
Yaw Rate and Sideslip Angle Control Through Single Input 
Single Output Direct Yaw Moment Control

LENZO, Basilio <http://orcid.org/0000-0002-8520-7953>, ZANCHETTA, Mattia
<http://orcid.org/0000-0001-5136-6721>, SORNIOTTI, Aldo 
<http://orcid.org/0000-0002-4848-058X>, GRUBER, Patrick 
<http://orcid.org/0000-0003-1030-6655> and DE NIJS, Wouter 
<http://orcid.org/0000-0002-8338-2096>

Available from Sheffield Hallam University Research Archive (SHURA) at:

https://shura.shu.ac.uk/25880/

This document is the Published Version [VoR]

Citation:

LENZO, Basilio, ZANCHETTA, Mattia, SORNIOTTI, Aldo, GRUBER, Patrick and DE 
NIJS, Wouter (2020). Yaw Rate and Sideslip Angle Control Through Single Input 
Single Output Direct Yaw Moment Control. IEEE Transactions on Control Systems 
Technology, 1-16. [Article] 

Copyright and re-use policy

See http://shura.shu.ac.uk/information.html

Sheffield Hallam University Research Archive
http://shura.shu.ac.uk

http://shura.shu.ac.uk/
http://shura.shu.ac.uk/information.html


This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY 1

Yaw Rate and Sideslip Angle Control Through
Single Input Single Output Direct Yaw

Moment Control
Basilio Lenzo , Member, IEEE, Mattia Zanchetta , Aldo Sorniotti , Member, IEEE,

Patrick Gruber , and Wouter De Nijs

Abstract— Electric vehicles with independently controlled
drivetrains allow torque vectoring, which enhances active safety
and handling qualities. This article proposes an approach for
the concurrent control of yaw rate and sideslip angle based on
a single-input single-output (SISO) yaw rate controller. With
the SISO formulation, the reference yaw rate is first defined
according to the vehicle handling requirements and is then
corrected based on the actual sideslip angle. The sideslip angle
contribution guarantees a prompt corrective action in critical
situations such as incipient vehicle oversteer during limit corner-
ing in low tire-road friction conditions. A design methodology
in the frequency domain is discussed, including stability analysis
based on the theory of switched linear systems. The performance
of the control structure is assessed via: 1) phase–plane plots
obtained with a nonlinear vehicle model; 2) simulations with
an experimentally validated model, including multiple feedback
control structures; and 3) experimental tests on an electric vehicle
demonstrator along step steer maneuvers with purposely induced
and controlled vehicle drift. Results show that the SISO controller
allows constraining the sideslip angle within the predetermined
thresholds and yields tire-road friction adaptation with all the
considered feedback controllers.

Index Terms— Controlled drift, electric vehicle, experimental
tests, sideslip angle control, tire-road friction coefficient, torque
vectoring (TV), yaw rate control.

NOMENCLATURE

a Front semiwheelbase.
ax Longitudinal acceleration.
ay Lateral acceleration.
A, B, C State-space matrices of the plant.
Ai , Bi , Ci , Di State-space matrices of the plants

considered in the stability analysis
(i = 1, 2, 3).

As, Bs, Cs State-space matrices of the shaped plant.
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b Rear semiwheelbase.
C1 Front axle cornering stiffness.
C2 Rear axle cornering stiffness.
d Half-track width.
D(s) Denominator of Gr MZ (s), Grδ(s), GβMZ (s),

and Gβδ(s).
DH (s) Denominator of Grδ,H (s) and Gβδ,H (s).
DS(s) Denominator of Grδ,S(s) and Gβδ,S(s).
eint Integral of the yaw rate error.
fi Functions expressing the linearized vehicle

dynamics model formulations.
F Coefficient of the sideslip-based correction.
Fs Matrix of the observer form implementation of

the H∞ controller.
FX Traction or braking force.
Gr MZ (s) Transfer function of yaw moment to yaw rate.
Grδ(s) Transfer function of steering angle to yaw rate.
Grδ,H (s) Transfer function of steering angle to yaw rate,

handling case.
Grδ,S(s) Transfer function of steering angle to yaw rate,

stability case.
GβMZ (s) Transfer function of yaw moment to sideslip

angle.
Gβδ(s) Transfer function of steering angle to sideslip

angle.
Gβδ,H (s) Transfer function of steering angle to sideslip

angle, handling case.
Gβδ,S(s) Transfer function of steering angle to sideslip

angle, stability case.
hmax Maximum value of system uncertainties and

disturbances.
Hs Matrix of the observer form implementation of

the H∞ controller.
I Identity matrix.
Jz Yaw mass moment of inertia of the vehicle.
k Ratio between rh and δ in a simplified version

of the yaw rate controller.
kay Factor for the definition of the reference yaw

rate in the linearized model.
k1, k2 Tuning parameters of the sideslip-based

correction.
K Gain of the discontinuous part of the integral

sliding mode controller (ISMC).
K P Proportional gain.
KI Integral gain.
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m Vehicle mass.
MZ Direct yaw moment.
MZ ,ISMC Direct yaw moment from the ISMC.
MZ ,PI Direct yaw moment from the proportional

integral (PI) controller.
MZ ,sw Discontinuous contribution of the ISMC.
MZ ,sw, f Filtered value of the discontinuous contribution

of the ISMC.
N∗ Stability derivatives of the yaw moment balance

equation of the single-track vehicle model,
∗ = β, r, δ.

Nr MZ (s) Numerator of Gr MZ (s).
Nrδ (s) Numerator of Grδ(s).
NβMZ (s) Numerator of GβMZ (s).
Nβδ(s) Numerator of Gβδ(s).
Nrδ,H (s) Numerator of Grδ,H (s).
Nβδ,H (s) Numerator of Gβδ,H (s).
Nrδ,S(s) Numerator of Grδ,S(s).
Nβδ,S(s) Numerator of Gβδ,S(s).
pw Brake pressure demand for the w-th wheel

(w = 1, 2, 3, 4).
pa Accelerator pedal position.
pb Brake pedal position.
P Positive definite matrix.
r Yaw rate.
rh Handling yaw rate.
rref Reference yaw rate.
rref,SS Steady-state reference yaw rate.
rs Stability yaw rate.
rsat Saturation yaw rate.
Rwh Wheel radius.
s Laplace operator.
t Time.
tfin Final time of the relevant part of the maneuver.
tin Initial time of the relevant part of the maneuver.
u Control input to the linearized model in the

frequency domain study.
us Control input to the shaped plant.
V Vehicle speed.
Y∗ Stability derivatives of the lateral force equation

of the single-track vehicle model, ∗ = β, r, δ.
W (s) Transfer function of yaw rate error to direct yaw

moment.
WPI Transfer function of the PI compensator.
Ws Transfer function of the shaped plant.
x State vector of the linearized model.
x̂s Observer state vector of the shaped plant.
ŷs Observer output vector of the shaped plant.
z Term of the ISMC sliding variable.
Zs, Xs Solutions of the generalized algebraic Riccati

equations of the H∞ loop shaping
optimization.

