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Glossary of common terms 

Term Definition 

AM Additive Manufacture/Manufacturing 

ATR Attenuated total reflectance 

DSC Differential Scanning Calorimetry 

E Young's Modulus 

Effective Poisson's 

ratio 

Poisson's ratio calculated using strains obtained in non-uniform tests (i.e. 

under indentation) 

εm Volumetric deformation strain (imposed by mould) 

εp Volumetric recovery strain (after re-heating) 

εu Volumetric unloading strain (after manual relaxation) 

FDR Final Density Ratio (Original/Final) 

FTIR Fourier transform infrared spectral analysis 

FVR Final Volume Ratio (Original/Final) 

H Hardness or Indentation Resistance 

G Shear Modulus 

k Force Constant 

K Bulk Modulus 

Micro-ct Micro computed tomography 

NPR Negative Poisson's ratio 

PE Protective Equipment 

PPE Personal Protective Equipment 

PU Polyurethane 

Rf Measure of shape fixing from shape memory literature 

Rr Measure of heat induced recovery from shape memory literature 

SAN Styrene and acrylonitrile 

Strain dependent 

Poisson's ratio 

Poisson's ratio at stated regions of axial strain, e.g. between 0 and 5% or 5 

and 10% 

Tangent modulus Similar to Young's modulus, but measured incrementally (not from zero 

strain) 

TBI Traumatic Brain Injury 

TGA Thermogravimetric analysis 

UC Unconverted 

Uc Energy absorbed during compression 

Ui Energy absorbed during indentation 

ν Poisson's ratio 

VCR Volumetric Compression Ratio (Original/Final) 

XRD X-ray diffraction 

Young's modulus Young's modulus of foam (unless otherwise stated), measured between a 

strain of zero to a defined compressive or tensile value  
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Abstract 

 This thesis assesses whether current auxetic foams can improve the performance of 

sporting protective equipment, and lays out steps to realise their commercial potential. 

 A wide range of conversion temperatures (120 °C to 200 °C) and times (20 to 180 

minutes) for ~3 x 3 x 9 cm conversions of polyurethane foam with volumetric compression 

ratios (VCRs) of 2 or 3 changed polymeric bonding, fixed imposed compression, and changed 

their mechanical properties. Effects of conversion time and temperature were approximately 

interchangeable, and are summarised as heat exposure. As predominantly hydrogen bonding 

between urea segments increased with heat exposure, shape fixing (final volume ratio, FVR) 

also increased. Shape fixing of imposed compression (i.e. to an FVR of ~2 in samples with a 

VCR of 3) caused anisotropic foams to become re-entrant and isotropic, initially reducing 

Young's modulus and Poisson's ratio from ~50 kPa to ~30 kPa and ~0.3 to ~-0.2, respectively. 

Further heating increased hydrogen bonding, did not change isotropy, continuously increased 

Young's modulus to ~120 kPa and Poisson's ratio increased to an approximate plateau at zero.  

 The foams described above, and the conventional parent foam, were indented by two 

cylinders (10 and 50 mm diameters) and a stud (12 mm diameter). A value (x) connecting elastic 

properties to indentation resistance in Hertzian indentation theory was calculated for each 

indenter. Integrating force vs displacement, giving energy absorption, mitigated non-linearity. 

During cylindrical indentations, x was higher (0.6 to 0.8) than the expected 0.33. During 

studded indentations x was 0.91, close to its expected value of 1 after outlying unconverted 

samples were excluded. Digital image correlation showed densification was significantly higher 

for auxetic samples (α > 0.95), which deformed with a flatter surface for the 10 mm cylinder and 

stud (α > 0.95).  Densification and flatter deformation could have increased x during cylindrical 

indentations and caused unconverted samples to be outliers in studded indentations.  

 To utilise improvements in often large area PPE, sheets (30 x 30 x 2 cm) of auxetic foam 

were produced with internal compression controlled and varied using through thickness rods. 

The sheets fabricated with graded compression levels displayed clearly defined quadrants of 

differing cell structure and mechanical properties, shown through analytical modelling to be 

fully consistent with expectations from honeycomb theory. Isotropic sheets and quadrants had a 

maximum magnitude of NPR of ~-0.1, and Young's modulus of ~50 kPa. Anisotropic quadrants 

had direction dependant Poisson's ratios as low as ~-0.4 and yet Young's moduli similar to open 

cell foam (~30 kPa in tension and up to ~5% compression, ~0 kPa beyond ~10% compression). 

 Finally, steam processing produced closed cell foams with a Poisson's ratio of ~-0.1 and 

Young's modulus (~1 MPa) similar to closed cell foam in sporting PPE.  
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Chapter 1: Introduction 

1.1. Introduction 

Injuries in sport are common and place a significant burden upon participants and national 

economies [1,2], estimated at $525 (~£380) million per year in The Netherlands [3] for example. 

The main methods of intervention are elimination, modification (a reduction in severity or 

likelihood of injury) and reaction (i.e., medical) [2]. Preventative measures such as protective 

equipment (PE) and Personal Protective Equipment (PPE), and/or rule changes, are more cost 

effective than reactive procedures [2] and successful products can increase a manufacturer’s 

share of the sporting goods market (~$90/£66 billion in the USA in 2017 [4]). Sporting PE is 

intended to reduce risks and is typically either an addition to the playing field or environment 

(e.g., crash mats or barriers, referred to herein as PE) or worn by sports participants (e.g. 

helmets, back protectors or shin/knee pads, referred to herein as PPE). Both equipment types 

provide; (i) protection against impact, dissipating and absorbing energy while reducing peak 

forces/accelerations, pressures and in some cases such as helmets, impulses [1,2,5–7] and (ii) 

protection from penetration, abrasions and lacerations [5,6,8,9]. Sporting PPE can also provide 

support to joints, muscles and the skeleton [2,5,6,8,10].  

Sporting PPE (Figure 1.1) often contains a shell—typically a stiff material or Shear 

thickening fluid layer—to spread forces and reduce pressures [5,6,9,11]. Impacts are typically 

attenuated by elastic [2,11], viscoelastic and/or permanent deformation (e.g. crushable foam in 

cycling helmets) of a cushioning material with a lower stiffness than the shell [5,6,9,11]. Visco-

elastic and permanent deformation reduce impulses, improving the level of protection [2].  

Sporting PPE must sometimes cover large areas and should ideally be low in mass and 

bulk to reduce restriction of movement, fatigue and heat build-up. Closed cell foam or shear 

thickening material is typically used for the cushioning layer in PPE, and with limited thickness 

to compress and decelerate impacting bodies, material selection is crucial. In contrast, PE such 

as crash mats (where bulk, mass and ergonomics are less critical) are often large and thick, 

allowing more gradual deceleration over a greater distance through compression of compliant 

foam [11]. For both sporting PE and PPE, deceleration (or force) ideally reaches a maximum yet 

safe value at low strains, before plateauing and deforming with no additional load to safely 

maximise energy absorption (the integral of decelerating force with respect to deformation) 

before foam densification (at high strains) causes high deceleration (or force) [12]. Crash mats 

are used in different scenarios and conditions; from protecting skiers, snowboarders and 

mountain bikers (who can travel at high speeds) from hazards on a mountain (i.e., lift poles or 
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trees), often in extreme and variable climates, to providing padding to gymnasts on flat surfaces 

at room temperature.  

 
 

Figure 1.1: (a) Schematic of a typical piece of Personal Protective Equipment containing 

pressure dissipating material (hard outer shell) and energy absorbing/cushioning material 

(deformable foam); (b) Impact image adapted from British Standard 6183-3:2000; (c) Mitre 

Aircell football shin pad featuring a hard shell with a compliant foam backing. 

Sports equipment is a rapid uptake market. Manufacturers search for new technology to 

remain competitive, achieve the highest possible levels of certification and improve safety. As 

an example of material development in sporting PPE, trends over the past twenty years have 

favoured lightweight, ergonomic equipment which does not sacrifice performance in 

certification tests [7]. Shear thickening fluids with high energy absorption were developed and 

can act as a shell and cushion [13,14], offering comfort and flexibility under normal use and 

increased stiffness under impact. Further product and material improvements are still required 

to continue reducing sports injuries and the burdens they cause [2,15]. 

Auxetic materials have a negative Poisson’s ratio (NPR) [16], meaning they expand 

laterally in one or more perpendicular direction/s when they are extended axially. Poisson’s 

ratio (ν) is the negative of the ratio of lateral to axial strain (Figure 1.2). The potential 

application of foams, textiles and additively manufactured (AM) auxetic materials to sporting 

PE, PPE and other forms of protective equipment [17] has been discussed in articles with a focus 

on materials (e.g. [18–20]) and sport (e.g. [21–24]). Multi-axial expansion could also be useful in 

filtration applications [25–28], while gradient structures with discretely or continuously varying 

Poisson's ratio and/or Young's modulus can dramatically  enhance bending stiffness [29,30]. The 

variety of available processing and fabrication methods could provide sports equipment 

manufacturers options to reduce the mass of skis, without sacrificing stiffness, impact force 

attenuation of protective equipment as well as comfort and fit of garments and apparel (to 

name a few).  
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Figure 1.2: Lateral (vertical) deformation due to Poisson’s ratio during tensile axial (horizontal) 

loading for (a) a conventional material and (b) an auxetic material. Thick and thin arrows 

correspond to deformation due to loading and Poisson’s ratio respectively. 

There are numerous reviews into auxetic materials and/or structures [31–38], but at the 

start of this project there had not yet been one focussing on their application to sporting goods. 

Auxetic foam was the first man made auxetic material [25]. It makes up a significant proportion 

of the scientific literature and has been regularly proposed for sporting protective applications 

[20–24].  Deficiencies in standards used to certify sporting PE and PPE (or a lack of a standard in 

some instances) and the equipment they certify [8,39] are often highlighted [40,41], and indicate 

changes in equipment testing and design are likely. Inspection of PPE (impact shorts, knee 

guards, elbow guards and back protectors etc.) marketed for adventure sports including 

mountain biking, kayaking and snow sports shows that EN1621 [42] & EN 14120:2003 [43] (for 

motor-biking) are repeatedly used in place of a dedicated certification. EN1621 [42] & EN 

14120:2003 [43] do not measure impact force attenuation while pads are wet, important for 

kayaking, or at cold temperatures possible during snow sports, which can increase peak forces 

during impacts by two to three times [44]. Combining cross-disciplinary work on auxetic foams 

to develop novel and improved materials could help meet new requirements, and findings are 

likely to relate to general (rather than only sporting) PE and PPE.  

NPR can increase indentation resistance [45,46], lending auxetic materials well to impact 

force or acceleration attenuating scenarios, demonstrated by impacting auxetic foams [18,22,47]. 

Auxetics’ multi-axial expansion [48,49] and double curvature [24,25,50] could improve comfort, 

fit and durability in sporting garments and PPE. Foam studies typically use established, 

thermo-mechanical fabrication methods for auxetic polyurethane (PU) foams, with tests based 

upon those outlined in standards used to certify sporting PE and PPE (i.e., British Standards 

Institution - BSI, International Organization for Standardization - ISO, International 

Organization for Standardization - ASTM), comparing auxetic foam to its unconverted parent 

foam. 

The thermo-mechanical fabrication process for auxetic foam [25] first applies tri-axial 

compression to buckle the ribs of thermoplastic open cell foam, using a mould to apply a 
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predetermined volumetric compression ratio (VCR, initial volume/final volume). Isotropic 

compression is usually applied with VCR between two and five [34,51]. Buckled ribs are fixed 

in position by heating and cooling [25,34], but re-expansion following heat or solvent exposure 

has been reported [52–54]. Recent developments in the fabrication of auxetic PU foam have 

deepened understanding of the mechanisms that can fix imposed cellular structures, and 

provided options to fabricate foams with greater control over final structures. Developments 

include rapid fabrications [55] and the ability to tailor elastic modulus and Poisson’s ratios of 

anisotropic and gradient foam samples [56]. A recent method using steam penetration [57] may 

allow fabrication of auxetic closed cell foam with a Young's Modulus close to or above 1 MPa , 

as often seen in sporting PPE [1,5–7,11].  

1.2. Aims and Objectives 

The following requirements have been identified to collect evidence supporting the 

application of auxetic foam for protective sports equipment: 

i) Small scale (and therefore also large scale) thermo-mechanical fabrications have rarely 

measured changes to the polymer following fabrication [58]. The effects of conversion 

parameters (fabrication heat and time) on foam polymer bonding are unclear, and so there is 

poor understanding of how to maximise NPR or create isotropic, iso-density samples with a re-

entrant structure and linear stress vs strain relationships for comparative testing (i.e. as in [45]). 

A lack of clarification of dimensional and structural stability/blocked shape memory over time 

and following heat/solvent exposure [52–54] could shorten product life-span, put off potential 

manufacturers and even cause changes between foam fabrication and characterisation or 

further testing, such as indentation or impact testing.  

ii) Because of unknowns in small and large scale fabrications, such as whether foams 

subject to increased heat exposure with a Poisson's ratio close to zero are isotropic [45], the 

findings of indentation tests are unclear [45]. Due to stark differences in stress vs strain 

relationships and densities between auxetic and comparative unconverted samples, large 

reductions to impact force attenuation [18,22,47,59] and in some cases the enhanced indentation 

resistance [60,61] of auxetic foams are exaggerated. Unambiguous and unexaggerated 

clarification of the effect of Poisson's ratio (and NPR) on indentation resistance and impact force 

attenuation are required.  

iii) Density variations within large auxetic foam samples or sheets have not been measured 

or controlled [51,59,62]. A method to control and predict compression within large foam sheets 

would facilitate commercial production to produce consistent materials large enough for use in 

sports equipment, and to reduce fabrication costs. Such foams could already be used as 
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compliant layers in protective equipment, such as helmet liners that increase linear and/or 

rotational acceleration during impacts [63]; a high impact area with calls for improvement from 

the scientific community [15].  

iv) Applying the steam processing routes for closed cell foam [57] could allow fabrication 

of auxetic foams with a Young's modulus close to that of foam found in currently sports 

equipment [1,5–7,11].  

The following aims and objectives form a programme of experimentation addressing areas 

i) to iv):   

Aim 1: To understand the effects of thermo-mechanical fabrication parameters for auxetic 

polyurethane foam (time, temperature and volumetric compression ratio) on foam's elastic 

properties (Poisson's ratio and Young's modulus), then observe and explain any correlations 

between fabrication parameters, elastic properties, dimensional stability and polymeric 

bonding. 

Objective 1.1: To thermo-mechanically convert and mechanically characterise (for Poisson's 

ratio and Young's Modulus) PU foam samples at a wide range of times, temperatures and 

multiple VCRs 

Objective 1.2: To perform polymeric analysis on the unconverted samples (TGA, DSC, XRD, 

XRF and FTIR) on both unconverted, and a range of converted samples, to observe the effects of 

different fabrication conditions 

Objective 1.3: To test converted foams' dimensional stability over time and after re-heating. 

Objective 1.4: To select conditions to create isotropic, iso-density samples with a range of 

Poisson's ratios and linear stress vs strain and axial strain vs transverse strain relationships for 

indentation testing 

 

Aim 2: To understand how Poisson's ratio affects the indentation resistance of auxetic and 

conventional PU foam over large strain ranges possible in materials for impact protection. 

 Objective 2.1: To fabricate samples as per objective 1.4, and re-assess their isotropy, 

density, Poisson's ratio and the linearity of their stress vs strain and transverse vs axial strain 

relationships 

 Objective 2.2: To compare changes in the indentation resistance of auxetic/non-auxetic 

foam caused by Poisson's ratio 

 Objective 2.3: To study material flow with DIC, and give reasons for differences in 

indentation resistance (objective 2.2) 

 

Aim 3: To investigate methods to control and alter the internal structure of large sheets of 

uniform and gradient auxetic foam. 

Objective 3.1: To fabricate sheets with internally controlled and varied structures 

Objective 3.2: To compare the internal structures and mechanical characteristics (density, 

Poisson's ratio and Young's modulus) of converted sheets 

Objective 3.3: To theoretically validate changes to internal structures through creation of a 

numerical model and comparison to cell structure and mechanical characterisation 

 

Aim 4: To clarify whether recent methods to convert auxetic closed cell foam can be 

applied to foam similar to or foam found in sporting protective equipment. 

Objective 4.1: To carry out steam treatment on a range of closed cell foams 

Objective 4.2: To test dimensional stability over time, Young's modulus and Poisson's ratio 

of steam treated foams 
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1.3. Thesis Structure 

This thesis will first assess current sporting PE and PPE and auxetic foam in a critical 

literature review (Chapter 2), adapted from an extensive review including Finite Element 

Analysis (FEA) and auxetic textiles published as part of this course of study  [64]. Each of the 

aims 1 to 4 will be addressed within the following Chapters 3 to 6.  Chapters 3 and 5 are based 

around publications completed and submitted within this course of study on small [65] and 

large [66] scale auxetic foam fabrications. Chapter 6 is a shorter feasibility study demonstrating 

a recent fabrication method for auxetic closed cell foam [57], a possible replacement for closed 

cell foams often used in PE and PPE. Chapters 2 to 5 are embellished with further findings and 

connections made between findings following publication. A preceding publication written in 

the early months of the course of study using data collected at MSc level [59] helped to justify 

the programme of investigation. Each chapter was completed following pilot or alternative 

testing, many of which have also been published [60,67–70]. Findings in Chapter 3 are 

comparable to similar tests using different PU foam [67]. A range of publications completed 

through this programme of study investigate the fabrication of large sheets of auxetic foam 

[60,68,69] and will be referenced to validate findings in Chapter 5. 

The experimentation to address the aforementioned aims and objectives (Chapters 3 to 6) 

was carried out at Sheffield Hallam University (under the supervision of Professor Andrew 

Alderson), based in the Materials and Engineering Research Institute, giving access to a range of 

polymer characterisation devices, ovens and facilities to make and adapt compression moulds, 

quasi-static test devices, microscopic analyses and software and equipment for Digital Image 

Correlation. A bespoke drop rig and high speed cameras were made available by the Centre for 

Sports Engineering Research through supervision from Dr Leon Foster. Extensive collaboration 

was made with Manchester Metropolitan University through Dr Tom Allen's supervision and 

some collaboration on open cell foam fabrications was made with Dr Ruben Gatt and Professor 

Joseph N. Grima at The University of Malta. 
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Chapter 2: Literature Review 

2.1. Introduction 

The following literature review has been adapted from a publication assessing the state of 

the art of auxetic materials for sports applications [1]. Sections focussing on Finite Element 

Modelling (FEM) and auxetic textiles have been reduced, and additional information on auxetic 

foam fabrication, characterisation and indentation testing has been included. Publications 

written within this programme of study have been omitted, other than one written in the first 

months using data collected for a preceding MSc Dissertation [2]. Conclusions have been 

amended and distilled into a series of identified areas for experimentation (Chapter 1, Pages 5). 

2.2. Current Sporting Protective Equipment  

As previously described (Chapter 1), sport safety equipment including PE and PPE 

provide protection against impact; by dissipating and absorbing energy to reduce peak 

forces/accelerations, pressures and in some cases such as helmets, impulses [3–7]. Both types of 

equipment can also reduce the likelihood abrasions and lacerations [5,6,8,9]. Some forms of 

sporting PPE (i.e. wrist protectors and neck braces) can provide support to joints, muscles and 

the skeleton [4–6,8,10]. 

PE includes crash mats used in gyms and climbing centres and protection from trees and 

structures (e.g. lift poles) around ski fields and mountain bike centres [11]. It is acceptable for 

PE to have higher volume and mass than PPE, as it is not worn by the sports participants. Pads 

utilise compliant materials such as open cell polymer foams to gradually decelerate sports 

participants [11], protecting them from rapid deceleration and injury upon collision with a 

surface (i.e. the ground, lift poles, trees etc). Depending on the application, resisting indentation 

by concentraed loads can improve safety; protecting participants from tree stumps or rocks (to 

name a few risks) and preventing injury to protruding limbs [11]. Seating and cushioning can 

also bennefit from high indentation resistance, distributing pressures and improving comfort 

[12,13]. 

PPE is more variable than PE, designed for specific sports that require a range of different 

movements and have different types of falls. Simple PPE such as football shin pads and cricket 

thigh pads consist of load spreading shells in combination with compliant foam layer(s) (Figure 

1.1, Page 2), or shear thickening materials in issolation, to disipate loads and gradually 

decelerate impacting bodies [5,6,9,14]. Helmets protect the head by reducing high impulses that 

could cause brain injuries [12,15,16]. Helmets often feature crushable expanded polystyrene 

foam to permenantly deform and minimise impules aswell as similar combinations (shell and 
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foam layers) to simple PPE [12,15,16] and compliant, open cell foam to increase comfort (Figure 

2.1a) [17]. Back protectors feature a hard, segmented plastic shell (Figure 2.1b) or shear 

thickening materials in combination with a cushioning material [9,18] to allow the spine to bend 

while protecting the wearer by dispitating loads and absorbing energy [9,18]. Wrist protectors 

include a splint to support the wrist and prevent fracture due to hyper extension (Figure 2.1c, 

[19,20]). 

 

Figure 2.1: (a) Schematic showing a typical bicycle helmet [15]; (b) Picture of a snow-sports back protector 

with a rigid, segmented shell [9] and (c) a snowboarding wrist-guard [20] 

 

Sport safety equipment is often certified and tested according to tests specified in 

standards and regulations (e.g., [21–25]), which typically specify a maximum allowable peak 

force/acceleration under impact. To perform well in certification tests, a product should absorb 

or dissipate as much energy as possible to prevent force/acceleration from passing its allowable 

limit [11]. The scientific literature covering sporting PE and PPE focusses on three main areas; 

replication of certification tests [2,5,11,26], replicating infield falls and collisions to improve 

certification tests or protective equipment [7,17,19,27–29] and analysing the effects of PPE on 

injury trends [30–32].  

To reduce certification costs and increase repeatability, certification tests typically feature 

fixed rigid anvils rather than biofidelic (human like) surrogates, meaning they are not always 

representative of the scenarios where the equipment may be required to perform [4]. 

Replicating certification tests gives repeatable findings that can be easily interpreted by 

participants and manufacturers to infer improvements to safety. If a certification test is not 

realistic, increased chance of injury due to a mismatch in perceived protection offered by 

equipment is possible [33]. Criteria within certifications (such as impact energies, velocities and 

masses) are not always well justified [9,10,16,18,33].  
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In some cases there is no certification, so manufacturers certify products against a 

certification for another safety device considered to be similar, which can be misleading for 

consumers.  Crash mats are typically certified to BS EN 12503-1:2013 [34] as intended for 

gymnasium use, but include impact tests for outdoor activities such as pole vaulting. BS EN 

12503-1:2013 is not reflective of the sometimes harsh and variable outdoor environment 

(weather conditions, surfaces, etc.) where these mats can be located, and tested parameters do 

not reflect realistic impacts [25]. There are other occasions where specific certifications are not 

available, and so a proxy is used. Two examples from snow sports are wrist protectors, certified 

to EN 14120:2003 [35] for roller sports [10], and back protectors, which are often certified to 

EN1621 (motorbike) [36]. Schmitt et al. found that snow-sport participants expect back 

protectors to protect the spine, but EN1621 does not test against scenarios likely to cause spinal 

injury [8].  

Some certifications have received criticism for not providing adequate tests even when 

applied to their intended field. Reaction to a number of high profile deaths and serious injuries 

as well as multiple awareness campaigns [32] increased helmet use in snow sports considerably, 

but head injury rates appear to have remained fairly constant [32,37]. During collisions and 

falls, helmet wearers are less likely to suffer a minor head injury, but concussions, severe 

Traumatic Brain Injury (TBI) and skull fractures have remained relatively similar [30]. Scandals 

in the National Football League (NFL) culminated in high proportions of Chronic Traumatic 

Encephalopathy (CTE), up to 99% in a biased but large sample set that could have contributed 

to early death, suicide and dementia in players [38].  

In some cases, equipment and regulations intended to protect sports people are clearly 

unsatisfactory. As an example of equipment not meeting expectations, attenuation of rotational 

acceleration is thought to be critical in protection from concussion in sports [39,40]. Standards, 

however, typically assess helmets based upon their attenuation of linear accelerations (e.g., 

EN1077 & ASTM F2040, & F1446 [21,23,41]) and resistance to penetration (e.g., EN1077 [23]) 

based upon direct impacts [15,31]. Standards can be updated or replaced, for example BSI 6685-

1985 for motorised vehicle helmets (a previous revision of Reference [42]) replaced BS2495:1977 

and BS5361:1976 to include oblique impacts. The standard for cricket helmets (BS7928:1998) was 

amended (BS7928:2013) to include impacts by cricket balls [43] following findings that cricket 

helmets were not sufficiently attenuating acceleration under high speed impacts [16]. 

Commuter cycling (where cyclists travel alongside motor vehicles) is becoming increasingly 

popular due to clear benefits to health, congestion and emission levels, as well as improved 

facilities such as dedicated lanes. Safety concerns are a major barrier to participation in 



Chapter 2: Literature Review  Page 13 

 

commuter cycling [44,45] but helmets are still only certified to protect from linear accelerations 

[46]. Insufficient protection and high levels of TBI across sports have led to calls for solutions 

from the scientific community [30]. Reducing barriers to physical activity  (that provides 

numerous benefits to physical [47,48] and mental [49–51] health and well-being) is undoubtedly 

important. 

One approach to solve the problem of rotational acceleration in helmets is a slip plane 

between the shell and crushable foam [52]. Slip plane technology is included in some 

commercial helmets, despite a lack of experimental evidence to support a reduction in 

concussion risk [29,53–55].  The lack of control over the performance of slip plane technology 

highlights the problem caused by insufficient certification that does not quantify angular 

acceleration during oblique head impacts. As an example of material development in sporting 

PPE, trends over the past twenty years have favoured lightweight, ergonomic equipment which 

does not sacrifice performance in certification tests [7]. Shear thickening materials can act as 

both a shell and cushion [56,57], offering comfort and flexibility under normal use and 

increased stiffness under impact. Shear thickening materials in isolation (without a rigid shell) 

can pass certification tests for sporting PE and PPE [4–6,8,9].  

Scientific literature highlights limitations in certifications, which means that associated 

certified products including helmets [15,53–55], back protectors [8,9] and wrist protectors 

[10,19,20] are not always designed to offer sufficient protection to wearers. Trends in sporting 

PPE are moving towards low bulk, flexible devices that will not inhibit movement/performance 

[3,7,9,18]. Shear thickening materials increase their stiffness dramatically at specific shear strain 

rates, and can remove the need for rigid shells that can inhibit movement [4–6,8,9]. Shear strain 

rates in standard tests depend upon unrepresentative impactors traveling at low velocities and 

striking overly rigid anvils [4,8,33,58], increasing the likelihood of penetration by compliant or 

large mass impacting bodies that impart a low shear strain rate. Current standards and the 

protective products they certify create a clear mismatch between equipment certification, user 

expectation and infield performance. Such mismatches between user expectations and infield 

performance are known to be dangerous [33]. Recent trends look to include the use of more 

representative surrogates rather than rigid anvils [19,27,59], more representative impactors [58] 

and tests designed for specific sports [9,10] to replace proxy standards (e.g., [35]). As 

certifications are updated (i.e., as per BSI 6685-1985 [42] and BS7928:2013 [43]) to meet requested 

calls for improvement from the scientific community, solutions including novel materials are 

needed to maintain certification and trends of improving ergonomics. 
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2.3. Auxetic Foam and other Auxetic Materials 

Auxetic research began in earnest with open cell foam [60], the first example of a man 

made NPR material. Subsequently, auxetic materials have now been developed or discovered in 

other nanocrystalline [61] and microporous [62]) polymer, ceramic [63], metallic [64,65] and 

composite [66] forms, and include natural systems [67]. Auxetic materials such as foams, textiles 

and AM structures are often classed as mechanical metamaterials with unusual macro-scalar 

(effective) characteristics caused by their micro/nano-structure [68]. 

This section will first discuss the modelling of auxetic structures and mechanisms, before 

considering auxetic foam fabrication, properties and characteristics, followed by some of the 

other auxetic materials of relevance including textiles and those manufactured by AM.  

2.3.1. Auxetic Foam Structures 

The most common microstructures of cellular auxetics can be designated into three types; 

re-entrant cells, with inward pointing ribs (Figure 2.2a) [69], chiral, non-symmetric structures 

that cannot be superimposed onto their mirror image (Figure 2.2b) [70] and rotating units or 

shapes connected in such a way that causes in NPR(Figure 2.2c) [71–74]. Auxetic foam cell 

structure has been described as comprising re-entrant cells [26,69,75,76] (Figure 2.2a & d), a 

series of connected rotating triangles [77], and the missing rib model, a series of diamond cells 

with missing connective ribs providing a kinked rib chiral structure [78,79]. Inward folding (in 

compression) and outward straightening (in tension) of buckled ribs in a re-entrant structure 

can give NPR [69,77,80–82]. In foams and most honeycombs, the exact mechanism is complex 

and involves hinging around junctions between ribs, as well as rib flexure and stretching 

[81,83], as shown using in situ 3D X-ray microtomography and microstructurally faithful finite 

element modelling [84]. If cell ribs are thicker around joints then some rotation of rigid units 

(joints) can occur [77]. Rotation of joints is also realised in the aforementioned missing rib model 

due to straightening of the kinked ribs [78,79]. Missing ribs have only been identified on the 

surfaces of auxetic samples and not within their bulk [77]. Additionally, the missing rib 

(auxetic) model has lower density than the intact diamond (conventional) parent model. The 

increase in density of auxetic foam over the conventional open cell (referred to herein as the 

parent) foam, imposed through the compression stage of the thermo-mechanical fabrication 

process, is not then accounted for in the missing rib model. Unlike the missing rib model, both 

the re-entrant and connected triangles models predict the observed increase in density for 

auxetic foam. 
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Figure 2.2: (a) Assembled 2D re-entrant structure; (b) 2D Chiral structure; (c) 2D rotating squares structure; 

(d) Micro Computed Tomography of polyurethane auxetic open cell foam (depth = 1 mm), pop-out 

showing simplified 2D diagram of a re-entrant cell, θ = re-entrant angle (negative value for angle below 

horizontal axes); (e) Micro CT scan of conventional open cell PU foam (depth = 1 mm), with pop-out 

showing simplified 2D diagram of a conventional polyhedral cell, θ = cell rib angle (positive value for 
angle above horizontal axes). 

 

Re-entrant models have been used to investigate the deformation mechanics of cellular 

auxetics. Deformation occurs by flexure of the cell ribs (assumed to behave as beams of uniform 

thickness) [85],  as well as rib hinging (change of angle between ribs) and stretching (increase in 

rib length) [86]. All three deformation modes have been modelled simultaneously both on and 

off-axis [81,82], confirming that the change of cell parameters (e.g., cell length or rib angle) 

directly affected Poisson’s ratio and Young’s modulus. Other than the six sided hexagon, a 14-

sided polyhedron has been implemented specifically for open cell foam, with cell rib bending as 

the main deformation mechanism [87].   

FEM [88–91] and micro-computed tomography [84] have confirmed that the angle of re-

entrant cell ribs effects Poisson’s ratio. Cell dimensions (e.g., rib length and thickness or cell 

height) can be changed to tune NPR [92,93], and flaws in the cell structure can reduce its 

magnitude towards zero [94]. The effect of design changes on Young’s modulus and Poisson’s 

ratio can be adjusted and improved before manufacture [95]. Full validation of FEM often 

requires comparison and agreement with experimental testing [96–104], which can potentially 

lead to models for specific applications. Experimental test data can be input into FEM solvers to 

validate and develop material models [105]. With a validated model, design changes can be 

implemented and investigated without numerous iterations of manufacturing and testing, 
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highlighting the benefit of robust experimental demonstration and explanation of auxetic 

foam's increased impact force attenuation and indentation resistance [26,106,107].  

2.3.2. Fabricating and Characterising Auxetic Foam 

Auxetic foam is often fabricated to experimentally show expected enhancements (i.e., to 

impact force attenuation or vibration damping) due to NPR [26,106,108,109]. Auxetic foam 

fabrications typically change the cell structure of an open cell parent foam to give it an NPR. 

Lakes’ thermo-mechanical fabrication method [60] first applies a volumetric compression ratio 

(VCR, normally defined as original/final volume and typically between two and five [110]) to a 

parent foam in all three orthogonal axes to buckle cell ribs [85]. The applied compression 

changes the cell shape and causes the re-entrant structure as cell ribs buckle beyond ~5% 

compression [85]. Buckling the originally straight ribs (Figure 2.2e) gives the polyhedral cells a 

re-entrant, contorted cell structure [60] (Figure 2.2a & d). Typical sample sizes were initially 

small, in the order of 20 × 20 × 60 mm (following fabrication), although larger ‘scaled up’ 

samples have subsequently been fabricated (e.g., [76,111,112]).  

Following volumetric compression, foam is heated to a set temperature to encourage 

permanent plastic deformation. The temperature is typically applied using an oven set between 

130 and 220 °C [113], often close to the polymers softening temperature [76,114]. Samples and 

moulds are normally heated for between 6 and 60 minutes, but typically less than 30 [113]. 

Finally, the foam is cooled to fix the imposed structure [60]. Thermal softening and/or heating 

above any polymer or copolymer transition temperature can cause decreases in hydrogen bond 

strength [114] and increased polymer chain mobility. Increased mobility allows re-organisation 

of polymer chains and cell structure when subject to volumetric compression, which is 

permanently [115] or temporarily [78,116,117] fixed upon subsequent cooling. Degradation in 

polymer chains typically occurs first in ordered, hard segments, then in soft, amorphous 

segments [118,119]. 

