7+&,&0 @&, 4)+4' V6(;8&0'(,5 /. #(2%(,7L
61(6&&0(61 &4/0, |/ A>L A

> (33L $" N >0 V8/<-(+&6'(/673<76735'(" /. .3/8 (6 @&,
4y+4' V" [. 5-07)3(2 (;('(/6L 0/2 L C/3 L/
>

(33L $ "IN >0 V6735'(' /. 2/6.(6&- @&, .3/8' 8(,%
7443(27,(/16" ./ ,%& -&'(16 /. @&, 4)+4' V % %&' ('L
6(;&0'(,5 /. I/6-/6L >

(33L N DO V)0*)3&6, @&," (6 -)2,&- ',0&7+" V" /.
13)(- &2%76(2'L C/3 2?2L

A (33L N D>0O V 62/+40&''(*3& @&, +(=(61 (6 2/6:&01(61<
-(;&01(61 7=('5++&,0(2 -)2," V" /. $7'(2 61(6&&0(61L
076" L 70 D>



A (BM&L " N > O Q )0*)3&62&QL< & 078< (33 62 L ?26-
-(,(/6L &8 /0:

A? )..7:&0L L 1)33&0L 76- 7808&62&L N D O
Q 443(27,(/6 /. 37'&0 /443&0 ;&3/2(,5 (6',0)+&6,7,(/6
J ,%& +&7')0&+&6, /. @&, ,)0*)3&62& V /6. L

&,0/(,L D

A "/6&'L # 76- 7)6-&0L $ N > O Q 0&-(2,(/6 /. 3/8
&56/3-'" )+*&0 4%&6/+&67 8(,% 7 ,8/<&B)7,(/6 +/-&3 /.

,)0*)3&62& Q 6, " /. &7, 76- 7'' 076'.&0L C/3 D
AA R7',6&0L " 76- 4//6&0L " N O Q6 (6:&',(17,(/6
/. ,%& 48&0./0+762& 76- -&'(16 /. ,%& 7(0 &@&2,/0 &+43/5U
(61 3/8<40&'')0& 7(0 7' -0(;(61 .3)(-0/2  &2%
D?L , ?L
A R&&G76L " 76- &)+76L N A?0 Q '(+43& 7(0 &@&2,/0Q
/. 443(&- &2%76(2'LC/3 L [/ ?
AD R/3+/1/0/;L N A?0 Q B)7,(/6' /. ,)0*)3&6, +/,(/6 /.
76 (62/+40&''(*3& ,)0*)3&6, .3)(- Q M: :7- 7):

&0 %5' CL [/ <?L D

A>E 7)6-&0L $ L /0'&lL L /-(L # 76- 473-(61L $
N >0 T %& 40&-(2,(/6 /. .0&8& "% &70 .3/8'< 2/+470('/6
l. ,%& 4&0./0+762& /. '"(= ,)0*)3&62& +/-&3"' Q 0/2 /.
/6. /6 '0&& %&70 !3/8'L 7613&5L >?

A 7)6-&0L $ 76- 473-(61L $ N >?20 Q 7,%&+7,(273
/-&3' /. )0*)3&62&QL 27-&+(2 0&'"'L /6-/6L >?

A 7)6-&0L $ 76- 473-(61L $ N >AO0 ]| %& 6)+&0(273
2/+4),7,(/6 /. ,)0*)3&6, .3/8' [+4),&0 &,%/-' (6
443(&- &2%76(2' 76- 61(6&&0(61L C/3

& F('L LI/0&+76L " # L #7,'/6L " 76- %/06,/6L
N DO Q 7'&0< /443&0 ;&3/2(+&,&0 ./0 +&7')0(61 .3/8<
-&3/2(,5 .3)2,)7,(/6" Q %5'(2' /. '3)(-'L /3 L A

7,,%&8"L 76- #%(,&378L " N > 0O Q %& 40&-(2,(/6 /.
(3+ 2//3(61 (6 ,%& 40&'&62& /. 0&2(02)37,(61 .3/8' 8(,%
7 ,8/<&B)7,(/6 +/-&3 /. ,)0*)3&62& Q +4&0(73 /33&1&L

&2% 61 &4, &4/0, F> F

2 2 1/673-L 76- 1/=L 8 N DDO< Q 6 &=4&0(+&6,73
(6:&',(17,(/6 /. (62/+40&"'(*3& .3/8 ¢66(273-(..)'&0'Q
6, " /. &2%76(273 2(&62&L /13 DD

&33(61L 76- #%(,&378E " N > O Q &7')0&+&6," (6
,)0*)3&6, 87,&0 .3/8' *5 37'&0 76&+/+&,&0 Q 0/2 /. O-
$(&66(73 5+4/'()+ /6 )0*)3&62& (6 (B)(-'L /33&0L
3'/L +4&0(73 /33&1&L &2% 61 &4, &4/0, F> FAA