β, β̇ Vehicle sideslip angle and sideslip rate at the
center of mass.

βact Activation value of the sideslip-based
correction.

βD Dynamic sideslip angle.

βss,I, βss,II Steady-state values of β, i.e., the equilibria,
in the phase–plane analyses.

βth Upper threshold of the sideslip-based
correction.

δ Steering angle at the wheel.
�ay Tuning parameter of the sideslip-based

correction.
ζ Damping ratio associated with D(s).
σ Sliding variable.
σ0 Conventional term of the sliding variable.
τw Torque demand at the w-th wheel (w = 1, 2,

3, 4).
τISMC Time constant of the ISMC filter.
τL Torque demand for the left side of the vehicle.
τR Torque demand for the right side of the vehicle.
ϕ Parameter of the solution of the algebraic

Riccati equation.
ωn Natural frequency associated with D(s).

I. INTRODUCTION

ELECTRIC vehicles with multiple motors allow torque
vectoring (TV). This feature permits to generate a direct

yaw moment through the controlled variation of the left-
to-right wheel torque distribution. TV has been extensively
studied in the literature as it enhances safety and drivability.
For example, TV enables the design of the cornering response,
i.e., to target a steady-state reference yaw rate characteristic,
with the additional benefit of increasing yaw and sideslip
damping during transients [1]–[9]. Moreover, TV systems can
enhance energy efficiency [10]–[14].

Accurate estimation of the tire-road friction coefficient is
required [15], [16] for the generation of the reference yaw
rate. TV controllers using a reference yaw rate based on
excessive values of the friction coefficient may lead to vehicle
oversteer, i.e., a potentially dangerous vehicle response [17],
[18], while a conservative estimate of the friction coefficient
prevents the agility benefits of TV control. However, friction
estimation [19]–[22] is difficult, especially for continuously
active controllers, which require smooth profiles of the refer-
ence yaw rate. In fact, even a reasonably accurate estimation
of the friction coefficient can generate drivability issues in TV
systems, if it oscillates around the correct value. Such problem
is less critical in production vehicles with stability controllers
based on the actuation of the friction brakes, as they intervene
only in emergency conditions. The tolerance on the yaw rate
error before the system intervention compensates the effect
of the reference yaw rate oscillations induced by the tire-road
friction estimation. Moreover, it is much easier to estimate the
friction coefficient from the measured longitudinal and lateral
accelerations if the vehicle is already at the cornering limit,
which is the case for stability controllers.

As an alternative to a reference yaw rate continuously
dependent on the estimated tire-road friction conditions,
the yaw rate controller of a TV system can be coupled with
a sideslip angle controller. In fact, it is generally easier to
estimate the vehicle sideslip angle than the tire-road friction
coefficient [23].
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The combined yaw rate and sideslip controllers are based
on two inputs, i.e., a yaw rate and a sideslip angle related
input, and produce a single value of direct yaw moment.
However, as explained in [24], “it is not possible to control
the yaw rate and the sideslip angle independently, using only
the yaw moment. Trying to control both properties leads to a
functionally uncontrollable system with uncontrollable direc-
tions. Controlling the lateral velocity (or the sideslip angle)
and the yaw rate is possible only by including an additional
device like an active steering system.” Hence, if an additional
actuation system is not available, the multivariable controller
should include an appropriate algorithm to prioritize yaw rate
or sideslip tracking depending on the driving conditions. The
need for a careful design of the balance between the yaw rate
and sideslip contributions is a challenging problem in terms
of conventional linear control theory.

Several multivariable formulations for concurrent yaw rate
and sideslip angle control have been proposed in the literature.
For example, Esmailzadeh et al. [1] use a linear quadratic
regulator where the direct yaw moment is a function of the
yaw rate, the lateral component of the velocity of the center
of gravity, and the steering angle, while the cost function
minimizes the weighted combination of the yaw rate error and
control effort, without considering vehicle sideslip. Although
the lateral component of vehicle velocity is used in the
formulation, the controller does not include any target sideslip
angle value and is, thus, unable to stabilize the vehicle if the
reference yaw rate is not compatible with the available tire-
road friction conditions. De Novellis et al. [9] calculate two
independent reference direct yaw moments, one based on the
yaw rate error and the second one based on the sideslip devi-
ation from a limit threshold. A separate empirical algorithm
provides a variable weight between the yaw rate-based and
sideslip-based yaw moment contributions, where the weighting
depends on the current sideslip angle condition. In [25],
the controller is based on a multivariable structure, receiving
the yaw rate error and sideslip angle error as inputs, where the
latter is set to zero for noncritical sideslip angles. However,
the authors mention that a significant integral term in the yaw
rate part of the controller provokes a progressive increase
of the magnitude of the yaw rate-related reference yaw
moment contribution, in the opposite direction with respect
to the sideslip contribution. To this purpose, a correction of
the reference yaw rate is proposed for the phases in which the
sideslip angle contribution is active. Tchamna and Youn [26]
use a first-order sliding mode formulation, where the sliding
variable is a linear combination of the yaw rate error and
sideslip angle, with a constant weight. The authors recommend
a significant weight for the sideslip contribution; however, this
would compromise vehicle responsiveness for a continuously
active TV system. In [27], the feedforward yaw moment con-
tribution targets a zero steady-state sideslip angle value, while
the feedback contribution is based on an optimal controller
with an objective function similar to that in [1]. The results
show an important reduction of the steady-state yaw rate,
i.e., of vehicle responsiveness, which would be unacceptable
for the vehicle application of this article. Finally, the review

in [28] analyzes further references on the topic, reaching
the conclusion that there is: 1) good theoretical work with
no indication of the practical implications and 2) excellent
practical work with little indication of control algorithms used.

A promising alternative method is represented by single-
input single-output (SISO) yaw rate controllers, in which the
reference yaw rate is corrected as a function of the actual
sideslip angle. In this respect, Jalali et al. [29] modify the
reference yaw rate with a contribution directly proportional to
the estimated sideslip angle, which, however, does not allow
setting up an actual soft constraint on vehicle sideslip, which is
the requirement for effective stability control. Deur et al. [30]
use a cascade control structure, where the reference lateral
vehicle velocity is computed through a dynamic vehicle model.
The lateral velocity error is sent to a proportional controller
that outputs the reference yaw rate correction. The main
limitations are the reliance on a linear reference vehicle model
even when the vehicle is operating at the limits of handling,
and the absence of a proposal for a control design procedure
in the frequency domain, including stability assessment. The
second limitation also applies to the method preliminarily
proposed in [18]. Moreover, the mentioned references miss
detailed analyses of the effect of the parameters of the sideslip
contribution of the reference yaw rate on the system response,
as these parameters are empirically tuned without considering
the effect of the outer feedback loop using sideslip angle to
modify the reference yaw rate.

In summary, the ideal reference yaw rate formulation should
be able to indirectly constrain sideslip angle without relying
on a dynamic vehicle model, and at the same time, it should
be associated with a systematic methodology for stability
demonstration, which is missing at the moment. This article
covers this gap by further developing the formulation in [18],
with the following novel contributions.