Fabrication methods for auxetic foams have developed and diversified since Lakes’ initial 

study [60]. Stretching samples after cooling was introduced to reduce adhesion between cell 

ribs and residual stresses [120]. More recently, fabrication processes have been split into stages 

including; multiple heating cycles (with foam removed from the mould and stretched by hand 

in between to reduce residual stresses, flaws and creases [121]) and the addition of an annealing 

stage—heating below the softening temperature. Foams are typically annealed at 100 °C for 

around 20 minutes [76,121,122], but longer heating times have been used for larger samples 

(converted to 100 x 100 x 100 mm) [26]. Alternatives to annealing include slow cooling in the 

mould in air [114,116] or cooling outside the mould in air [123]. Rapid cooling of polymers 
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through their glass transition temperature can prevent recrystallization if amorphous chains 

become fixed before having a chance to become re-ordered [124]. In an attempt to reduce 

creases and flaws when inserting foam into the mould, lubricants (olive or vegetable oil) and 

other oils (WD-40) have been used to lubricate moulds [76,120,125], but the effects lubricants 

and oils have on creasing and to the base polymer (following heating) have not been assessed 

systematically and remain unclear.  Lubricants, particularly flammable solvents such as WD-40, 

could increase the likelihood of polymer degradation.  

Another line of investigation has attempted to increase the range of Poisson’s ratios and 

Young’s moduli achievable following thermo-mechanical fabrications. The heat, time and 

compression applied during fabrication can be adjusted to give higher magnitude NPR and 

increased stiffness [126]. Heating for longer or at a higher temperature while using typical 

compression levels gives a positive or near zero Poisson’s ratio re-entrant foam [107]. Positive 

Poisson's ratio re-entrant samples have comparable density to typical auxetic foams and a linear 

stress strain curve without the presence of a plateau region, but often have a higher Young's 

modulus, reported to be around three times higher than typical auxetic foam [107]. Comparing 

auxetic and re-entrant foam with a positive Poisson’s ratio could demonstrate the effect of 

Poisson’s ratio on characteristics such as vibration damping or impact force attenuation. 

In depth analysis shows the complexity and diversity of chemical constitution in polymers 

(including those found in foams) [114]. Polymeric microstructure [114], and microstructural 

changes caused by heating [115] have only recently been investigated in relation to auxetic foam 

fabrication. Li & Zeng targeted the thermal glass transition temperature of styrene acrylonitrile 

copolymer (SAN) particle bonding, which is around 110 °C, to increase polymer chain mobility 

and fix imposed volumetric compression. Measurement of polymeric bonding changes (using 

Fourier transform infrared spectral analysis (FTIR)) caused by the thermo-mechanical 

fabrication have only been undertaken once [115], despite the wealth of studies fabricating 

auxetic foam. 

 There is also surprisingly little prior literature comparing the prediction of strain-

dependent mechanical properties from structural models with experimental data for auxetic 

foams. An analytical model for isotropic auxetic foam based on a polyhedron cell gave good 

agreement with experimental strain dependent Poisson's ratio for auxetic copper foam [110]. 

Predictions from a 2D analytical model of a hexagonal honeycomb deforming solely by flexure 

of the ribs were compared with 2D FE model predictions [127]. A multiple-mechanism 3D 

elongated rhombic dodecahedron analytical model has been developed [128], modified [129] 

and Poisson's ratio vs. strain comparison have been performed [130]. Auxetic foams are, then, 
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exemplary systems to further explore processing-structure-properties relationships in cellular 

solids and offer the potential to produce carefully tailored properties for a range of applications.  

Sporting products including football shin pads, cricket thigh pads and crash mats often 

include foam sections which have a larger planar area than typical auxetic foam samples (~20 × 

20 × 60 mm) [60,76,131], and numerous scaled up fabrications have been attempted 

[111,112,132]. Large fabricated samples often exhibit random and ordered inhomogeneity. 

Random inhomogeneity is caused by flaws such as surface creasing [76], due to difficulty 

compressing large samples of foam into the mould [111]. Ordered inhomogeneity was observed 

in fabricated cubes (150 mm sides), where the centre had the lowest density [2]. Possible 

explanations include reduced compression towards the centre of the cube during fabrication or 

a thermal gradient that meant the internal structure was not sufficiently fixed and re-expanded 

following fabrication. The specific influence of temperature gradients and compression 

gradients during auxetic foam fabrication is unclear.  

Solutions to increase homogeneity when fabricating large samples of foam include; (i) a 

mould with moveable walls, which can be assembled around the foam and then used to apply 

compression [111,133]; (ii) a multi-stage compression process with an intermediate VCR to 

reduce insertion forces [76] and (iii) a vacuum bag to apply compression [112]. Vacuum bags are 

claimed to reduce external densification and allow fabrication of additional shapes (i.e., curved) 

[112]. Surface creasing [76,111,133] and densification [112] has not been measured or 

qualitatively shown in large sample fabrications. Sheets fabricated in vacuum bags were highly 

anisotropic, suggesting non-uniform triaxial compression, and had a higher than usual VCR (of 

7.5) [112]. It is unclear whether vacuum bags can apply controlled planar or through thickness 

compression. ‘Felted foams’ are the closest commercially available equivalent to isotropic 

auxetic foams, fabricated by compressing open cell foam between two heated plates to impart 

an anisotropic, re-entrant cell structure and direction dependent NPR [108].  

Large, homogenous sheets or monoliths of isotropic auxetic foam could 

facilitate development of prototype sports equipment and ultimately commercial uptake, 

utilising expected enhancements to indentation resistance caused by isotropic NPR [134–136]. 

Inserting rods through the bulk of foam during compression and fabrication has been used to 

apply variable compression and final cell structure in small gradient foam samples [137], but 

could also provide internal control during uniform VCR. Density measurements have been 

used to show variable final compression through the bulk of large (150 mm sided) [2] foam 

cubes and smaller samples [137,138]. Controlling internal compression, then measuring and 
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estimating the effect of remaining differences in cell structure, compression and surface flaws is 

a clear extension upon previous work [2,111,112,133]. 

Alternatives to the thermo-mechanical fabrication process [60] include using a solvent or 

softening agent instead of, or in combination with, heating. Acetone [131] and pressurised CO2 

[139] can lower the glass transition temperature of some polymers and copolymers (i.e., CO2 for 

SAN particles), meaning increased polymer chain mobility and subsequent fixing can be 

temporarily achieved at low (room) temperatures [114]. Softening methods can be combined, 

and both acetone [106] and CO2 [139] have been used in combination with heat. Liquid solvents 

(such as acetone) will require a drying phase and so some form of gradient is likely in larger 

samples. Provided there is no significant gradient due to diffusion of gases from the centre of 

samples during/after fabrication, the CO2 softening route could reduce the effect of temperature 

gradients in thermo-mechanical fabrications.  

Attempts to apply thermo-mechanical fabrication methods typically used for open cell 

foam to closed cell foam can rupture the foam’s cell walls [76,132]. NPR has still been achieved 

along one axis in closed cell low density polyethylene (LDPE) foam, by combining thermal 

softening (at 110° C) and high hydrostatic pressure (662 kPa, applied by a pressure vessel) over 

10 h and maintaining the pressure for a further 6 h after cooling [140]. Heating for 1 h at 86° C, 

then subjecting to vacuum pressure for 5 min prior to sudden restoration of atmospheric 

pressure also produced uniaxial NPR in the same LDPE closed cell foam [140]. Slow diffusion of 

gas through cell walls was similar to predicted values, suggesting the cell walls in the auxetic 

LDPE foam had remained intact. A simpler method, without the need of a pressure vessel, first 

steams closed cell foam for around six hours at 100°C, until steam enters closed cells [141]. 

Subsequent cooling to condense the enclosed steam shrinks the cell and imparts a re-entrant 

structure following compression to around a fifth of the foam's original volume, leaving some 

water in the cell and increasing foam density by a further 20%. Solid state foaming (sticking 

together pieces of closed cell foam cut in a re-entrant shape) [142], syntactic foam processes 

(embedding degradable/collapsible beads with a re-entrant shape into a molten/liquid polymer) 

[143] and AM [144] have also produced auxetic foam-like structures.   

Measuring strain in compliant, often inhomogeneous foam or foam like structures requires 

non-contact methods. Wide ranging studies, employing a variety of test protocols, have been 

undertaken to characterise auxetic polymeric foams for structural, mechanical, thermal, 

filtration and impact properties, for example. Isotropic auxetic foams with Poisson’s ratio 

between 0 and −0.7 have been reported (e.g., [26,75,114,115,120,137,145]). Higher magnitudes of 

NPR (<−1) have also been reported for anisotropic auxetic foams [112,121]. Standardising 
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methods for characterising samples would help assess levels of agreement between different 

studies. Ideally testing should be undertaken in accordance with, or based upon, the 

appropriate ASTM standard (e.g., ASTM-D412—15a [146]) for quasi-static tensile testing, which 

requires communication of sample dimensions, strain rate, range and measurement method 

and joining/contact methods between sample and test rigs.  

 Off the shelf programmes, bespoke Matlab scripts [2,26] and video-extensometers 

systems (camera and tracking programme) [92,137] have been used to track markers on/in foam 

samples. Samples tested with liquid paper makers exhibited strain readings with greater scatter 

than those with pins [137]. Alternatives include measuring samples frontal area or width to give 

bulk deformation [92,147], tracking lines rather than points [148], laser measurements of sample 

area [147] and digital image [145,149] or volume [84,137] correlation (DIC and DVC 

respectively). DIC and DVC could give a more complete analysis of local strains. 

2.3.3. Other auxetic materials 

Textiles utilising two-dimensionally auxetic fabrics have been produced [150–152]. 3D 

auxetic textiles have been developed for composite reinforcement applications [153,154] using 

warp and weft yarns [155] with stitch yarns [156] and auxetic fibres [157]. A four layer woven 

3D auxetic textile structure has been used as composite reinforcement, fabricated using a 

vacuum-assisted resin transfer moulding process [158]. 3D Auxetic textiles have also been 

employed to reinforce a foam matrix fabricated by injecting and foaming [159,160].  

As alternatives to often inhomogeneous foams or textiles, fabrication of auxetic materials 

with repeatable structures using various AM techniques has been investigated (e.g., fused 

deposition modelling [161], selective electron beam melting [162], selective laser sintering [163] 

and lithography-based ceramic manufacturing [164]). Example materials used for AM in auxetic 

research include compliant rubbers and plastics. Auxetic 3D chiral lattices have been modelled 

and produced by AM using TangoBlack®, a rubber-like AM filament [165]. AM has also 

combined two materials of different stiffness within one re-entrant unit cell  [144,166,167] 

(Figure 2.3). 

 
Figure 2.3: Dual material auxetic re-entrant structure 
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AM structure’s Poisson’s ratio can be tuned by altering the geometry of a unit cell [168–

170], enabling the design and analysis of novel auxetic structures using FEM [171,172] to help 

validate existing analytical formulae. NinjaFlex®, an elastic and flexible thermoplastic PU, has 

been used in the AM of auxetic structures [161,173–175], and in impact testing studies [174,175], 

with FEM used to highlight auxetic structures’ desired impact force attenuation. Elsewhere, 

impact testing on non-auxetic NinjaFlex® honeycombs demonstrated that increasing strain rates 

(0.01 to 0.1 s−1) resulted in an increased energy absorption (0.01–0.34 J/cm3) [176]. Both strain 

rate dependency and energy absorption are key considerations for auxetic material applications 

in sporting PE and PPE.  

2.3.4. Gradient Materials 

Gradient materials are made from a single material by varying its macro-structure to have 

different mechanical and structural properties in different regions (e.g., auxetic and 

conventional regions). Gradients can be discrete [137,177] or continuous [92,137]. Composite 

sandwich structures employing discretely gradient honeycombs have a higher compressive 

modulus and are stronger than conventional sandwich structures [178]. The same sandwich 

structures exhibit a large increase in bending stiffness at the transition between conventional 

and NPR regions [179]. Opposing synclastic/anticlastic (domed/saddled) curvature associated 

with negative/positive Poisson’s ratio respectively [60] cause increased shear modulus between 

regions and a localised stiffening effect. A similar stiffening effect can be seen in AM 

honeycombs with re-entrant inclusions during tensile tests [180]. Stiffening between discrete 

gradients of conventional and NPR could increase the bending stiffness (of the whole structure 

or of specific regions) in sports equipment that contains honeycomb or fibre reinforced 

composites (e.g., skis, snowboards, tennis rackets and hockey sticks to name a few). Auxetic 

composite sandwich structures have not been tested for sports applications. 

Gradient foams have been fabricated, by applying variable compression gradients using 

rods [137] and/or selecting mismatched uncompressed foam and mould shapes [137,177] (e.g., 

uniform foam sample compressed in a tapered mould). Gradient structures could be applied to 

foams or other materials (i.e., fabrics) to allow the development of garments which will fit to the 

wearer and adapt to their shape as they move. 

2.4. Expected Characteristics and Supporting Evidence 

Beneficial characteristics of auxetic materials include increased shear modulus, indentation 

resistance [107,135], dynamic [181,182] and static compressive energy absorption [122] and 

decreased bulk modulus [107,135]. Increased indentation resistance [107] and compressive 
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energy absorption [106,108,122,138] have been shown experimentally in comparisons of auxetic 

and conventional foams. Lateral expansion due to axial tensile loading makes auxetic 

structures/materials candidates for straps in apparel, increasing area to spread increasing loads 

and prevent ‘digging in’ [183]. Many of the characteristics which provide unique enhancements 

for auxetic materials come from Elasticity theory [135,184]. 

For isotropic materials experiencing elastic deformation, Young’s modulus (E) and shear 

modulus (G) are related (Figure 2.4a, Equation 2.1), as are Young’s modulus and bulk modulus 

(K, Figure 2.4b, Equation 2.2) [185]:  𝐺 = 𝐸2(1+𝜐)      ( 2.1 ) 𝐾 = 𝐸3(1−2𝜐)      ( 2.2 ) 

Elasticity theory states that Poisson’s ratio must be between −1 and 0.5 for 3D isotropic 

materials [85,186,187], so shear and bulk modulus (Equations 2.1 and 2.2) are both positive (for 

positive values of Young's modulus). Poisson's ratio is between −1 and +1 for 2D isotropic 

materials [188]. From Equations 2.1 and 2.2, as Poisson’s ratio tends towards −1 both shear 

(Equation 2.1) and bulk (Equation 2.2) modulus are driven towards extremely high or low 

values (respectively) in a 3D isotropic material. So, as Poisson’s ratio reduces to negative values, 

a material will retain its shape and undergo greater volumetric deformation in both 

compression and tension. 

 
Figure 2.4: Schematic showing (a) shear deformation and (b) bulk/volumetric deformation. Black arrows 

show shear loading, red arrows show loading due to hydrostatic pressure, dashed lines show original (a) 

shape and (b) volume. 

 

Indentation resistance is a measure of the load required to indent a material (Figure 2.5a & 

b). Mathematical consideration of an elastic, isotropic half space relates the force required to 

indent a shape (whereby contact and incidence are summarised by the value x) to a specific 

depth, known as indentation resistance or hardness (H) [184]. Considering a point within the 

half space, resistance to deformation is proportional to Young’s modulus, and total (tri-axial) 

deformation. Expanding over the entire half space due to compression with an indenter, 
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described by x (1/3 for a cylinder, 2/3 for a sphere and 1 for a flat circle), indentation resistance 

relates to Poisson's ratio and Young's modulus by [184,189]: 

 𝐻 ∝ ( 𝐸(1−υ2))𝑥      ( 2.3 ) 

 
Figure 2.5: Simplified 2D indentation showing (a) Axial deformation; (b) Lateral deformation described in 

Equation 2.3; (c) Effect of large shear modulus (Equation 2.1) on indentation area (- - -) and lateral mass 

flow, both un-accounted for in Equation 2.3. The red line shows contact area (at, Equation 2.4). 

 

Pads often contain relatively stiff foams, or have rigid shells, to effectively increase their 

indentation resistance (H in Equation 2.3) and prevent penetration by concentrated loads. A 

material with a large magnitude of Poisson's ratio could have equally high indentation 

resistance as one with a high Young's modulus. Such a material could be used to reduce the 

overall stiffness of a protective pad. A compliant pad with a high indentation resistance would 

be versatile, reacting to different surfaces to improve its resistance to deformation [13]: e.g. 

deforming to sufficiently cushion falls onto a flat surface, while resisting penetration by low 

area objects (e.g. a studs). Assuming a constant Young’s modulus, as Poisson’s ratio tends 

towards −1, a material should exhibit infinitely higher resistance to shear deformation (Figure 

2.4a, Equation 2.1) and high indentation resistance (Figure 2.5, Equation 2.3), while becoming 

increasingly easier to deform volumetrically (Figure 2.4b, Equation 2.2). Cell parameters of AM 

auxetics can be designed to have different (positive and negative) Poisson's ratios [170], and it is 

likely that Young's modulus could be held constant. Young's modulus often varies between 

positive, zero and negative Poisson's ratio foams [60,80,126]. Infinite shear modulus and 

maximum indentation resistance and volumetric compressibility can only be achieved 

elastically and isotropically with auxetic materials [135], and increased indentation resistance 

has been shown experimentally [107,189,190].  

Equation 2.3 for Hertzian indentation resistance comes from elastic properties and 

assumes; (i) the surfaces are continuous and have non-conforming profiles; (ii) the area of 

contact (Figure 2.5) is much smaller than the characteristic dimensions of the contacting bodies; 
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(iii) the strains are small and purely elastic and (iv) the surfaces are frictionless at the contact 

interface. These four assumptions for Hertzian indentation are not always held, although 

Equation 2.3 is often referred to and discussed in the context of non-Hertzian indentations 

[134,191]. Sporting PPE typically has a low thickness, so does not often meet assumption (ii). A 

finite thickness model has been developed for soft and thin cushioning materials where 

Hertzian theory is expected to become invalid, and auxetic cushions have been found to reduce 

the contact pressure on the buttocks (indenter) [192]. In another approach, Equation 2.3 has 

been adapted for thin sheets of rubber [193], to include a correctional coefficient (C, Equation 

2.4) based on a ratio of contact area (at, red line in Figure 2.5) and the sheet’s thickness (t) and a 

constant (A) for sheets of rubber, Equation 2.4, but has not been experimentally validated for 

NPR materials. The contact area can be calculated based upon indenter shape and material 

characteristics [193]. As thickness decreases towards zero, contact area/thickness increases and 

the correction tends towards unity. The force required to indent rubber to a specific depth 

increases as thickness decreases. The assumption of zero friction has been shown through FEM 

and continuum mechanics to be invalid [134,136,194,195]. In these simulations, friction was 

found to enhance NPR’s contribution to indentation resistance. 

 C = 1 − exp−A  tat      ( 2.4 ) 

 

Equations 2.3 and 2.4 are for instantaneous, linear values. They do not, therefore, account 

for the different amounts of densification and possible hardening caused by lateral deformation 

due to Poisson’s ratio (Figure 2.5c). Auxetic foam (with a relatively high shear modulus, 

Equation 2.1) should resist shear deformation more than its conventional counterpart. Auxetic 

foam’s upper surface would, therefore, compress as a larger, flatter area (represented by the 

dashed line, Figure 2.5c) as shown in cylindrical indentations [107] and using FEM [196]. FEM 

and analytical models also report a reduction in contact area for simulations with NPR 

materials [197], suggesting that deformation occurred over a larger radius, rather than the foam 

wrapping around the indenter. The opposite effect (auxetic foam wrapping around the 

indenter) has been predicted in FEM simulations of low strain indentation of 2D linear-elastic 

isotropic blocks [109] and also observed during impacts with a hemispherical dropper onto 

samples covered with 1 to 2 mm thick polypropylene sheets [26]. In the FEM study, a lower 

Young’s modulus over two times lower than that of the conventional foam was employed for 

the auxetic foam, providing a shear modulus almost a factor of two lower than the conventional 

foam (Equation 2.1), despite the NPR, which possibly explains the discrepancy. In the 

experimental study, the added complexity when considering multi-material systems (e.g., 
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featuring a stiff shell and compliant foam), hemispherical or studded indenters (rather than 

cylindrical) and impacting at high strain rates could explain the observed differences. The 

relationship between the shell and foam’s elastic moduli (as discussed in relation to coatings 

[198,199]), the foam’s Poisson’s ratio [197,199] and synclastic/anti-synclastic (domed or saddled) 

bending in the upper surface may affect indentation resistance. 

Hertzian indentation requires corrections for high strain indentations, impacts of non-

linear materials or multi-material systems typical in sporting PPE [5,6] and, therefore, testing of 

auxetic foams for sports applications [134,136]. As noted above, friction (assumption iv) can 

amplify increases in indentation resistance caused by NPR [134,136], and a correction factor has 

been applied [136]. Comparative tests between thermo-mechanically converted auxetic foam 

and conventional foam have shown large increases in indentation resistance [107,181,200]. Only 

a single study has indented auxetic and non auxetic foams of the same density and comparable 

(quasi-linear) stress vs. strain relationships, with the conventional comparative sample 

fabricated by extending the thermo-mechanical fabrication time from 20 minutes to an hour 

[107]. Isotropy was not shown in the iso-density comparative sample, and direct validation of or 

comparison to indentation theory (Equation 2.3) was not provided. Further significant 

modelling and experimental research examining NPR’s effect on indentation responses of 

conforming, non-linear and anisotropic material subject to a range of indenter sizes and shapes 

is therefore required. 

One of the difficulties in testing NPR’s effect on the expected benefits (i.e., impact force 

attenuation or indentation resistance) when using foam is changes to Young’s modulus and 

stress-strain relationships following fabrication [60,80]. Studies report auxetic foams with lower 

initial Young’s modulus than their conventional counterparts [80,120,181]. Reduced Young’s 

modulus has been attributed to the presence of buckled ribs in the auxetic foam being easier to 

deform than the straighter ribs of the conventional foam [80]. Elasticity theory (Equation 2.1, 

Figure 2.4a) also supports a reduction in Young’s modulus as Poisson’s ratio decreases if shear 

modulus remains constant. Auxetic foams typically have a higher density than their open cell 

parent foam, so the reduction in Young’s modulus is contrary to the usual expectation of an 

increase in Young’s modulus with increased density [85]. Note, though, that Gibson and Ashby 

refer to a density increase caused by thicker ribs, whereas in the auxetic foam fabrications 

density increases due to changes in rib orientation. Gibson and Ashby’s cellular solid theory 

actually indicates that Young’s modulus can either increase or decrease when moving from a 

hexagonal to a re-entrant cell geometry, characteristic of auxetic foams [85]. The increased 

Young’s modulus is allowed by elasticity theory—materials with the same bulk modulus 
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(Equation 2.2, Figure 2.4b) will have increased Young’s modulus as Poisson’s ratio decreases. 

Increases [106,121,133,138] as well as the aforementioned decreases in Young’s modulus 

[60,80,181] have been reported in auxetic foam fabrications. 

The re-entrant structures typical in auxetic foams usually give an initially quasi-linear 

compressive stress-strain curve, with hardening as pores close at higher compression levels 

(>~50%) [13,60,76,109,182]. Conventional open cell foams exhibit a low-stiffness plateau region 

due to buckling of cell ribs between ~5% and 80% strain (Figure 2.6a) [85]. A plateau is 

beneficial for impact force attenuation, as energy absorption is maximised while peak force 

remains below a threshold value (Figure 2.6b). Both of these cases have been explained 

numerically and validated experimentally [85]. It should be noted that only specific forms of 

cellular materials that have a hexagonal honeycomb like structure before conversion then adopt 

a re-entrant structure, such as open cell PU foam and open cell auxetic PU foam [60], exhibit the 

plateauing and relatively linear stress-strain relationships. Exceptions have been recently 

presented; re-entrant auxetic PU foams with a plateau region which could be applied to impact 

protection [115]. 

 
Figure 2.6: (a) Typical compressive stress vs. strain response of auxetic and conventional open cell foam 

(note cellular collapse between 5 to 10% then hardening beyond 80% strain via densification in open cell 

foam); (b) Linear (1) vs. Plateauing (1+2) energy absorption (shaded in red/green respectively) before a 

maximum allowable force; (c) Strain energy density (Volumetric (Uv, Equation 2.5), Distortion (Ud, 

Equation 2.6) & Ut, Total) vs. Poisson’s ratio for a linear elastic isotropic material subject to a uniaxial 

stress. Uniaxial stress and Young’s modulus set to 1 kPa. 

 

For a linear elastic isotropic material subject to a uniaxial stress (𝜎), the total strain energy 

density (Ut) is the sum of the volumetric strain energy density (Uv) and the distortional strain 

energy density (Ud), which are related to the Young’s modulus and Poisson’s ratio (i.e., [185]): 

 𝑈𝑣 = (1−2υ)𝜎26𝐸       ( 2.5 ) 𝑈𝑑 = (1+υ)𝜎23𝐸       ( 2.6 ) 
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In Figure 2.6c, an applied compressive uniaxial stress and Young’s modulus are arbitrarily 

equated to 1 kPa for simplicity. Plotting these values in Equations 2.5 and 2.6 between elastic 

limits of −1 and 0.5 for Poisson’s ratio (Figure 2.6c) shows an increase in volumetric strain 

energy density and a reduction in distortional strain energy density as Poisson’s ratio tends 

towards −1. Auxetics material’s tendency to volumetric (rather than distortional deformation) 

could effectively increase indentation resistance (Figure 2.5c, Equations 2.3 and 2.4). As 

Poisson’s ratio decreases, the stress concentration at a crack’s tip is also thought to reduce, and 

auxetic inclusions have reduced crack propagation [201,202]. Von Mises and maximum shear 

stress theory both define failure when distortional strain energy exceeds a maximum value. The 

reduction in distortional strain energy (to zero, Figure 2.6c) as Poisson’s ratio reduces to −1 [186] 

is, then, expected to lead to an increase in toughness. A natural example of where this may be 

exploited may be found in the nacre layer of certain seashells. Nacre has a reported tensile NPR 

of the order of ~−0.1 [67] and ~−0.4 [203] which is thought to increase volumetric strain energy 

density by ~11 times while more than halving distortional strain energy density, allowing the 

system to absorb more energy before failure [203]. A direct link between NPR, reduced 

distortion close to a crack tip or within a bulk material and increased toughness has not been 

shown within the scientific literature, either experimentally or by modelling. 

Increased energy absorption has been shown experimentally for auxetic foam; under flat 

plate [108] and studded impacts [181], quasi-statically with flat compression plates [122] and 

within aluminium tubes [204]. When compressed cyclically at high strain rates (0.036 to 0.36 s−1 

[205] and 0.033 s−1 [106,181]) auxetic foams absorbed up to sixteen times more energy than open 

cell foams of a different polymeric composition and equivalent density, therefore appearing 

more useful in cushioning layers of sporting (and general) PPE. The differences in energy 

absorption do not account for changes in stress/strain relationship or strain rate dependency 

between conventional and auxetic samples. As strain rates increased, Young’s modulus and the 

magnitude of NPR increased marginally in samples of auxetic PU foam [206]. In some cases the 

increased linear elastic range of the auxetic foam compared to the parent foam with a plateau 

region in the stress-strain relationship could have contributed to higher energy absorption 

[106,108]. 

Energy absorption, strain rate dependency and (often) indentation resistance combine to 

influence performance under impact. Theoretically beneficial for impact protection [13], auxetic 

foam samples have been shown to exhibit between ~3 and ~8 times lower peak force under 2 to 

15 J impacts adapted from BS 6183-3:2000 for cricket thigh pads [2,22,26]. During a comparison 

of high strain rate compression (20 to 40 J impacts) to a conventional commercial foam of 
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similar density, auxetic samples exhibited (1.2 to 1.8 times) higher peak acceleration, but also 

exhibited higher compressive elastic modulus [106]. Inward material flow has been shown 

under impact by rudimental visual inspection of high-speed camera stills, and the samples with 

the greatest magnitude of NPR exhibited higher lateral contraction, lower through thickness 

deformation and a similar peak force to other samples [108]. Peak forces can also be decreased 

(1.2 to 1.5 times) during 5 J impacts by impregnating auxetic foam with shear thickening fluid 

[207].  

Honeycomb sandwich panels with 100 mm thick auxetic aluminium cores were found to 

resist ~ 17 kJ, ~ 8 m/s impacts (representative of ballistic kinetic energies but at lower strain 

rates) with a 150 mm hemispherical drop mass better than regular or rectangular aluminium 

cores with the same size and areal density [208]. Re-entrant cores also absorb more impact 

energy when the re-entrant cell structure was non-uniform [209]. Laminated composites 

containing warp knit auxetic Kevlar® fabric reinforcement, fabricated with imparting re-entrant 

rather than hexagonal repeating units [210], showed similar energy absorption to laminates 

containing conventional woven Kevlar® reinforcement during 167 m/s impact with a 14.9 g 

bullet (~200 J) [211,212]. The auxetic Kevlar® laminates, however, displayed enhancements in 

fracture toughness (225%) and fracture initiation toughness (577%), and a reduction in front and 

rear face damage area [211,212]. Auxetic composite laminates displayed reduced back face 

damage during 7–18 J impacts by a stud [213–215]. Auxetic composite laminates could, 

therefore, improve the durability of protective shells in PPE and other sports equipment (i.e., 

bicycle frames, skis/snowboards or boat hulls).  

Related to energy absorption, auxetic foams have been tested for vibration damping (to 

ISO 13753 for vibration protecting gloves [216]). At low frequencies (<10 Hz), auxetic foam 

exhibited lower transmissibility than iso-volume open cell samples made from the parent foam 

and iso-density uni-axially compressed samples [125]. Auxetic foam had a lower cut off 

frequency than its parent foam [217]. The transmissibility of auxetic samples was greater than 1 

between 10 and 31.5 Hz, but less than 1 over 31.5 Hz [109], equivalent to commercial anti-

vibration gloves. Auxetic foams also fatigued uniquely, with higher permanent compression 

than their parent foam and a general increase (as opposed to the conventional foam’s decrease) 

in measured hardness after 80,000 cycles up to ~120 N (150 mm sided cubic samples) [218].  

Curvature of a beam or plate subject to an out-of-plane moment is related to Poisson’s ratio 

[60,219]. Sheets with a positive Poisson’s ratio will adopt a saddled shape (anticlastic curvature, 

Figure 2.7a) and those with NPR will dome (synclastic curvature, Figure 2.7b). Doming is 

caused by axial (due to loading) and lateral (due to Poisson’s ratio) extension on the upper 
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surface combined with equivalent contractions on the lower surface. Conventional materials 

will contract laterally on the upper surface and expand laterally on the lower surface.  

Synclastic curvature has been observed in auxetic foam [60], analysed in detail in sandwich 

structures with an auxetic honeycomb core and auxetic laminate skins [219] and demonstrated 

by FEM [122,220] and experimentally using a simple paper model [122]. Auxetic fabric can 

conform around a spherical surface (Figure 2.7b) [221]. Bespoke complex curvatures are 

achievable for gradient honeycombs displaying conventional and NPR regions when subject to 

an out-of-plane moment [222]. 

 
Figure 2.7: (a) Conventional honeycomb showing saddled curvature; (b) Re-entrant auxetic honeycomb 

showing domed curvature. Solid arrows show applied bending and dashed arrows show bending due to 

Poisson’s ratio. Enlarged pop outs show cell structure. 

 

Shape memory polymers return to one of their previous shapes when triggered [223]. 

Typical shape memory steps are: 1) Deformation (at elevated stress and temperature); 2) 

Cooling/fixing (at elevated stress); 3) Unloading (removal of stress at the lower temperature); 

and 4) Recovery (reheating to elevated temperature under zero stress) [223]. Some auxetic PU 

foam samples have been shown to exhibit shape memory, meaning they return to their original 

dimensions when heated [117] or exposed to solvents [131]. Thermo-mechanical conversions 

map the shape memory cycle; 1) Deforming and heating in a compression mould, 2) Cooling in 

their moulds, 3) Unloading by removing samples for their moulds and applying gentle hand 

stretching. Shape memory can then be tested by step 4) Recovery; reheating or solvent exposure 

without a mould. When heated in an oven, auxetic foams samples returned rapidly towards 

their original dimensions when the temperature reached 90 °C, reaching their original size 

when the temperature reached the fabrication temperature of 135 °C.  

Marginally re-entrant structures with NPR which exhibit partially blocked shape memory 

have been fabricated [115]. The fabrication process included numerous cycles of thermo-

mechanical fabrication followed by reheating to return samples towards their original state. 

Auxetic behaviour was found in ‘returned’ samples from the third returned stage onwards, and 
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has been attributed to the presence of kinked or corrugated ribs. Clearly shape memory could 

be detrimental in terms of sport safety equipment, in that pads could be changed irreparably 

when exposed to heat or solvents (i.e., when machine washed or dried). Blocked shape memory 

auxetic foams, defined as foams which whilst (nominally) recovering dimensions (step 4, [223]) 

retain NPR [115], or other  solutions to prevent a return to original dimensions (such as 

constraining auxetic foam in an outer textile/shell layer) could improve a product’s lifecycle. 

Several characteristics change in the auxetic foam fabrication process, including Poisson’s 

ratio, stress/strain relationships and density [26,75,76,121,224]. So, during comparative impact 

tests between auxetic and parent foam [2,26,106,138,224], the specific contribution of individual 

characteristics, including Poisson’s ratio, can be difficult to determine, and unambiguous 

experimental verification of theoretical enhancements due to the NPR requires further work. 

The same can be said for other studies into auxetic foam, including those into vibration 

damping [109,125], resilience/strength [148] and energy absorption [122]. 

Comparing results from scientific literature suggests that the compressive Young’s 

modulus (30 to 50 kPa) of auxetic open-cell PU foams [2,26,76,85,224] is typically more than 

twenty times lower than that of the closed cell foams often found in sporting PPE (~1 MPa) [3,5–

7,14]. Such a large reduction in stiffness suggests that the two materials are not comparable and 

stiffer auxetic foam is required for sporting PPE. The enhancements provided by NPR (e.g., 

indentation resistance) might allow for some reduction in stiffness, but to absorb an equivalent 

amount of energy to current sporting PPE, current auxetic foam would need a contribution 

from having NPR that would increase energy absorption by ~20 times. The largest reported 

increase in energy absorption for auxetic vs. conventional foam is 16 times during dynamic 

cyclic tests [205], but increases of ~3 times are more common in single impacts/compressions 

[108,138]. Crash mats are typically softer than PPE (~50 kPa [11]), as are compliant comfort 

layers in helmets [17] and other PPE, and (due to their extensive variety of possible applications 

and impact scenarios) could benefit from the increased energy absorption and indentation 

resistance associated with auxetic foams [107,122]. The author is not aware of any publications 

specifically comparing impacts or indentations of auxetic foam to foam typically found in sports 

PE and PPE. 