A (:%7(3L N DO V(=(61/.<2/7=(73 ',0&7+" (6'(-& 7
23/'&- 2/6-)(, V" [. &2%76(273 61(6&&0(61 2(&62&L

C/3 ?L /<
/0,/6L " & 76- 370:L # N >0 V&7')0&+&6, /. ,8/
4/(6, ;&3/2(,5 2/00&37,(/6" (6 4(4& .3/8 )'(61 37'&0
76&+/+&,&0 V" /. %5'(2' 9 2( 6',0)+L [/ A

D )&33&0L N DAO V#7,&0 @&, )+4 V 0/2 L C/3
L /

> &&L C # 76- R/;7'M675L < N DO V®%& 2732)37,(/6
/. %& (62/+40&"''(*3& ,)0*)3&6, */)6-705 375&0 *5 7
'(+43& ,%&/05 VvV 0/2 [. ! F ! /6. /6 [+4),7,(/6

/. F)0*)3&6, $/)6-705 75&0'L C/3 L ,76./0- 6(;&0'(,5

&(3'/6L C N > O V 0&-(2,(/6 /. 7(0 -(',0(*),(/6 (6 7
/02&- ;&6,(37,(/6 0//+ V 61&6(/0&)' 1&*37-L O

1L R 76- 473-(61L $ N >?20 V /+& 7443(27,(/16" I.
7 +/-&3 /. ,)0*)3&62& ,/ */)6-705 375&0 6&70 8733"' V
%5'(2' /. 13)(-'L

D 7,76:70L C 76- 473-(61L $ N D>O V &7, 76- 7'
076'.&0 (6 $/)6-705 75&0' V /0176< 07+4(76L /6-/6

D 7,76:70L C 76- 473-(61L $ N >?0 V 2732)37,(/6
40/2&-)0& ./0 %&7,L +7' 76- +/+&6,)+ ,076'.&0 (6 ,%0&&
-(+&6'(/673 4707*/3(2 .3/8'V 6, " [. &7, 76- 7'
076'.&0L C/3

D? /4&L $ N >?0 V 6@&2,/0 4)+4 4&0./0+762& a < %&
(6.3)&62& /. -)2, 76- 6/MM3& 1&/+&,05 \''&0,7,(/6
+48&0(73 /33&1&L /6-/6

D 076-,3L N ? O V$&0(2%, )*&0 6,&0')2%)61&6 M)O
)'1&*(3-&,&6 )0*)3&6M V W D

DA 076-,3L N A O V*&0 &(6 6&)&' '/0+&3'5', &+ .)0 -(&
7)'1&*(3-&,& )0*)3&6M V 72%0(2%,&6 ;/6 -&0 :7- -&0
#(''&6'2%7., (6 /,,(61&6

DE )6L # 76- 473-(61L $ N D>0O E 40/2&-)0& ./0
40&-(2,(61 ,%& ;&3/2(,5 76- ,&+4&07,)0& -(',0(*),(/6" (6

7 2/6.(6&-L ',&7-5L ,)0*)3&6,L 17'&/)'L -(..)'(/6 .37+& V
+4&0(73 /33&1&L &2% 61 &4, &4/0, 'F F F
DD 76:(6&L " N > O V6 ,%& +7,%&+7,(273 ,%&/05 /.

2/+*(6&- ',0&7+" V 0/2 /1573 [2(&,5L /6-/6L C/3

D> 7M(6':5L 76- $0(1%,/6L " N > O V /6.(6&- @&, +(=(61
/0 6/6'&4707,(61 2/6-(,(/6" V" /. $7'(2 61(6&&0(61L
076" L &4, >



>A

>D

>>

&--5L 76- R70L N D O %&/05 76- 4&0./00676 && /.
87,080 @&, 4)+4' Q " /. 5-07)3(2 (; L L C/3 AZ

/-(L # N >?20 Q %& 40&-(2,(/6 /. .0&& ,)0*)3&6, */)6-705
375&0' *5 )'& /. ,8/<&B)7,(/6 +/-&3 /. ,)0*)3&62&V %
%&' ('L 6(;&0'(,5 /. /6-/6L >?