1) The methodology for the frequency response analysis
and design, including verification of stability based on
the theory of switched linear systems and consideration
of the effect of the tuning parameters of the reference
yaw rate formulation on the closed-loop vehicle
response.

2) The validation of the reference yaw rate generation
method via phase–plane analyses and vehicle dynamics
simulations of scenarios with quickly variable tire-road
friction coefficient, performed with a variety of control
structures.

3) The experimental demonstration of the controller along
a maneuver with purposely-induced vehicle drift,
including sensitivity analyses of the main controller
parameters.

This article is organized as follows. Section II presents the
TV control structure and then focuses on the SISO formulation
and its frequency domain analysis. Section III assesses the
controller performance via: 1) phase–plane plots based on a
simplified vehicle model with nonlinear tire characteristics and
2) vehicle dynamics simulations with an advanced vehicle
model, using multiple approaches for the generation of the
feedback yaw moment contribution. Finally, Section IV deals
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Fig. 1. Simplified schematic of the TV control structure.

with the experimental validation, leading to the summary in
the conclusion section.

II. CONTROLLER DESIGN

A. Control Structure

Fig. 1 shows the simplified schematic of the TV control
structure, which consists of the following blocks.

1) A reference yaw rate generator, including: a) a handling
yaw rate generator, which defines the handling yaw
rate, rh , aimed at enhancing the steady-state cornering
response in high tire-road friction conditions and b) a
sideslip-based correction block, which corrects rh based
on the actual sideslip angle and defines the reference
yaw rate, rref , as detailed in the remainder.

2) A high-level controller generating the traction/braking
force demand, FX , and the direct yaw moment demand,
MZ , starting from the outputs of a driveability map,
the yaw rate error, and the measured or estimated states,
e.g., vehicle accelerations, ax and ay , accelerator and
brake pedal positions, pa and pb, vehicle speed, V , and
steering angle, δ. As TV does not directly control the
yaw moment contribution due to the lateral tire forces,
MZ is the yaw moment caused by the difference among
the wheel torques on the left and right sides of the
vehicle.

3) A wheel torque control allocator, which outputs
the reference torques, τw, and brake pressures, pw, for
the individual wheels (w = 1, 2, 3, 4), corresponding
to the desired values of FX and MZ generated by the
high-level controller. Assuming that the front and rear
vehicle track widths are the same, for small steering
angles, the torque demands on the left and right sides
of the vehicle, τL and τR, are expressed as follows:

τL = 0.5

(
FX − MZ

d

)
Rwh

τR = 0.5

(
FX + MZ

d

)
Rwh . (1)

In this work, within each side, the torque demand is
equally distributed between the front and rear wheels.

Although several control allocation strategies are pro-
posed in [13], [31], and [32], a simple control allocation
is ideal for this study, as it focuses on the performance
of the reference yaw rate generator and high-level con-
troller.

B. Reference Yaw Rate Formulation

The proposed formulation is based on the idea that the
absolute value of the vehicle sideslip angle, |β|, is rela-
tively small during normal driving at reasonably high speed.
Conversely, |β| becomes considerable in critical conditions
such as incipient oversteer. van Zanten [33] shows that the
controllability of the vehicle cornering response through the
steering system is maintained only if the vehicle is operating
within a limited sideslip angle range.

To ensure this through a SISO control structure, in this
study, the steady-state value of the reference yaw rate, rref,SS,
is calculated as the weighted average of the handling yaw rate,
rh , and the stability yaw rate, rs

rref,SS = rh − F (rh − rs) (2)

where rh represents the steady-state reference yaw rate for high
tire-road friction conditions. In the on-line implementation
of the controller, rh is stored in look-up tables. These are
generated through an optimization routine based on a nonlinear
quasi-static vehicle model and a set of reference understeer
characteristics [34], and define different driving modes, such
as the normal mode, sport mode, and enhanced sport mode,
each of them characterized by a different cornering response.

The weighting factor, F , depends on |β|

F =

⎧⎪⎪⎨
⎪⎪⎩

0, if |β| < βact

k1(|β| − βact)

βth − βact
, if βact ≤ |β| ≤ βth

k2, if |β| > βth.

(3)

If |β| is smaller than the activation threshold, βact, the vehicle
conditions are deemed safe, i.e., F = 0 and no correction is
applied to rh . If |β| is larger than βact but smaller than an upper
threshold βth, F linearly varies between 0 and k1 > 0. If |β|
is larger than βth, then F = k2 ≥ k1, and rref,SS is closer to



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

LENZO et al.: YAW RATE AND SIDESLIP ANGLE CONTROL THROUGH SISO DIRECT YAW MOMENT CONTROL 5

the stability yaw rate, rs , which represents an achievable yaw
rate in the current tire-road friction conditions

rs =
{

rh , if |rh | <|r sat|
|r sat|sign (rh) , if |rh | ≥|r sat|

(4)

where rsat is calculated from the measured lateral acceleration

rsat = ay − sign(ay)�ay

V
. (5)

Equation (5) is a consequence of the fact that r = ay/V for
small sideslip angles in steady-state cornering [35]. k1, k2, and
�ay ≥ 0 are tuning parameters, where �ay can be expressed
as a function of the absolute value of lateral acceleration to
provide some conservativeness to rsat. �ay is the difference
between the currently measured lateral acceleration, and the
reference lateral acceleration used to bring the vehicle back
to the desired sideslip angle level. �ay ensures that the
sideslip angle is actually reduced when needed, and not only
maintained (see also the sensitivity analyses in Section II-G).
k1 and k2 determine the maximum influence of the sideslip
contribution on the reference yaw rate. For example, if k1 =
k2 = 1, in high sideslip conditions, the driver action in terms of
steering wheel angle increase is substantially bypassed by the
controller, which uses only the stability yaw rate (based on the
saturation yaw rate) to calculate the reference yaw rate. If for
the specific implementation, some dependency of the control
action on the driver steering wheel input increase has to be
maintained when the vehicle is in high sideslip conditions,
values of k1 and k2 lower than 1 should be selected. Moreover,
if k1 = k2, the transition from the second to the third condition
of the sideslip-based variation of the reference yaw rate [see
(3)] is smooth. On the contrary, by setting k2 > k1, it is
possible to achieve a moderate intervention of the sideslip
contribution for medium–high sideslip values and to have a
more aggressive intervention once βth is reached. The purpose
of (2)–(5) is to indirectly constrain |β| to remain within βth.
In this study, the sideslip angle is estimated or measured at
the vehicle center of mass; however, alternative locations, e.g.,
the rear axle, can be used [18].

From rref,SS, the calculation of the reference yaw rate, rref ,
is carried out through a first order filter, which is tuned for each
driving mode to provide the reference dynamics. The filter
ensures that the transient reference response of the vehicle is
reasonable. In fact, as the frequency response characteristic of
any real vehicle subject to a steering wheel input has limited
bandwidth, it would not be appropriate to set up a reference
yaw rate based on a static formulation, which would not be
achievable by the real plant for high-frequency inputs (see
also [27]).