2.5. The Potential for Auxetic Materials in Sports Products 

The sporting goods sector is characterised by early uptake of new technologies and rapid 

product development, launch and replace cycles. Consequently, this sector is amongst the first 

to see commercial products based on auxetic materials, with two commercial sports shoe ranges 

that utilise auxetic structures. The Under Armour Architech sports shoe range [225] 
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incorporates either an AM or moulded auxetic (re-entrant or arrowhead [226]) latticed upper 

(Figure 2.2a) which is claimed to aid conformability, fit and comfort. The added manufacturing 

benefit of being formable as a one-piece upper, rather than several pieces each individually cut 

to shape and stitched together is also claimed. The Nike Free RN Flyknit sports shoe [227], on 

the other hand, employs an architectured closed cell foam outsole with an auxetic rotating 

triangles structure (shown in Figure 2.8, first proposed in [71–73]). The outsole is claimed to 

exhibit bi-axial growth as the wearer accelerates or changes direction, for improved traction and 

impact energy absorption [228]. Nike do not provide any information showing the design 

works as intended, however, rotating triangles are a well understood method for imparting 

NPR [71–73] and multi-axial expansion. Underarmour have a patent [225] demonstrating the 

benefits of the auxetic upper. Like Nike's shoe, the utilised structures have been extensively 

studied and the stated benefits of bi-axial stretch and double curvature (Figure 2.7b) are well 

understood. 

 
Figure 2.8: Schematic showing (a) rotating triangles (un-deformed); (b) rotating triangles’ multi axial 

expansions (rotation = 15°), tensile load applied either vertically or horizontally. 

 

Multi-axis expansion (due to NPR) has potential benefits in cleaning/shedding of dirt [229]. 

Multi-axis expansion could be implemented in a conformable facemask [230] to protect against 

extreme weather during outdoor/adventure sports, or commuter cycling—expanding bi-axially 

when the mouth is opened to increase breathability [60,229,231,232]. Other benefits of multi-axis 

expansion include large volume change, allowing design of small size, easily stored garments 

which can expand when worn (e.g., for spare layers in outdoor/adventure sports), or expand 

with a growing child [233].  
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D3O market the Trust Helmet Pad System [234] incorporating pads with a re-entrant 

auxetic geometry that are claimed to provide increased fit to the head. Although double 

curvature (Figure 2.7b) is a clear benefit in auxetics, the utilised re-entrant cells are large and it 

is unclear whether double curvature will be realised in a continuum, rather than a 

discontinuous, manner. More products are likely to emerge if the increased level of comfort and 

protection offered by auxetic materials can be further demonstrated, justifying investment in 

the development of stiffer, more appropriate auxetic materials (such as closed cell [140] or shear 

thickening fluid impregnated [207] auxetic foams, or novel impact hardening auxetic polymers 

[235]). The emergence of sports products including auxetic materials could be assisted by the 

development of a commercially-viable (low cost, large scale) auxetic foam production process 

[111,132]. ‘Felted’ foams, fabricated by uniaxial compression, are already commercially 

produced and exhibit auxetic behaviour in one loading direction [108]). Alternatively AM is 

becoming a commercially viable option [225] to provide fine control over cell structure for 

auxetic foam-like structures. 

The ability to change the shear modulus of a material through Poisson’s ratio [85,236] 

could provide a useful tool in designing head protection that can reduce rotational acceleration 

[237]. Helmets and helmet certification standards have been criticised for focussing solely on 

direct rather than both direct and oblique impacts [15]. Controlling shear modulus by changing 

Poisson’s ratio (to negative or positive values) of any layer within the helmet could contribute 

to solutions to reduce rotational acceleration (i.e., in combination with or instead of slip plane 

technology [52]). The benefit of using Poisson’s ratio to change shear modulus is that stress vs. 

strain relationships would change less significantly, limiting the effect on linear acceleration 

and therefore perceived performance according to current certification standards [39,40]. 

2.6. Conclusions 

In a competitive, rapid uptake market such as sports equipment, it is important to keep 

searching for new and improved designs and materials. With frequent, catastrophic high-profile 

injuries, and scandals, particularly involving head injury of sports participants wearing helmets 

at the time of injury (such as Michael Schumacher's skiing accident and an overwhelming 

number of long term complications to American Football participants) the importance of 

improvement increases. Shear thickening materials can be flexible in normal use, but rigid to 

resist penetration under impact. Increasing in rigidity at very specific strain rates, selected to 

pass non-representative certification tests, PPE incorporating shear thickening materials may 

not offer adequate protection under impact. The chance to increase market revenue, while 
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reducing costs to health services, national economies and burdens on injured individuals, 

warrants continued research through commercial and state investment.  

Auxetics have a wide range of potentially useful characteristics that could increase the 

protection offered by, and/or comfort of, sporting PPE, PE and other garments. Potential 

benefits include increased indentation resistance, vibration damping and shear modulus as well 

as decreased bulk modulus, meaning auxetics show potential to be widely used in place of, or 

in combination with, shear thickening materials. These have been shown using auxetic foam 

compared to its parent foam and also iso-density conventional foams. Further experimental 

comparisons of auxetic and conventional foam’s indentation resistance, impact force 

attenuation and vibration damping are required to determine contributions from other 

variables, such as stress vs. strain relationships and density, to clearly identify the contribution 

due to Poisson’s ratio (Aim 2, Chapter 1, Page 5).  

In 1998, Chan and Evans published work comparing the indentation resistance of re-

entrant auxetic foams and foam with a near zero Poisson's ratio, fabricated thermo-

mechanically with a longer than normal heating phase, without repeat testing or confirmation 

of isotropy in the near zero Poisson's ratio samples. Currently, the effect of heating during 

thermo-mechanical PU foam fabrications is unclear, and polymeric changes have only been 

observed in one study featuring thermo-mechanical auxetic foam fabrications. Extending upon 

the fabrication and characterisation methods to ensure isotropy and comparable stress vs. strain 

relationships (Aim 1, Chapter 1, Page 5) will confirm whether expected increases to indentation 

resistance remain at high strains and low sample thickness, typical in PE and PPE (Aim 2, 

Chapter 1, Page 5). 

The creation of auxetic foams appropriate and beneficial to sporting goods will require 

development of fabrication processes, especially for larger samples (Aim 3, Chapter 1, Page 5). 

Large sample fabrication methods do not control or measure internal compression. Fabricating 

samples with comparative characteristics (e.g., Young’s modulus and density) is also required 

to show NPR’s benefits (e.g., to indentation resistance). The solvent and CO2 softening routes 

provide alternative and, in the latter case, faster auxetic foam fabrication. Increasing the 

stiffness of auxetic foam closer to the closed cell foam (Young's modulus ~1 MPa) found in 

sporting PPE or ensuring that impact energy absorption is equivalent or higher is an important 

step for commercialisation (Aim 4, Chapter 1, Page 5). With dynamic energy absorption 

reported up to sixteen times greater in auxetic foams some reduction in stiffness is likely to be 

acceptable, but requires confirmation by appropriate testing. A recent steam processing method 

for closed cell foam can impart a stiff (~60 MPa), re-entrant structure. Fabrication of closed cell 
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foams with a lower initial Young's modulus should be attempted (Aim 4, Chapter 1, Page 5). 

Commercially available auxetic foam would improve access, allowing more sport safety 

equipment manufacturers to design, test and evaluate auxetic prototypes.  

The more obvious characteristics of auxetic materials that are backed up with strong 

supporting evidence (multi axis expansion and domed curvature) have been implemented as 

auxetic foam and AM materials into sporting footwear and helmet pad products. Commercial 

success for auxetic sporting PPE requires stronger supporting evidence that responds to trends 

accurately re-creating infield collisions and falls. Other auxetic materials such as laminates and 

knitted/woven fabrics that exhibit characteristics including increased fracture toughness and, 

potentially, tailorable shape change, are currently untested for sports applications within the 

peer-reviewed scientific literature. Unlike auxetic foam production, the fabrication of auxetic 

composite laminates and many of the auxetic fabrics is via established commercial processes, 

requiring little or no modification. With further development and testing auxetic laminates and 

fabrics could be applied to a range of sporting products, from carbon fibre bicycle frames to 

swim suits or rugby tops that deform with the movements of the wearer. 
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Chapter 3: Thermal effects during thermo-mechanical conversions 

of small (~2 x 2 x 6 cm) samples of open cell polyurethane foam 

 

 Introduction 3.1.

 This chapter will address Aim 1 (Chapter 1, Page 5), and has been adapted from an 

article published in PSSB [1]: 

 Reported values of NPR in isotropic polymeric foams (including PU) are difficult to 

compare due to differences in the applied strain, strain rates and measurement methods. NPR 

values ranging from 0 to as low as -0.7 have been reported [2–22]. The heat applied during 

thermo-mechanical conversions affects the uptake of imposed compression [19,23] and 

polymeric composition [8], potentially changing the relationship between rib flexure, stretching 

and hinging around junctions [24–26]. As highlighted in the introduction (Chapter 1, Page 5), 

changes to the polymeric composition during thermo-mechanical fabrications are not typically 

measured. Therefore, the physical mechanisms giving rise to the high magnitude NPRs (-0.5 to -

1, [2,4,5,19–22]), and the precise processing conditions to achieve them, remain unclear.  

 Auxetic foams are often shape memory polymers, returning substantially to their 

original cellular structure and dimensions, accompanied by a return to positive Poisson's ratio, 

when exposed to an external trigger such as sufficient heat or certain solvents (without the 

constraint of a mould,  [12,13,17,27]). Auxetic foams with 'blocked shape memory' which 

partially recover their original dimensions/structure but retain NPR after re-exposure to heat 

have been fabricated with multiple cycles of thermo-mechanical compression and thermal re-

expansion [8]. The hydrogen bonds which can fix an imposed re-entrant structure have a lower 

glass transition temperature (Tg) than other bonds, which can produce shape memory upon 

weakening by reheating or with solvents [12,13,17]. Dimensional recovery over time can occur 

following thermo-mechanical auxetic foam conversions [3,8,12,28]. Final density ratio (FDR) has 

been used to describe the amount of regrowth following conversion [8,12,28], but since foam 

mass can also change due to degradation and/or solvent loss during heating, final volume ratio 

(FVR, initial/final volume) will be used.  

 As highlighted in the introduction and Aims 1 & 2 (Chapter 1, Page 5), attempts have 

been made to create positive Poisson’s ratio foam that is more comparable to auxetic foam than 

typical open cell foam to use in comparative tests, including anisotropic, marginally NPR 

uniaxially compressed 'iso-density' (equal density) foams [9,29]. Heating foam under isotropic 

compression for an extended period or at too high a temperature produces re-entrant foam with 

a positive Poisson's ratio and increased Young's modulus [3,30]. Suggested reasons why 
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excessive heat produces a contorted, re-entrant structure without an NPR include adhesion 

between cell ribs inhibiting transverse deformation [3,21] and decomposition of the 

polyurethane (PU) [3]. Spectral changes have been identified in one previous study using 

Fourier transform infrared spectral analysis (FTIR) following PU thermo-mechanical foam 

conversions [8]. Adhesion of cell ribs does not appear to have been empirically confirmed in 

samples subject to excessive heat [3,21]. Residual stresses caused by rapid cooling are 

considered possible and detrimental following conversions, with attempts (annealing and hand 

stretching) made to remove them [3,31]. 

 The approach during typical thermo-mechanical conversions has been to adjust cell 

shape while minimising the likelihood of detrimental changes to polymeric structure, residual 

stresses and adhesion between cell ribs [3,31,32]. The effects of applied compression [2,3,30,32], 

oven temperature [3,14,30,32], heating time [3,14,22] and cooling method [28] on final density 

[32,33], cell structure [19,32,33], NPR [3,14,30], and Young's modulus [3,22,33] have been 

studied, but not together and not with the inclusion of polymeric changes.  

 Thermo-plastic PU consists of hard (ordered) and soft (amorphous) segments.[34] 

Copolymers and cross-linkers can affect PU characteristics [14,16,34,35]. Softening temperature 

(or point) has been used to describe a temperature that will produce auxetic foam under typical 

volumetric compression ratios (VCR, Initial/final volume, typically two to five). Thermocouples 

inserted into the foam have been used to accurately monitor heating and cooling [3,11], but 

leave a hole in samples. Other studies have quoted oven temperatures and conversion times 

instead [2,8,14]. Softening; decreasing the strength of hydrogen bonds [14] and/or transitioning 

through any polymer or copolymer glass transition region can lead to permanent [8] or 

temporary [13,17,23] re-organisation of the polymeric structure, fixing changes imposed (by 

volumetric compression) on the cell structure.  Degradation in polymer chains typically occurs 

first in hard segments, then in soft segments [36,37]. Assessing dimensional stability, Poisson's 

ratio, Young's modulus, changes to cell structure and changes to polymeric bonding in samples 

fabricated with a broad range of thermal and mechanical processing conditions will improve 

understanding of the whole thermo-mechanical fabrication process. Findings can then be used 

to determine the conditions to give high magnitude NPR, or to fabricate non-auxetic, iso-

density comparative samples with similar stress-strain relationships to high magnitude NPR 

samples. 
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 Methods 3.2.

3.2.1. Foam Conversions 

 Cuboids of flame retardant PU foam with 30 pores per inch (PUR30FR, Custom-foams, 

supplied cut to 32 x 32 x 96 mm, Figure 3.1) were thermo-mechanically converted with isotropic 

compression in aluminium box section moulds (2 mm wall thickness) with a VCR of three. 

Samples were heat treated in a conventional oven (MCP Tooling Technologies LC/CD) between 

120 and 200°C (10°C increments) for either 20, 60 or 180 minutes. Pilot tests found samples took 

approximately fifteen minutes to reach the oven temperature, which was comparable to other 

work using similar foam and moulds [3]. Six samples were fabricated for each time and 

temperature combination and cooled to close to room temperature in their moulds, as in 

previous work [2,3,14], taking 30 to 60 minutes. Unless a transition temperature is passed 

through, heating and cooling rate are not expected to have any notable effect (i.e. to polymer 

crystallisation [34]) beyond changing the amount of heat exposure. Open cell foam's elongated 

cell rise direction [26] was as received from the supplier, identified visually as being 

perpendicular to the longest dimension of every sample (Figure 3.1 & Figure 3.3a). From each 

set of six samples, three were tested for dimensional stability and the remaining three samples 

were tested for Poisson's ratio, Young's modulus and polymeric bonding using FTIR. Samples 

that were tested for dimensional stability were first stretched once, by hand, to approximately 

30% of their imposed length after removal from the mould to remove residual stresses. Samples 

fabricated at 140 and 160 °C for 180 minutes were also mechanically characterised following re-

heating to test their dimensional stability. Following completion of the initial (VCR = 3) study, 

additional samples were fabricated (VCR = 2) at combinations of heat and time that gave 

consistent negative and near zero Poisson's ratios for samples with a VCR of three (140°C and 

200°C for 60 minutes respectively).  

  

 
Figure 3.1: Foam and mould (annotations show cell rise and dimensions. L1 (x) = 76.5 or 66.5 mm and L2 (y 

and z) = 25.5 or 22 mm for VCR = 2 or 3, respectively  
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3.2.2. Dimensional stability testing 

 Dimensional stability was tested a week after fabrication, by measuring sample 

dimensions (Vernier callipers) both before and one hour after heating in an oven set to 200°C 

(for 10 minutes) without a compression mould [12,23,38]. All samples were tested in the same 

air-conditioned environments and stored in spacious, sealed containers with no compression 

between fabrication and testing. Although relative humidity was not measured during storage, 

it is unlikely to have varied between samples. 

 The 4 phases typically employed in the shape memory polymer cycle are: (i) 

Deformation (at elevated stress and temperature); (ii) Cooling/fixing (at elevated stress); (iii) 

Unloading (removal of stress at the lower temperature); and (iv) Recovery (re-heating to 

elevated temperature under zero stress [39]). By analogy, the corresponding foam conversion 

process and dimensional stability testing phases reported here are (i) Heating in a compression 

mould (Deformation); (ii) Cooling in a compression mould (Cooling/fixing); (iii) Removal from 

compression mould followed by brief hand stretching and leaving for 1 week (Unloading); and 

(iv) Unconstrained (out-of-mould) re-heating (Recovery). 

 The SMP literature [39] defines the following measures of shape fixing, Rf (%), and 

recovery, Rr (%): 

 𝑅𝑓(%) = 𝜀𝑢𝜀𝑚 × 100     ( 3.1 ) 

𝑅𝑟(%) = (𝜀𝑢−𝜀𝑝)(𝜀𝑚−𝜀𝑝) × 100     ( 3.2 ) 

where εm, εu and εp are the strains after the Deformation, Unloading and heat-induced Recovery 

phases. In this work we use volumetric strain, and so the strain after the Deformation phase is 

that imposed by the compression mould: 

 𝜀𝑚 = 𝑉−𝑉0𝑉0 = 𝑉𝑉0 − 1 = 1𝐹𝑉𝑅 − 1    ( 3.3 ) 

 

where V and V0 are the imposed volume and initial volume, respectively. Similarly, εu and εp 

are determined by using the volume measured after 1 week and unconstrained heating, 

respectively, in place of the imposed volume in Equation 3.3. 

 

3.2.3. Mechanical Characterisation 

 Mechanical testing (Figure 3.2, Figure 3.3) was started one week after fabrication, and 

took four weeks. After attaching 3 mm thick acrylic end tabs using epoxy resin, cyclic testing 
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between 0 and 10% tensile strain (strain rate 0.0033 s-1, sample frequency 25 Hz, 5 cycles, 

Instron 3367, 500 N load cell) allowed controlled sample settling [8], and analysis of the final 

cycle. Cubes laser cut (Trotec 10000) from the centre of tensile samples (after tensile testing, 

Figure 3.3b) were compression tested (strain rate 0.0067 s-1) to 10% strain, in all three 

orthogonal planes. Samples were tested over four weeks in the following order, with a week 

between tests to allow recovery: 

 

 Week 1) Tensile tests measuring Ex and νxz 

 Week 2) Tensile tests measuring Ex and νxy 

 Week 3) Compression tests measuring Ez and νzx then Ex and νxz 

 Week 4) Compression tests measuring Ex and νxy 

 

where x, y and z are defined in the caption to Figure 3.1 and Figure 3.3a. 

 

Figure 3.2: Typical a) Tensile (side view), b) Compression (side view) and c) Compression (front view) test 

setup, using an Instron 3367 with a 500N load cell. Depth (d) ~ width (w) ~ height (h) for area where stress 

and strain are typically measured. Subfigures (a) and (c) show camera and tripod set up. Figure (c) shows 

location of speckle pattern, used in compression testing only, and axis labelling (for tensile and 

compression tests).  

 

 Digital Image Correlation (DIC) was used to obtain axial and transverse strains [7,40]. 

The top and bottom of the square target area in the centre of each sample were marked with ~2 

mm diameter pins or liquid paper (Figure 3.3b) (target area sides ~ equal to sample width). Pins 

were used for samples fabricated at 120, 140, 160, 180 & 200°C and liquid paper for samples 

fabricated at 130, 150, 170 & 190°C, following concerns that pins caused damage to the cell 

structure. Powder coating (Figure 3.3c, Laponite RD, BYKAdditives) enhanced the speckle 

pattern provided by pores in compression. No speckle pattern was used in tension, with 

sufficient contrast provided by the porous foam surface.  
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Figure 3.3: a) Sample/cellular orientation, b) Tensile test setup, showing laser cut (yellow dash-dot lines) 

region, with foam outside this area used for FTIR analysis, c) Compression test setup with powder coating 

 

 Tests were filmed (Cannon G16, 28 mm lens or Nikon D810, 28-300 mm lens, both set to 

1920x1080p at 25fps), with DIC analysis carried out using commercial software (GOM 

Correlate, 2016). Cameras were focused prior to each test, and facet sizes were between 25 and 

35 pixels (0.04 to 0.06 mm.pixel-1, depending on sample size and camera zoom checked in the 

centre and edge of images from each camera showing negligible distortion), standard accuracy 

and matching against definition stage were typically selected. Linear trend lines fitted to plots 

of transverse strain (εt) vs axial strain (εa) (mean value across all facets within target area, over 

the entire 10% strain range) were used to obtain Poisson's ratio, determined from the negative 

of the gradient of the linear trend line (i.e. νat = - εt / εa). Stresses were calculated from cross 

sectional areas (measured with Vernier Callipers prior to each test) and force data from the 

Intron's built in software (Bluehill 4.0). Tensile and compressive modulus were calculated from 

the gradients of linear trend lines fitted (between 0 and 10% axial strain, from DIC) to axial 

stress (σa) vs axial strain (i.e. Ea = σa / εa). 

 

3.2.4. Polymeric Composition & Cell Structure 

 Sections cut from tensile samples (Figure 3.3b) of unconverted foam, and foam 

converted for 20 minutes at 120, 140, 160, 180 and 200°C, and at 200°C for 60 and 180 minutes 

were analysed in detail. X-ray diffraction (XRD) data were collected using a PANalytical X'Pert 

Pro diffractometer with Cu Kα X-rays, λ = 1.54050 Å over the range 10-70° 2θ. FTIR were 

collected on a Nexus FTIR spectrometer over the wavenumber range of 4000 to 600 cm-1, with a 

resolution of 8 cm-1 and taking a mean over 64 scans. The baseline value was taken between 

3800 and 4000 cm-1. The higher wavenumber region (2400 to 3700 cm-1) of absorbance spectra 

were normalised to the non-changing CH2 band (2872 cm-1). The low wavenumber region (1000 
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to 1900 cm-1) of absorbance spectra were normalised to the non-hydrogen bonded (free) Amide I 

band of urethane (1727 cm-1), which did not change significantly. The aforementioned spectra 

were collected using an ATR accessory utilising a diamond crystal. Spectra were also collected 

using a germanium crystal to assess the presence of styrene and acrylonitrile (SAN) copolymer 

particles (1700 and 2600 cm-1 [14]). 

 Three heating/cooling cycles during Differential Scanning Calorimetry (DSC, Perkin 

Elmer DSC 8000, -75 to 120°C, heating and cooling rate 10°Cmin-1) were used to assess Tg 

following applied heat. Thermogravimetric analysis (TGA, Mettler Toledo TGAIOSC, Stare 

System, 20 to 300°C, 10°Cmin-1) indicated degradation within (and above) the temperature 

ranges used for conversion (25 to 300°C). Micro-ct scans (SkyScan1172) of 7 mm diameter, 10 

mm long cylinders of unconverted foam and foam converted with VCR of three (190°C, 60 

minutes & 200°C, 180 minutes) were collected. Qualitative inspection of a 3 x 3 x 0.5 to 1 mm 

region (corresponding to 1 pore in depth) compared cell structures through the bulk of the 

foam. Resolution at the analysis stage was 5 µm/pixel, and a transfer function adapted from 

bone segment analyses was applied. Samples laser cut to ~1 mm (~1 pore) thick (Trotec, 10000) 

were qualitatively inspected at rest, then at 10 % tension (applied parallel to the z axis, Figure 

3.3a) using a stereoscope over a white background (Leica S6D). A clear, acrylic frame work was 

used to apply tension. 

 Results 3.3.

3.3.1. Structural Analysis 

 All samples processed at T ≤ 150°C with a VCR of three underwent some dimensional 

recovery (FVR < 3) over time, irrespective of heating time (Figure 3.4a). Increasing temperature 

and time in all conversions decreased the level of re-expansion after a week in ambient 

conditions (Figure 3.4a) to the point that all samples converted at T ≥ 180°C were dimensionally 

stable (FVR = 3) over this timescale, irrespective of heating time. Samples converted at low 

temperatures and short time (T ≤ 140°C for 20 minutes, Figure 3.4a & b) had already returned 

completely to their original dimensions (FVR = 1) after one week. Unconstrained re-heating to 

200°C for 10 minutes accelerated (promoted) dimensional recovery in samples that had 

undergone partial re-expansion, and some samples that appeared stable, after one week in 

ambient conditions (150 ≤ T ≤ 190°C for 20 minutes, 120 ≤ T ≤ 170°C for 60 minutes, 120 ≤ T ≤ 

150°C for 180 minutes, Figure 3.4b). The accelerated complete or partial re-expansion following 

re-heating corresponds to shape memory behaviour [8].The remaining samples (T = 200°C for 20 

minutes, T ≥ 180°C for 60 minutes, T ≥ 160°C for 180 minutes) exhibited negligible re-expansion, 

i.e. remained stable, after unconstrained re-heating (Figure 3.4b).  
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Figure 3.4: a & b) Measured final volume ratio (initial/final volume) after a) 1 week, b) Re-heating to 200°C 
for 10 minutes. Lines (VCR~3) fitted to VCRs to guide the eye. Legend displayed below figures.  

 The Rr (%) measure of heat-induced recovery was found to be linearly proportional to 

the shape fixing measure Rf (%), until Rf (%) approached 100% (Figure 3.5). When Rr (%) was 

close to 100%, extremely large variation was due to measurement resolution error as εm-εp 

(Equation 3.2) approached zero. The data for foams produced at 20, 60 and 180 minutes heating 

time during conversion were found to overlap the same linear trend in the Rr (%) vs Rf (%) plot 

(Figure 3.5). The data point at T = 200°C for 180 minutes with an FVR marginally above 3 after 

unconstrained re-heating agrees within the error (±5%) associated with the volume 

measurement with VCR = 3.  

 The change in volume caused by heat induced recovery was close to linear (Figure 

3.5b).  For the tested foams heat simply accelerates or amplifies re-expansion that had already 

started following fabrication. For the longer heating times a drop off in heat induced recovery 

Rr was exhibited close to 95% fixing (Equation 3.2b). It is possible that with the increased shape 

fixing caused by increased conversion time and temperature, residual stresses that can cause 

recovery were no longer present. Considering both plots (Figure 3.4 and Figure 3.5) together, 

only samples converted at or below 160°C for 60 or 180 minutes exhibited re-expansion above 

~5% after the unloading phase. Due to the reduced number of samples present, combined with 

the relatively small measurement increments required for such samples (e.g. 150°C, 180 

minutes, whereby FVR decreases from 2.75 or 22.8 mm sides to 2.55 or 23.4 mm sides) the drop 

off in Rr is most likely caused by measurement error. 
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Figure 3.5: Recovery (Rr (%)) vs shape fixing (Rf (%)) measured for all VCR = 3 foam samples produced at 
20, 60 and 180 minutes conversion heating times.  a) Shows all samples, b) excludes all samples with Rf (%) 
greater than 95. Legend (a) is the same for both figures 

 Unconverted, open cell foam showed its classic honeycomb-like, fully reticulated, cell 

structure (Figure 3.6a & b) and elongated cell rise (Figure 3.6a, [26]). Adhesion between ribs 

could not be identified in the bulk scans of converted samples (Figure 3.6c to f), neither could 

any qualitative evidence for the persistence of the original cell rise direction (agreeing with 

previous work, [2,20]). All apparent missing ribs (Figure 3.6c to f) were checked by adjusting 

the depth of the target volume and are actually intact but simply passing through its 

perimeters. Optical microscopy of 1 mm thick slices of unconverted foam (Figure 3.7 a & d) and 
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foam with an FVR of two and either NPR (Figure 3.7 b & e) or near zero Poisson's ratio (Figure 

3.7 c & f) clearly shows re-entrant cells elongating at ~10% tension (Figure 3.7 e & f). The ribs of 

the foams with an FVR of two remained kinked at 10 % tension (Figure 3.7 e & f). Cell stretching 

could not be qualitatively identified for the unconverted foam (Figure 3.7d). 

 

 
 
Figure 3.6: Micro-CT scans of: a & b) PUR30 FR (depth = 1 mm), c & d) Foam converted with VCR=3 for 60 
minutes at 190°C (depth = 0.5 mm), e & f) Foam converted with VCR=3 for 180 minutes at 200°C (depth = 
0.5 mm). Axes show orientation (z = elongated cell rise direction in unconverted foams, or original cell rise 
direction in converted foams) 
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Figure 3.7: Optical stereoscopic images taken of: a) to c) Unstrained a)  Unconverted foam, b) auxetic foam, 
160°C, 20 minute, VCR=3, FVR=2 foam, c) ~zero Poisson's ratio, 180°C, 60 minute, VCR & FVR =2 foam, d) 
to f) Foam at 20% tension: d) UC, e) 160-20 & f) 180-60 VCR=2. Pop outs show a single cell enlarged by a 
factor of two, cell rise/elongation and cell rib angles. 

3.3.2. Mechanical Characterisation 

 Unconverted foam had a positive Poisson's ratio, with little local variation to transverse 

strain across each sample (Figure 3.8a). Samples with maximum magnitude NPR also had a 

near-constant NPR with some fluctuation in local strain suggesting some inhomogeneity in the 

cell structure (Figure 3.8b). Samples heated at the higher temperatures and longer times showed 

similar local strain fluctuation but spanning positive and negative values (Figure 3.8c). 

Compressive and tensile transverse strain vs axial strain relationships were quasi-linear for all 

samples over the tested region (0 to 10% strain, Figure 3.9). 
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Figure 3.8: Contour plot showing local transverse strain for a) Unconverted PUR30FR, b) Foam with VCR 
= 3, heated for 180 minutes at 140°C & c) Foam with VCR = 3, heated for 180 minutes at 200°C. Axial 
loading was parallel to x axis, transverse strain parallel to y axis and shown on scale on right-hand side of 
figure c 

 

 
 
Figure 3.9: Transverse vs Axial (true) strain (mean across all facets) in a) Compression, b) Tension (loading 
parallel to x axis, transverse deformation parallel to z axis) 

 Mean anisotropic Poisson's ratios of unconverted samples were ~0.5 in tension and for 

loading parallel to cell rise in compression, and ~0.25 in compression perpendicular to the rise 

direction (Figure 3.10). For foams produced with a heating time of 20 minutes, Poisson's ratio 

was positive, approximately constant and anisotropic (with noticeable differences between 

orientations) for T ≤ 140°C, then decreased notably in magnitude and anisotropy as temperature 

increased above 140°C, undergoing a transition to NPR when T = 150°C, and a minimum value 

at T = 160°C. Further increases in conversion temperature did not change isotropy but gradually 

(over the next ~30°C of heating) increased Poisson's ratio to marginally positive values in 

compression (Figure 3.10a) and marginally negative values in tension (Figure 3.10b). Increasing 

heating time to 60 and 180 minutes gave the same general Poisson's ratio vs conversion 

temperature trend but systematically moved to lower conversion temperatures (i.e. to the left in 

Figure 3.10). The maximum magnitude of NPR was the same for all heating times (NPR ~ -0.2), 
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comparable to other studies thermo-mechanically fabricating and testing isotropic auxetic foam 

samples over a similar strain range [8,9,18]. Samples tensile tested with pins or liquid paper 

markers (at odd and even temperatures) showed similar variability (Figure 3.10). Inserting pins 

for mechanical testing either had negligible effect due to sample damage, or the effect was no 

greater than scatter due to imperfect liquid paper markers [41]. 

 The foams with an applied VCR of two displayed tensile and compressive Poisson's 

ratios of ~-0.2 and ~0 for 140°C and 200°C, 60 minute conversions, respectively (Figure 3.11). 

Samples fabricated at 140°C for 180 minutes with a VCR of 3 retained tensile and compressive 

NPR following reheating at 200°C for 10 minutes without a mould (Figure 3.11). An increase in 

NPR magnitude was found for the re-heated samples fabricated at 160°C for 180 minutes, 

particularly in compression where Poisson's ratio decreased from near zero (Figure 3.10a) to ~-

0.1 (Figure 3.11a) following unconstrained re-heating.  
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Figure 3.10: Poisson's ratio (0 to 10 % strain) in a) Compression (samples with VCR = 3), b) Tension 
(samples with VCR = 3). Lines (solid, dash & dash/dot for 20, 60 & 180 minute conversions respectively) 
connect mean over all orientations tested to guide the eye, error bars = 1 s.d. Y axis in b) same as a) 
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Figure 3.11: a) Compressive and b) Tensile Poisson's ratio (0 to 10 % strain) of additional VCR = 2, those 
reheated following dimensional stability testing (RH) and unconverted (UC) samples. Error bars = 1 s.d. 
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 The unconverted foam compressive stress vs strain relationship was nonlinear, with a 

characteristic plateau region beginning between 4 and 6% compression (Figure 3.12a) as 

previously reported [20,26,32]. Samples with high magnitude NPR exhibited a quasi-linear 

compressive stress vs strain relationship (140°C, 180 minutes, Figure 3.12a). All stress vs strain 

relationships were approximately linear in tension (Figure 3.12b). The marginally positive 

Poisson's ratio sample converted at the higher temperature and time (200°C, 180 minutes) was 

quasi linear in compression (Figure 3.12a) and required a higher load to reach an equivalent 

tensile or compressive strain than the maximum magnitude NPR foam (Figure 3.12a & b).  

Minor variations in linearity were likely caused by changing, strain dependant angles between 

cell ribs. 