/,,7L "N O Q ,7,(',('2%& %&/0(& 6(2%,%/+/1&68&0
)0*)3&6M Q &(,2% .)0 %5'(:L ? L A>Z 76- E

/,,7L " N > O Q &2&6, 7,,&+4, ,/ -&;&3/4 7 1&6&07335
7443(27*3& 2732)37,(/6 +&,%/- ./0 ,)0*)3&6, '%&70 .3/8
375&0' Q 0/2 /. < /6. 16 )0*)3&6, %&70 3/8'L
16-16

)--L "N DO . 6&8 ,%&/0&,(273 +/-&3 ./0 ,%& 37'&0
/4438&0+&,&0 Q" /. %5'(2' L 2( 6',0)+ C/3 ?2L E

)62%73L R N DO Q 076'.&0 40/2&''&" (6 ',&7-5 ,8/<
-(+&6'(/673 '&4707,&- .3/8' Q % %&' ('L +4&0(73
/33&1&L /6-/6

761&0L N D70 Q /627;(,7,(61 4&0./0+762& /. ,8/ 3/8<
70&7<07,(/ 87,&80 @&, 4)+4' %7;(61 ,%0/7, 3&6172% /.
-(7+&,&0" Q <AAA Z D

761&0L N D*O Q/627;(,7,(61 76- 27;(,7,(61 4&0./0+U
762& /. ,8/ 3/8<70&7<07,(/ 87,&80 @&, 4)+4' 8(,% ,%0/7,
3&61,% /. DD -(7+&,&0' Q <A> Z D

761&0L N >0 Q!/0,076 40/107+" ./0 ,%& -&'(16 /.
3(B)(-<,/<3(B)(- @&, 4)+4"' Q PDA Z >

761&0L N >0 Q6 &=4&0(+&6,73 (6;&"',(17,(/6 /.
'&;&073 3/8<70&7<07,(/ 87,&0 @&, 4)+4"' Q" [. $7'(2
61(6&&0(61L 076" L &0(&" L 2L >

2%3(2%,(61L N DO Q$/)6-705 75&0 %&/05V 2 078< (33

$//: I'L A% - L &8 /O:

2%)3ML N 2?0 Q /-&3 ,&',' ./0 87,&0 @&, 4)+4' Q
*0676-3)61&6 -&' [:)+&6,7,(/6' M&6,0)+' .)0 &2%6(: )6-
#(0,'2%7.,L /| Z ?26- - C(&667L

2%)3ML ! 76- 17'/3L R N O Q#7''&0',07%34)+4&6 M)O
1/07&0)61 ;/6 !3)"'(1:&(,&6 Q 40(61&0 C&0371<L C(&667

%70+7L N >?0 Q /+&6,)+ 76- +7'" ,076'.&0 (6 ,)0*)U
3&6, 2/6(273 8733 @&,' Q % %&' ('L 6-(76 6',(,),& /.
&2%6/3/15L R764)0

473-(61L $ N D>O0 Q %& 2732)37,(/6 /. 3&61,% '273& /.
,)0*)3&62&L (6 '/+& ,)0*)3&6, */)6-705 375&0"' 0&+/,& .0/+
8733' Q +4&0(73 /33&1&L &2% 61 &4, &4/0, C"!'F F



473-(61L $ N DO V %& 40&-(2,(/6 /. ,8/<-(+&6'(/673L
', &7-5 ,)0*)3&6, .3/8' V +4&0(73 /33&1&L &2% 61 &4,L

0&4/0, !'F F F D

0)2:&6*0/-,L N 20 E (6 J)7-07,)0;&0.7%0&6 M)O
$8&08&2%6)61 -&0 37+(670&6 )6- ,)0*)3&6,&6 &(*)61''2% (2%,
*&0 &*&6&0 )6- 0/,7,(/6''5'6+&,0('2%&0 ,0/+)61 V 61

02% ?

C/1&3L N DO V %&/0&,(273 76- &=8&40(+&6,73 (6;&",(17,(/6
/. 7(0 &@&2,/0' V 7'2%(6&6*7),&2%6(:L C/3

D #761L 76- 65-&0L N >AO V 7'&0 /443&0 ;&3/2(+&,05
&=4&0(+&6,73 ',)-5 443(&- 4,(2'L C/3
#&32%L 76- /++&L #" N D>0 V 6735'(" /. ,)0*)3&62&
Oo/+ -7,7 [*,7(6&- 8(,% 7 37'&0 ;&3/2(+&,&0 V 7480
/ D>< >
#(33(7+'L N >?0 V )+&0(273 76- =4&0(+&6,73 ',)-(&" [.
,)0*)3&6, .3/8 (6 -(..)'&0" 7, 3/8 &56/3-'" )+*&0' %
%&'('L 6(;&0'(,5 /. =&,&0
#/3.'%,& (6L D O V/6;&2,(/6 40/2&''&" (6 ,)0*)3&6,
(+4(61(61 @&, E % %&'('L +4&0(73 /33&1&L /6-/6
&%L 76- )++(6'L DAO Q /273(M&- .3/8 +&7')0&U
+&6," 8(,% 76 &< & 37'&0 '4&2,0/+&,&0 443 (&- %5' (2"

&,,&0'L C/3 A E >D