C. Model for Feedback Control System Design

Starting from the single-track vehicle model formula-
tion [36], [37], under the hypotheses of small steering angles,
linear tire behavior, and constant vehicle speed, the yaw rate
can be expressed in the Laplace domain as follows:

r (s) = Gr MZ (s) MZ (s) + Grδ (s) δ (s) (6)

Fig. 2. Experimental validation of the CarMaker model during a skidpad
test.

where the second-order transfer functions Gr MZ (s) and Grδ(s)
are given by

Gr MZ (s)

= Nr MZ (s)

D(s)

= mV s−Yβ

JzmV s2−(JzYβ +Nr mV )s−NβYr +NβmV +Nr Yβ
(7)

Grδ(s)

= Nrδ (s)

D(s)

= NδmV s+NβYδ−NδYβ

JzmV s2−(JzYβ +Nr mV )s−NβYr +NβmV +Nr Yβ
(8)

where Gr MZ (s) and Grδ(s) depend on the vehicle stability
derivatives [37], defined as follows:
Yβ = C1 + C2, Yr = aC1 − bC2

V
, Yδ = −C1,

Nβ = aC1 − bC2, Nr = a2C1 + b2C2

V
, Nδ = −aC1. (9)

Similarly, the sideslip angle response is given by

β (s) = GβMZ (s) MZ (s) + Gβδ (s) δ (s) (10)

where

GβMZ (s) = NβMZ (s)

D (s)
= Yr − mV

D (s)

Gβδ(s) = Nβδ(s)

D(s)
= NδYr −Nr Yδ−mV N δ+ JzYδs

D(s)
. (11)

The values of the front and rear axle cornering stiffnesses, C1
and C2 in (9), were obtained via the following procedure.

1) Experimental skidpad tests (ISO 4138:2012) were per-
formed with the electric vehicle demonstrator of the
European project iCOMPOSE [38].

2) The measured steering wheel angle and vehicle speed
profiles were input to an experimentally validated vehi-
cle dynamics model in IPG CarMaker [39]. Fig. 2 shows
the match between the simulation and experimental
results during a test.

3) The time histories of the tire slip ratios, slip angles,
camber angles, and vertical loads from the CarMaker
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TABLE I

AXLE CORNERING STIFFNESS VALUES AT DIFFERENT
LATERAL ACCELERATIONS

Fig. 3. Examples of the Bode plots of Gr MZ (s) for various speeds and cases
of Table I.

model were input into the Pacejka magic formula [40]
using the same parameterization as in the tire models of
the CarMaker simulator.

4) C1 and C2 were obtained from the definition of axle
cornering stiffness as incremental ratio of the total lateral
force of the two tires on the same axle, with respect to
the axle sideslip angle, by using the method in [41].

The resulting cornering stiffness values are reported in Table I,
as functions of lateral acceleration, while Fig. 3 shows the
significant variations of Gr MZ (s) with cornering stiffness and
vehicle speed.

D. PI Controller Design

The reference yaw rate formulation of this study has impli-
cations on the cornering response of the vehicle with the TV
controller. In the frequency domain, the reference direct yaw
moment is given by

MZ (s) = W (s)(rref (s) − r (s)) (12)

where W (s) is the TV controller transfer function.
For example, Table II summarizes the design process of the

PI TV controller, i.e., with W (s) = WPI(s) = KP + KI /s.
A gain scheduling scheme with vehicle speed is introduced
for the proportional gain, KP , to guarantee the same tracking
bandwidth of the closed-loop system regardless of vehicle
speed, which is typically a slowly-varying parameter. The
bandwidth is here defined as the frequency value at which
the magnitude of the response of the closed-loop system
becomes 6 dB lower than its steady-state value. Table II
reports: 1) the values of KP ; 2) the natural frequency, ωn ,
and damping ratio, ζ , of Gr MZ (s); 3) the values of the
gain and phase margins of the open-loop transfer function,
Gr MZ (s)WPI(s); and 4) the tracking bandwidth of the closed-
loop transfer function, Gr MZ (s)WPI(s)/(1 + Gr MZ (s)WPI(s)),
which is plotted for some cases in Fig. 4. The tuning of
the TV controller is intentionally relatively relaxed in terms

Fig. 4. Examples of the Bode plots of (Gr MZ (s)WPI(s))/(1 + Gr MZ (s)
WPI(s)) for two speeds and cases of Table I.

of tracking performance to ensure that the drivability of the
vehicle is not compromised by the noise on the yaw rate sensor
measurement, which can provoke undesired oscillations of the
reference yaw moment.

The values of cornering stiffness for the tuning in Table II
are those of case 5 in Table I. The stability properties of the
feedback control system were verified for the other cases as
well. The following paragraphs derive the response of the TV
controlled vehicle to a steering wheel input for the two extreme
cases in which: 1) the reference yaw rate coincides with the
handling yaw rate and 2) the sideslip angle is larger than βth,
and thus, the reference yaw rate coincides with rsat .

1) Handling Case (H) (Handling Yaw Rate as Reference):
By imposing rref(s) = rh(s), assuming (for simplicity) that
rh(s) = kδ(s) in (12) and substituting back into (6), it is

r (s) = Grδ,H (s) δ (s) = Nrδ,H (s)

DH (s)
δ (s) (13)

where the numerator and denominator of Grδ,H (s) are

Nrδ,H (s) = −mV (KP + Nδ)s
2

+ (KP Yβk − KI mV k + NδYβ −NβYδ)s + KI Yβk

DH (s) = −JzmV s3 + (JzYβ + mV Nr − KP mV )s2

+ (−Nr Yβ + KP Yβ −KI mV − mV Nβ + NβYr )s

+ KI Yβ . (14)

Similarly, (10) becomes

β (s) = Gβδ,H (s) δ (s) = Nβδ,H (s)

DH (s)
δ (s) (15)

where the numerator of Gβδ,H (s) is

Nβδ,H (s)=−JzYδs2+((mV −Yr )(Nδ+KP k)+Yδ(Nr −KP ))s

− KI Yδ−KI k(mV −Y r ). (16)

2) Stability Case (S) (Stability Yaw Rate as Reference): For
large sideslip angles, i.e., for |β| ≥ βth, it is rref = rs = ay/V
when the steering input is large, k1 = k2 = 1 and �ay = 0.
As from the vehicle kinematics, it is ay = V (r + β̇) [37], and
thus, in the frequency domain r(s) = ay(s)/V − sβ(s), (12)
becomes for the case of the PI yaw rate controller

MZ ,PI (s) = WPI (s) (rref (s) − r (s))

= sWPI (s) β (s) = (KI + sKP ) β (s) (17)

which is the formulation of a PI regulator on β̇ or, equivalently,
a proportional derivative (PD) regulator on β. This is consis-
tent with the idea of controlling the sideslip angle rather than