 
Figure 3.12: Sample stress (from Instron and sample measurements) vs Axial True Strain (from DIC, mean 
across all facets) in a) Compression, b) Tension (loading parallel to x axis) 

 The Young's moduli of unconverted samples in tension (Ex = 102 kPa) and compression 

(Ez = 127 kPa, Ex = 60 kPa) taken up to 10% strain were similar to measurements taken up to 5% 

compressive strain for the non-linear unconverted foam, Ez = 115 ± 5 kPa, Ex = 74 ± 11 kPa 

(Figure 3.13). Young's modulus initially decreased with conversion temperature to minimum 

values of ~30 kPa in tension and ~25 kPa in compression (Figure 3.13a) at the same conditions 

giving minimum Poisson's ratio (Figure 3.10). Further increasing conversion temperature 

increased compressive and tensile Young's modulus (Figure 3.13). Increasing heating time 

moved the Young's moduli vs conversion temperature data to lower temperatures, similar to 

the Poisson's ratio trends. Samples fabricated with a VCR of two, and those tested for thermal 

stability, have comparable tensile and compressive Young's modulus (Figure 3.14) to samples 

fabricated with a VCR of three heated for the same amount of time at the same temperature 

(Figure 3.13a & b).   
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Figure 3.13: Young's Modulus (0 to 10 % strain) in a) Compression (samples with VCR = 3), b) Tension 
(samples with VCR=3), Lines (solid, dash & dash/dot for 20, 60 & 180 minute conversions respectively) 
connect mean over all orientations tested to guide the eye, error bars = 1 s.d. Y axis in b) same as a) 
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Figure 3.14: a) Compressive and b) Tensile Young's Modulus (0 to 10 % strain) of additional VCR = 2, those 
reheated following dimensional stability testing (RH) and unconverted (UC) samples. Error bars = 1 s.d. 
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3.3.3. Polymeric Analysis 

 Analysis of the XRD data only showed two very broad peaks positioned at 20 and 45° 

2θ, characteristic of semi-crystalline polymers with both hard and soft segments (Figure 3.15, 

[14]).  

  

 
Figure 3.15: XRD of Unconverted PUR30FR 

 FTIR spectra in the region 2400 to 3700 cm-1 (Figure 3.16a) normalised to the symmetric 

CH2 band at 2872 cm-1 showed a small reduction in intensity of the CH2 stretch band at 2912 cm-

1 for all converted samples, but no significant differences between these until heating increased 

to 200°C for 180 minutes [35]. The position of the N-H stretch band associated with the 

unconverted foam (3305 cm-1) [14,35,42]  indicates this band is involved in the hydrogen 

bonding network (free N-H bonds undergoing no hydrogen bonding are typically around 3450 

cm-1, [35,43]). As heat exposure increased to 160°C and above this band shifted towards lower 

wavenumbers (3302 cm-1) and dramatically increased in intensity, indicating an environment 
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where there is an increase in N-H groups undergoing stronger hydrogen bonding and an 

increase in their relative population. The full width at half maximum remained (mostly) 

constant except in the samples heated at 200°C for 180 minutes. A broad underlying increase in 

intensity was observed between 3600 and 2400 cm-1 for the sample heated at 200°C for 180 

minutes. FTIR spectra in the region 1000 to 1900 cm-1 (Figure 3.16b) normalised to the relatively 

unchanging Amide I band associated with free urethane (1727 cm-1 [14,35]) showed the Amide I 

band of hydrogen bonded urea groups (predominantly C=O stretching groups, ~1640 cm-1 

[14,35]) increased dramatically in magnitude when heated to 160°C and above [42]. Minor 

intensity decreases and broadening of the Amide II band (predominantly C-N stretch & N-H 

bend, at 1531 cm-1, [36,43]) progressively occurred when heated at 200°C for prolonged periods 

of time, whilst a large intensity increase and shift to a lower wavenumber for the asymmetric C-

O-C stretch of polyol's (1077 cm-1, [36]) was also evident after 180 minutes at 200°C. SAN 

particles (~2240 cm-1 [14]) were not present (Figure 3.17). 
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Figure 3.16: FTIR of PUR30FR following conversion under the heating conditions defined in the legend, 
UC = unconverted. a) High wavenumber (enlarged pop-outs a* & a** show NH and CH2 peaks, 
respectively) & b) Low wavenumber (enlarged pop-outs b*, b** & b*** show H bonded urea, Amide II and 
CH2 peaks, respectively). Arrows highlight approximate trends observed as heat exposure increased.  
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Figure 3.17: FTIR of unconverted foam taken using the Germanium crystal to remove interference between 
1700 and 2600cm-1 (marked in red dashed lines). Atmospheric CO2 peak marked [44]. 

 DSC (Figure 3.18) shows Tg was consistent between cycles. The first cycle shows a 

broad, variable transition between ~20 and ~90°C, which was not present in subsequent cycles 

(agreeing with previous work [12]). Mass loss, as evidence by TGA, occurred by 1% between 25-

90°C and was attributed to the loss of moisture (Figure 3.19). Between 100 and 150°C mass loss 

was negligible (Figure 3.19) and then increased marginally between 150 and 200°C (typical in 

thermo-plastics [45]). Significant mass-loss was evident above 200°C (Figure 3.19). 
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Figure 3.18: DSC (cycles between -75 and 120°C, showing heating following stabilisation only) of 
PUR30FR samples 
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Figure 3.19: TGA of 10-12mg PUR30FR samples 

 Analytical model derivation 3.4.

3.4.1. Developing an isotropic, multi-cellular model 

 Open cell foam has been described as a 3D dodecahedron with tetragonal symmetry 

[46], but is often described as a 2D conventional (Figure 3.20) or re-entrant (Figure 3.21) 

honeycomb, extended in the rise direction [24,26], axis 3. Considering simplified 2D projections 

of each crystal-like open cell in three orthogonal planes, whereby θ and l are the angle and 

length of the oblique ribs (equal in each plane), and h is the parallel rib length, the only 

difference between both vertical planes (parallel to axis 1) and the horizontal planes is the 

length of the parallel ribs (h13 > h12). The three-dimensional geometry in Figure 3.20a (or Figure 

3.21a) describes both the vertical planes (2-3 and 1-3), and Figure 3.20c (or Figure 3.21c) is the 

horizontal plane (1-2). The crystal-like assembly of planes 1-2, 1-3 and 2-3 has tetragonal 

symmetry. The sixth order, four dimensional compliance matrix can be approximated to fourth 

order, three dimensional terms (note 14, [47]): 
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Figure 3.20: Cell geometrical parameters for a typical honeycomb (θ>0) in a) the 1-3 plane (identical to b), 

the 2-3 plane, 3 parallel to cell rise) and c) the 1-2 plane (θ=0). Parallel rib length is h and l is oblique rib 

length. 

 

Figure 3.21: Cell geometrical parameters for a re-entrant honeycomb (θ<0) in a) the 1-3 plane (identical to 
the b), 2-3 plane, 3 parallel to cell rise) and c) the 1-2 plane. Parallel rib length is h and l is oblique rib 
length. 

 The cell structure of positive and NPR re-entrant foams was inhomogeneous and non-

repeating (Figure 3.6, Figure 3.7), and Young's modulus (Figure 3.13) and Poisson's ratio (Figure 

3.10) were isotropic. As in previous work [2,20,48], the effect of open cell foam rise direction 

was removed following triaxial volumetric compression, likely caused by variable orientation of 

previously anisotropic cells (Figure 3.6, Figure 3.7). An isotropic model that gives values for 

elastic constants based upon randomly orientated repeating units (crystals) was previously 

validated for α-cristobalite [47]. The following section will apply and validate an adapted 

version of the same isotropic model, assuming the 2D, re-entrant honeycomb models. Reuss 

(lower) bounds for bulk (KR) and Shear (GR) moduli are [49]:  

  𝐾𝑅 = 1/3(𝑆11∗ + 2𝑆12∗ )     ( 3.4 ) 

and: 𝐺𝑅 = 5/(4𝑆11∗ − 4𝑆12∗ + 3𝑆44∗ )     ( 3.5 ) 

 

 

 Isotropic aggregate averages for Poisson's ratio (νv, Equation 3.6) [47] and Young's 

modulus (Ev, Equation 3.7) [50] are: 
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𝜈𝑅 = (3𝐾𝑅−2𝐺𝑅)(6𝐾𝑅+2𝐺𝑅)      ( 3.6 ) 

 𝐸𝑅 =  2𝐺𝑅(1 + 𝜈𝑅)      ( 3.7 ) 

For tetragonal symmetry [49]: 𝑆11∗ = (2𝑆11 + 𝑆33)/3     ( 3.8 ) 

  𝑆12∗ = (2𝑆13 + 𝑆12)/3     ( 3.9 ) 

 𝑆44∗ = (2𝑆44 + 𝑆66)/3     ( 3.10 ) 

 

 The Sij terms are the coefficients from Hooke's law written in terms of the 3 dimensional 

stiffness matrix for tetragonal systems (Equation 3.11) [50]:  

 

(  
 𝜀1𝜀2𝜀3𝛾23𝛾31𝛾12)  

 =
( 
  
𝑆11 𝑆12 𝑆13 0 0    0𝑆21 𝑆11 𝑆13 0 0    0𝑆31000

𝑆31000
𝑆33000

0𝑆4400
00𝑆440

000𝑆66) 
  (  
 𝜎1𝜎2𝜎3𝜏23𝜏31𝜏12)  

 
   ( 3.11 ) 

  

 Inputting the terms for the variables in Equation 3.11 (S11 = 1/E1, S33 = 1/E3, S12 = -ν12/E1, 

S13 = -ν13/E1, S44 = 1/G23, S66 = 1/G12 [50]) into Equations 3.8 - 3.10: 

 𝑆11∗ = (2/𝐸1 + 1/𝐸3)/3     ( 3.12 ) 𝑆12∗ = −(2𝜈31/𝐸3 + 𝜈21/𝐸2)/3    ( 3.13 ) 𝑆44∗ = (2/𝐺31 + 1/𝐺12)/3     ( 3.14 ) 

  

 Voigt upper bounds (KV and GV) are [49]:  

  𝐾𝑣 = (𝐶11∗ + 2𝐶12∗ )/3     ( 3.15 ) 

and: 𝐺𝑣 = (𝐶11∗ − 𝐶12∗ + 3𝐶44∗ )/5     ( 3.16 ) 

 

 Whereby the Cij* coefficients follow analogous expressions to the Sij* coefficients (i.e. 

substituting S for C in Equations 3.8 - 3.10). Similar expressions to those previously applied 

following Reuss aggregate averaging (Equations 3.6 and 3.7) give Voigt Poisson's ratio and 

Young's moduli, from Equations 3.15 and 3.16. Voigt-Reuss-Hill bounds (KH, GH, EH and νH) are 

the arithmetic mean of the Reuss and Voigt bounds.  

3.4.2. Analytical expressions for the on and off-axis mechanical properties of a hexagonal 

honeycomb 

 Values in Equation 3.11 can be calculated through consideration of 2D hexagonal 

(Figure 3.20) and re-entrant honeycombs (Figure 3.21), and previous analytical expressions 

[24,26] for Poisson's ratio and Young's modulus due to cell rib stretching, flexure and hinging. 
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Expressions derived for the 1-3 plane of the hexagonal honeycomb (Figure 3.20a) can be applied 

for the 2-3 plane (Figure 3.20b) and the equivalent re-entrant honeycomb (Figure 3.21) by 

changing cell parameters. 

 Each rib of the 2D honeycombs can be stretched, hinge around a junction and also bend 

or flex. The force per unit of deformation for each mechanism can be considered as a force 

constant [24–26], and are described in detail in Chapter 4. Rib stretching is defined by ks. Noting 

that the forces responsible for rib hinging and flexure are equal, the respective force constants 

(kh and kf) can be combined as per Equation 3.17 [25]: 

 𝑘ℎ𝑓 = 𝑘ℎ𝑘𝑓𝑘ℎ+𝑘𝑓       ( 3.17 ) 

 

 Accordingly, the Poisson’s ratio (ν) and Young’s modulus (E) expressions for the 

honeycomb based on the cell geometry (Figure 3.20a, Figure 3.21a) can be adapted from Masters 

and Evans [24] combining kh and kf, Equations 3.18 to 3.21: 

 𝜈13 = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃( 1𝑘ℎ𝑓− 1𝑘𝑠)(ℎ13𝑙13+𝑠𝑖𝑛𝜃)[𝑠𝑖𝑛2𝜃𝑘ℎ𝑓 +𝑐𝑜𝑠2𝜃𝑘𝑠 ]      ( 3.18 ) 

 𝜈31 = 𝑠𝑖𝑛𝜃(ℎ13𝑙13+𝑠𝑖𝑛𝜃)( 1𝑘ℎ𝑓− 1𝑘𝑠)[𝑐𝑜𝑠2𝜃𝑘ℎ𝑓 +2ℎ13𝑙13 +𝑠𝑖𝑛2𝜃𝑘𝑠 ]       ( 3.19 ) 

 𝐸1(1−3) = 𝑐𝑜𝑠𝜃𝑏13(ℎ13𝑙13+𝑠𝑖𝑛𝜃)[𝑠𝑖𝑛2𝜃𝑘ℎ𝑓 +𝑐𝑜𝑠2𝜃𝑘𝑠 ]     ( 3.20 ) 

 𝐸3 = (ℎ13𝑙13+𝑠𝑖𝑛𝜃)𝑏13𝑐𝑜𝑠𝜃[𝑐𝑜𝑠2𝜃𝑘ℎ𝑓 +2ℎ13𝑙13 +𝑠𝑖𝑛2𝜃𝑘𝑠 ]      ( 3.21 ) 

 

 Where h and l are ‘vertical’ (aligned along axis 3) and ‘oblique’ honeycomb rib lengths, 

respectively, b is the rib thickness, and the subscript ‘13’ applied to the geometrical parameters 

denotes they are in the 1-3 plane (Figure 3.20).  Considering the 1-2 plane, E1(1-2) and E2(1-2) are 

equal to E1(1-3) (Equation 3.20). The Poisson's ratio (ν12 = ν21) are both zero, since flexing and 

hinging will not occur for on-axis loading and stretching will not incur perpendicular 

deformation [51,52]. 
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 The shear modulus (G31) expression is derived from the shear moduli expressions for 

each of the individual modes of deformation (Equation 3.22): 

 1𝐺31 = 1𝐺𝑓 + 1𝐺ℎ + 1𝐺𝑠     ( 3.22 ) 

 

Where Gf, Gh and Gs are the rib flexure, hinging and stretching shear moduli, giving Equation 

3.23: 

 𝐺31 = [𝑏13(ℎ13𝑙13 )2(1+2ℎ13𝑙13 )𝑐𝑜𝑠𝜃𝑘ℎ𝑓(ℎ13𝑙13+𝑠𝑖𝑛𝜃) + 𝑏13(1+ℎ13𝑙13 𝑠𝑖𝑛𝜃)2𝑘𝑠(ℎ13𝑙13+𝑠𝑖𝑛𝜃) ]
−1

   ( 3.23 ) 

  

whereby the first term on the right hand side employs the expression for shear modulus due to 

rib flexure from Gibson and Ashby [26], extended to include rib hinging by acknowledging that 

the components of applied force causing flexure and hinging, and rib end-to-end displacement 

directions, are the same for both mechanisms (hence the same individual Poisson’s ratio 

expressions, and Young’s moduli expressions which differ only by the respective force 

constants). The second term on the right hand side of Equation 3.23 is the expression for shear 

modulus due to rib stretching and is taken from Masters and Evans [24].   

 Equations for Young's and shear moduli in the 1-2 plane have been previously derived, 

based on hinging and flexing of cell ribs [52]. Previously equations were for three-dimensional 

honeycombs rather than the approach used here for the 1-3 and 1-2 planes; separating 

orthogonal planes. To calculate a similar expression (Equation 3.20) for Young's modulus over 

small deformations in the 1-2 plane, rib stretching is dominant whereas flexing and hinging are 

negligible [52]. Therefore; 𝐸1(1−2) = 𝑘𝑠 𝑙12𝑏12ℎ12     ( 3.24 ) 

 The mechanisms which could cause shearing are flexing and/or hinging [52]. For small 

deformations, the angle between ribs will change (from 90°) by dβ (Figure 3.22a). Considering 

hinging which produces shear deformation (of γ) due to a torsional load (τ); 𝐺12ℎ = 𝑑𝜏12𝑑𝛾12 = 𝑑𝐹1𝑙12𝑏12𝑑𝛽 = 𝑘ℎ ℎ12𝑙12𝑏12     ( 3.25 ) 

Whereby dF1/(h12 x dβ) is the hinging constant kh. Considering each rib as a beam with a square 

cross section subject to bending [26], the area of moment (I) is bt3/12 = b124/12. Beam deflection 

(δ, Figure 3.22b) is: 𝛿 = 𝑑𝑀ℎ1226𝐸𝑠12𝐼 = 𝑑𝐹1ℎ12312𝐸𝑠12𝐼       ( 3.26 ) 
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Considering flexing which produces shear deformation (of γ) due to a torsional load (τ); 𝐺12𝑓 = 𝑑𝜏1𝑑𝛾1 = 𝑑𝐹1ℎ12𝑙12𝑏12𝛿 = ℎ12𝑙12𝑏12 12𝐸𝑠12𝐼ℎ12 = 𝑘𝑓12ℎ12𝑙12𝑏12    ( 3.27 ) 

Equations 3.25 and 3.27 can be combined using equation 3.22, with force constants (kh and kf) 

combined as per equation 3.17: 𝐺12 = ℎ12𝑙12𝑏12  𝑘ℎ𝑓12     ( 3.28 ) 

 

Figure 3.22: Cell rib a) hinging and b) flexing in the 1-2 plane. Dashed ribs show deformed positions 

3.4.3. Force constants assuming elastic cell rib material 

 Expressions relating force constants to material properties and cell rib geometry (Figure 

3.20, Figure 3.21) have been developed previously [24]: 

 𝑘𝑠 = 𝐸𝑠𝑤𝑏𝑙       ( 3.29 ) 

 𝑘𝑠ℎ13 = 𝐸𝑠𝑤𝑏ℎ = 𝐸𝑠𝑤𝑏𝑙 𝑙ℎ = 𝑘𝑠 𝑙ℎ     ( 3.30 ) 

 𝑘𝑓 = 𝐸𝑠𝑤𝑏3𝑙3       ( 3.31 ) 

 𝑘ℎ = 𝐺𝑠𝑤𝑏𝑙  (Hinging via shearing of junction) ( 3.32 ) 

 𝑘ℎ = 𝐸𝑠𝑤𝑏36𝑙2𝑞  (Hinging via local bending at junction) ( 3.33 ) 

 

where Es and Gs are the Young’s and shear moduli of the rib material, w is the rib depth, and q is 

the axial length of the curved hinge. 

 Dividing Equation 3.17 by 3.29 and substituting Equations 3.31and 3.33, the expression 

for khf/ks when hinging occurs via junction shearing is: 𝑘ℎ𝑓𝑘𝑠 = 1(𝑙𝑏)2+𝐸𝑠𝐺𝑠     ( 3.34 ) 

 Similarly, the expression for khf/ks when hinging occurs via junction bending is: 𝑘ℎ𝑓𝑘𝑠 = 𝑏2𝑙2+6𝑙𝑞     ( 3.35 ) 

 The minimum value of khf/ks in Equation 3.35 occurs when q  l: 𝑘ℎ𝑓𝑘𝑠 = 𝑏27𝑙2     ( 3.36 ) 
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 Given that E1(1-2) and E1(1-3) are equal, the value for effective Young's modulus of the 

oblique ribs that can move both in and out of plane can be calculated using Equation 3.29. The 

hinging mechanism and force constant is not expected to change, but kf (and therefore khf) will 

change as Es changes to Es1-2, according to Equation 3.31.  
 

3.4.4. Rationale for choice of force constant values used in predictive model 

 A value of b/l = 0.2 was arbitrarily used, but appears sensible (Figure 3.6, Figure 3.7). 

The rib material was assumed to be isotropic with a Poisson’s ratio νs = 0.25, such that Es/Gs = 

2(1 + νs) = 2.5. Substituting these values into Equations 3.34 and 3.36, the approximate range for 

khf/ks is between 0.006 and 0.036 – i.e. approximately an order of magnitude difference between 

the upper and lower limits.  

 For the purposes of these calculations, 0.006 < khf/ks < 0.036 was employed to show the 

effect of reasonable changes to the cell rib material. From Equations 3.27 and 3.29, Kf/Ks = (b/l)2 = 

(0.2)2 = 0.04 was used. Hence from Equation 3.17, kf/kh and ks/kh could be calculated for each 

value of khf/ks.  

 Analytical model results 3.5.

 As khf/ks increases from 0.006 to 0.036, Poisson's ratios (Figure 3.23) and Young's 

modulus (Figure 3.24) of individual re-entrant honeycomb cells both change. Shear modulus 

also increases with khf/ks (Figure 3.25) in both planes; more dramatically in the 1-2 plane where 

Shear modulus is dependent upon hinging and flexing only (Equation 3.28).  
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Figure 3.23: Predicted Poisson's ratios ν13 (Equation 3.18), ν31 (Equation 3.19) and ν21 (Equation 3.19) vs cell 
wall angle (θ13) for maximum (0.036) and minimum (0.006) values of khf/ks. Schematic shows cell 
parameters in the 1-3 plane, approximate cell shapes are shown along x axis for each angle of θ. 
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Figure 3.24: Predicted Young's modulus E1 (Equation 3.20) and E3 (Equation 3.21) vs cell wall angle (θ13) 
for maximum (0.036) and minimum (0.006) values of khf/ks.   
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Figure 3.25: Predicted shear moduli G31 (Equation 3.23) and G12 (Equation 3.28) vs cell wall angle (θ13) for 
maximum (0.036) and minimum (0.006) values of khf/ks.  

 Plotting the calculated values for isotropic Poisson's ratio (Figure 3.26) and Young's 

modulus (Figure 3.24) for values within the approximate range 0.006 < khf/ks < 0.036 agrees 

experimental findings. According to Equation 3.32, unless the PU's Poisson's ratio and the ratio 

of Shear to Young's modulus change (Equation 2.1, Chapter 2, Page 22), the ratio between force 

constants would remain constant. As increased heat exposure during conversion increased the 

fixing of imposed structure, the population and strength of converted foam hydrogen bonding 

(Figure 3.16b & c) increased. One of two unmeasured possibilities could have changed the ratio 

of Shear and Young's modulus: i) The PU in the foam could have undergone a marginal amount 

of crystallisation, reducing the Poisson's ratio of the previously (predominantly) rubbery, 

amorphous PU (Figure 3.16a). ii) Changes to the PU could have been greater where the largest 

changes to cell structure occur, around junctions or newly formed kinks. Stiffer hinges and 
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kinks would be likely to reduce the amount of hinging more than the amount of stretching, 

effectively increasing khf/ks. As rib rigidity increases, Poisson's ratio and Young's modulus also 

increase (Figure 3.26). 

 

 

Figure 3.26: Predicted Isotropic a) Poisson's ratio and b) Young's modulus vs re-entrant cell wall angle 

(θ<0) over the ballpark range of khf/ks. Schematic below shows cell parameters. Legends below shows 

sample conversion conditions and values for khf/ks. Sample values (mean across all orientation in tension 

and compression) are included (Figure 3.10 & Figure 3.11). Young's modulus values (Figure 3.13 & 

Figure 3.14, mean tensile and compressive values in all orientations) were normalised by dividing a 

mean value for compressive and tensile modulus by the modulus of the 180 °C, 20 minute sample then 

multiplying by the calculated value at θ -28°, khf/ks = 0.036.  

 

 The analytical Poisson's ratio and Young's modulus (Figure 3.26) are more extreme than 

those found experimentally. Young's modulus is also negative for khf/ks = 0.006, suggesting an 

unstable/collapsing region. A range of cell rib lengths, thicknesses and angles are evident in 

both the converted and uncovered foam (Figure 3.6 and Figure 3.7), meaning parameters such 

as khf/ks are likely to change between cells. The combined properties are, therefore, likely to be a 

combination of the upper and lower analytical values of Poisson's ratio; tending towards the 

lower line for lesser heated foam and the upper line for foam subject to more heating, as shown 

by markers representing experimental values in Figure 3.26.  

 Discussion 3.6.

 The effects of conversion time and temperature on Young's modulus and Poisson's ratio 

in thermo-mechanical conversions broadly agree with previous findings [11,20,22]. Samples 
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converted under conditions which underwent full dimensional recovery (FVR = 1) after one 

week (T ≤ 140°C for 20 minutes) had similar positive Poisson's ratios (Figure 3.10 & Figure 3.11) 

and reasonably similar Young's modulus (Figure 3.13 & Figure 3.14) to the unconverted foam.  

 Measured FVR and NPR values, achieved over time following a single compression-

heating process, without any Recovery phase, are very similar to the FDR (final density ratio) 

and NPR values reported in 'blocked shape memory' foams [8]. The latter foams were produced 

using a multi-stage repeated cycle process of auxetic conversion (compression-heating) and 

reconversion (unconstrained heating [8]). The mass loss data in Figure 3.19 indicates the FDR 

and FVR measures of re-expansion are likely to be similar (i.e. only marginal, ~1%, difference) at 

these temperatures.  

 Some foams exhibited shape memory in the (unconstrained re-heating) Recovery phase 

(150 ≤ T ≤ 190°C for 20 minutes, 120 ≤ T ≤ 170°C for 60 minutes, 120 ≤ T ≤ 140°C for 180 minutes, 

Figure 3.4b). The foams converted at 140°C for 180 minutes show 'blocked shape memory' as 

described previously [8], corresponding to nominal dimensional recovery (Figure 3.4b) but 

retention of NPR (Figure 3.11) following re-heating. The FVR of 1.8 and NPR of ~-0.2 of the 

blocked shape memory foams produced here in a single shape memory cycle are again very 

similar to the FDR (~1.5) and NPR (~-0.2) values reported in the blocked shape memory foams, 

previously produced using three to five cycles of thermo-mechanical conversion and 

reconversion by unconstrained heating [8]. 

 The foams converted at 160°C for 180 minutes actually increase their magnitude of 

NPR, particularly in compression (Figure 3.10 &  Figure 3.11), with a very small amount of re-

expansion/shape memory (FVR = 2.8) following unconstrained re-heating. Therefore 

unconstrained re-heating can be employed to achieve either blocked shape memory in a single 

cycle (retaining NPR with nominal heat-induced dimensional recovery) or increased magnitude 

NPR with (near) dimensional stability.  

 At high conversion temperatures and/or longer times (T = 200°C for 20 minutes, T ≥ 

180°C for 60 minutes, T ≥ 160°C for 180 minutes) the samples exhibited dimensional stability to 

unconstrained re-heating (Figure 3.4b), and possessed near-zero or positive and low negative 

Poisson's ratios in compression and tension, respectively (Figure 3.10). Young's moduli 

increased with further heat exposure (Figure 3.13) but the stress vs strain relationship remained 

quasi-linear in compression (Figure 3.12a), typical of re-entrant structures (Figure 3.6d & e, 

[2,53]). The near-zero Poisson's ratios and increased Young's moduli agree with previous work 

at high conversion temperatures and heating times [3,30]. 
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 The applied VCR affected neither time nor heat dependent stability (Figure 3.4), and 

only produced small changes in Poisson's ratio and Young's modulus. The compressive 

Poisson's ratio of samples fabricated with a VCR of two was close to zero or marginally 

negative in compression (Figure 3.11), in agreement with previous work using the same foam 

[32,33]. Samples fabricated with a VCR of three that partially sprung back after a week to an 

FVR close to two (130°C, 180 minutes, 140°C, 60 minutes, 160°C, 20minutes, Figure 3.4)) 

exhibited compressive and tensile NPR (~-0.2, Figure 3.11) but the same compressive and tensile 

Young's moduli and FVR as samples fabricated with a VCR of two (140°C for 60 minutes, ~40 

kPa, Figure 3.14). Extensive heat exposure caused large increases in both Poisson's ratio (Figure 

3.10 & Figure 3.11) and Young's modulus (Figure 3.13 & Figure 3.14) whether applied VCR was 

two or three. Increasing heat-exposure, therefore, provides a route to produce additional 

combinations of characteristics. 

 The Poisson's ratios of converted foams span positive and negative values (~-0.2 to 0.5, 

Figure 3.10), although in foams which retained compression the highest Poisson's ratios are 

close to zero. Select positive and negative Poisson's ratio re-entrant samples (i.e. VCR 3, 140 or 

200°C, 180 minutes) were iso-density (Figure 3.4a), isotropic (Figure 3.10 & Figure 3.13) and had 

quasi-linear stress vs strain (Figure 3.12) and transverse vs axial strain (Figure 3.9) up to 10% 

tension or compression, a requirement of Aim 1 and a pre-requisite to Aim 2 (Chapter 1, Page 

5). Near zero Poisson's ratio samples fabricated with a VCR of two and heated for 60 minutes at 

200°C had the same FVR (of two) as samples with NPR of ~-0.2 fabricated with a VCR of 3 and 

heated for 20 minutes at 160 °C. 

 Glass transition temperature did not change following heat cycles up to 120°C (Figure 

3.26), but samples went through a broad exothermic transition on their first cycle (only). The 

broad transition occurred at a lower temperature (between ~30 and 90°C) than increased 

hydrogen bonding was identified by FTIR (>160°C, Figure 3.16), and the exothermic event did 

not fix samples' VCR after a week (Figure 3.4a). The transition could be related to a 

reorganisation of polymer chains after evaporation of water (as evidenced by mass loss in TGA 

between 35-90°C), through a crystallisation-like process though there is as yet neither other 

evidence to support this by XRD nor any evidence of an endothermic evaporation process by 

DSC. A similar change has been shown between cycles of DSC [12], simply attributed to 

thermal history. Mass loss evident in TGA suggested degradation was present but not below 

150°C (Figure 3.19). As samples adopt their VCR (> 150°C, 20 minutes, Figure 3.4a), FTIR 

identified increases in the strength and population of hydrogen bonding (Figure 3.16) and 

sample Poisson's ratio reduces towards zero/negative values (Figure 3.7a & b).  
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 FTIR shows the hydrogen bonding nature changes most as heat exposure increases 

above 160°C for 20 minutes (Figure 3.16). Changes were only evident under FTIR as samples 

adapt NPR (Figure 3.10) and their imposed VCR (Figure 3.4a), meaning that the onset of 

changes in mechanical and structural characteristics correlate with changes in polymeric 

bonding. With increasing heat exposure, the N-H stretch band (3200 to 3300 cm-1 Figure 3.16a) 

shifted to lower wavenumbers and increased in intensity, while the intensity of the band due 

hydrogen bonded C=O urea groups also increased (Figure 3.16b, ~1640 cm-1, [54]). The 

unchanging band at 1727 cm-1 associated with free urethane groups [14,35] strongly indicates 

that hydrogen bonding changes are associated with urea rather than urethane groups.  

 Hydrogen bonded N-H has previously been suggested to fix PU foam's imposed re-

entrant structure following similar amounts of heating and compression [8,14], but the only 

previously measured spectra following thermo-mechanical conversions show different 

unconverted and converted spectra to the PU used in this study [8]. Figure 3.16 provides 

evidence of a continually increasing hydrogen bond interaction between N-H and C=O of urea 

within the hard segments, which correlates with changing mechanical characteristics; increasing 

Poisson's ratio (Figure 3.10 )and Young's modulus (Figure 3.13), and also structural 

characteristics; increasing shape fixing (Figure 3.4 & Figure 3.5) and reducing recovery (Figure 

3.5) following increased heat exposure.  

 An interaction between the soft segment C-O-C polyol and N-H of either urea or 

urethane is possible, but changes to the C-O-C stretch band (~1077 cm-1) were only present 

following conversion at 200°C for 180 minutes and are probably caused by degradation. The 

minor decreases in the Amide II (1531 cm-1) and CH2 stretch bands (2912 cm-1), the broad 

underlying intensity increase observed between 3600 to 2400 cm-1 (Figure 3.16) in the same 

sample and significant mass loss at and above ~200°C during TGA (Figure 3.19) support 

polymer degradation [8,14] during the 200°C, 180 minute conversion.  

 The findings are summarised in Table 3.1, which describes correlated trends. As 

hydrogen bonding caused by increased heat exposure during conversion causes greater shape 

fixing, Poisson's ratio and Young's modulus reduce to minimum values (~-0.2 and ~30 kPa 

respectively), before Poisson's ratio increases and plateaus around zero, and Young's modulus 

increases to a maximum of ~120 kPa. 
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Table 3.1: Summary of correlated findings 

 

 The increase to a positive/near zero Poisson's ratio and increased Young's modulus can 

be explained by changes in force constants, within reasonable limits for khf/ks (Figure 3.26). 

Increased strength and population of hydrogen bonding (Figure 3.16) around rib junctions and 

kinks could increase rigidity, and with the increase in rigidity an increase in Poisson's ratio and 

increased Young's modulus is expected (Figure 3.26). Changing deformation mechanisms have 

been show previously in a simple 2D material model. The harder junctions actually increased 

cell rotation and the magnitude of NPR [55], but the structure and original deformation 

mechanisms were different to the foam tested and modelled in this study. The Poisson's ratio 

and Young's moduli of samples cover a smaller range than predicted. The model shows upper 

and lower limits for khf/ks, whereas micro-ct and microscopy (Figure 3.6 and Figure 3.7) showed 

that all tested foams consisted of a range of cell dimensions which are likely to cause khf/ks to lie 

between the upper and lower limits, tending towards the upper limits as heat exposure was 

increased (Figure 3.26). The model, therefore, predicted more extreme values than experimental 

data.  
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Chapter 4: Indentation resistance of auxetic, iso-density, near zero 

Poisson's ratio and unconverted open cell PU foam cubes 

 

 Introduction 4.1.

 As previously identified (Chapter 2, Page 21), auxetic materials with a negative 

Poisson's ratio (NPR) have some enhanced characteristics. For Isotropic materials, Poisson's 

ratio (ν) relates shear modulus (G, Equation 2.1, Page 22, and 4.1) and bulk modulus (K, 

Equation 2.2, Page 22, and 4.2) to Young's modulus (E) [1]: 𝐺 =  𝐸2(1+𝜐)       (4.1) 𝐾 = 𝐸3(1−2𝜐)       (4.2) 

 Respective maximum and minimum values for shear and bulk moduli are achieved 

with NPR (of -1). The force required to indent an elastic half-space with a sphere, radius R, to a 

specific depth is known as indentation resistance or hardness (H) [2]. Considering a point 

within the half space, resistance to deformation is proportional to Young’s modulus, and total 

deformation. Considering the entire half space, contact and incidence (summarised by x), 

contact area (a) and force (F), indentation resistance relates to Poisson's ratio and Young's 

modulus by Equation 2.3 (Page 23) and 4.3 [2,3]: 

𝐻 = 𝐹𝑎  ∝ ( 𝐸(1−𝜐2))𝑥
      (4.3) 

Meaning, if Young's modulus is held constant, and Ex is therefore unchanged: 𝐻 ∝ (1 − 𝜐2)−𝑥     (4.4) 

For the case of a sphere, radius R, the radius (r) of the contact area is [3]: 

r = (34 FR (1−υ2)E )1 3⁄
     (4.5) 

Equations (4.1) and (4.2) have some assumptions: 

i) The surfaces are continuous and have non-conforming profiles. 

ii) The area of contact is much smaller than the characteristic dimensions of the contacting 

bodies. 

iii) The strains are small and purely elastic. 

iv) The surfaces are frictionless at the contact interface. 

 

 Maximum indentation resistance is achieved isotropically when Poisson's ratio is -1 

(Equations 4.3 & 4.4). An experimentally validated correction factor (C, Equation 2.4, Page 24) 

for thin sheets of rubber (ν = 0.5) is based upon the multiple of a constant A (found 
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experimentally) and the ratio of t (the sample thickness) to at (representing the radius of area of 

contact) [5]:   C = 1 − exp−A  tat      (4.6) 

 The definition of ‘thin’ is not provided, and application of the correction is left to the 

reader's discretion; presumably when t/at becomes influential [5]. The constant A was 0.67 or 

0.41 in thin sheets of rubber, with or without lubrication (respectively). The presence of friction 

between the surfaces can increase the hardening effect caused by NPR below -0.5, as shown 

using finite element analysis (FEA) and continuum mechanics [6–9]. Whether the same 

correction factor (Equation 4.6) can be applied to auxetic or conventional foam sheets with 

different Poisson's ratio to rubber, and whether friction will change NPR's effect on hardness 

during different scenarios to those previously modelled (i.e. in thin sheets) is unclear.  

 Samples thicker than they are wide are desirable for compression testing; to minimise 

friction inhibiting transverse deformation and Poisson's ratio measurements [10]. Foam 

padding within protective equipment for sports, defence and commercial applications is often 

relatively thin (1-2 cm) with a larger planar area [11–14]  than typical, homogeneous auxetic 

foam samples (~2 x 6 cm [15–17]). There is no standard test for measuring hardness in foams, 

but the standard test for measuring hardness in rubber requires an increasing distance from the 

edge of the sheet to the edge of the point of contact: 13 mm for 25 mm thick samples or 11.5 mm 

for 15  mm thick samples [18], respectively. Samples cannot be created to meet both standards 

[10,18], but cubic foam samples (~2 x 2 x 2 cm) have been used for both compression [15,19,20] 

and indentation [21] testing. As the contact area tends towards cross sectional area of a sample, 

indentation resistance will become increasingly similar to flat plate compression; reliant upon 

Young's modulus rather than Poisson's ratio. 

 The effect of large deformation indentations, causing changes in the shape of the 

compressed area (Figure 4.1, Figure 2.5, Page 23) requires further experimental and/or 

computational confirmation. Auxetic foams with a lower initial Young's modulus than their 

conventional counterpart have been shown to wrap around an indenter in low (1% 

compression) strain FEA simulations and high strain (~80% compression) impact tests [14,22].  

Auxetic materials have also been shown to deform as a flatter unit (Figure 4.1c) than their 

conventional counterparts, both experimentally (indenting foam) [21] and through FEA (Figure 

4.1) [23–26]. Changes in density and Young's modulus from the conventional parent foam have 

only been accounted for in one indentation test of auxetic foam, but isotropy and linearity were 

not confirmed [21]. 
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 Young's modulus increases with the density of a cellular material, provided that cell 

shape is unchanged [4]. Transverse contraction or expansion in conventional and auxetic foam 

has only been quantified under uniformly distributed (flat plate) compression tests, using non-

contact strain measurement methods such as marker tracking [27–29] or digital image 

correlation (DIC [30–33]). Quantifying transverse strain using a full field strain measurement 

method such as DIC during indentation would begin to identify whether differences in 

Poisson's ratio can cause a sufficient density difference, due to transverse deformation, to 

increase stiffness. The relationship between density and Young's modulus would only be 

applicable in scenarios where cell shape does not substantially change. 

 Thermomechanical conversion for open cell, thermo-plastic, auxetic foam have been 

studied in detail (Chapter 3, Page 46) as required by the first Aim of this investigation (Chapter 

1, Page 5). A range of conditions are known to give quasi-linear, iso-density, isotropic foams 

with near zero and NPR. In Chapter 3 methods were presented to mitigate the reduction in 

tangent modulus (to almost zero) caused by cell buckling between 5% and 80% compression, 

which is well documented in open cell foams [4,15], and confirmed isotropy in thermo-

mechanically fabricated foams. Quasi-linear, iso-density, isotropic foams can now be used to 

demonstrate and examine the effects of Poisson's ratio on indentation resistance as strains 

exceed the infinitesimally small values required for direct application of indentation theory, as 

required by Aim 2. 

 
Figure 4.1: Simplified 2D indentation showing a) Axial deformation, b) Transverse deformation described 

in Equation 4.3 & c) The predicted effect of large shear modulus (and unchanging Young's modulus) on 

indentation area (- - -) and transverse mass flow, both un-accounted for in Equation 4.3. 

 Methods 4.2.

4.2.1. Foam Conversions 

 The same samples (PUR30FR, Custom-foams, supplied precisely cut to 32 x 32 x 96 mm) 

were thermo-mechanically converted with isotropic compression in aluminium box section 

moulds (2 mm wall thickness) with a triaxial VCR of two or three (Figure 4.2). Samples were 
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fabricated under the conditions giving comparable density; quasi-linear stress vs strain 

relationships and a range of negative to marginally positive Poisson’s ratios (Chapter 3). 

Samples with a VCR of three were heated in an oven at 160, 170 & 180°C for 20 minutes and 

180°C for 60 minutes. Samples with a VCR of two were heated in an oven at 180°C for 60 

minutes. Six samples were fabricated for each time and temperature combination and cooled to 

close to room temperature in their moulds (30 to 60 minutes).  

 Following cooling, samples were hand stretched to 10% tensile strain over a scale at 

approximately five seconds per cycle for five cycles, giving comparable relaxation to previous 

work (Chapter 3). Samples were laser cut along their length (Trotec 10000) into cubes twenty 

four hours after fabrication, and the central cube was used for compression and indentation 

testing. Converted samples had expected Final Volume Ratios (FVR, initial/original volume) of 

two or three, equating to 25.5 or 22 mm sides (Chapter 3). However, due to re-expansion of 

samples converted with less heat exposure, not all cubes were the same size. Rather than 

creating additional cuts, which were not overly precise, a range of sample sizes were used. 

Comparative unconverted 20 mm sided cubic samples were laser cut (Trotec 10000) from 32 x 

32 x 96 mm cuboids, and 32 mm sided cubes were cut to explicitly show the effect of sample 

size on indentation resistance.  

 

 

Figure 4.2: Foam and mould (annotations show cell rise, axis orientation and dimensions). L1 (x) = 76.5 or 

66.5 mm and L2 (y and z) = 25.5 or 22 mm for VCR = 2 or 3, respectively 

4.2.2. Mechanical Testing 

 Compression (flat plate, Figure 4.3a & b) and indentation (Figure 4.3c) tests began two 

days after fabrication, and took one week to complete. The first and last round of testing was to 

10% compression (Figure 4.3a & b, Instron 3367, 500 N load cell, sample frequency 25 Hz, strain 

rate 0.0067 s-1). Cell rise (z axis) was aligned transversely: first parallel to the camera (Nikon 
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D810 1920x1080p, 25fps), then perpendicular (compression parallel to x or y, recorded 

transverse expansion parallel to y or z respectively, Figure 4.2). Indentations to a depth of 20% 

of sample thickness (Figure 4.3c) were carried out with three indenters (10 and 50 mm diameter 

cylinders and a 12 mm diameter aluminium football stud featuring a flat base, almost vertical 

sides and small (<1 mm) fillet, Figure 4.4). Comparative compression before and after (i.e. pre 

and post) each round of indentation tests with a different indenter were used to calculate mean 

Young's modulus and Poisson's ratios for each sample, at the time of indenting. These 

compression tests were also to 20% compression (Figure 4.3a & b), with cell rise aligned axially 

(compression parallel to z, recorded transverse expansion parallel to y, Figure 4.2).  

 

Figure 4.3: a) Flat plate compression set up (side view), b) Flat plate compression and camera set up (front 

view), showing powder coating speckle pattern c) Indentation test set up (front view), showing powder 

coating speckle pattern and segments used to obtain indentation shape (outer segments in red, inner in 

blue). Indentation set up was the same as shown in a). Annotation between b) and c) shows axial and 

transverse directions in a), b) and c). 

 Two dimensional Digital Image Correlation (DIC) was used to obtain axial and 

transverse strains [31,33,34], both during indentation and compression tests. Powder coating 

applied before each test (Figure 4.2c, Laponite RD, BYKAdditives) enhanced the speckle pattern 

provided by the porous foam surfaces. DIC analysis was carried out using commercial software 

(GOM Correlate, 2016). Facet sizes were between 25 and 35 pixels (0.04 to 0.06 mm/pixel), with 

standard accuracy and matching against the previous stage (due to the large strain range) 

typically selected. Linear trend lines fitted to plots of transverse vs axial true strain (mean value 

across all facets within target area, over a 10% strain range) were used to obtain Poisson's ratios 

in all three orthogonal planes (νxz, νyz, νzy), determined from the negative of the gradient of the 

linear trend line. All samples were measured (Vernier Callipers) before every compression or 

indentation test, for calculation of stress (cross sectional area) and strain (axial length) from 

Instron force and displacement data (Bluehill 4.0) and also FVR. DIC data was manually 

synchronised by clipping videos to when the Instron trigger was activated (± ~40 ms, ε ± 2 x 10-

3), which was sufficient given the low strain rates. Compressive Young's moduli were calculated 
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from the gradients of linear trend lines fitted between 0 and 10% compressive axial stress vs 

strain, and 5% (prior to plateau) for the unconverted foam. Mean values for Poisson's ratio and 

compressive modulus were taken up to 10% strain. Compression tests compared sample's 

directional dependency (isotropy). 

 

Figure 4.4: a) Front view and b) Side view of cylindrical and studded indenters (top and bottom 

respectively). Dotted line shows hidden features. The diameters, d1 & d2=50 mm or 10 mm. Annotation 

between a) and b) shows axial and transverse directions 

 Mean Young's moduli measured up to 20% strain were used to normalise Hardness 

(Hnorm = Force/(a x E)), limiting any differences caused by Young's modulus [21], which is 

approximately constant up to 10% axial compression in converted samples (Figure 3.12, 

Chapter 3, Page 61), provided Young's modulus remains constant between 10% and 20% axial 

strain. Equation 4.3 was applied to quantify Indentation resistance. The stud had a flat surface 

of diameter 12 mm, so assuming the near vertical walls do not contact the foam, contact area (in 

mm2) was: astud = π(6)2        (4.7) 

 For the 50 mm cylindrical indenter, indentation depths was small relative to the 

indenter radius, the radius of contact was  [3]: rcylinder ≈ √dhmean      (4.8) 

 Whereby d is cylinder diameter and hmean is the mean indentation depth (which is half 

of the maximum indentation depth, h, in Figure 4.5, because compression rate set on the test 

device was constant).  
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 For the 10 mm cylindrical indenter, indentation depth was not small relative to the 

indenter radius, so the radius of contact was: rcylinder ≈ √dhmean + hmean2      (4.9) 

 The length of the cylinder contacting the sample is equal to the sample width (front to 

back face), and was assumed constant. The area is therefore: acylinder ≈ rcylinder ∗ lcontact     (4.10) 

 

Figure 4.5: a) Front view and b) Side view of the cylindrical indenter indenting foam. Dotted lines show 

hidden features. The diameters, d1 & d2=50 mm or 10 mm. 

 Combining Equations 4.5, 4.8 or 4.9 and 4.10 (for the cylinders), or  4.7 (for the stud), 

and replacing F (Equation 4.3) with k x hmax, the force constant (the slope of a linear regression 

of force vs displacement data), gives Equations 4.11 and 4.12 for studded and cylindrical 

indenters. Equations 4.11 and 4.12 are valid for indentations or impacts where x = 1 (Equation 

4.3), and also useful in assessing how a material will behave in impacts with either large/flat 

bodies or those with concentrated loads: Hnorm_cylinder = k × h𝑚𝑎𝑥E × √dh × Lc       (4.11) 

Hnorm_stud = k × h𝑚𝑎𝑥E × π(6)2      (4.12) 

 Calculating indentation resistance and normalising hardness to Young's moduli has 

some assumptions, particularly for the two cylindrical indenters: i) the entire compressed 

region may not remain in contact with the sample, ii) any non-linearity in stress vs strain 

relationships will affect the Young's modulus and normalisation, iii) sample thickness was 
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relatively low compared to indenter shape. The following approaches were also considered: 

  i) Normalising to Young's moduli, measured over five or ten % compression 

 ii) Calculating compressive energy for each indentation test and from compression 

tests, giving normalised indentation energy as a measure of effective indentation resistance over 

large strains: Normalised Indentation Energy =  Indentation Energy (Ui)/ Mean Compressive 

Energy (Uc) from pre/post compression tests.  

 iii) Correcting Normalised indentation energy according to Equation 4.6. The value t is 

sample  thickness and a value of A = 0.67, was used for non-lubricated interfaces [5]. The value 

at is simply the radius of the stud, but was adapted for the two cylinders to be comparable to a 

spherical indenter: at: cylinder ≈ √acylinderπ       (4.13) 

 Linear regressions were taken of logarithms of i) the left and right hand side of 

Equation 4.3 for hardness, and ii) Normalised Indentation Energy or Corrected, Normalised 

Indentation Energy, and the negative logarithm of the denominator in Equations 4.3 [-log(1-ν2)]. 

The gradients were compared to expected values for x in Equation 4.3. Expected values for x are 

1/3 for a Hertzian hemisphere (from Equation 4.5) [3,21],  1/3 for a cylindrical indenter and 1 for 

a uniform circular indenter or stud (Equation 4.4) [3].  

 For samples with an FVR of 2 (Chapter 3), central and edgewise axial compression 

during indentation tests was obtained by virtually dividing samples into three segments (axial 

sample centre, inner segment 10 mm width and outer remainder ~7 mm each, Figure 4.3c). The 

ratio of the mean axial compression for the two outer segments to the axial compression for the 

inner segment was calculated. A between group's student's T-test was carried out on the ratio of 

outer to inner axial compression for each group (p>0.95) for each indenter. Shear modulus was 

calculated from mean compressive Poisson's ratio and compressive modulus up to 10% 

compression (Equation 4.1). Correlation (Pearson's r2) between the ratio of outer to inner 

compression and Poisson's ratio was obtained, as well as an approximation of the effect size of 

using a linear regression.  

 Effective Poisson's ratios were calculated under indentation tests of samples with an 

FVR of 2, found to give the largest range of Poisson's ratios (Chapter 3, Figure 3.10, Page 59), 

from mean axial and transverse strains (DIC, Figure 4.6) across the entire sample face up to 20% 

compression. Effective Poisson’s ratios were used to compare transverse material flow, related 

to densification, named 'effective' because they were obtained during indentation and so not 

true Poisson's ratios. A between group's student's T-test was carried out on the Effective 

indentation Poisson’s ratios for each group (p>0.95) for each indenter. Correlations (Pearson's r2) 
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between the ratio of Effective indentation and compressive Poisson's ratios were obtained. 

Changes to cell shape during indentation were qualitatively compared by manually indenting 

approximately one millimetre thick slices of unconverted foam and foam laser cut from each 

group with an FVR of two with a 10 mm diameter cylinder. Indentation was in the same 

direction as indentation tests (Parallel to z, with transverse expansion parallel to y, Figure 4.2) 

on a transparent frame work with a white background fixing sample corners to prevent out of 

plane movement (Figure 4.2c). A stereoscope (Leica S6D) collected images at ~20% indentation.  

 

Figure 4.6: Target area (yellow) on surface of NPR sample (~25 mm sides) for a) 50 mm cylindrical, b) 10 

mm cylindrical and c) 12 mm studded indenters 

 Results 4.3.

4.3.1. Characterisation 

 Sample expansion following conversion (Figure 4.7a) was comparable to previous tests 

(Chapter 3). Mean FVR (through the course of testing) and VCR were close to three for samples 

fabricated above 170°C, due to low levels of re-expansion following conversion. The 160°C, 20 

minute samples converted with a VCR of three (~22 mm sides) expanded to a mean FVR of 2.18 

(~25.5 mm sides, Figure 4.7a), meaning they were a similar size and density to samples 

fabricated with a VCR of ~two (mean FVR of 2.18). The honeycomb-like unconverted open cell 

foam structure (Figure 4.7b) became re-entrant and contorted following conversion (Figure 

4.7c), but there was no noticeable difference to cell structure or shape following prolonged 

heating (Figure 4.7d). Marginal increases in the density of the cell structures between Figure 

4.7c & d were not present in density measurements (Figure 4.7a), and attributed to the increased 

thickness of sliced samples. Cell rise (Figure 4.7b) could not be qualitatively identified after the 

re-entrant structure was adopted (Figure 4.7c & d). 
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Figure 4.7: a) Mean Final Volume Ratio (all samples within each group). Error bars show 1 standard 

deviation. X axis naming is conversion temperature (before dash, °C) and time (minutes) for all samples 

fabricated with VCR=3. VC2 samples had a VCR of 2 and were converted at 180°C for 60 minutes. b) to d) 

As shown in Chapter 3 (Figures 3.7 a to c), magnified images (Leica S6D)  of 1 mm thick slices of b)  

Unconverted foam sample, c) auxetic foam, 160°C-20minute sample from (a), d) ~zero Poisson's ratio 

foam, (VC2 in (a)). Annotated pop outs show a single cell enlarged by a factor of two, cell rise in b) and cell 

rib angles. 

 Compressive stress vs strain were as expected, with the unconverted sample plateauing 

at around 5% strain and all re-entrant samples deforming quasi-linearly (Figure 4.8a). Increased 

heat exposure increased the gradient of stress vs strain relationships, equating to an increase in 

stiffness.  Samples with an expected negative or near zero Poisson's ratio (Chapter 3) exhibited 

respectively negative or marginal transverse strain in the y direction up to 20% compression 

parallel to z (Figure 4.8b). All samples axial vs transverse strain relationships were relatively 

linear, other than the unconverted foam which approximately plateaued beyond ~5% 

compression (Figure 4.8b). All samples exhibited close to the imposed values of axial 
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compression, although the unconverted samples did exhibit two to three % lower axial strain 

than expected (Figure 4.8b).  

 

Figure 4.8: Sample a) Stress vs strain Axial Engineering Strain (z) and b) Transverse vs Axial True Strain 

plots from mean values across the entire samples faces from DIC up to 20% compression for all conversion 

conditions (UC=unconverted)  

 Poisson's ratios of each group of samples (taken up to 10%, Figure 4.9a) agree with the 

previous tests of the same foam (Chapter 3) and Figure 4.8b. Converted samples were relatively 

isotropic, with Poisson's ratio increasing from ~-0.2 to close to zero as heat exposure increased 

from 160°C for 20 minutes to 180°C for 60 minutes (Figure 4.9a). The lowest Poisson’s ratios 

were achieved following re-expansion from a VCR of three to an FVR of two (160°C, 20 

minutes, Figure 4.7a, Chapter 3). Samples fabricated with increased heat exposure at a VCR of 

two had Poisson’s ratios close to zero (~-0.1 to ~0.1, Figure 4.9a), and were the same FVR, size 

and density (Figure 4.7a, Figure 4.9a, Chapter 3) as the lowest Poisson’s ratio samples (~-0.2, 

160°C, 20 minute, Figure 4.9a). The comparison between these two groups of samples would be 

expected to show any relationship between indentation resistance and Poisson's ratio most 

clearly. Unconverted samples Poisson's ratios were anisotropic and positive: ~0.25 or ~0.35 

when axial strain was perpendicular or parallel to cell rise (z), respectively (Figure 4.9a). 

Young's modulus of converted samples was isotropic and increased from ~ 25 kPa to ~ 100 kPa 

with increasing heat exposure (Figure 4.9b).  Unconverted samples exhibited a lower Young's 

modulus up to 10% compression (~30 kPa, Figure 4.9b), but deformation was not linear across 

the measured range (Figure 4.9a). Unconverted foam's Young's modulus and Poisson's ratio 

were higher up to 5% than 10% compression (Figure 4.9), and anisotropy was also increased. 

Symmetric compliance was checked for each group of sample's mean Poisson's ratio and 
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Young's moduli (Figure 4.10). Data was close to νyzEz = νzyEy, suggesting that Young's modulus 

and Poisson's ratio measurements in the y and z directions were consistent [35]. 

 

Figure 4.9: Mean directional a) Poisson's ratio and b) Young's Modulus taken up to 10% for all samples, 

and also 5% for the unconverted samples. X axis naming relates to conversion temperature (before 

dash, °C) then time (minutes), for all samples fabricated with VCR=3. The 'VC2' samples were heated for 

60 minutes at 180°C. UC is unconverted. Error bars are 1 s.d.  

 

 Calculated from compressive modulus and Poisson's ratio up to 10% (Figure 4.9), shear 

and bulk moduli for all converted samples were isotropic (Figure 4.11). Unconverted samples 

were expected to be anisotropic (Chapter 3), but fitting linear trend lines to non-linear data 

(Figure 4.8) up to 10% strain meant anisotropy was not noticeable (Figure 4.11). For samples 

with an FVR of 2, both shear and bulk modulus of the near zero Poisson's ratio samples was 

larger than the NPR (~-0.2) samples due to the large increases in Young's modulus (Figure 4.9), 

as expected when heating for a longer time or at a higher temperature (Chapter 3).  
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Figure 4.10: Symmetric compliance (νyzEz vs νzyEy) for all samples, calculated from mean values for 

directional Poisson's ratio (ν) and Young's modulus (E). Dotted line shows ideal νyzEz = νzyEy 
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Figure 4.11: Mean a) shear (Equation 4.1) and b) bulk (Equation 4.2) moduli calculated from values up to 

10% strain (mean across all three axes). X axis naming relates to conversion temperature (before dash, °C) 

then time (minutes), for all samples fabricated with VCR=3. The 'VC2' samples were heated for 60 minutes 

at 180°C. UC stands for unconverted. Error bars are 1 s.d.  

4.3.2. Indentation resistance 

 Iso-volume samples with the same FVR (of two, Figure 4.7a) subject to increased or 

decreased heat exposure have negative or near zero Poisson's ratio respectively (Chapter 3, 

Figure 4.9a). NPR and near zero Poisson's ratio samples exhibited either inward (Figure 4.12a) 

or marginally outward (Figure 4.12b) transverse strain (respectively) when indented with the 

10mm diameter cylinder. The positive Poisson's ratio unconverted foam exhibited mostly 

outward transverse deformation (Figure 4.12c).  
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Figure 4.12: Contour plots and histograms of transverse strain at maximum compression with the 10 mm 

diameter cylindrical indenter for a) auxetic foam with an FVR of 2 (160°C, 20 minutes, VCR=3), b) foam 

with a Poisson's ratio of ~ zero and an FVR of 2 (180°C, 60 minutes, VCR=2) & c) an unconverted sample. 

 The NPR and near zero Poisson's ratio iso-volume samples exhibited either relatively 

constant (Figure 4.13a) or more variable (Figure 4.13b) through thickness compression, 

respectively. The sample with a Poisson's ratio near zero compressed by a greater amount 

underneath the indenter than towards its edges (Figure 4.13b). The unconverted sample exhibits 

a small amount of variation, but was smaller (20 mm) in width than the other two 25 mm 

samples (Figure 4.13c). 
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Figure 4.13: Contour plots and histograms of segmented axial compression at maximum compression with 

the 10 mm diameter cylindrical indenter for a) foam with an FVR of 2 and Poisson's ratio of -0.2 (160°C, 20 

minutes, VCR=3), b) foam with a Poisson's ratio of ~ zero and an FVR of 2 (180°C, 60 minutes, VCR=2) & c) 

an unconverted sample. 

 During indentation with all three indenters, NPR samples, samples with a near zero 

Poisson's ratio and unconverted samples with a positive Poisson's ratio (Figure 4.9a) exhibited 

negative, negligible or positive transverse strain, respectively (Figure 4.14a). As the indenter 

size decreases, the mean axial compression of all samples decreases (Figure 4.14a). As Poisson's 

ratio increased from negative to positive values, mean axial compression of the front face under 
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indentation also reduced (Figure 4.14a). The unconverted foam appears to have wrapped 

around the studded indenter, causing marginal compression of the frontal face (Figure 4.14b). 

 

 

 

Figure 4.14: a) Mean Transverse vs mean axial True Strains across the full front face of samples for select 

(NPR-VCR = 3, near zero Poisson's Ratio -VCR = 2 and positive Poisson's Ratio - UC) samples during 50 & 

10 mm cylindrical and 12 mm studded indentations, b) Axial compressive strain for an unconverted 

sample under studded indentation at maximum compression. 
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 Force vs axial displacement relationships of converted samples were similar during 

compression and studded indentation, when normalised to Young's modulus measured over 

20% compression (Figure 4.15a). The unconverted sample had a relatively linearly force vs 

displacement relationship under indentation (Figure 4.15), suggesting the buckling region was 

less abrupt than during flat plate compression. The gradient of the unconverted sample's force 

vs displacement relationship did partially decrease beyond 5% indentation, and it was likely 

that the foam experiencing the highest amount of compression (i.e. directly underneath the 

indenter) began to buckle. The lower levels of mean front face compression (i.e. Figure 4.14) 

during indentation confirm that it was likely that foam from different regions was compressed 

by different amounts throughout the indentation tests.  

 Different Regions had compressive strains ranging from higher than the maximum 

strain imposed by the test device (i.e. 20% at the end of the tests) to zero or tensile values 

(Figure 4.13). As such, normalising to Young's modulus measured over the entire 20% strain 

might not be appropriate. Normalising to 10% (Figure 4.15b) and then 5% (Figure 4.15c) 

compressive strain amplifies the effect of Poisson's ratio. For example, from inspection of Figure 

4.14, 5% strain was the most appropriate normalisation for the studded indenters, but axial 

strain was different both within (Figure 4.13a & b) and between samples (Figure 4.13a & d, 

Figure 4.14). Calculating mean regions for normalisation is not only overly complex, but also 

mixes variables: the mean axial compression during indentation changes according to the 

magnitude of Poisson's ratio [3,5,21]. The following analysis will assess whether the 

normalisation over the 20% region was appropriate. 
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Figure 4.15: Sample Force vs Indentation with the 10 mm cylindrical indenter (as a percentage of original 

thickness) plots, with Force normalised to mean Young's modulus in Pre/Post indentation over a) 20% 

strain, b) 10% strain & c) 5% strain regions. UC=unconverted. 
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 Normalised indentation resistance (Equations 4.11 & 4.12) shows reasonable fit with a 

quadratic curve for each indenter (Figure 4.16). Indentation resistance appears to reduce as 

Poisson's ratio reduces. In this case, the reduction in indentation resistance was likely caused by 

normalising the non-linear unconverted samples to a constant value for Young's modulus 

(Figure 4.15a). Young's modulus for the unconverted foam, calculated up to 20% compression, 

is lower than Young's modulus calculated up to a lower amount of compression (Chapter 3, 

Figure 4.9b). Compression under indentation is lower than under flat compression with a flat 

plate (Figure 4.14), so the normalised indentation resistance was larger than expected for the 

unconverted foam. 

 

Figure 4.16: Mean Poisson’s ratio νzy (to 20% compression) vs Normalised Indentation Resistance 

(Equations 4.10 & 4.11) for all sample, measured using the a) 50 mm Cylindrical indenter, b) 10 mm 

Cylindrical indenter and c) 12mm Studded indenter, up to 20% compression. Legend shows conversion 

conditions. UC = unconverted. 

 Removing area differences, which would change the constant in the regression fits 

taking the form of y = mx + c, then plotting natural logarithms (Figure 4.17) of the left and right 

hand side of Equations 4.3, the effect of the magnitude (m in the regression fit and x in Equation 

4.3) of Poisson's ratio is larger than expected. The slope of the logarithmic regression is expected 

be 1/3 for the cylindrical indenters, and 1 for the stud (Figure 4.17) [3,21], but is ~1 for all cases.   
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Figure 4.17:  The natural logarithm of indentation force/depth vs the natural logarithm of the right hand 

side of Equation 4.3 & 4.4 for indentation resistance for a) 50 mm Cylindrical indenter, b) 10 mm 

Cylindrical indenter and c) 12mm Studded indenter, up to 20% compression. Legend shows conversion 

conditions. UC = unconverted. Formulae show gradients, which should correspond to x (Equation 4.3 & 

4.4). 

 After removing the post-buckling region from unconverted samples' data, however, the 

values for trends (Figure 4.18) were further from expected. The unconverted foam's Hnorm 

decreased substantially due its large, anisotropic Young's moduli (Figure 4.9). When differences 

in Young's modulus were accounted for in logarithmic plots of the left and right hand side of 

Equations 4.3 (Figure 4.19), values for x were close to the expected 1/3 for the cylinders, but 

lower than expected for the stud (0.5 rather than 1) [3,21]. 

 

Figure 4.18: Mean Poisson’s ratio νzy (to 20% compression) vs Normalised Indentation Resistance 

(Equations 4.10 & 4.11) for all sample, measured using the a) 50 mm Cylindrical indenter, b) 10 mm 

Cylindrical indenter and c) 12mm Studded indenter, up to 20% compression. Legend shows conversion 

conditions. UC = unconverted, with HNorm, and Poisson's ratio calculated in the linear stress/strain regions 

up to 5% compression, prior to cell rib buckling. 
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Figure 4.19:  The natural logarithm of indentation force/depth vs the natural logarithm of the right hand 

side of Equations 4.3 & 4.4 for indentation resistance, for a) 50 mm Cylindrical indenter, b) 10 mm 

Cylindrical indenter and c) 12mm Studded indenter, up to 20% compression. Legend shows conversion 

conditions. UC = unconverted, data over the linear region to 5 % compression. Formulae show gradients, 

which should correspond to x (Equation 4.3). Values for x when the correction factor (Equation 4.6) was 

applied were: 0.46, 0.49, 0.54. Corrected r2: 0.76, 0.77, 0.79 (for a, b & c respectively).  

 Removing anisotropic unconverted samples in the logarithmic plots, strong correlations 

(r2 > 0.95) are obtained for trend lines (Figure 4.20). The gradients of trends lines give values for 

x (Equation S1) which are larger than expected values for cylindrical indentations  (Figure 4.20a 

& b, expected = 1/3), smaller during studded indentation (Figure 4.20c, expected =1), but less so 

than in the previous case including the unconverted samples.  

 Applying the correction factor, the cylinders values for x reduced marginally towards 

expected values (Figure 4.21) while the correlations remained strong (r2 > 0.95). The value 

obtained for studded indentation moves marginally away from the expected values. The stud is 

very different from the sphere for which the correction is intended, since it has a flat surface, 

and so the correction factor may not be applicable. 
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Figure 4.20: the natural logarithm of the gradient of Force (F) vs Indentation depth (h) plots for all samples 

vs the negative natural logarithm of the denominator in Equation 1 for indentation resistance measured 

using the a) 50 mm Cylindrical indenter, b) 10 mm cylindrical indenter and c) 12mm studded indenter, up 

to 20% compression, outlying, anisotropic UC removed. Legend shows conversion conditions. Formulae 

show gradients, which should correspond to x (Equation 1). Formulae show gradients, which should 

correspond to x (Equation 4.3).  

 
Figure 4.21: the natural logarithm of the gradient of Force (F), with the correction factor applied (Equation 

4.6) vs Indentation depth (h) plots for all samples vs the negative natural logarithm of the denominator in 

Equation 1 for indentation resistance measured using the a) 50 mm Cylindrical indenter, b) 10 mm 

cylindrical indenter and c) 12mm studded indenter, up to 20% compression, outlying, anisotropic UC 

removed. Legend shows conversion conditions. Formulae show gradients, which should correspond to x 

(Equation 4.3). Formulae show gradients, which should correspond to x (Equation 4.3).  

4.3.3. Energy absorption 

 Calculating an appropriate strain range to measure Young's modulus and normalise 

indentation resistance for each sample requires accurate measurement of mean compressive 

strain under indentation. Mean compression under indentation varies within each sample 

(Figure 4.13), between samples and between indenters (Figure 4.14), making it complex and a 

possible source of error. Energy absorption (Equation 4.14, whereby F and h are force and 
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indentation depth respectively) gives energy absorbed during either flat plate compression or 

indentation: U = ∫ F ∆h     (4.14) 

 Equation 4.15, whereby Ui is the energy absorbed during indentation and Uc is the 

energy absorbed during compression (Equation 4.14), could reduce the effect of non-linearity. 

In the case of the samples presented here, the effect of anisotropy could also reduce by allowing 

analysis of the data over a larger strain range (see Figure 4.9 in the thesis). Equation 4.15 would 

be valid if results of logarithmic plots are comparable to those from Figure 4.20 and Figure 4.21, 

for Equation 4.3. Figure 4.22 repeats Figure 4.19 but replaces dF/dh with Ui and E with Uc. The 

fit (r2) was strong and x was close to one during cylindrical indentations (Figure 4.22a & b), but 

not during studded indentations (Figure 4.22c) where the unconverted samples were outliers 

and x was lower than expected.  

𝑈𝑖 ∝ ( 𝑈𝑐(1−𝜐2))𝑥
       (4.15) 

 

 
Figure 4.22: the natural logarithm of the gradient of indentation energy (Ui, integral of F w.r.t. h) plots for 

all samples vs the negative natural logarithm of the denominator in Equation 1 for indentation resistance 

but with E replaced with Uc measured using the a) 50 mm Cylindrical indenter, b) 10 mm cylindrical 

indenter and c) 12mm studded indenter, up to 20% compression. Legend shows conversion conditions. 

UC are unconverted samples. Formulae show gradients, which should correspond to x (Equation 1). 