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

LENZO et al.: YAW RATE AND SIDESLIP ANGLE CONTROL THROUGH SISO DIRECT YAW MOMENT CONTROL 7

TABLE II

MAIN TV SYSTEM PARAMETERS FOR DIFFERENT VEHICLE SPEEDS AND KI = 31623 N · m/rad

the yaw rate when the vehicle is in safety-critical conditions.
As a note, with the adopted sign convention, for large sideslip
angles (such as those targeted by the proposed sideslip-based
correction), β has opposite sign from δ. By substituting (17)
into (6), it is

r (s) = Grδ,S (s) δ (s) = Nrδ,S(s)

DS(s)
δ (s) (18)

where Nrδ,S(s) and DS(s) are

Nrδ,S(s) = −(mV Nδ +KPYδ)s+NδYβ −Yδ(Nβ +KI )

DS(s) = −mV Jzs2 + s(Yβ Jz + mV Nr − KP (mV − Yr ))

+ (−Yβ Nr − (Nβ + KI )(mV − Yr )). (19)

The sideslip response to a steering input is given by

β (s) = Gβδ,S (s) δ (s) = Nβδ,S(s)

DS(s)
δ (s) (20)

with Nβδ,S(s) being

Nβδ,S(s) = −JzYδs + Nr Yδ + Nδ(mV − Yr ). (21)

The static gain of Gβδ,S given by

Gβδ,S(s = 0) = Nr Yδ + Nδ(mV − Yr )

−Yβ Nr − (
Nβ + KI

)
(mV − Yr )

(22)

does not depend on KP , decreases with increasing values of
KI , and tends to 0 for KI → ∞.

E. Linearized Models of the Controlled System

To evaluate the frequency response of the vehicle with the
TV controller, the controlled plant is reduced to a formulation
where the steering angle is the only input, and the expression
of the reference direct yaw moment is substituted into the
dynamic equations of the vehicle model.

Because of the PI formulation of the considered feedback
controller, a third system state is introduced, i.e., the integral
of the yaw rate error

eint =
∫

(rref − r)dt . (23)

After substituting (23) into (6)–(11), the model equations
become

β̇ = − Yβ

V m
β +

(
Yr

V m
− 1

)
r + Yδ

V m
δ (24)

ṙ = − Nβ

Jz
β − Nr

Jz
r − Nδ

Jz
δ + 1

Jz
(KP (rref − r) + KI eint)

(25)

ėint = rref − r. (26)

Moreover, in the reference yaw rate formulation of (2), it is
imposed that: 1) |rh | ≥ |r sat| in the calculation of rs , as this
condition is usually met during cornering at the limit of
handling and 2) sign(ay)�ay ≈ kay ay = kay V (r + β̇), as the
magnitude of this term of rsat can be tuned as an increasing
function of the absolute value of lateral acceleration, and its
sign varies with ay . Hence, the rearranged (2) becomes

rref = kδ − F(kδ − (1 − kay )(r + β̇)) (27)

where F is given by (3), which defines three cases, depending
on |β|.

For each case, the result is a system of three equations,
which can be expressed as follows:

ẋ (t) = fi (x, u, t) (28)

where x = [β, r, eint]T is the state vector, and the subscript i
indicates the case. Two of the system formulations, i.e., those
for F = 0 and F = k2, are linear, with system matrices that
are invariant with respect to the linearization point, while the
third formulation, i.e., the one for 0 < F < k2, is nonlinear,
and in this study, it is linearized around a specified condition.

To account for the discontinuity in the formulation of F
caused by the absolute value of the sideslip angle, during the
linearization, in the computation of the partial derivatives, |β|
is replaced by

√
β2, thus obtaining

d|β|
dr

∣∣∣∣ r=r0
β=β0

eint=eint,0
δ=δ0

= d|β|
deint

∣∣∣∣ r=r0
β=β0

eint=eint,0
δ=δ0

= 0,
d|β|
dβ

∣∣∣∣ r=r0
β=β0

eint=eint,0
δ=δ0

= β0

|β0|

(29)

where the linearization point is indicated by the subscript “0.”
The state-space matrices were computed with the symbolic
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TABLE III

MAIN PARAMETERS OF THE LINEARIZED MODELS

calculation software Maple [42]

Ai =

⎡
⎢⎢⎢⎢⎢⎣

∂ f1

∂r

∂ f1

∂β

∂ f1

∂eint
∂ f2

∂r

∂ f2

∂β

∂ f2

∂eint
∂ f3

∂r

∂ f3

∂β

∂ f3

∂eint

⎤
⎥⎥⎥⎥⎥⎦

r=r0
β=β0

eint=eint,0
δ=δ0

, i = 1, 2, 3

Bi =

⎡
⎢⎢⎢⎢⎢⎣

∂ f1

∂δ
∂ f2

∂δ
∂ f3

∂δ

⎤
⎥⎥⎥⎥⎥⎦

r=r0
β=β0

eint=eint,0
δ=δ0

, Ci = I3×3, Di = 03×1. (30)

For 0 < F < 1, the linearization point was selected by
imposing a yaw rate and a vehicle speed, and by reversing
the model equations in steady-state conditions to obtain the
corresponding sideslip angle, integral of the yaw rate error, and
steering angle. Table III indicates the main parameters used in
the following stability and frequency response analyses.

F. Stability Analysis of the Resulting Switched Linear System

The linearized vehicle model of Section II-E has three
formulations, depending on the value of β. Hence, the model
has the typical configuration of a switched linear system [43],
and its stability cannot be inferred only by ensuring that the
poles of the transfer functions for each individual case have
a negative real part, as the system must also be stable when
there is no restriction on the switching signal.

According to [43], if the existence of a common quadratic
Lyapunov function for all three formulations of the vehicle
model can be proven, then the system is quadratically sta-
ble, which guarantees that it is also asymptotically stable.
A sufficient stability condition can be formalized through the
following set of linear matrix inequalities (LMIs):

PAi + AT
i P < 0, i = 1, 2, 3, P ∈ R

3×3, symmetric. (31)

Hence, ensuring system stability translates into finding a
symmetric positive definite matrix P with the same size as
Ai , which meets the inequalities in (31).

Fig. 5. Bode plots of the magnitude of r/δ and β/δ for the passive vehicle,
the controlled vehicle with F = 0 (handling case), the controlled vehicle with
F = 1 (stability case), and the controlled vehicle with 0 <F< 1.

The problem in (31) was solved by using the optimization
toolbox Yalmip [44] and the semidefinite programming solver
SeDuMi [45], which were interfaced with the state-space
formulations in MATLAB. The inequalities were imposed as
constraints of the optimization, and the decision variables were
the entries of P . For example, for the parameters in Table III,
the optimizer returns the following P matrix:

P =
⎡
⎣ 0.9377

0.0614
−0.1645

0.0614
0.0656

−0.0389

−0.1645
−0.0389
0.7072

⎤
⎦. (32)

With this choice of P , the inequalities in (31) are satisfied
and the system is asymptotically stable. The optimization was
also run for all the cases covered in the sensitivity analyses
of Section II-G, and the optimizer always returned a valid
solution for the LMIs.