 Correcting all measured, normalised indentation energies, the values for x (Figure 4.23) 

trend towards expected values and also towards those values obtained for corrected dF/dh 

during cylindrical indentations (Figure 4.21a & b), with strong regression fits. The studded 

indentation moves further from expected values, with a lower r2 than in Figure 4.22c. 
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Figure 4.23: the natural logarithm of the gradient of corrected (Equation 3) indentation energy (Ui, integral 

of F w.r.t. h) plots for all samples vs the negative natural logarithm of the denominator in Equation 1 for 

indentation resistance but with E replaced with Uc measured using the a) 50 mm Cylindrical indenter, b) 

10 mm cylindrical indenter and c) 12mm studded indenter, up to 20% compression. Legend shows 

conversion conditions. UC are unconverted samples. Formulae show gradients, which should correspond 

to x (Equation 1). 

 Figure 4.24 shows the most appropriate analyses method for each case. For the 

cylindrical indenters, no change was made from Figure 4.23a & b. For the studded indentations, 

strong correlations were obtained after removing the unconverted samples, which are very 

different in density, cell structure and size from converted samples, and removing the 

correction factor, which previously appeared inappropriate, good fit with theoretical values for 

x (close to 1) and strong correlations are obtained (Figure 4.24c).  

 
Figure 4.24: the natural logarithm of the gradient of a) & b) corrected (Equation 4.6), and c) uncorrected 

indentation energy (Ui, Equation 4.15) plots for all samples vs the negative natural logarithm of the 

denominator in Equation 4.3 for indentation resistance but with E replaced with Uc measured using the a) 

50 mm Cylindrical indenter, b) 10 mm cylindrical indenter and c) 12mm studded indenter, outlying UC 

samples removed, values obtained up to 20% compression. Legend shows conversion conditions. UC are 

unconverted samples. Formulae show gradients, which should correspond to x (Equation 4.3). 

 

 Modest effects of Poisson's ratio on normalised indentation energy were obtained 

during indentation with either cylindrical indenter (Figure 4.25a & b). The effect was greater for 
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the lower area, studded indenter (Figure 4.25c). Samples with a negative Poisson's ratio exhibit 

higher normalised indentation energy than unconverted, positive Poisson's ratio samples 

(Figure 4.25c). Correlation was only of medium strength (r2 ~ 0.4), due to differences in Young's 

modulus and also the size of samples. Comparing samples of the same size but different 

Poisson's ratio, the effect of Poisson's ratio appears to be amplified. The NPR samples were 

typically larger (~25.5 mm sides) than the near zero (~22 to ~25.5 mm sides) and positive (~20 

mm sided) samples (Figure 4.25a to c). Comparing samples of the same Poisson's ratio but 

different size (Figure 4.25), the smaller samples exhibit higher corrected, normalised indentation 

energy. Increases to corrected, normalised indentation energy are, therefore, likely to be larger 

than presented here. 

 The effect of densification underneath an indenter or impactor could potentially 

increase stiffness, assuming there is not sufficient change in cell shape [4]. Poisson's ratio was 

retained during all indentations of iso-volume, iso-density samples with near zero and NPR 

(Figure 4.26). Therefore auxetic samples (Figure 4.26b - d) exhibited greater densification and 

could have become stiffer. Indenting 1 mm thick samples of foam and observing structural 

changes shows that unconverted foam's cells buckle during indentation (Figure 4.27a). The 

effect of densification is therefore unclear with regards to the unconverted foam. No change 

was observed with the NPR (Figure 4.27b) and near zero Poisson's ratio (Figure 4.27c) re-entrant 

foams, and densification due to transverse contraction may affect normalised indentation 

energy. 
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Figure 4.25: a to c) Mean Poisson’s ratio νzy (to 20% compression) vs normalised Indentation Resistance (a 

& b corrected according to Equation 4.6), d) Normalised Indentation Energy vs sample planar area during 

studded indentations of converted samples with near zero Poisson's ratio and 20mm and 32 mm sided, 

unconverted samples. Legends show conversion conditions. UC are unconverted samples. Sizes are in 

mm.  
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Figure 4.26: a) Indentation Effective Poisson's ratio vs Mean flat plate Poisson's ratio (to 20% compression, 

Figure 4.12a & b, axial and transverse directions parallel to z & y axes respectively). b) - d) Transverse 

strain at maximum compression by the b) 50 mm cylindrical, c) 10 mm cylindrical and d) 12 mm studded 

indenters. Same legend (d) for each. 
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Figure 4.27: Magnified images taken of a) Unconverted foam, b) auxetic foam with an FVR of 2 (160°C, 20 

minutes, VCR=3) and c) ~zero Poisson's ratio foam with an FVR of 2 (180°C, 60 minutes, VCR=2) under 

~20% indentation with a 10 mm diameter cylinder. Pop-out in a) shows a single cell's shape from location 

close to the indenter, enlarged by a factor of two with underlying cell ribs removed. 
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 Densification differences were present during indentation with all three indenters 

(Figure 4.26). For the iso-density, iso-volume samples with near zero and NPR, differences in 

the shape of the compressed area were not significant during indentation with the 50 mm 

cylinder (Figure 4.28a). A students T-test found a small but statistically significant difference 

was present during indentation with the 10 mm cylinder (α=0.05, Figure 4.28b). A large, 

statistically significant difference was present during the studded indentation (Figure 4.28c). 

Samples compress by a greater amount close to either cylindrical indenter (Figure 4.26, Figure 

4.28d & e). The contact region with the studded indenter was not visible (Figure 4.28f). 
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Figure 4.28: a - b) Outer (red in schematic) vs Inner (blue in schematic) axial compression (Figure 4.12c & 

d) for all samples with an FVR of 2 (160°C, 20 minutes, VCR=3 and 180°C, 60 minutes, VCR=2) during 

compression with: a) The 50 mm diameter cylinder, b) The 10 mm diameter cylinder, c) The 12 mm 

diameter stud: d-f) Segmented, axial strain in NPR, FVR = 2 samples (160°C, 20 minutes, VCR=3) at 

maximum compression. Same legend (f) for each.  
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 Discussion 4.4.

 Normalising indentation energy to measured compressive energy allowed analysis of 

non-linear unconverted samples (Figure 4.8), and NPR foams exhibited higher normalised 

indentation energy than equivalent magnitude positive Poisson's ratio samples (Figure 4.25). 

The values attained for gradients of the log-log plots were close to expected values when using 

data from linear stress vs strain and transverse vs axial strain regions, prior to buckling at ~5% 

compression in the unconverted foam (x, Equation 4.3, Figure 4.19), although only medium/low 

correlations (r2 ~ 0.5) were obtained. As in previous work ([3,36,37]) some discrepancies, 

particularly in  the value for x during studded indentation (x = 0.53, Figure 4.19), were likely 

caused by anisotropy (Figure 4.9). All values for x were closer to one after anisotropic foams 

were removed (Figure 4.20 and Figure 4.21) and correlations were stronger (r2 > 0.95). 

 When energy absorption, rather than linear quantities were calculated (Equation 4.14) 

and correction factors were applied (Equation 4.6) to data from the cylindrical indenters (Figure 

4.24), but not from the studded indenter, x reduced towards expected values and the 

unconverted samples were no longer outlying. Excellent agreement was observed between H 

(Equation 4.3, Figure 4.20c & Figure 4.21a & b) and Ui (Equation 4.15, Figure 4.24). The effect of 

the ratio of planar dimensions to contact area was not accounted for within corrections. The 50 

mm radius indenter was large in comparison to sample planar dimensions (~20 to 26 mm), and 

contact was across the whole sample (Figure 4.24a), which may have contributed to the increase 

in the obtained value for x. For the stud, however, the near vertical walls (Figure 4.4) mean 

additional contact was unlikely. Some minor effect of the filleted edge could have contributed 

to a reduction in the obtained value for x, tending towards 0.67 (for a hemispherical indenter), 

but the bevel was very small suggesting additional influencing factors. 

 One possible reason for the increased indentation resistance of foams with NPR is that 

effective Poisson's ratio during indentation was still similar to Poisson's ratio measured during 

flat plate compression (Figure 4.14 and Figure 4.22). Density increase (due to transverse strain) 

would have increased due to contraction in NPR samples (Figure 4.14 and Figure 4.22). 

Densification can increase foam stiffness [4] and could therefore effectively increase effective 

indentation resistance further than predictions by indentation theory, even for modest values 

(~-0.2) of NPR, comparable in magnitude to the parent foam (Equation 4.3). The ribs of 

unconverted samples buckled close to the indenter (Figure 4.23). Due to the changing cell shape 

and clear effect on modulus (Figure 4.8a), Gibson & Ashby's relationship between density and 

Young's modulus should not be applied to the unconverted samples without further 

confirmation of its effect, possibly by finite element modelling and micro-computed 
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tomography showing the fine detail of cell structures [32,38]. There is no evidence to suggest 

densification would not have increased the stiffness of converted samples, but as images do not 

show changing cell shapes in detail, they can only be qualitatively inspected and further micro 

computed tomography or modelling is also required.  

 Densification would have occurred during indentation with all three indenters (Figure 

4.26). It is not clear that increased density can explain why the effect of elastic properties on 

normalised indentation energy (Equation 4.15) was greater than expected for the studded 

indenter (Figure 4.24c). NPR samples exhibited higher mean axial compression than samples 

with a near zero Poisson's ratio under indentation (Figure 4.13, Figure 4.14). Lower variation in 

mean outer/inner axial compression for the 10 mm cylindrical and 12 mm studded indenters 

was statistically significant for NPR samples (Figure 4.28b). Samples with a lower Poisson's 

ratio deformed with a 'flatter' profile, agreeing with previous indentation work [21,23–26], 

deforming by a greater amount in their extremities and increasing overall axial compression. 

Along with the previously discussed effects of transverse densification, deforming as a flatter 

unit would further increase the amount of compressed material and effective indentation 

resistance, and could explain the increased values obtained for x (Equation 4.3 [3]), particularly 

during studded indentations.  

 Since reasons for discrepancies can be explained, it seems that normalised indentation 

energy is an acceptable measure of resistance to penetrating or concentrated loads. The 

correction factor for thin sheets of rubber lowered values for x into more elastic regions 

(Equation 6 [5]), and therefore, appears applicable to auxetic and conventional foams. Poisson's 

ratios measured up to 10% compression (Figure 4.9a) differ from measurements up to 20% 

compression (Figure 4.16, Figure 4.24, Figure 4.26) due to sample non-linearity. The amount of 

axial compression during indentation varies throughout a sample (Figure 4.13, Figure 4.28), and 

also between samples and indenters (Figure 4.14, Figure 4.28). As with normalising hardness to 

Young's modulus, finding the correct strain range to calculate Poisson's ratio over would be 

complex and a possible source of error. Integrating axial vs transverse strain plots to obtain total 

lateral deformation may be more appropriate than comparing Poisson's ratios.  

 Rather than measuring Young's modulus and indentation resistance, comparing energy 

absorption has allowed analysis over a larger strain range than previous work indenting auxetic 

foam [21]. The lowest NPR auxetic (~25.5 mm sided, FVR ~2, ν~-0.2) foams corrected, 

normalised indentation energy was: i) comparable to smaller, denser (22 mm sided, FVR ~3) 

samples with a Poisson's ratio of zero; ii) greater than similar size and density (25.5 mm sided, 

FVR ~2) samples with a Poisson's ratio of zero, iii) greater than smaller, positive Poisson's ratio 
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(20 mm sided, ν~0.2) conventional foam samples for both 10 mm cylindrical (Figure 4.25b) 

indentation and 12 mm studded indentation (Figure 4.25, c & d). 

 Reducing samples size increased normalised indentation energy (Figure 4.25d). The 

indenters were a fixed size, so indenting smaller samples meant a greater fraction was 

compressed by each indenter; which was more similar to compressing them with a flat plate. 

The findings extend previous work, where the effect of NPR foam samples could have been 

amplified by sample non-linearity [21,39], density [22,40–42] or anisotropy [14,28]. Auxetic 

foams with modest NPR (~-0.2) would therefore be expected to reduce penetration in quasi-

static indentations (i.e. seating, bedding, climbing/gymnasium mats and packaging) [43,44]. 

Now that the importance of samples size and amount of expected re-expansion following 

conversions has been confirmed, in future sample size can be controlled. Samples could be 

ordered pre-cut to the precise sizes that will give the same final dimensions, using different 

sized moulds for different conversion conditions. 

 The findings support the application of auxetic foam to protective equipment: 

indentation resistance can be increased following single stage thermo-mechanical conversions, 

even if the magnitude of Poisson's ratio is not increased. Since the normalised indentation 

energy approach was successful, further work should now confirm whether Poisson's ratios, 

and increased indentation resistance are retained under impacts at higher maximum strain 

(~80%) and strain rates [22,28,45], before application to sporting protective equipment. The 

technique of comparing energy absorption can be applied to force/displacement data following 

impact tests. Impact energy is typically used to categorise impacts in certification tests 

[12,46,47], and energy absorption can be used to characterise impact attenuating materials 

[11,47,48]. Further work using different parent foams, or applying newly proposed CO2 

softening routes could increase the magnitude of NPR and the effect size [49].   

 Protective sporting equipment often has a larger planar area than the samples 

presented here [11–13]. The standard test for measuring the indentation resistance of rubber 

also requires samples with a larger width (11.5 mm to 13 mm outside of the contact area [18]). If 

indenter size is decreased (rather than sample size increased) the ratio of pore size to contact 

area may result in non-continuum effects, although the ratio between contact area and indenter 

size is unknown. As such, larger sheets of auxetic foam are required to facilitate both 

commercial fabrication and certifiable measurements of indentation resistance. A fabrication 

method for large, homogenous samples of auxetic foam could also reduce fabrication costs and 

time. Larger foam fabrications are often difficult, with reported variation and surface creasing 

[16,43,50,51]. Identifying increased densification, both microscopically (Figure 4.27d - e) and 
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with DIC (Figure 4.12, Figure 4.26), as well as increased buckling close to the indenter (Figure 

4.27d - e), suggests reasons for surface densification in converted samples: previously reported 

external densification in thermo-mechanical conversion [52]. Distributing surface densification 

throughout the bulk of the material by controlling and applying internal compression using 

pins [29] could reduce overall variability, but densification may occur close to pins.  

 Large homogeneous sheets could be used to quantify the effect of Poisson’s ratio on 

indentation resistance where greater effects would typically be expected than in the small cubes 

used in this work [5], since reducing sample size appears to reduce the effect of NPR (Figure 

4.25d). Using a pressure sensor (e.g. Tekscan) beneath the sample or between the foam and the 

indenter during indentation tests would be a useful method to cross-validate DIC and quantify 

pressure concentrations, which can contribute to injury [11,13]. Using multiple cameras could 

measure front/back displacement of the targeted face and deformation of multiple faces of 

samples to confirm NPR's affect more precisely.  

 The effect of thin shells common in current sports equipment [11,13,39] should also be 

considered in further work. Previous work has suggested larger improvements for an auxetic 

than a conventional foam, when used in combination with a thin shell [22], but did not account 

for large differences in density and stress vs strain relationships between auxetic and 

conventional foams. NPR had the greatest effect when using a smaller indenter (Figure 4.24, 

Figure 4.25), and so adding a rigid shell appears likely to reduce the benefit of NPR. Testing 

whether Poisson’s ratio still effects indentation resistance, and whether auxetic materials can 

reduce the need for a thin shell and increase equipment conformability, would show whether 

auxetic foams can improve protection and ergonomics, meeting current trends and replacing or 

improving pads featuring shear thickening fluids [11,13]. Increased normalised indentation 

energy in NPR samples supports: i) a reduction in the rigidity or thickness of a covering shell, 

or ii) using a combination of auxetic foam and STF to reduce the likelihood of penetration 

during impacts at strain rates below the stiffening threshold of PPE featuring STFs, as described 

in Chapter 2, Pages 11-12. 
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Chapter 5: Fabrication of large uniform and gradient sheets of 

auxetic open cell PU foam with internally controlled compression 

 

5.1.  Introduction 

 There are no current methods to control and adapt internal compression during 

fabrication of large auxetic foam samples, leading to the third aim of this thesis (Chapter 1, Page 

5).  

 Methods to control, adapt and assess the structure of fabricated foam sheets are 

described in the following method's section. This work was published in Acta Materialia [1], 

although dimensional stability testing has been included here, to assess the long term behaviour 

of fabricated foams and assess whether the level of heating was appropriate. In Chapter 3 (Page 

46), small samples of the same foam exhibited the highest magnitude of NPR when they 

exhibited a Final Volume Ratio (FVR, final/initial volume) of ~2, following re-heating without a 

mould. Descriptions of the analytical model (previously supplementary information [1]) are 

now included in the text, although reduced due to similarities with the model in Chapter 3 

(Page 69). 

5.2. Methods 

5.2.1. Foam fabrication 

 A multi-stage thermo-mechanical process [2], adopted from previous studies on the 

same foam and range of sizes [3–5] was applied to open cell PU R30FR foam (Custom Foams). 

Foam sheets (508 x 491 x 28.5 mm) were compressed into a metal mould (internal dimensions 

355 x 344 x 20 mm), with the rise direction through the thickness. A Linear Compression Ratio 

(LCR, initial length/final length) of 1.43 was thus applied in all 3 principal directions to two 

sheets corresponding to a VCR of 2.9. One uniform sheet utilised a square array of 36 steel pins 

of diameter 3.2 mm inserted through the thickness of the unconverted foam, with a typical 

spacing of 71.5 mm prior to insertion into the mould and 50 mm after insertion (Figure 5.1). The 

other sheet was fabricated without pins. A coordinate system was defined whereby z is through 

the sample thickness (or rise direction in unconverted samples) and x and y are the two planar 

axes (Figure 5.1a).  
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Figure 5.1: Compression mould. a) Mould lower section, b) Design of acrylic template defining overall 

shape and pin spacing for the non-uniform sheet (dimensions in mm), c) Assembled lower mould section 

and pins, with horizontal rods to compress bulges, d) Assembled mould and pins, with horizontal lid to 

apply through thickness compression. 

 A sheet was also fabricated with non-uniform compression, having quadrants with 

different VCRs separated by a transition region (Figure 5.1b). The unconverted sample was cut 

to size with a retractable-blade knife using a laser cut acrylic sheet template. Through-thickness 

pins applied planar compression or tension to different regions. To impose a VCR of 1, an LCR 

of 0.84 (i.e. linear extension of 19%) was applied in both planar directions (pin spacing ~ 42 mm 

prior to insertion, and 50 mm in the mould) in two diagonally opposite quadrants. An LCR of 

1.43 was imposed in the remaining quadrants (pin spacing ~ 71.5 mm prior to insertion, and 50 

mm in the mould), providing equal compression in each direction with a VCR of 2.9 to match 

the uniform sheets. In comparison to the uniform sheets, 28 additional pins were used 10 mm 

from the mould edge to apply tension and control transition regions.  
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 The compression method comprised (only steps 3 & 4 apply without pins):  

 

1) Pins were positioned in the unconverted foam by passing them through holes (maximum 

clearance = 0.1 mm) in a 5 mm thick laser cut acrylic sheet covering the sample. The acrylic 

sheet was then removed.  

2) The pins were then inserted through holes in the lower box like section of the metal mould 

(Figure 5.1a) and into corresponding holes in a wooden guide block positioned below (Figure 

5.1c & d), working from the centre to the edges of the mould.  

3) All corners and edges of the sample were tucked into place around the edge of the mould. 

Horizontal rods were used to hold the foam in place while creases were removed (Figure 5.1c).  

4) The flat lid was put into place (locating the pins in holes in the lid in the case of pinned 

samples) and the horizontal rods (Figure 5.1c) were removed as compression was applied. The 

lid was held in place by inserting three 3.2 mm diameter steel rods through holes in the walls of 

the mould (Figure 5.1d).  

 

 The closed mould assembly was subject to two heating stages at 180°C (25 and 15 min 

respectively) in a conventional oven (MCP Tooling Technologies LC/CD), followed by 

annealing at 100°C for 20 min in a separate oven (Genlab PWO/600), similar to previous work 

with this foam [3–5]. After each heating phase the mould was removed from the oven. Uniform 

sheets were taken out of their mould and gently stretched by hand to avoid adhesion of the cell 

ribs, with any pins removed after the 1st heating phase and not returned. Pins remained in 

place, to maintain tension, for both heating phases of the gradient sheet, before removal for 

annealing. This sheet was agitated between heating phases by compressing and releasing the lid. 

All samples were gently stretched before annealing.  

 

5.2.2. Testing dimensional stability 

 Sections (130 x 70 x 20 mm) of the quadrants of the gradient sheet fabricated with a 

VCR of 1 and a VCR of 2.9 were reheated in an oven without a mould at 190°C for ten minutes 

(Genlab PWO/600). Dimensions were recording before and after reheating (Vernier Callipers). 

Final Volume Ratios (FVR, initial/final volume) were calculated for each sample. 
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5.2.3. Impact testing of the non-uniform sheet  

 Prior to dissection for structural and mechanical characterisation, the non-uniform sheet 

was covered un-bonded with a 2 x 350 x 350 mm polypropylene (PP) sheet (Direct Plastics, 

PPH/PP-DWST-Homopolymer). Impacts were based on the British Standard for cricket pads [6] 

and previous work [3], with the sample resting on a flat rigid surface rather than a curved anvil. 

Impacts were performed at 6 J by dropping a 2.095 kg, 72 mm diameter hemispherical hammer 

from 292 mm. Acceleration was recorded at 50 kHz with a hammer-mounted accelerometer 

(Analog devices, ADXL001-500 g). The sheet was impacted in the z direction close to the centre 

of 2 quadrants with different VCRs (Figure 5.2a). Three impacts were performed at each 

location, alternating between the imposed VCR = 1 and 2.9 quadrants. The interval between 

impacts was ~7.5 min, equating to ~15 min between repeats in the same location. Three shells 

were used, 2 impacts per shell, each on opposing corners. Impacted quadrants were not used 

for further testing.  

 

 

Figure 5.2: Test sample locations. Tensile (hatched rendering) and compression quasi-static test sample 

locations (black render) for: a) Non-uniform sheet (X marks impact locations, quadrants = 200 x 200 x 20 

mm, tensile samples = 100 x 20 x 20 mm, cubes for compression = 20 mm sides), b) Uniform compression 

conversions [1 = Corner, 2 = edge, 3 = outer ring created by pins, 4 = 2nd ring, 5 = central two rings]. All 

dimensions in mm, sheets 20 mm thick. 

5.2.4. Foam characterisation 

 Three cubes were cut from each of the distinct quadrants of the non-uniform foam 

(Figure 5.2a). For the uniform sheet 3 cubes were cut from 5 different regions (15 total), 

corresponding to: 1) corners, 2) positions along the edge, 3) positions 10 mm from the edge, 4) 

an intermediate region between 50 mm and 100 mm from the edge and 5) a region within 75 

mm of the centre (example positions shown in Figure 2b). Three cuboidal samples were cut 
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from each of the uniform and distinct quadrants of the non-uniform foams, aligned along each 

of the in-plane directions, and also along an in-plane diagonal. Additionally, 6 cuboidal samples 

were cut from a larger block of unconverted foam, with 2 aligned along each axis. Densities of 

all dissected samples were measured using weighing scales (reliable to 0.001 g) and digital 

Vernier callipers (with an estimated measurement uncertainty of + ~0.5 mm). The final VCR, 

determined from the ratio of converted to unconverted densities (30 kg/m3, the centre of the 

supplier's stated density range of 28 to 32 kg/m3 and checked using unconverted samples) was 

compared to the imposed value, to see if the intended amount of compression was achieved.  

 Mechanical characterisation comprised of tensile tests (strain rate = 0.0042 s-1) on all 

cuboidal samples, and compression tests (strain rate = 0.0083 s-1) on the cubic samples, to 50% 

engineering strain in an Instron 3367 machine fitted with a 500 N load cell. The movements of 

white-headed pins set into the front face of each sample, filmed with a Sony Handycam HFR-

CX250, were tracked using an in-house Matlab R2015a (MathWorks) script for strain 

determination (frame rate of 5 Hz and resolution of 720 by 540 pixels). Poisson's ratio was 

obtained from linear regression of lateral true strain vs axial true strain. Tangent modulus (the 

slope of stress vs strain curves at defined intervals of axial strain) was obtained from linear 

regression of stress vs axial engineering strain from the marker tracking. The cuboidal test 

specimens were each subject to 4 tensile tests along their length, with the sample being rotated 

90° between tests. This allowed tests with the x-y and x-z faces alternately oriented towards the 

camera, so that an in-plane and a through thickness Poisson's ratio was measured in tests 1 and 

2, and also in tests 3 and 4 for each sample. The starting orientation was randomised between 

samples since it is known that the properties can vary with repeat testing. Hence results are 

presented for the average directional Poisson's ratios between samples from tests 1 and 2, and 

from tests 3 and 4. The cubic samples were each tested 3 times in compression: test 1 - loading 

through the thickness, test 2 - in-plane loading direction with x-z plane facing the camera, and 

test 3 - in-plane loading with x-y plane facing the camera.  

 Tested cubic samples were cut into thin (~1 mm) slices using a razor blade and placed 

on a white background to obtain microscopic images of cellular structure using a Stereoscope 

(Leica, S6D).  
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5.3. Analytical model derivation 

5.3.1. Analytical expressions for the on and off-axis mechanical properties of a hexagonal 

honeycomb 

 The same method as in Chapter 3 was used to derive the on-axis analytical equations. A 

simplified projection of open cell foam as a 2D hexagonal honeycomb in each orthogonal plane 

(Figure 5.3) was used to adapt previous analytical expressions [7,8] for Poisson's ratio and 

Tangent modulus due to cell rib stretching, flexure and hinging. Firstly on axis (parallel to z and 

x) deformation were considered, before introducing an off-set angle (ϕ).   

 

 

Figure 5.3: Cell geometrical parameters for a) A typical honeycomb (θxz>0) and b) A re-entrant honeycomb 

(θxz<0), same axis for both cells 

 Force constants (kh and kf) are: 𝑘ℎ𝑓 = 𝑘ℎ𝑘𝑓𝑘ℎ+𝑘𝑓        ( 5.1 ) 

 Poisson’s ratio (ν) and Young’s modulus (E) are [8]: 

𝜈𝑥𝑧 = 𝑠𝑖𝑛 𝜃𝑥𝑧𝑐𝑜𝑠2 𝜃𝑥𝑧( 1𝑘ℎ𝑓− 1𝑘𝑠)(ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛 𝜃𝑥𝑧)[𝑠𝑖𝑛2 𝜃𝑥𝑧𝑘ℎ𝑓 +𝑐𝑜𝑠2 𝜃𝑥𝑧𝑘𝑠 ]      ( 5.2 ) 

𝜈𝑧𝑥 = 𝑠𝑖𝑛 𝜃𝑥𝑧(ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛 𝜃𝑥𝑧)( 1𝑘ℎ𝑓− 1𝑘𝑠)[𝑐𝑜𝑠2 𝜃𝑥𝑧𝑘ℎ𝑓 +2ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛2 𝜃𝑥𝑧𝑘𝑠 ]       ( 5.3 ) 

𝐸𝑥 = 𝑐𝑜𝑠 𝜃𝑥𝑧𝑏𝑥𝑧(ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛 𝜃𝑥𝑧)[𝑠𝑖𝑛2 𝜃𝑥𝑧𝑘ℎ𝑓 +𝑐𝑜𝑠2 𝜃𝑥𝑧𝑘𝑠 ]      ( 5.4 ) 

𝐸𝑧 = (ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛 𝜃𝑥𝑧)
𝑏𝑥𝑧𝑐𝑜𝑠 𝜃𝑥𝑧[𝑐𝑜𝑠2 𝜃𝑥𝑧𝑘ℎ𝑓 +2ℎ𝑥𝑧𝑙𝑥𝑧 +𝑠𝑖𝑛2 𝜃𝑥𝑧𝑘𝑠 ]      ( 5.5 ) 

 

 Shear modulus Gzx is (Equation 5.6): 
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1𝐺𝑧𝑥 = 1𝐺𝑓 + 1𝐺ℎ + 1𝐺𝑠       ( 5.6 ) 

giving (Equation 5.7): 

𝐺𝑧𝑥 =
[  
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   ( 5.7 ) 

 The expressions for off-axis Young's modulus (Equation 5.8) and Poisson's ratio 

(Equation 5.9) can be adapted in a similar manner from Ref [8]: 

 𝐸𝑥(𝜙) = [cos4 𝜙𝐸𝑥 + cos2 𝜙 sin2 𝜙 ( 1𝐺𝑥𝑧 − 2𝜈𝑥𝑧𝐸𝑥 ) + sin4 𝜙𝐸𝑧 ]−1
    ( 5.8 ) 𝜈𝑥𝑧(𝜙) = 𝐸𝑥(𝜙) [(cos4 𝜙+sin4 𝜙)𝜈𝑥𝑧𝐸𝑥 − cos2 𝜙 sin2 𝜙 ( 1𝐸𝑥 + 1𝐸𝑧 − 1𝐺𝑥𝑧)]    ( 5.9 ) 

5.3.2. Analytical expressions for the on and off-axis strain of a hexagonal 

honeycomb 

 To predict variation of the mechanical properties with loading strain, the generic off-

axis strain from the two on-axis components was first determined: 𝜀𝑥(𝜙) = 𝜀𝑥 cos2 𝜙 +𝜀𝑧 sin2 𝜙     ( 5.10 ) 

whereby: 

 𝜀𝑥 = ln ( 𝑋𝑋0) = ln ( 𝑙𝑥𝑧 cos 𝜃𝑥𝑧−𝛿𝑥𝑧 sin 𝜃𝑥𝑧𝑙𝑥𝑧(0) cos𝜃𝑥𝑧(0)−𝛿𝑥𝑧(0)sin𝜃𝑥𝑧(0))    ( 5.11 ) 

 𝜀𝑧 = ln ( 𝑍𝑍0) = ln ( ℎ𝑥𝑧+𝑙𝑥𝑧 sin 𝜃𝑥𝑧 + 𝛿𝑥𝑧 cos 𝜃𝑥𝑧ℎ𝑥𝑧(0)+𝑙𝑥𝑧(0) sin 𝜃𝑥𝑧(0) +𝛿𝑥𝑧(0) cos 𝜃𝑥𝑧(0))   ( 5.12 ) 

 

and X and Z are the unit-cell lengths along the x and z directions, respectively. is the 

deflection of the beam due to flexing [19], and the subscript ‘0’ denotes the initial (undeformed) 

value of any geometrical parameter. Substituting Equations 5.11 and 5.12 into 5.10, and 

assuming 𝛿𝑥𝑧(0) = 0 gives Equation 5.13 for off axis strain, relative to cell parameters (Figure 5.3). 

 𝜺𝒙(∅) = 𝒍𝒏 (𝒍𝒙𝒛𝒄𝒐𝒔 𝜽𝒙𝒛−𝜹𝒙𝒛𝒔𝒊𝒏 𝜽𝒙𝒛𝒍𝒙𝒛(𝟎)𝒄𝒐𝒔 𝜽𝒙𝒛(𝟎) ) 𝒄𝒐𝒔𝟐 ∅ +  𝒍𝒏 (𝒉𝒙𝒛+𝒍𝒙𝒛𝒔𝒊𝒏 𝜽𝒙𝒛+𝜹𝒙𝒛𝒄𝒐𝒔 𝜽𝒙𝒛𝒉𝒙𝒛(𝟎)+𝒍𝒙𝒛(𝟎)𝒔𝒊𝒏 𝜽𝒙𝒛(𝟎) ) 𝒔𝒊𝒏𝟐 ∅  ( 5.13 ) 

 As the cell deforms, each of the values on the right hand side of Equation 5.13 will 

change (although ϕ is assumed to remain constant). Consider, firstly, a load applied parallel to 

the x direction. In this case, there is no component of the applied load to cause axial extension of 

the ribs of length hxz and so hxz = hxz(0). The variation of oblique rib length lxz with oblique rib 

angle θxz under an x-directed load was derived using a similar approach to that used in the 
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Nodule-Fibril model for microporous polymers [9]. Consider the forces acting on a rib of length 

lxz subject to loading along the x direction for unit thickness in the y direction, normal to the x-z 

plane (Figure 5.1). The change in the moment applied to each rib of length lxz is given by: ∆𝑀 = − ∆𝜎𝑥𝑍𝑙𝑥𝑧𝑠𝑖𝑛𝜃𝑥𝑧2       ( 5.14 ) 

whereby x is the change in stress applied along the x axis.  

 

Figure 5.4: Free body diagram of a cell rib (length lxz) subject to loading along the x axis 

 The hinging force constant is defined by: 𝑘ℎ = ∆𝑀/∆𝜃𝑥𝑧      ( 5.15 ) 

where θxz is the change in rib angle due to the change in moment. Substituting Equation 5.14 

into 5.15 allows the change in angle (amount of rib hinging) to be related to the change in 

applied stress: 

 ∆𝜃𝑥𝑧 = − ∆𝜎𝑥𝑍𝑙𝑥𝑧𝑠𝑖𝑛𝜃𝑥𝑧2𝑘ℎ      ( 5.16 ) 

 

 To determine the amount of rib stretching due to the change in applied stress, first 

consider the change in force applied along the length of the rib: 

 ∆𝐹 = ∆𝜎𝑥𝑍𝑐𝑜𝑠𝜃𝑥𝑧2       ( 5.17 ) 

 

 The stretching force constant relates the change in rib length, lxz, to the change in force 

F along the length of the rib: 

 𝑘𝑠 = ∆𝐹/∆𝑙𝑥𝑧      ( 5.18 ) 
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 Substituting Equation 5.17 into 5.18 allows the change in rib length to be related to the 

change in applied stress: 

 ∆𝑙𝑥𝑧 = ∆𝜎𝑥𝑍𝑐𝑜𝑠𝜃𝑥𝑧2𝐾𝑠       ( 5.19 ) 

 

 In the limit of infinitesimal changes in rib angle and length, combining Equations 5.16 

and 5.19 gives: 

 𝑑𝑙𝑥𝑧𝑑𝜃𝑥𝑧 = − 𝑘ℎ𝑐𝑜𝑡𝜃𝑥𝑧𝑙𝑥𝑧𝑘𝑠       ( 5.20 ) 

 

 Rearranging Equation 5.20 and integrating with the assumption that kh/ks remains 

constant: ∫ 𝑙𝑥𝑧𝑑𝑙𝑥𝑧𝑙𝑥𝑧𝑙𝑥𝑧(0) = − 𝑘ℎ𝑘𝑠 ∫ 𝑐𝑜𝑡𝜃𝑥𝑧𝑑𝜃𝑥𝑧𝜃𝑥𝑧𝜃𝑥𝑧(0)     ( 5.21 ) 

 Gives: 

 𝒍𝒙𝒛𝟐 = − 𝟐𝒌𝒉𝒌𝒔 𝐥𝐧 ( 𝒔𝒊𝒏𝜽𝒙𝒛𝒔𝒊𝒏𝜽𝒙𝒛(𝟎)) + 𝒍𝒙𝒛(𝟎)𝟐      ( 5.22 ) 

 The rib flexing constant is: 𝑘𝑓 = ∆𝐹/∆𝛿𝑥𝑧      ( 5.23 ) 

where δxz is the change in rib deflection due to the change in moment. The change in the force 

applied perpendicular to the end of each rib of length lxz, causing flexure, in this case is given by ∆𝐹 = − ∆𝜎𝑥𝑍𝑠𝑖𝑛𝜃𝑥𝑧2      ( 5.24 ) 

 Substituting Equation 5.24 into 5.23 relates the change in deflection (amount of rib 

flexing) to the change in applied stress: ∆𝛿𝑥𝑧 = − ∆𝜎𝑥𝑍𝑠𝑖𝑛𝜃𝑥𝑧2𝑘𝑓      ( 5.25 ) 

 In the limit of infinitesimal changes in rib angle and length, Equations 5.15 and 5.25 

combine to give: 𝑑𝛿𝑥𝑧𝑑𝜃𝑥𝑧 = 𝑘ℎ𝑙𝑥𝑧𝑘𝑓     ( 5.26 ) 

 Rearranging Equation 5.24 and integrating with the assumption that kh/kf remains 

constant: ∫ 𝑑𝛿𝑥𝑧𝛿𝑥𝑧𝛿𝑥𝑧(0) = 𝑘ℎ𝑙𝑥𝑧𝑘𝑓 ∫ 𝑑𝜃𝑥𝑧𝜃𝑥𝑧𝜃𝑥𝑧(0)     ( 5.27 ) 

 Gives: 

 𝜹𝒙𝒛 = 𝒌𝒉𝒌𝒇 (𝜽𝒙𝒛−𝜽𝒙𝒛(𝟎))𝒍𝒙𝒛 + 𝜹𝒙𝒛(𝟎)    ( 5.28 ) 
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 Now considering loading along the z direction, the change in the moment applied to 

each rib of length lxz  is: ∆𝑀 = ∆𝜎𝑧𝑋𝑙𝑥𝑧𝑐𝑜𝑠𝜃𝑥𝑧2      ( 5.29 ) 

where z is the change in stress applied in the z direction.  

 Substituting Equation 5.19 into 5.15 and rearranging relates the change in angle 

(amount of rib hinging) to the change in applied stress: ∆𝜃𝑥𝑧 = ∆𝜎𝑧𝑋𝑙𝑥𝑧 cos𝜃𝑥𝑧2𝐾ℎ      ( 5.30 ) 

 The change in force applied along the length of the rib of length lxz is: ∆𝐹 = ∆𝜎𝑧𝑋 sin 𝜃𝑥𝑧2       ( 5.31 ) 

 Substituting Equation 5.31 into 5.18 allows the change in rib length to be related to the 

change in applied stress: ∆𝑙𝑥𝑧 = ∆𝜎𝑧𝑋 sin 𝜃𝑥𝑧2𝑘𝑠       ( 5.32 ) 

 In the limit of infinitesimal changes in rib angle and length, Equations 5.30 and 5.32 

combine to give: 𝑑𝑙𝑥𝑧𝑑𝜃𝑥𝑧 = 𝑘ℎ tan𝜃𝑥𝑧𝑙𝑥𝑧𝑘𝑠       ( 5.33 ) 

 Rearranging Equation 5.33 and integrating with the assumption that kh/ks remains 

constant: ∫ 𝑙𝑥𝑧𝑑𝑙𝑥𝑧𝑙𝑥𝑧𝑙𝑥𝑧(0) = 𝑘ℎ𝑘𝑠 ∫ tan 𝜃𝑥𝑧 𝑑𝜃𝑥𝑧𝜃𝑥𝑧𝜃𝑥𝑧(0)     ( 5.34 ) 

 Gives: 

 𝑙𝑥𝑧2 = 2𝑘ℎ𝑘𝑠 ln (cos𝜃𝑥𝑧(0)cos𝜃𝑥𝑧 ) + 𝑙𝑥𝑧(0)2     ( 5.35 ) 

 For loading along z it is also necessary to consider stretching of ribs of length hxz. The 

change in force applied along the length of the rib of length hxz: ∆𝐹 = ∆𝜎𝑧𝑋     ( 5.36 ) 

 The stretching force constant relating the change in rib length, ∆hxz, to the change in 

force ∆F along the length of the rib: 𝑘𝑠ℎ𝑥𝑧 = ∆𝐹∆ℎ𝑥𝑧     ( 5.37 ) 

 Substituting Equation 5.36 into 5.37 allows the change in rib length to be related to the 

change in applied stress: ∆ℎ𝑥𝑧 = ∆𝜎𝑧𝑋𝑘𝑠ℎ𝑥𝑧 = ∆𝜎𝑧𝑋𝑘𝑠 ℎ𝑥𝑧𝑙𝑥𝑧      ( 5.38 ) 

Using the relationship between the stretching force constants for both rib types assuming they 

are both made of the same elastic material gives Equations 5.39 to 5.43 below. In the limit of 

infinitesimal changes in rib angle and length, Equations 5.30 and 5.38 combine giving: 
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 𝑑ℎ𝑥𝑧𝑑𝜃𝑥𝑧 = 2ℎ𝑥𝑧𝑘ℎ𝑙𝑥𝑧2 cos𝜃𝑥𝑧𝑘𝑠    ( 5.39 ) 

 

 Rearranging Equation 5.39 and integrating with the assumption that kh/ks remains 

constant: 

 ∫ 𝑑ℎ𝑥𝑧ℎ𝑥𝑧ℎ𝑥𝑧ℎ𝑥𝑧(0) = 2𝑘ℎ𝑙𝑥𝑧2 𝑘𝑠 ∫ sec 𝜃𝑥𝑧 𝑑𝜃𝑥𝑧𝜃𝑥𝑧𝜃𝑥𝑧(0)    ( 5.40 ) 

 

 Gives: 

 ℎ𝑥𝑧 = ℎ𝑥𝑧(0)𝑒𝑥𝑝 [ 2𝑘ℎ𝑙𝑥𝑧2 𝑘𝑠 ln ( sec 𝜃𝑥𝑧+ tan𝜃𝑥𝑧sec 𝜃𝑥𝑧(0)+ tan𝜃𝑥𝑧(0))]  ( 5.41 ) 

 

 The change in the force applied perpendicular to the end of each rib of length lxz, 

causing flexure, for z-directed loading is given by: 

 ∆𝐹 = ∆𝜎𝑧𝑋 cos𝜃𝑥𝑧2      ( 5.42 ) 

 

 Substituting Equation 5.42 into 5.23 relates the change in deflection (amount of rib 

flexing) to the change in applied stress: 

 ∆𝛿𝑥𝑧 = ∆𝜎𝑧𝑋 cos 𝜃𝑥𝑧2𝐾𝑓     ( 5.43 ) 

 

 In the limit of infinitesimal changes in rib angle and length, Equations 5.30 and 5.43 

give Equation 5.27 and so the deflection due to flexing as a function of rib angle change (due to 

hinging) under z-directed loading is the same as for x-directed loading and is given by Equation 

5.28. 

5.3.3. Force constants assuming elastic cell rib material. 

 Expressions relating force constants to material properties and cell rib geometry (Figure 

5.3) were introduced in Chapter 3: 

 𝑘𝑠 = 𝐸𝑠𝑤𝑏𝑙       ( 5.44 ) 

𝑘𝑠ℎ𝑥𝑧 = 𝐸𝑠𝑤𝑏ℎ = 𝐸𝑠𝑤𝑏𝑙 𝑙ℎ = 𝑘𝑠 𝑙ℎ     ( 5.45 ) 
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𝑘𝑓 = 𝐸𝑠𝑤𝑏3𝑙3       ( 5.46 ) 

𝑘ℎ = 𝐺𝑠𝑤𝑏𝑙  (hinging via shearing of junction)  ( 5.47 ) 

𝑘ℎ = 𝐸𝑠𝑤𝑏36𝑙2𝑞  (hinging via local bending at junction) ( 5.48 ) 

𝑘ℎ𝑓𝑘𝑠 = 1(𝑙𝑏)2+𝐸𝑠𝐺𝑠      ( 5.49 ) 

𝑘ℎ𝑓𝑘𝑠 = 𝑏2𝑙2+6𝑙𝑞      ( 5.50 ) 

 The minimum value of khf/ks (g) occurs when q  l: 

𝑘ℎ𝑓𝑘𝑠 = 𝑏27𝑙2      ( 5.51 ) 

5.3.4. Rationale for choice of force constant values used in predictive model 

 As per Chapter 3 (Page 69), a value of b/l = 0.2 was arbitrarily used, and a ballpark 

range for khf/ks between 0.006 to 0.036 – i.e. an order of magnitude difference between the upper 

and lower limits, was predicted.  

 Given the approximations inherent in employing an idealised 2D model of regular cells 

to real 3D cellular system displaying a distribution of cell sizes and shapes then, for the 

purposes of these exploratory calculations, 0.004 < khf/ks < 0.04 was employed for the predictions 

of Poisson’s ratio versus cell geometry. For the prediction of the mechanical properties as a 

function of strain in the x-z plane, the case of khf/ks = 0.004 and from Equations 5.39 and 5.40,  kf/ks 

= (b/l)2 = (0.2)2 = 0.04 were used. Hence from Equation 5.1, kf/kh = 9 and ks/kh = 225.  

 For the x-y plane predictions as a function of strain, the ‘stretching’ mode is enhanced 

over that expected for an elastic 2D material due to the 3D nature and orientation of the ribs 

in/out of the x-y plane. Accordingly, Ks is reduced in the x-y plane predictions and a value of 

ks/kh = 3 was employed (ksy/khy = 75 x ks/kh), larger than in Chapter 3 due to the larger amount of 

lateral strain expected (and recorded) in the region with a VCR of 1. Retaining kf/kh = 9 produces 

a value of khf/ks = 0.3 in this case. 

5.4. Results 

5.4.1. Structural Analysis 

 The mean FVR of the uniform sheet converted with pins was 2.63 ± 0.10 (cuboidal 

samples) and 2.96 ± 0.42 (cubic samples), which was similar to 2.53 ± 0.04 (cuboidal) and 2.86 ± 

0.51 (cubic) for the sheet without pins and the imposed value of 2.9. Cuboidal samples from the 
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non-uniform sheet had a mean FVR of 2.98 ± 0.33 in the triaxially compressed region and 1.22 ± 

0.01 in the region with imposed biaxial planar tension.  

 

Figure 5.5: Stereoscopic images. Unconverted PUR30FR foam a) x-y plane and b) x-z plane; of the  VCR = 1 

quadrant of gradient sheet c) x-y plane and d) x-z plane; of the  VCR = 2.9 quadrant of gradient sheet e) x-y 

plane and f) x-z plane; g) Uniform triaxially-compressed auxetic sheet with pin hole and surrounding 

creases (marked); h) Defined line region between VCR = 1 region (top of image) and higher density 

transition region (bottom of image) in the gradient sheet (marked). Inserts in b) & d) include detailed 

images blown up to 1.5 times the main image. 



Chapter 5: Auxetic and gradient foam sheets   Page 137 

 

 Images of foam cell structure show the regular polyhedral cellular structure of the 

unconverted foam, with elongation in the rise direction [7] (Figure 5.5a & b). The planar (x-y) 

structure of the quadrant of the gradient foam converted with biaxial planar tension and 

through thickness compression (VCR = 1, Figure 5.5c) is similar to the unconverted parent foam 

planar structure (Figure 5.5a). In the through thickness (x-z) plane, this region of foam has a 

slightly re-entrant structure consisting of vertically compressed, partially buckled cells (Figure 

5.5d). Through-thickness and planar micrographs of the triaxially compressed quadrant (VCR = 

2.9) of the gradient foam (Figure 5.5e and f) both show a three dimensional re-entrant cell 

structure typical of auxetic foam [10] that is denser than unconverted and VCR = 1 foam in 

Figure 5.5a to d and similar to the uniformly compressed samples (Figure 5.5g and h) as 

intended. Through-thickness pins left holes in foam sheets (hole diameter ~ pin diameter), 

surrounded by small creases (~10 mm long sloping down into the holes to a depth of <5 mm) 

(Figure 5.5g). Random creasing (length <100 mm, depth ~ 5 mm) was evident in the sheet 

converted without pins. Creases or folds were not present in the region with applied planar 

tension in the gradient sheet, which exhibited defined boundaries between areas with different 

VCRs (Figure 5.5h). 

 FVR of both quadrants of the gradient sheet increased as expected following fabrication. 

Partial thermal stability was then exhibited following re-heating to 190°C for 10 minutes (Figure 

5.6), with a return towards an FVR of 1 (by ~15% the original volume in both quadrants). There 

was little difference in stability between the two compression regimes.  

 

Figure 5.6: Final Volume Ratio of VCR=1 and 2.9 sections of the gradient sheet-before and after fabrication, 

then proceeding re-heating to 190°C for 10 minutes. 
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5.4.2. Mechanical Characterisation 

 There was no clear difference in Poisson's ratios or tangent moduli between samples cut 

at different orientations from converted sheets (Figure 5.2), so these are displayed and 

discussed together. The unconverted foam shows the established deformation characteristic of 

open cell foams, undergoing lateral contraction under axial tension, and lateral expansion 

under axial compression (Figure 5.7). The strain dependent Poisson's ratios determined from 

the negative of the slope of the strain-strain data at 5% interval (e.g. 0 to 5 % compression) are, 

thus, positive for the unconverted foam and attain the highest values at the highest tensile 

strain and near zero values at the highest compressive strains (Figure 5.8), in agreement with 

previous work [11,12]. There is evidence for anisotropy in the tensile Poisson's ratio for the 

unconverted foam, with the systematic trend of νzx > νxz > νxy, consistent with the structural 

anisotropy (rise direction parallel to z axis).  

  

 

Figure 5.7: Lateral vs axial true strain for a VCR = 2.9 uniform triaxially-compressed sample 

converted with pins, an unconverted (UC) sample and a VCR = 1 gradient sheet sample 

 The foam converted with uniform triaxial compression also displays the previously 

reported response of lateral expansion under axial tension, and lateral contraction under axial 

compression (Figure 5.7), for foam converted in a similar manner. This corresponds to 

essentially isotropic negative Poisson's ratio of larger magnitude (ν ~0.2) in tension than 
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compression (ν ~ 0, Figure 5.8). For uniform triaxial compression, samples converted with and 

without pins exhibited little difference in Poisson's ratio (Figure 5.8). 

 

Figure 5.8: Poisson's ratio vs axial true strain for UC and uniform triaxially-compressed samples with a 

VCR = 2.9. Error bars = 1 S.D. 

 Turning to the foam converted with non-uniform compression, it is clear from the stark 

differences in Poisson's ratios between VCR = 1 and VCR = 2.9 quadrants (Figure 5.9a) that a 

gradient, in terms of mechanical response in addition to foam structure noted above (Figure 

5.5c to f), has been produced through the use of pins and foam of a different shape to the mould. 

The VCR = 2.9 region displays very similar Poisson's ratio vs axial strain (Figure 5.9a) data to 

the foam sheets converted with uniform triaxial compression (Figure 5.8), as intended. The VCR 

= 1 region undergoes lateral contraction under axial tension (Figure 5.7), similar to the 

unconverted foam, although the magnitudes of the positive Poisson's ratios are higher for the 

VCR = 1 region of the gradient foam (Figure 5.9a). The positive Poisson's ratio is maintained 

under low (<5%) strain axial compression (Figure 5.7 & Figure 5.9a). However for compressive 

strains greater than 5%, the VCR = 1 region undergoes lateral contraction under axial 

compression (Figure 5.7) and, thus, transitions to negative Poisson's ratio (Figure 5.9a). The 

through-thickness plane shows large anisotropy in this case, with νxz ~-0.6 and νzx ~0 at 

compressive loading strains ~10 to 15%. The tensile Poisson's ratio of the VCR = 1 region of the 

gradient foam was found to be sensitive to repeat testing, decreasing in magnitude with 

increasing repeat testing (Figure 5.9b). 
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Figure 5.9: a) Poisson's ratio vs axial true strain for gradient sheet samples (VCR = 1 tensile data from 1st 

and 2nd tests performed on each sample, see text) and b) Poisson's ratio vs axial true strain for all tensile 

tests on VCR = 1 region (gradient foam), grouped according to tests 1 and 2, and tests 3 and 4 - see text). 

Error bars = 1 S.D. 
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 The stress vs strain responses of the unconverted foam and the VCR = 1 quadrant of the 

gradient sheet include the presence of a plateau onset under 5% compression for the 

unconverted foam (Figure 5.10). The triaxially compressed samples exhibit increased elastic 

resilience (longer linear stress-strain response) under compression (Figure 5.10). The triaxially 

compressed foam stress-strain data display lower tensile slope and higher compression slope, 

corresponding to lower tensile and higher compressive Young's moduli, respectively (Figure 

5.11), than the unconverted foam. The elastic anisotropy and isotropy of the unconverted foam 

and triaxial compression foam, respectively, are again evident in the Young's moduli data. No 

clear differences were observed in the Young's modulus data for samples converted under 

uniform triaxial compression with and without pins (Figure 5.11).  

 

 

Figure 5.10: Stress vs axial engineering strain for VCR = 2.9 uniform triaxially-compressed 

sample converted with pins, unconverted (UC) sample and VCR = 1 gradient sheet sample 
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Figure 5.11: Tangent modulus vs axial engineering strain for UC and uniform triaxially 

compressed, VCR = 2.9 samples 

 

 The sheets converted with uniform triaxial compression display the intended similar 

Young's modulus to the VCR = 2.9 quadrant in the gradient foam (Figure 5.11 and Figure 5.12a, 

respectively). In the VCR = 1 region, the gradient foam displays similar Young's moduli trends 

to the unconverted foam. However, the tensile Ex has been increased by a factor of three for the 

VCR = 1 region of the gradient foam (tensile Ex ~ 150 kPa, Figure 5.12a) compared to the 

unconverted foam (tensile Ex ~ 50 kPa, Figure 5.11). As with the Poisson's ratio (Figure 5.9b), the 

Young's modulus of the VCR = 1 region of the gradient foam is susceptible to repeat testing, 

reducing with the 1st and 2nd tests, before stabilising under the 3rd and 4th tests (Figure 5.12b).  
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Figure 5.12: a) Stress vs axial engineering strain for VCR = 2.9 uniform triaxially-compressed sample 

converted with pins, unconverted (UC) sample and VCR = 1 gradient sheet sample, b) Tangent modulus 

vs axial engineering strain for UC and uniform triaxially compressed samples, c) Tangent modulus vs 

axial engineering strain for gradient sheet samples (VCR = 1 tensile data from 1st test performed on each 

sample) and d) Tangent modulus vs axial engineering strain for all tests on VCR = 1 region (gradient foam), 

separated into test number. Error bars = 1 S.D. 
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5.4.3. Impact testing 

 Figure 5.13 shows the median impact acceleration/time trace in each region of the 

gradient sheet. The VCR = 2.9 quadrant exhibited a mean peak acceleration ~4 times lower than 

the VCR = 1 region, which appeared to “bottom out” under impact (characterised by a sharp 

increase in acceleration). Mean peak accelerations were 43 g (s.d. = 0.1 g) and 162 g (s.d. = 47 g) 

for the VCR = 2.9 and 1 regions, respectively (Figure 5.13).  

 

 

 

Figure 5.13: Median acceleration-time traces for the 6J impacts to the gradient sheet impacted through 

thickness (parallel to the z-axis) in regions with VCR = 2.9 and VCR = 1 with the 2 mm PP shell placed on 

top. Start of impact manually selected at a point when acceleration was greater than 0. 
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5.4.4. Analytical model 

 

Figure 5.14: (a) νxz vs θxz for a honeycomb having hxz = 1.2, lxz = 1, bxz = 0.2 and khf/ks = 0 (flexing/hinging), 

0.004, 0.04 and ∞ (stretching). Cell geometrical parameters are shown (insert top left), and cell size/shape 

variation vs θxz is shown schematically below the figure. (b) νxz vs ϕ for the same honeycomb with θxz = 0 

and khf/ks = 0.004 and 0.04. Cell shape for θxz = 0 and definition of rotation angle ϕ are shown in schematic 

insert. 
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 To show the effect of processing induced changes in foam structure on the effective 

Poisson's ratio, Figure 5.14a shows the νxz expression and the predicted νxz vs θxz trends for khf/ks 

= 0 (flexing/hinging), 0.004, 0.04 and ∞ (stretching), when hxz = 1.2, lxz = 1 and rib thickness bxz = 

0.2. These parameters provide a slight elongation of the cell along the rise (z) direction when θxz 

= 30° (see cell schematics in Figure 5.14a), and are taken as the simplified 2D representation of 

the 3D unconverted foam structure in the x-z plane (Figure 5.5b). The curves for finite values of 

khf/ks lie between the stretching and flexing/hinging extremes, with the (lower) khf/ks = 0.004 curve 

closest to the flexing/hinging case. Points A, B and C on the khf/ks = 0.004 curve in Figure 5.14a 

correspond to honeycombs qualitatively approximating the observed cellular structures in the 

x-z plane, shown in Figure 5.5, for the unconverted foam and VCR = 2.9 and 1 gradient foam 

quadrants, respectively. Inspecting foam cell structures (Figure 5.5), the arbitrarily selected 

value for b/l of 0.2 appears reasonable for this representation. Points A and B lie in regions of 

clear negative and positive predicted values of νxz, respectively, whereas νxz varies dramatically 

(from negative through zero to positive values) for small variation in θxz around point C.  

 As an example of predicted off-axis properties, Figure 5.14b shows the variation of νxz 

for rotation about the y axis, normal to the x-z plane, by angle ϕ when θxz = 0° (see insert to 

Figure 5.14b) for khf/ks = 0.004 and 0.04. This example, then, approximates the VCR = 1 quadrant 

of the gradient foam. νxz (ϕ) = 0 when ϕ = 0 and 90°, is positive when 0 < ϕ < 90°, and is 

symmetric about ϕ = 0 and 90°. The maximum value of νxz(ϕ) increases, and is approached 

more rapidly, as ϕ increases from 0 for the lower khf/ks value, occurring at ϕ = 26 and 15° when 

khf/ks = 0.04 and 0.004, respectively. A range of 5 < ϕ < 15° produces predicted positive νxz (ϕ) 

values for khf/ks = 0.04 and 0.004 of similar magnitude to the experimental νxz value at zero strain 

(Figure 5.14b and Figure 5.9a, respectively).  
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Figure 5.15: (a) Strain (Equation 5.13) dependent, directional Poisson's ratio predictions (fits, Equation 5.8) 

and experimental VCR = 1 (gradient foam) data (tests) vs loading strain: νxz and νzx predictions for hxz(0) = 

1.2, lxz(0)= 1, bxz = 0.2, θxz(0) = -0.1°, ϕ = 10° and khf/ks = 0.004 (kf/kh = 9, ks/kh = 225); νxy predictions for hxy(0) = 

lxy(0) = 1, bxy = 0.2, θxy(0) = 30°, ϕ = 0° and khf/ks = 0.3 (kf/kh = 9, ks/kh = 3); (b) Directional Young's moduli 

(normalised to undeformed Ex) predictions (fits, Equation 5.9) and experimental data (symbols) vs loading 

strain: model parameters as for (a). Values for w, b and k are assumed to remain constant. 
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  The x-y plane comparison between νxy vs εx predictions (dotted line) and 

experimental data (green triangles) is also shown in Figure 5.15a. The x-y plane model 

predictions employ hxy = lxy = 1, bxy = 0.2 and θxy = 30° since the cell structure in the x-y plane of 

the VCR = 1 quadrant of the gradient foam is similar to that of the unconverted foam (Figure 

5.5a & c) and they replicate the symmetrically equivalent x and y directed mechanical 

properties. No rotation of axes was considered for the predicted x-y plane properties (i.e. ϕ = 0°). 

The νxy vs εx model predictions follow the experimental trends reasonably well when 

employing a value of khf/ks = 0.3 (by reducing ks/kh to 3). This is significantly higher than the 

value used in the x-z plane predictions, and corresponds to a stiffening of the rib flexing and/or 

hinging mechanisms relative to the rib stretching mechanism in the x-y plane.  

 The model parameters used in the Poisson's ratio predictions also produce Young's 

moduli (normalised to the respective zero strain Ex value) vs strain trends in reasonable 

agreement with experiment (Figure 5.15b). There are Ex model predictions from each of the x-z 

and x-y plane parameters, with the trends from the x-z plane parameters in particular 

reproducing an enhanced drop off in Ex in compression.  

5.5. Discussion 

 Through-thickness pins can be used to control local compression levels to fabricate 

large gradient foam sheets containing regions with dramatically different structures and 

properties. The controlled production of desired auxetic regions (within pre-defined quadrants 

with VCR = 2.9) has been shown. The VCR = 1 regions display a transition from positive to 

negative Poisson's ratios moving from tensile to compressive loading (Figure 5.9a), and possess 

highly anisotropic cellular structure (Figure 5.5c and d) and mechanical properties (Figure 5.9a 

and b, Figure 5.12a and b). The use of pins for local control of compression or tension in the 

thermo-mechanical conversion process can be extended to the alternative solvent [13] and 

compressed carbon dioxide [14] foam conversion routes.  

 The observed structures and mechanical properties of the unconverted and uniform 

triaxial compression-converted foams are consistent with previous reports [15–17]. Uniform 

samples fabricated with pins exhibited no clear difference in mechanical properties to those 

without. For the production of homogeneous foams, pins are then expected to be most 

beneficial when applying compression to thinner sheets than those fabricated here (where 

folding can prevent uniform planar compression) and thicker monoliths to aid insertion into the 

mould and minimise density gradients/variation. The conversion of thicker samples may also 

benefit from the addition of an orthogonal set of pins in a modified mould. Metallic pins, such 

as those used here, are expected to aid heat conduction through thicker samples. Densification 
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of the same open cell foam nearby a stiff indenter (i.e. a pin, as shown in Figures 4.26 & 4.27, 

Chapter 4, Pages 114 & 115, both microscopically and using digital image correlation), could 

have affected the cell structure. Creases were predominantly contained to areas surrounding 

pins (Figure 5.5). Further work should assess the effect of pins size and spacing on surrounding 

cellular structure, or using alternative methods to control internal compression (i.e. thread, yarn 

or visual markers and surface manipulation). 

 The uniformly compressed quadrant of the gradient sheet returned to its initial volume 

by ~15 % upon reheating (Figure 5.6). The amount of re-expansion was comparable to smaller 

samples of the same foam with a VCR of 3 heated at 140°C for 180 minutes, 160°C for 60 

minutes or 180°C for 20 minutes (Chapter 3, Figure 3.4, Page 53).  The Poisson's ratios (up to 

10 % strain) of the gradient sheet in tension (~-0.2, Chapter 3, Figure 3.10, Page 59, compared to 

~0, Figure 5.9a) and compression (~-0.1 to -0.2, Figure 3.10, Page 59, compared to ~0, Figure 5.9a) 

were lower in magnitude than the smaller conversions with equivalent dimensional stability in 

Chapter 3. The uniform sheet exhibited equivalent tensile (~-0.2) and marginally lower 

magnitude compressive (~-0.1 to -0.2, Figure 3.10, Page 59, compared to ~-0.1, Figure 5.8) 

Poisson's ratios than the smaller samples. Tensile and compressive Young's moduli (up to 10% 

strain) were ~50 kPa for the uniformly compressed quadrant of the gradient sheet (Figure 5.12a), 

the uniform sheet (Figure 5.11) and the small samples (Figure 3.13, Page 62). The increased 

chances of flaws caused by pins and/or uneven compression when pins were not applied (most 

obvious in the gradient sheet) may explain the marginally lower magnitude NPRs. The balance 

between time and temperature dimensional stability and magnitude NPR appears reasonable, 

during comparison to foams in Chapter 3. 

 The Poisson's ratios and Young's modulus of the VCR = 1 region of the gradient foam 

both reduced with repeat testing until stabilising around the 4th test (Figure 5.9b and Figure 

5.12b). Reduced mechanical properties in both auxetic and conventional open cell PU foams 

under cyclic loading have been reported previously, with most decrease occurring over the first 

few loading cycles [18]. Dimensional stability following re-heating (Figure 5.6) was higher than 

small (~2 x 2 x 7 cm) samples with the largest magnitude of NPR, which exhibited an FVR of ~1 

following re-heating (Chapter 3, Figure 3.4, Page 53). Small sample fabricated at 180, 160 & 

140 °C for 20, 60 and 180 minutes respectively exhibited comparable FVRs following re-heating 

(Chapter 3). The small samples with comparable dimensional stability exhibited Poisson's ratios 

between -0.1 and -0.2 (Chapter 3, Figure 3.10, Page 59). Given the intention to permanently 

impart very different structures to the gradient sheet (rather than maximise the magnitude of 

NPR), the heating conditions can be considered appropriate. 
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 When the gradient sheet was impacted in the z direction at 6 J, peak acceleration was ~4 

times lower for the VCR = 2.9 region than the VCR = 1 region (Figure 5.13). In both cases the 

compressive νzx ~0 (Figure 5.9a) and so Poisson's ratio cannot account for the different impact 

responses. It is likely due to the compressive tangent modulus (beyond ~5% compressive strain) 

being close to zero for the VCR = 1 region (Figure 5.12a), resulting in the material offering little 

resistance to the impactor, so the sample reached 'densification' and the associated increase in 

stiffness while the impactor still had a large amount of kinetic energy, causing a higher peak 

acceleration. Nevertheless, the ability to modify impact response in a one-piece foam is 

demonstrated, leading to potential applications in sport, healthcare and defence apparel 

requiring localised impact protection (e.g chest and shoulder regions in rugby), for example. 

The plateau region is often considered beneficial in impact protection, maximising energy 

absorption (the integral of force and displacement) for a specific peak force or acceleration as 

discussed in Chapter 2, Page 26. The NPR, VCR=1 quadrant should, therefore, be tested during 

lower energy impacts, impacts over a larger area or where a larger (thicker) pad is acceptable 

(i.e. crash mats). 

 Extending the existing model of a hexagonal honeycomb deforming by multiple 

mechanisms [8] allows predictions as a function of strain, and provides increased insight into 

the mechanisms giving rise to the experimental foam mechanical properties. Reasonable 

agreement between experiment and predicted properties is demonstrated for the VCR = 1 

quadrant of the gradient foam (Figure 5.15).  

 For reasons of brevity, a comparison of model and experimental strain-dependent 

properties is not reported for the unconverted foam, nor for the foam converted with uniform 

triaxial compression or the VCR = 2.9 quadrants of the graded foam. Qualitative trends can still 

be inferred from Figure 5.14a for these cases. Consider, firstly, the structure and properties in 

the x-z plane of the unconverted foam, indicated by point B at θxz = 30° and the schematic cell 

inserts for θxz > 0° on the νxz vs θxz plot of Figure 5.14a. Increasing θxz beyond 30° leads to a 

narrowing of the cell along the x direction and thus corresponds to a compressive stress (σx < 0) 

applied in the loading (x) direction. Similarly, decreasing θxz below 30° corresponds to a tensile 

stress (σx > 0). In this case, the positive value of νxz at θxz = 30° decreases under compression, and 

increases under tension, and is consistent with the experimental νxz vs εx data for the 

unconverted foam (Figure 5.8).  

 A similar consideration can be extended to point A (θxz = -30°) in Figure 5.14a, assumed 

to approximate the re-entrant cell structures of the triaxially compressed foam and also the VCR 

= 2.9 region of the gradient foam (Figure 5.5f). The predicted negative value of νxz at θxz = -30° 
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decreases in magnitude under compression (θxz < -30°)), and increases in magnitude under 

tension (θxz > -30°)), along x. This is also consistent with the experimental νxz vs εx data for the 

foam converted under triaxial compression, and the VCR = 2.9 region of the gradient foam 

(Figure 5.8 & Figure 5.9a).  

 The equivalent honeycomb structure for the x-z projection of the VCR = 1 region of the 

gradient foam (Figure 5.5d) corresponds to θxz ~ 0°. In this case, the reconciliation of the 

experimental and model data trends required a consideration of the off-axis properties [8]. 

There is a suggestion that buckling of the ribs in the x-z plane of the VCR = 1 region of the 

gradient foam may be accompanied by some re-orientation of the pores (insert in Figure 5.5d), 

and perfect alignment of the irregular pore structure with the testing direction would be 

difficult, if not impossible, to achieve in practice in any event. It might be expected, therefore, 

that some off-axis loading of cells occurs in practice. The value of ϕ ~10° required to reproduce 

the experimental νxz value at zero strain (Figure 5.14b and Figure 5.9a, respectively) appears 

reasonable and consistent with Figure 5.5b. 