G. Effect of the Tuning Parameters of the Reference Yaw Rate

The transfer functions corresponding to the state-space sys-
tems in (30) are used for the analysis of the system frequency
response. For example, Fig. 5 reports the Bode plots of the
magnitude of r/δ and β/δ of the passive vehicle and the three
TV controlled cases. The controlled vehicle exhibits reduced
resonance peaks and larger bandwidth than the passive one.
In the Bode plots, the static gains for F = 0, i.e, when the
reference yaw rate depends only on the handling yaw rate, are
greater than those of the passive vehicle, which is typical of the
sport driving mode [34], designed to reduce understeer. The
static gains for F = 1 (note that k1 = k2 = 1 in Table III), i.e.,
when the reference yaw rate is based only on the stability yaw
rate, are lower than for the passive vehicle, and the sideslip
angle is reduced over the whole frequency range. As expected,
for 0 < F < 1, the response is between that for the handling
and stability cases.

The system behavior is influenced by the selected values of
thresholds and tuning parameters. For example, Fig. 6 shows
a sensitivity analysis on �ay,0 ≈ kay ay,0 = kay Vr0, which
is varied between 0 and 4.5 m/s2, through a corresponding
variation of kay . Interestingly, �ay,0 primarily affects the
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Fig. 6. Bode plots of the magnitude of r/δ and β/δ for the passive vehicle,
the controlled vehicle with F = 0 (handling case), the controlled vehicle
with F = 1 (stability case), and the controlled vehicle with 0 <F< 1, for
increasing values of �ay,0, as indicated by the direction of the arrows.

Fig. 7. Bode plots of the magnitude of r/δ and β/δ for the passive vehicle,
the controlled vehicle with F = 0 (handling case), the controlled vehicle
with F = 1 (stability case), and the controlled vehicle with 0 < F < 1, for
increasing values of βact , as indicated by the direction of the arrows.

steady-state gain, which decreases with increasing �ay,0, as
indicated by the direction of the arrows. In particular, setting
�ay,0 = 0 causes the steady-state gain to be the same as for
the controlled vehicle using the handling yaw rate.

Fig. 7 reports the sensitivity analysis on the value of
the lower activation threshold, βact, which is progressively
increased from 0 to 9◦ and affects the response along the
whole frequency range. As expected from (3), the increase of
βact brings the linearization point closer to the handling case,
which explains the trend of the frequency response to approach
that for F = 0. Similar trends were obtained in the sensitivity
analysis on βth. A high value of the threshold reduces F [see
(3)], which makes the reference yaw rate closer to that of the
handling case.

H. Assessed Control Structures

The reference yaw rate formulation of Section II-B has
general validity, i.e., it can be coupled with any SISO control

structure. The following controllers will be used and compared
in Sections III and IV.

1) A yaw rate controller without the sideslip-based cor-
rection of the reference yaw rate, using the PI design
of Section II-D, coupled with the integral sliding mode
contribution of [46] and [47], implemented as a perturba-
tion compensator providing robustness against matched
disturbances. This formulation will be indicated as
YR-ISMC in the remainder. The direct yaw moment
control action, MZ ,ISMC, is given by the sum of the PI
yaw moment contribution, MZ ,PI, and the filtered value,
MZ ,sw, f , of the discontinuous term, MZ ,sw, providing
robustness against matched disturbances

MZ ,ISMC ∼= MZ ,PI + MZ ,sw, f . (33)

MZ ,sw, f is calculated as follows:
ṀZ ,sw, f τISMC + MZ ,sw, f = MZ ,sw (34)

where MZ ,sw is obtained from

MZ ,sw = −Jz K sign(σ ), with K> |hmax|. (35)

The inequality expresses the Lyapunov stability condi-
tion based on the magnitude of the system disturbances
and uncertainties (see [46] for its derivation). The sliding
variable is the sum of the yaw rate error, r − rref , which
is equal to the conventional part of the sliding variable,
σ0, typical of any sliding mode formulation, and the
auxiliary term, z, which is exclusive of ISMC:

σ = r − rref + z = σ 0 + z. (36)

In the specific implementation, z is calculated as the
integral of ż (the theory is detailed in [48])

ż = − dσ0

d(r − rref)

[
−ṙref + 1

Jz
(MZ ,ISMC − MZ ,sw)

]

= ṙref − 1

Jz
(MZ ,ISMC − MZ ,sw). (37)

2) The same controller as in 1), but with the reference
yaw rate based on the formulation in Section II-B. This
controller will be indicated as ISMC.

3) An H∞ formulation based on loop shaping
(see [41], [49], [50] for the details) indicated as
H∞ in the remainder, including the reference yaw rate
correction of Section II-B. The controller is based on
the conversion of the transfer function Gr MZ into a
state-space form, parameterized with V

Gr MZ (V ) =
[

A(V ) B(V )
C(V ) 0

]
. (38)

Gr MZ (V ) is multiplied by the precompensator WPI, with
proportional and integral gains equal to those of the PI
controller in 1) and 2). For the H∞ gain scheduling
scheme, four speed values were selected. The transfer
function of the shaped plant is

Ws(V ) = WPI(V )Gr MZ (V ) =
[

As(V ) Bs(V )
Cs(V ) 0

]
. (39)
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Fig. 8. Phase–plane plots for the vehicle with the YR-ISMC, 80 km/h,
50◦ of steering wheel angle. (a) Sport mode. (b) Enhanced sport mode.
∗: Unstable initial conditions; �: Stable initial conditions; and ♦: Equilibrium
(βss,I).

The H∞ loop shaping controller is implemented in the
observer/state feedback form⎧⎪⎪⎨

⎪⎪⎩
dx̂s

dt
= As(V )x̂s + Hs(V )

×(Cs(V )x̂s − ŷs)+Bs(V )us

us = Fs x̂s

(40)

where{
Hs(V ) = −ZT

s (V )CT
s (V )

Fs(V ) = −BT
s (V )(I − ϕ−2 I − ϕ−2 Xs)

−1 Xs .
(41)

Zs and Xs are the solutions of the generalized alge-
braic Riccati equations of the H∞ loop shaping opti-
mization [49]. The gain scheduling scheme on V was
implemented according to the stability preserving inter-
polation method in [51].

4) A controller with the same PI as in controllers (1)–(3),
including the sideslip-based reference yaw rate modifi-
cation, and coupled with a static nonlinear feedforward
contribution. The feedforward contribution is designed
according to [34], and corrected through the factor
rref,SS/rh , which provides an estimation of the actual
tire-road friction coefficient at the limits of handling.
Such configuration will be indicated as FF + PI.

Fig. 9. Phase–plane plots for the vehicle with the ISMC (βact = 13◦, βth =
14◦, and �a y = 0 m/s2), 80 km/h, and 50◦ of steering wheel angle. (a) Sport
mode. (b) Enhanced sport mode. �: Stable initial conditions that converge
to ♦; ×: Stable initial conditions that converge to �; ♦: Equilibrium (βss,I)
of the vehicle with the YR-ISMC; and �: Second equilibrium (βss,II) of the
vehicle with the ISMC.