 No rotation of axes was considered (i.e. ϕ = 0°) for the x-y plane properties of the VCR = 

1 region of the gradient foam, since there is no clear experimental evidence for this from Figure 

5.5c, and isotropic properties are predicted by the model for the undeformed honeycomb in this 

case. Reasonable agreement with experimental νxy vs εx trends was obtained when employing 

an apparently high value of khf/ks = 0.3 in the model predictions. Buckling of ribs in the through-

thickness (z) direction was observed following conversion (Figure 5.5d), and this is not evident 

in the projection of the structure in the x-y plane (Figure 5.5c). In which case, hinging may be 

mediated by (lower stiffness) rib bending in the x-z plane and (higher stiffness, khf increasing) 

shearing of junction material in the x-y plane. Additionally, compression along x leads to an 

increased buckling of the ribs along their length, along with increased rotation out of the x-y 

plane, both leading to a decrease in their projected length in the x-y plane. This will be a much 

lower stiffness (ks decreasing) contribution to the apparent rib stretching mechanism than actual 

stretching/contraction of the rib material itself. Taken together, these 3D effects lead to the 

potential for khf/ks >> 0.04 (the upper limit for deformation due to stretching and shearing of rib 

material in the 2D system), consistent with the value of khf/ks = 0.3 required in the model 

predictions. 
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Chapter 6: Fabrication of closed cell auxetic foams using foam 

found in sporting PPE 

 Introduction 6.1.

 

This chapter will address Aim 4 (Chapter 1, Page 5): 

 Sporting PE and PPE often use closed cell foam with a Young's modulus (~1 MPa) that 

is ~30 times greater than typical open cell auxetic foam (Chapter 2). Auxetic closed cell foam has 

been fabricated using conventional thermo-mechanical methods [1], heating foam inside a 

pressure vessel (100°C, 100kPa) [2] and recently using steam treatment [3]. Typical thermo-

mechanical conversions rupture cells [1], heating hydrostatic pressure vessels has safety risks 

and so an expensive vessel is required. As identified in Aim 4 (Chapter 1, Page 5), the only 

reported steam treated foams were for relatively rigid closed cell foams [3] with a high Young's 

modulus both before and after fabrication (~20 MPa then ~60 MPa, Figure 6.1). 

 
Figure 6.1: Stress vs Strain of steam processed and unprocessed foam (from private communication with 

the authors of [3]) 

 Steam can permeate closed cells (Figure 6.2, [3]), if heating time is sufficiently long.  

When cooled (Figure 6.2), the trapped steam reduces in volume, causing cells to contract and 

imparting a buckled, re-entrant-like structure [3]. In conversions that produced NPR foam, the 

foam's volume decreased to a final volume ratio of ~5 (FVR = initial/final volume), and mass 

increased by ~20% due to water trapped in the cells [3]. The closed cell polyethylene foam's 

glass transition temperature was ~100°C, so the imparted structure was retained [3].  Variables 

are available to adjust the final cell structure, for example, the conversion time and temperature, 

and subsequent cooling temperature can all cause different volumetric reductions [3]. The 

following exploratory work aims to show whether the structure of foams used in sports 

equipment can be changed using steam processing. 
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Figure 6.2: Steam permeation and subsequent closed cell shrinkage, leading to kinked cell walls and NPR 

 Methods 6.2.

6.2.1. Foam fabrication 

 Samples were cut from pre-sourced sheets of foam taken from commercial football shin 

pads (Mitre Aircell, 50 x 10 x 6 mm and Mitre, IC Tungsten 50 x 10 x 5 mm) and Plastazote LD60 

closed cell foam (LDPE-60, 80 x 50 x 10 mm, supplied by Algeos.com, see Appendix A). Samples 

were placed in a covered container filled to 80% with water in an oven (MCP Tooling 

Technologies LC/CD) for five or seven hours (mitre of Zotefoams respectively) at 101°C, 

conditions selected following a pilot test that gave an FVR of  ~5 [3]. Immediately after heating 

all contents of the vessel were poured into an unplugged sink, and foams were cooled in air in 

the sink.  

6.2.2. Characterisation 

 Fourier transform infrared spectral analysis (FTIR) were collected of the unprocessed 

foams on a Nexus FTIR spectrometer over the wavenumber range of 4000 to 600 cm-1, using an 

ATR accessory utilising a diamond crystal. Resolution was 8 cm-1 and a mean was taken over 32 

scans. Differential Scanning Calorimetry (DSC, Perkin Elmer DSC 8000) while heating 6-7 mg 

unprocessed foam samples from 25 to 120°C, cooling to 25°C, and then re-heating to 120°C (at a 

rate of 10°Cmin-1) assessed thermal transition temperatures. 

 Dimensions and mass were recorded (Vernier Callipers) immediately before and after 

fabrication, and 16 hours after removal from the oven. Due to low sample thickness (< 5 mm), 

only tensile characterisation was possible. The LDPE 60 sample was cut (50 x 10 mm) with a 

Stanley knife. A speckle pattern was applied to all samples (matt Acrylic spray paint, Halfords). 

Samples were clamped in the test device jaws (Instron 3367, 500N load cell) and tested to 20% 

strain (0.0033 s-1). Tests were filmed (Nikon, D810, 1920 x 1080 pixels, 25 fps) and videos 
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analysed using digital image correlation (DIC) in GOM Correlate (as in Chapters 3 and 4). A 

target area was defined over the central third of samples (Figure 6.3), giving axial and lateral 

true strains. Force data was taken from the Instron software (Bluehill 4.0, sample frequency 25 

Hz). Young's modulus was calculated from linear regressions fitted to stress (Instron & sample 

measurements) vs axial strain (DIC).  Poisson's ratio was the negative of linear regressions fitted 

to axial vs transverse strain (DIC). An unconverted sample of each foam (80 x 10x 10, 6 or 5 mm 

for LDPE, Aircell and IC Tungsten respectively) was tensile tested using the same method as 

described above. 

 
Figure 6.3: Steam treated a) Mitre Aircell foam, b) Mitre IC Tungsten foam and c) Algeos LDPE-60 foam 

with speckle pattern and target area over central third (Instron jaws above and below image). Dimensions 

show sample width. 

6.3. Results 

 The mass of all samples was found to have increased, when measured 16 hours after 

steam processing (Table 6.1). FVR increased for all samples, less for the LDPE foam than the 

Aircell and Mitre (Table 6.1). 

 

Table 6.1: Mass and FVR 16 hours after fabrication 

 

  

 All three unprocessed foams exhibited a thermal transition in both DSC heating cycles, 

relating to melting, starting at ~100°C; then another relating to recrystallization at ~90°C during 
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the cooling cycle (Figure 6.4). The converted LDPE and Aircell foams exhibited mostly positive 

Transverse strain at maximum (~15%) tensile strain, the converted IC Tungsten foam exhibited 

near zero transverse strain (Figure 6.5).  These suggest negative or near zero Poisson's ratios 

respectively.  

 

 

Figure 6.4: DSC cycles between 25 and 120°C for the unprocessed foams. Thermal transitions 

relating to melt (+) and re-crystallisation (o) are labelled 

 
Figure 6.5: Contour plot of transverse strain of steam treated a) Mitre Aircell foam, b) Mitre IC Tungsten 

foam (blue showing grey due to mixing with yellow) and c) Algeos LDPE-60 foam at maximum (20%) 

tensile strain 

 The unconverted Mitre foams were Ethyl Vinyl Acetate (~90% spectral match) [4], 

Appendix B. The LDPE-60 was a Low Density Polyethylene (~96% spectral match), as expected 
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[4], Appendix B. All unconverted samples exhibited Poisson's ratios close to 0.5 (Figure 6.6a), 

and Young's moduli between 1.5 and 2 MPa (Figure 6.6b). The unconverted foams have non-

linear stress vs strains relationships (Figure 6.6b), although as an indication of stiffness in this 

instance the values for Young's modulus seem reasonable. 

 

Figure 6.6:  Axial tensile strain vs: a) Transverse Strain and b) Stress for all three unconverted foams.  

 All converted samples exhibited near zero or marginally negative Poisson's ratio up to 

10% tensile strain, and near zero or marginally positive Poisson's ratios between beyond 10% 

tensile strain (Figure 6.7a). Young's moduli were between 1 and 3 MPa over the entire 20% 

tensile strain (Figure 6.7b). The LDPE foam exhibits a non-linear stress vs strain relationship, 

although both the Mitre foams are relatively linear (Figure 6.7b). 

 

Figure 6.7:  Axial tensile strain vs: a) Transverse Strain and b) Stress for all three converted foams (ν and E 
are Poisson's ratio and Young's modulus respectively).  
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6.4. Discussion 

 Recently developed steam treatment methods can be applied to closed cell foams found 

in two sports shin pads, and readily available closed cell foam with a comparable Young's 

modulus to foam found in sports equipment (~1 MPa). Steam processing successfully reduced 

the volume of each sample (FVF between 2.3 and 5), increasing their mass by up to 20% in a 

similar manner to previous work [3] and imparting marginally negative Poisson's ratios (lowest 

NPR = -0.08). Tensile Young's moduli increased in two of the three samples, giving a range (1 to 

3 MPa) comparable to foams found in sporting PE and PPE (~1 MPa, Chapter 2).  

 A comprehensive study is required to fabricate samples from a range of foams with 

different Poisson's ratios, Young's moduli and densities, prior to indentation and impact testing 

in comparison to materials currently used in sporting PE and PPE. Heating time and 

temperature, and subsequent heating are options to further change cell structure [3]. DS (Figure 

6.4) confirmed that the polymer foams passed through a transition temperature upon heating, 

increasing then decreasing polymer chain mobility and the likelihood that their FVR was fixed, 

rather than being held by negative pressure following condensation.  

 The processing time would affect the amount of steam absorbed by the foam, again 

changing the FVR upon cooling. Further work could measure Poisson's ratios and Young's 

moduli in compression, in different orientations and at high strains and strain rates. Fabrication 

of gradient sheets using steam proof lacquer or a bespoke rig to prevent/allow steam 

penetration in certain regions could produce tailorable, increasingly ergonomic PE and PPE. 

With the large volume of work required, such a recent finding cannot be rigorously assessed 

within this PhD, but leaves exciting opportunities for further work and the increased 

possibilities for the application of auxetic foam in sports equipment. 
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6.6. Appendices 

Appendix A: Details of Plastazote LD60 available from zotefoams© 
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Appendix B: Absorbance spectra and comparisons to database materials for: i) LDPE-60, 

Algeos, ii) Aircell, Mitre and iii) IC Tungsten, Mitre 
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Chapter 7: Discussions and Conclusions 

7.1. Discussions 

 Following a review of the relevant scientific literature (Chapter 2, Page 10), aims 

(Chapter 1, Page 5) were formed, and addressed in Chapters 3 to 6. The work addressing each 

aim and objective will be discussed, leading to a summary of findings and implications, 

suggestions for further work then concluding statements. 

7.1.1. Discussion of Aim 1 

 Effects of thermo-mechanical auxetic foam conversion parameters for polyurethane 

foam: i) applied volumetric compression, ii) conversion temperature and iii) the duration of 

conversions on elastic properties (Young's modulus & Poisson's ratio) and dimensional stability 

over time or after heating had not previously been compared to polymeric changes. Fourier 

transform infrared spectral analysis (FTIR) of samples converted with heat exposure greater 

than 150°C for 20 minutes suggests continuously increasing hydrogen bond interactions in urea 

groups (C=O---H-N), and an increase in hydrogen bonding population. Spectral changes 

inferred soft segment degradation following extensive heat exposure (200°C, 180 minutes), 

specifically a shift and intensity change in CH2 and C-O-C polyol bands and a broad baseline 

increase between 3600 and 2400 cm-1. These changes are linked to: i) resistance to shape memory 

over time and when re-heated, ii) Poisson's ratio becoming negative, then zero in tension, or 

marginally positive in compression iii) stiffness reducing then increasing, iv) mass loss 

(evidenced by Thermogravimetric analysis, increasing from 150°C). The minimum mean values 

of Poisson's ratio are ~-0.2 (to 10% compression/tension) which is comparable to other studies. 

All samples that retain compression are isotropic, with near constant elastic moduli and 

Poisson's ratios between ~-0.2 and 0 (to 10 % compression/tension). 

 Samples with the largest magnitude of NPR (VCR = 3, 160°C, 20 minutes, 140 °C, 60 

minutes and 120°C, 180 minutes) expanded to an FVR of two a week after fabrication. Iso-

density samples, fabricated with a VCR of two at 180°C for 60 minutes were isotropic, had near 

zero Poisson's ratios, and quasi-linear stress vs strain relationships. Iso-density, isotropic, quasi-

linear samples with a range of negative and near zero Poisson's ratios can, therefore, be 

fabricated for comparative tests for the effect of Poisson's ratio on Indentation resistance (and 

other characteristics such as double curvature [1] and vibration damping [2,3]). Samples heated 

at 160°C to 180°C for 20 minutes, 140°C to 160°C for 60 minutes and 120°C to 140°C exhibited 

gradually increasing dimensional stability (2 < FVR < 3), Poisson's ratio (-0.2 < ν < 0) and 

Young's modulus (30 kPa < E < 50 kPa). 
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A small change in conversion temperature (20°C) had a comparable effect on shape fixing, 

Poisson's ratio and Young's modulus to a large change of approximately three times in 

conversion time (Table 3.1, Chapter 3, Page 83). Increasing conversion temperature gradually 

increased hydrogen bonding, as observed with FTIR. There was no significant change until the 

samples were held at 200°C for 180 minutes, when the C-O-C polyol peak shifted and reduced. 

For all other conversions, increasing temperature or time had a comparable effect, and so 

conversion time and temperature have been grouped together as increased heat exposure. 

 As in other work [1,4–7], missing ribs were not able to be identified within micro-ct 

scans or microscopy of converted foams, regardless of heat exposure, meaning that they were 

unlikely to have been present (Figure 3.6 & 3.7, Chapter 3, Pages 55-56). The presence of kinked 

and inward folding ribs was clear under micro-ct and optical microscopy at rest and in tension 

(Figures 3.6 & 3.7, Pages 55-56). With marginal mass loss apparent, the Thermo-Mechanical 

process appears to have changed the structure of open cell foam, creating quasi-linear stress vs 

strain relationships and a reduction in Poisson's ratio (from ~0.3 to zero or below to ~-0.2, Figure 

3.10, Page 59). 2-D honeycombs models [8,9] and Reuss - Voigt - Hill isotropic averaging [10] 

were used to approximate the expected effects of polymeric and structural changes to 

mechanical properties (Figure 3.26, Page 79). The different Poisson's ratios of converted samples 

can be explained by changes to the cell rib material, with reasonable estimates for the 

relationship between force constants associated with rib flexure and/or hinging and rib 

stretching (i.e. increasing rigidity) allowing Poisson's ratios between ~-0.1 and zero. Increasing 

rib rigidity (due to increased hydrogen bonding interaction and populations, most likely close 

to rib junctions and kinks) can also explain larger Young's moduli in samples fabricated with 

more heat exposure which had higher (i.e. near zero) Poisson's ratio. The experimental values 

for Poisson's ratio (Figure 3.10, Page 59) and Young's modulus (Figure 3.13, Page 62) are likely 

caused by a mixture of rib stiffness between the lower and upper limits of those included in the 

analytical model. The foams subject to increased heat exposure during conversion appear to 

have contained a greater concentration of cells with khf/ks ranging towards the maximum value 

(0.036) than the foams converted with decreased heat exposure (Figure 3.26, Page 79).  

Additional structural factors such as adhesion between cell ribs and thickening of rib material 

close to junctions was not identified (Figures 3.6 & 3.7, Pages 55-56) or included in the model, 

but could explain further differences between the Poisson's ratios of converted foams.  

 The foams fabricated in Chapter 3, showed a gradual range of complete, partial and 

blocked shape memory [11,12] (Figures 3.4 & 3.5, Pages 53-54). These levels of dimensional and 

structural stability were: i) Complete dimensional recovery after the Unloading phase (removal 
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from their mould and hand stretching) and a return to the parent foam's Young's modulus and 

Poisson's ratio, ii) Partial dimensional recovery after Unloading, retaining NPR, but complete 

dimensional recovery during the Recovery (re-heating phase), iii) Partial dimensional recovery 

in the Recovery phases, retaining NPR (also known as partially blocked shape memory), and iv) 

Complete dimensional stability during the Recovery phase. Foams with complete dimensional 

stability exhibited near zero Poisson's ratio in tension and compression, both before and after 

Recovery, and so have blocked shape memory, but were not auxetic. Foams in group (iii) are 

auxetic, exhibit blocked shape memory and were fabricated in one heating phase, simplifying 

previous fabrication methods for blocked shape memory auxetic foams [11]. 

7.1.2. Discussion of Aim 2 

 Using a range of foams fabricated based on findings in Chapter 3, Page 46, indentation 

resistance of auxetic foams has been tested, and for the first time variables other than NPR have 

been eliminated and accounted for. The quasi-linear stress vs strain relationships were still not 

sufficiently linear over the large strain ranges tested to calculate normalised indentation 

resistance [13], showing little agreement to theoretical values. Excluding the anisotropic 

unconverted foams (Figure 4.20, Page 109) gave values for x between 0.7 and 0.8 for all 

indenters; a value of 0.33 is expected for cylinders and 1 for the stud [14]. Considering 

integrated energy absorption rather than typical measures for indentation resistance (Figure 

4.24, Page 111), showed better agreement to the theory [14] and allowed inclusion of 

unconverted samples during studded indentations. Unconverted samples remained outliers 

during studded indentations, falling below the fitted linear regression line.  

 The application of a correction factor previously used for sample thickness in thin 

sheets of rubber [15], currently untested for foam, appeared appropriate for the cylindrical 

indenters. Following application of the correction factor, values for x reduced from 0.96 and 1 to 

0.6 and 0.76 for the 50 and 10 mm diameter cylinders, respectively (Figure 4.22 & 4.23, Chapter 4, 

Pages 110-111). A value of x = 0.91 was obtained for the stud (Figure 4.24, Chapter 4, Page 111), 

where the correction factor, designed for spherical indenters, did not appear appropriate and 

reduced x to 0.55 (Figure 4.23, Chapter 4, Page 111). 

 Remaining discrepancies, such as increased x in cylindrical samples and the 

unconverted samples remaining outliers during studded indentations, were likely be caused by: 

i) different amounts of densification, caused by transverse strain (due to Poisson's ratio, Figure 

4.26, Page 114), and ii) differences in the shape of the indented surface, caused by changes in 

shear modulus/Young's modulus (due to Poisson's ratio, Figure 4.28, Page 117). Both of these 

would be expected to increase normalised indentation energy in NPR than zero or positive 
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Poisson's ratio samples. The effect of changes to cell shape vastly changes how density increases 

affect stiffness, and could mean that any assumed proportionality between density and stiffness 

becomes invalid [16]. Changes to cell shape were qualitatively assessed via indentation of ~1 

mm thick samples (Figure 4.27, Page 115). The unconverted foam's cells buckled and changed 

considerably, no clear change was able to be identified in the converted samples.  

 As identified in Chapter 2, page 10-11, materials which react to the size and shape of 

impacting bodies while remaining ergonomic and flexible during normal operation could help 

to reduce the current dependence upon Shear thickening materials, which are designed and 

certified for highly specific conditions and strain rates that don't reflect infield scenarios. 

Comparing the normalised indentation energy absorption of NPR and conventional materials 

indicates that PE and PPE incorporating auxetic materials could react to resist penetration 

during falls or collisions with a variety of shapes of impacting bodies and surfaces. The 

increases to indentation resistance, unlike previous work [17–21] whereby differences were 

amplified by density changes and changes in stress vs strain relationships, show the minimum 

expected increases. Increases to indentation resistance between positive Poisson's ratio and NPR 

samples were modest during cylindrical indentations, but larger during studded indentations, 

whereby indentation resistance was affected by Poisson's ratio in both lateral dimensions.  

7.1.3. Discussion of Aim 3 

 The use of pins facilitated the application of uniform and variable, isotropic and 

anisotropic linear compression ratios in large foam sheets (final dimensions = 350 x 350 x 20 

mm). Isotropic sheets (fabricated with and without pins) and quadrants of the gradient sheet 

with a VCR of 2.9 had similar dimensional stability (Figure 5.6, page 121, ~15% re-expansion 

upon re-heating), Poisson's ratio (Figure 5.8 to 5.9, Pages 139, ~-0.1 to ~-0.2) and tangent 

modulus (Figure 5.11, page 142, ~50 kPa) to smaller samples of foam fabricated at 140°C for 180 

minutes, 160°C for 60 minutes and 180°C for 20 minutes (Chapter 3, Figures 3.10 & 3.13, Pages 

59 & 62). Lower NPR (~-0.2) is possible with less heat exposure (Figures 3.10, Page 59), but 

dimensional stability (Figure 3.4, Page 53) would be sacrificed.  

 Anisotropic quadrants (Figure 5.1, Page 125) that were stretched in both planar 

directions and compressed through thickens to buckle ribs, giving a VCR of 1, exhibited high 

transverse contraction through thickness when compression tested parallel to either planar 

direction, corresponding to a uni-axial NPR of ~-0.4. Because the cells ribs did not buckle in the 

two planar directions (Figure 5.5, Page 136), stress vs strain relationships (Figure 5.8, Page 139) 

retained the unconverted foam's plateau due to cell rib buckling during compression [1,9]. 

Experimental data in all three axes fitted reasonably well with an analytical model for off-axis 
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deformation of cellular structures (Figure 5.15, Page 147), adapted from previous works [8,9,22]. 

Surprisingly little prior work has included or validated such a model, which can now be used 

along with presented methods to apply gradient or uniform compression and to design cell 

structures for specific applications-e.g. with a protective function in one area, but increased 

conformability or breathability in another. 

 While controlling compression throughout the bulk of a foam monolith, pins also 

created holes in the foam. The holes were often surrounded by creases (Figure 5.5, page 136). 

Chapter 4 (Figures 4.26 & 4.27, Pages 114 & 115) showed that densification occurs close to an 

indenting cylinder or pin. Holes, creases and densification all created flaws within the 

converted foam, and so although there was greater control of internal compression the sheets 

fabricated both with and without pins had similar magnitude of, and similar variability in, 

Poisson's ratios, tangent moduli and density (agreeing with the preceding pilot study [23]). For 

thinner sheets, pins were required to apply planar compression [24]. It is likely that pin size and 

spacing could be adjusted to reduce the size and effect of flaws caused by pins, without 

sacrificing control over applied compression.  

7.1.4. Discussion of Aim 4 

 The method for fabricating closed cell auxetic foam by steam penetration, discovered 

towards the end of this PhD by another group [25], shows significant potential to produce 

auxetic foam with comparable stiffness (1 MPa) to foams currently used in sporting PPE. The 

initial work produced NPR foam with a Young's modulus of 70 MPa from a 25 MPa parent 

foam (Figure 6.1, page 133 [25]). The preliminary study presented in this thesis using an LDPE 

and two EVA closed cell foams shows it is also possible to produce foam with a Young's 

modulus close to 1 MPa (Figure 6.7, page 157). The Poisson's ratio of steam processed NPR 

foam was low (~-0.1, Figure 6.7, page 157), but samples retained their imposed compression 

over-night. Starting from sheets of foam found in sports equipment (5 to 10 mm thick), final 

thicknesses (3 to 6 mm) were too low for compression testing.  

 Further work should fabricate larger samples for compression and indentation testing 

in a variety of orientations. The length of conversion time affects the amount of steam absorbed 

by the foam, and therefore changes to cell shape [25]. The presented conversion times 

successfully produced NPR in the tested foams, but have not been optimised. Differential 

Scanning Calorimetry (DSC) measured polymer transition temperatures (Figure 6.4, page 136), 

and peaks present at ~100°C suggest polymer fixing upon cooling was likely [25].  
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7.2. Findings and implications 

 Demonstration of a thermo-mechanical fabrication process for isotropic, iso-density, 

quasi linear open cell foam with Poisson's ratios spanning positive and negative values means 

that the independent effect of NPR on potentially beneficial characteristics (e.g. vibration 

damping, indentation resistance, pressure distribution) can now be experimentally tested. 

Measuring polymeric, structural and mechanical changes concurrently in single cycle thermo-

mechanical conversions had not been done before and provided deeper understanding of the 

conversion process. The correlation between thermal mechanical processing conditions, 

dimensional stability, Young's modulus, Poisson's ratio and polymeric changes during auxetic 

foam fabrications will be useful when designing future conversion methods using a variety of 

compression regimes to increase the range of Young's moduli and Poisson's ratio of open cell 

foams (Table 3.1, Chapter 3, Page 83). Correlation of changes that can be simply measured, such 

as dimensional stability, allow simple checks to infer whether appropriate thermal processing 

conditions have been used during fabrication using different sample sizes, as demonstrated in 

Chapter 5. Fabricating auxetic foams with blocked shape memory in one heat cycle facilitates 

low cost commercial production of materials that could withstand washing (i.e. for garments) or 

high temperature applications. 

 Comparing energy absorption during indentation tests successfully showed increases 

to effective indentation resistance of non-linear open cell foam samples and close fit to the 

theory, with larger than expected effects of elastic properties, NPR in particular. As the 

magnitude of Poisson's ratio increased, so did normalised indentation energy and effective 

indentation resistance. Findings demonstrate: i) the benefits of auxetic foams; they resist 

penetration by concentrated loads which would be useful for seating or PPE more than their 

conventional counterparts, and ii) the benefits of fabricating foams using methods described in 

Chapter 3. Novel analysis methods for DIC furthered understanding of indentation of auxetic 

foam. An increase in effective indentation resistance at large (>20%) strain in NPR samples 

appears to differ marginally from indentation theory. DIC showed: i) NPR samples with a 

higher ratio of Shear to Young's modulus deformed as flatter units, causing higher mean axial 

compression, and ii) NPR samples exhibited transverse contraction, meaning larger increases in 

density and stiffness than zero or positive Poisson's ratio samples. 

 Pins successfully controlled and adapted compression, and therefore cell shape, in 

thermo-mechanical conversions of large (350 x 350 x 20 mm) sheets of open cell auxetic foam. 
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The connection between cell shape, Young's modulus and Poisson's ratio (up to 50% 

compressive and tensile strains), was demonstrated experimentally and by an analytical model 

for off axis deformation of re-entrant cells, of which there are surprisingly few prior examples. 

Based on comparison of measured Young's modulus, Poisson's ratio and dimensional stability 

upon re-heating to foam fabricated in Chapter 3, the thermal processing conditions for the large 

auxetic foam sheets were appropriate. Large magnitude anisotropic NPR (of ~-0.4) was 

achieved in the VCR = 1 quadrant of the gradient sheet where pins were essential in applying 

tension. 

 Fabricating closed cell auxetic foam using steam penetration from foam used in sports 

equipment produced the first known auxetic foam samples with Young's modulus comparable 

to foam in sporting PPE (~1 MPa). The fabricated closed cell foam retained its imposed 

compression over a short period of time (measured after 16 hours, prior to tensile testing). 

7.3. Further work 

 Only one type of open cell foam (PU FR30, Custom Foams) was used throughout this 

thesis, meaning results from each study are comparable but not conclusive. Studying a range of 

thermo-mechanical conversion mechanisms by using foam with different original polymeric 

constitutions (e.g. [26]) could show which conversion mechanisms and foam types give the 

largest magnitude NPRs. Applying larger VCRs to kink ribs further, before allowing them to re-

expand following conversion may also increase the magnitude of NPR [11]. Annealing and 

cooling methods should also be considered, although will be more critical in foam Tg above or 

close to room temperature. 

 Indentation testing open and closed cell auxetic foam using multiple cameras for 3D 

DIC, and analysis of multiple faces would show volume change and increase experimental 

rigour. Applying pressure sensors between the sample and indenter and underneath the sample 

could help validate findings from DIC, and show NPR's effect on pressure concentrations 

(important for comfort and protection). Compliance with the relevant standards [27], and 

comparison to sporting PPE, both require indentation testing using samples with larger planar 

dimensions. Indentation testing to higher strains (>20%), and at high strain rates or under 

impact is also necessary to show whether NPR and effective indentation resistance are 

maintained. Micro-structurally faithful Finite Element Modelling should estimate the effect of 

densification and the shape of the compressed area caused by Poisson's ratio on increased 

effective indentation resistance over large strains.  

 The effect of pin size and spacing on homogeneity of cell structure, density, Young's 

modulus and Poisson's ratio of thermo-mechanically fabricated open cell foam samples should 
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be considered. Additional options include conversion of gradient and uniform sheets using 

methods to locate visual markers, without causing damage to fabricated samples. There has not 

yet been a comparison of all methods for fabricating large samples of open cell auxetic foam; 

using vacuum bags [28], compression by multiple moulds with gradually increasing VCR [29] 

and by moulds with movable walls [30,31]. Such a comparison may be useful in designing a 

commercial fabrication route. Continued improvements to fabrications for large sheets and 

monoliths of auxetic foam will then require repeated testing for potential applications: for 

example as crash mats [19], helmet liners [32] and cricket pads [23,33]. 

 Now that small samples of closed cell auxetic foam can be fabricated with Young's 

modulus close to materials in sporting PPE, future work should look to fabricate larger samples. 

Larger samples would facilitate compression testing, more applicable to PPE than tensile testing.  

Testing should also be carried out in multiple orientations, including repeat testing to infer 

degradation and under indentation and impact, in comparison with current materials in 

sporting PPE. Fabrication of gradient sheets may also be possible, using steam proof lacquer or 

a bespoke rig to prevent or allow steam penetration in certain regions. Measuring polymeric 

changes and changes to cell structure during conversions would facilitate informed selection of 

processing routes to adjust cell shape and mechanical characteristics (i.e. Young's modulus and 

Poisson's ratio). Conversion time, temperature and cooling rate could all be adjusted. 

7.4. Conclusions 

 In Chapter 3, thermo-mechanical auxetic conversions for open cell PU foam were 

analysed in detail. The imposed re-entrant structure required sufficient softening (in this case 

by heat) to fix it in place. The effect on dimensional stability, Poisson's ratios and Young's 

moduli of small increases in conversion temperature were comparable to large increases in 

conversion time. Little change was noted for conversions below 130°C for 60 minutes or 120°C for 

20 minutes. 

 As heat exposure increased above 150°C for 20 minutes, which appeared comparable to 

130°C for 60 minutes, several observations were noted:  

 i) Samples became stiffer and Poisson's ratio generally increased from its minimum 

value (~-0.2) towards (but not necessarily reaching) zero in tension, or small positive values in 

compression. 

 ii) Sample expansion over time and after re-heating gradually reduced.  

 iii) The hydrogen bonding strength between urea groups (C=O---N-H) increased 

relatively as did their population which was likely to have led to fixing of applied VCR. 
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 iv) Mass loss became significant at 200°C showing onset of degradation - which was 

backed up by several spectral changes. 

 

 Samples fabricated at higher temperatures and longer times (200°C for 20 minutes, > 

190°C for 60 minutes, > 160°C for 180 minutes) exhibited dimensional stability and tensile NPR, 

but did not have compressive NPR. The correlating trends are as useful as the specific 

conditions under which minimum NPR was obtained. Tests of shape fixing, for example, can 

now be quickly applied to converted foams to infer whether appropriate amount of heat 

exposure has been used, rather than repeatedly carrying out lengthy parametric studies to 

minimise NPR. A similar approach comparing correlating changes would be useful across a 

wide range of thermo-mechanically converted foams.  

 The findings in Chapter 3, in response to Aim 1, were applied to larger conversions 

(Aim 3) in order to verify heating time and temperature were appropriate. Finding the specific 

conversion conditions under which minimum and maximum Poisson's ratios were obtained for 

iso-density, converted samples allowed fabrication of comparative samples for indentation 

testing (Aim 2). Calculating the indentation energy absorbed by non-linear auxetic and 

conventional foams allowed comparisons over a greater strain range than calculating 

indentation resistance did, reducing errors caused by non-linearity. A correction factor for thin 

sheets of rubber appeared applicable for cylindrical, but not studded, indentations. Following 

an assessments of errors, unconverted samples were notable outliers during studded 

indentation tests and also exhibited lower normalised indentation energy than NPR samples. 

Elastic properties, Young's modulus and Poisson's ratio (x in Equation 4.3, Chapter 4, Page 87), 

had a greater than expected effect during cylindrical indentations. A combination of increased 

densification due to transverse contraction in NPR foams and/or changes in the deformation 

profile (with NPR foam deforming as a flatter unit) could have contributed to discrepancies. 

The increased indentation energy of NPR foams is useful to manufacturers looking to improve 

open cell protective equipment and reduce the chances of penetrating through an entire pad or 

item of PPE. Further work can now apply the methods to indentations at higher strains and 

strain rates or under impact to show effective indentation resistance of protective equipment 

during impact scenarios.  

 The internal cell structure and mechanical properties of open-cell PU foam were altered 

by changing the compression regime applied while thermo-mechanically fabricating large 

sheets of auxetic and gradient foam. The Poisson's ratios, thermal stability and Young's moduli 

suggest the foam was heated by an amount which gave a good balance between structural 
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stability and the magnitude of NPR, as found previously in Chapter 3. Control of localised 

compression was achieved by employing pins inserted through the foam, although changing 

pin size and spacing could further decrease structural variation. Triaxially-compressed sheets 

fabricated with through thickness pins exhibited similar properties to those fabricated without 

pins, suggesting effects of densification and creasing surrounding pin holes were comparable to 

the effects of uncontrolled planar compression. The pins did, however, control compression 

levels effectively to enable the fabrication of heterogeneous sheets of foam having regions 

displaying markedly different cellular structure, and mechanical and impact properties. A 

consideration of projections of the cellular structure in terms of simplified idealised 2D 

honeycombs deforming via simultaneous flexing, rotation and stretching of the cell ribs can 

explain the observed mechanical properties reasonably well. 

 Following fabrication of closed cell auxetic foams from foam found in sporting PPE, 

and foam with a similar Young's modulus to that of foam in sporting PPE, a new line of 

research and future product development has become available. Combined with collected 

evidence suggesting that theoretical benefits of NPR can be maintained under indentation to 

high strains, auxetics do appear useful in sporting impact protection, particularly crash pads 

that use open cell foam. Further work is required to develop control during large scale open cell 

auxetic foam fabrications. A parametric study into the effects of steam processing time to create 

a series of conditions for different closed cell auxetic foams should be carried out and publicised, 

allowing commercial manufacturers of sporting and other PPE to consider auxetic closed cell 

foam during material selection. In the future, the benefits of NPR should be shown using a 

similar approach to methods in Chapter 4, controlling and explaining the effects of variables 

other than NPR. Equipment designers would then be able to make informed decisions as to 

how auxetic foam could improve their products. 
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