III. SIMULATION RESULTS

A. Phase–Plane Analysis

The phase–plane analysis uses a simplified nonlinear
double-track vehicle model, which takes into account the
lateral load transfers in the computation of the lateral tire
forces through the magic formula for pure cornering. The
simulator includes the YR-ISMC and ISMC TV formulations.
The TV yaw moment is directly applied as an input to the yaw
moment balance equation. Several combinations of β and β̇
are imposed as initial conditions for the model, which is run
for a high tire-road friction coefficient with constant steering
wheel angle (50◦) and vehicle speed (80 km/h) [25], [52]. This
process identifies the set of initial conditions providing stable
response.

Fig. 8(a) shows that with the YR-ISMC and sport mode,
the vehicle converges to the equilibrium βss,I = −4.5◦ as long
as the initial conditions imply β ≥ −10◦; for all other initial
conditions, the system response diverges. Fig. 8(b) refers to the
enhanced sport mode, which is characterized by large values of
|rh |, i.e., beyond the cornering limit for the assigned steering
wheel angle, to purposely induce vehicle drift. As expected,
in this driving mode, all points diverge with the YR-ISMC.

The benefit of the sideslip-based correction of the reference
yaw rate is evident in Fig. 9, where the system converges
regardless of the initial conditions. In particular, in the sport
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Fig. 10. Top view of the simulation scenario. The colors indicate different
values of the tire-road friction coefficient, μ. The continuous line is an
example of vehicle trajectory during the maneuver.

mode [see Fig. 9(a)], two equilibria exist. In fact, the same
points as in the YR-ISMC case converge to the equilibrium
of βss,I = −4.5◦ Fig. 8(a). In addition, the points that were
unstable become stable and converge to a second equilibrium,
βss,II = −13.4◦. βss,II mainly depends on βact and βth, and
the difference βth − βact. In the enhanced sport mode [see
Fig. 9(b)], all points converge to βss,II, which demonstrates
the effectiveness of the induced vehicle drift control of such
driving mode.

B. CarMaker Simulations

The CarMaker model of Section II-C is used for the
validation of the reference yaw rate formulation with the
controllers of Section II-H in a very challenging scenario
(Fig. 10). The simulated maneuver is a multiple step steer test,
i.e., a sequence of fast steering wheel angle variations applied
at a rate of ±400◦/s, followed by constant steering wheel
angle phases, each of them 2 s long. The steering angle values
after the steering applications are 100◦,−100◦, 120◦,−120◦,
and 0◦ [see Fig. 11(a)]. The tests are executed in the sport
mode with a constant total wheel torque demand and an initial
speed of 90 km/h. To evaluate the adaptability of the proposed
reference yaw rate scheme, the scenario includes tire-road
friction coefficient discontinuities (Fig. 10), i.e., the friction
coefficient is 1 at the beginning of the maneuver, reduced to
0.5 after 150 m (at ≈6.5 s), and increased to 0.8 after further
70 m (at ≈9.8 s).

The following performance indicators are defined to objec-
tively evaluate the controllers.

1) The RMSEr , which assesses the yaw rate tracking
performance

RMSEr =
√

1

tfin − tin

∫ tfin

tin
(rref (t) − r(t))2dt . (42)

2) The RMSEβ , which assesses the significance of the
sideslip-based correction of the reference yaw rate

RMSEβ =
√

1

tfin − tin

∫ tfin

tin
(rref,SS(t) − rh(t))2dt . (43)

3) The IACA, which assesses the significance of the direct
yaw moment control action

IACA = 1

tfin − tin

∫ tfin

tin
|MZ (t)|dt . (44)

Fig. 11. Simulation results, sport mode, multiple step steers, variable tire-road
friction conditions, 90 km/h, ISMC (�ay = 1 m/s2, k1 = k2 = 1, βact =
1.5◦, and βth = 6◦). (a) Steering wheel angle and lateral acceleration. (b) Yaw
rates. (c) Total left- and right-hand sides wheel torque levels.

tin and tfin represent the time at the beginning of
the maneuver, and the time at the completion of the
maneuver, i.e., 3 s after the steering wheel input is back
to 0.

Fig. 11 shows the response for the ISMC formulation,
which is compared with that of the passive vehicle and the
vehicle with the YR-ISMC in Fig. 12. Table IV reports the
performance indicators for the controllers of Section II-H, and
the peak values of |β| and |βD|, where βD is the dynamic
sideslip angle, i.e., the difference between the actual sideslip
angle and the sideslip angle in kinematic steering conditions.

The ISMC maintains the sideslip angle within the defined
threshold (see Fig. 12(a) and Table IV), regardless of the tire-
road friction coefficient, guaranteeing an intrinsic tire-road
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TABLE IV

PERFORMANCE INDICATORS FOR THE SIMULATED MULTIPLE STEP STEER TESTS (�ay = 1 m/s2 AND k1 = k2 = 1 FOR THE FF + PI, H∞ , AND ISMC)

Fig. 12. Simulation results, sport mode, multiple step steers, variable
tire-road friction conditions, 90 km/h, for: 1) Passive vehicle; 2) YR-ISMC;
and 3) ISMC (�a y = 1 m/s2, k1 = k2 = 1, βact = 1.5◦, and βth = 6◦).
(a) Sideslip angle. (b) Yaw rate. (c) Lateral acceleration.

friction adaptation with a simple control structure. Instead, the
YR-ISMC exhibits sideslip angle peaks even larger than those
of the passive vehicle, because of the “aggressive” cornering
characteristics (i.e., less understeering) of the sport mode, and
the lack of the sideslip-based adaptation of the reference yaw
rate to the tire-road friction level.

A detailed analysis of the ISMC behavior in Figs. 11 and
12 shows the following.

1) Between 1 and 3.7 s, after the first step steer, as F is
slightly less than 1, rref is reduced to a value close to rs ,
but higher than rs [see (2)], and |β| stabilizes on values
larger than βact = 1.5◦, but smaller than βth = 6◦. This
happens also after the second steering application.

2) After the third step steer, when the tire-road friction
coefficient decreases from 1 to 0.5, rs almost halves,
which is consistent with the reduction of the lateral
acceleration caused by the low tire-road friction coef-
ficient.

3) After the fourth step steer, when the friction coeffi-
cient increases from 0.5 to 0.8, the lateral acceleration
increases, and therefore, rs and rref increase accordingly,
thus providing adaptation to the variation of the road
conditions.

The performance indicators in Table IV highlight the
following.

1) The ISMC provides the best yaw rate tracking perfor-
mance and for this reason, is selected for the experimen-
tal analysis of Section IV.

2) The H∞ controller provides similar IACA and sideslip
peak values with respect to the ISMC, but with worse
yaw rate tracking.

3) The performance of the FF + PI is consistently worse
than that of the H∞ and ISMC, because of the destabiliz-
ing feedforward contribution designed for high friction
conditions. On the other hand, the FF + PI keeps the
vehicle in safe conditions with an approximately halved
control effort with respect to the other formulations.

4) In the passive and YR-ISMC cases, the peak values of
|β| and |βD| are coincident, as the maximum sideslip
angle values are reached in the final part of the test, when
the steering wheel action has already been completed
and the kinematic sideslip angle is zero. This situation
is typical of uncontrollable vehicle behavior.

In general, the valuable conclusion is that the reference yaw
rate formulation has a much greater impact on the results than
the selected feedback control structure.

IV. EXPERIMENTAL RESULTS

Experimental tests in dry tarmac conditions (with a tire-road
friction coefficient of ≈1) were executed at the Kristalpark
proving ground (Belgium) with the iCOMPOSE electric vehi-
cle prototype in: 1) the enhanced sport mode that induces
high sideslip angles to allow vehicle drift and 2) the passive
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Fig. 13. iCOMPOSE electric vehicle demonstrator with the Corrsys Datron
sensor mounted at the front end.

TABLE V

PERFORMANCE INDICATORS OF THE CONTROLLED VEHICLE FOR THE

EXPERIMENTAL STEP STEER TESTS (ISMC WITH

�a y = 1 m/s2 AND k1 = k2 = 1)

vehicle configuration, with equal wheel torque values on the
four corners. The controller was implemented on the dSPACE
AutoBox system installed on the demonstrator. The vehicle
features four electric drivetrains, each comprising a switched
reluctance on-board motor, which is connected to the wheels
through a single-speed transmission system, constant velocity
joints, and a half-shaft. A Corrsys Datron S-350 sensor was
used to measure the sideslip angle (Fig. 13). Right-hand 100◦
step steering inputs were applied at a rate of approximately
400◦/s, from an initial speed of 80 km/h, in conditions of
constant torque demand. The maneuvers were performed with
the following controller configurations: 1) YR-ISMC; 2) ISMC
with βth = 6◦ and βact = 1.5◦; 3) ISMC with βth = 14◦ and
βact = 5◦; and 4) ISMC with βth = 20◦ and βact = 10◦.

Fig. 14(a) shows the measured sideslip angle for the dif-
ferent configurations; Fig. 14(b) plots rs , rh , rref , and r for
βth = 20◦; Fig. 14(c) includes the total wheel torque demands
on the left- and right-hand sides of the vehicle for different
control settings. Table V reports the respective performance
indicators. The YR-ISMC leads to a divergent β behavior;
instead, with the sideslip-based reference yaw rate correction,
β converges to a steady-state value that is consistent with
βact and βth, confirming the effectiveness of the proposed
scheme. In particular, in Fig. 14(b), rref is initially equal to
rh , then at ≈2 s, the sideslip-based correction is activated as
|β| > βact [see Fig. 14(a)], and the magnitude of rref decreases,
reaching rs at ≈3.5 s. In Table V, RMSEβ decreases with βth,
which means that for low sideslip thresholds the controller
applies a greater yaw rate correction to limit the sideslip
angle. On the other hand, RMSEr does not significantly change
among the four controlled configurations, because the same
high-level controller, i.e., the PI with the integral sliding mode
perturbation compensator, is adopted.

Fig. 14. Experimental results, enhanced sport mode, and passive vehicle,
step steer, 80 km/h, 100◦ of final steering wheel angle, YR-ISMC, and ISMC
(�ay = 1 m/s2 and k1 = k2 = 1). (a) Sideslip angle for the controlled
vehicle for different values of βth and for the passive vehicle. (b) Yaw rates
for βth = 20◦. (c) Total left- and right-hand sides wheel torque levels for
different values of βth.

An experimental sensitivity analysis was carried out to
understand the effect of the tuning parameters βact [see
Fig. 15(a)] and �ay [see Fig. 15(b)] during the same maneu-
ver. In particular, in Fig. 15(a), if βact is too small, the sideslip-
based correction intervenes too early, causing β to differ
from that of the YR-ISMC case much earlier than βth; in
particular, from t = 1.5–2 s, β increases slowly and reaches
βth only at a later stage of the maneuver, hindering the
purpose of the enhanced sport mode. In contrast, if βact is too
large, the sideslip-based correction intervenes too late, causing
significant overshoots of β with respect to βth. In Fig. 15(b),
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Fig. 15. Experimental results, enhanced sport mode, step steer, 80 km/h,
100◦ of final steering wheel angle, YR-ISMC, and ISMC (k1 = k2 = 1).
(a) Sideslip angle for different values of βact , with βth = 20◦ and �a y =
1 m/s2. (b) Sideslip angle for different values of �a y , with βact = 1.5◦ and
βth = 6◦.

�ay = 0 m/s2 does not guarantee a sufficient sideslip-based
correction, while �ay = 2 m/s2 causes oscillations of β
around βth.

Overall, the experimental sensitivity analysis highlights the
importance of appropriate tuning of the controller parameters
and the general predictability of the system response depend-
ing on the controller setup. This makes the proposed reference
yaw rate formulation suitable for vehicle testing engineers
without prior knowledge in advanced control theory, and will
facilitate its industrial implementation.

V. CONCLUSION

The analysis of this article leads to the following conclu-
sions.

1) Effective continuously active control of yaw rate
and sideslip angle is accomplishable with a SISO
formulation—a feedback yaw rate controller in which
the reference yaw rate is modified according to the actual
sideslip angle. In particular, if the vehicle operates at
the limits of handling and the sideslip angle exceeds
a tunable threshold, the reference yaw rate approaches
the so-called stability yaw rate (which is a function
of the measured lateral acceleration) and the yaw rate
controller operates as a sideslip rate regulator.

2) The controlled system with the proposed SISO formu-
lation was modeled as a switched linear system, and
the related theory was used to infer controller stability.

Frequency domain analyses were adopted to systemati-
cally understand the effect of the controller parameters
on the system response.

3) The proposed SISO controller significantly increases
the stable region of vehicle operation on the β̇(t)-β(t)
phase–plane, both in the sport mode and the enhanced
sport mode. A new equilibrium appears for initial con-
ditions that are unstable with the feedback controller
only based on yaw rate. The new equilibrium is deter-
mined by the thresholds of the sideslip-based yaw rate
correction.

4) The simulations show that the continuous actuation of
direct yaw moment control based on yaw rate tracking
without adaptability to swiftly variable tire-road fric-
tion conditions can generate more safety-critical vehicle
response than a vehicle with constant wheel torque dis-
tribution. In contrast, the proposed sideslip-based refer-
ence yaw rate correction provides safe vehicle operation
in the same conditions and limits the yaw rate overshoots
by providing intrinsic tire-road friction adaptation with
a simple control structure.

5) Several feedback controllers were assessed with the
sideslip-based reference yaw rate correction. In particu-
lar, the ISMC formulation provides better performance
than the FF + PI and H∞ controllers. However, the ref-
erence yaw rate formulation has higher impact on the
results than the selected feedback control structure.

6) The experimental tests demonstrated the operation of
the proposed yaw rate formulation in controlled drift
conditions with multiple sideslip angle thresholds, and
the easy and predictable tunability of the sideslip angle
limitation.
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