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Abstract—Orthogonal
frequency-division
multiplexing
(OFDM) is a popular multi-carrier technique used in many
digital communication systems such as wireless fidelity (Wi-Fi),
long term evolution (LTE) and power line communication
systems. It can be designed using fast Fourier transform (FFT)
or wavelet transform (WT). The major drawback in using
WT is that it is computationally inefficient. In this study, we
introduce a simple and computationally efficient WT, harmonic
wavelet transform, for OFDM signal processing. The new WT
uses the orthogonal basis functions of conventional FFT-OFDM
except that it involves translation and dilation of the input
signal; the new wavelets is referred to as harmonic wavelets
(HW). When compared with pilot-assisted OFDM system in
terms of reduction in the peak-to-average power ratio, the
results show that HW-OFDM outperforms FFT-OFDM by 3
dB at 10−4 CCDF (complementary cumulative distribution
function). Over Rayleigh fading channel with additive white
Gaussian noise (AWGN), the bit error ratio of both FFT-OFDM
and HW-OFDM perfectly matched, showing that the proposed
HW-OFDM is better in terms of peak-to-average power ratio
reduction.
Index Terms—BER, Harmonic wavelet, OFDM, PAPR, pilotassisted OFDM, Rayleigh fading, Wavelet.

I. I NTRODUCTION
The study of orthogonal frequency-division multiplexing
(OFDM) design using discrete Fourier transform (DFT) has
been around for some time [1]. OFDM is prominent in the
design of communication systems such as Wi-Fi, WiMAX,
LTE and power line communication (PLC) systems. It divides
wide bandwidth into many narrow bands leading to long
symbol periods in time-domain and making OFDM robust
against multipath fading. OFDM can be implemented using
fast Fourier transform (FFT) which is the computationally
efficient algorithm of
! DFT
 [2]. The FFT reduces computational
complexity from O N 2 to O(N log2 N ) for N data symbols.
However, one of the major drawbacks of OFDM design
using FFT is that it suffers from high peak-to-average power
ratio (PAPR). In other words, conventional communication
systems operating with FFT-OFDM leads to inefficient and
costly high power amplifier (HPA). This is the major reason
for not using OFDM in the uplink of mobile communication
standard [3]. To solve this problem, there are different alternatives reported in the literature including single-carrier (SC)
frequency-division multiple access (FDMA), fractional Fourier
transform (FrFT) and wavelet transform (WT) [4]–[7]. While
SC-FDMA demonstrates improved PAPR performance, FrFT
and WT are computationally burdensome which may lead to

slow performing and high power consuming systems. One of
the reasons why FrFT and WT may have not appeared in the
wireless communication systems includes that such systems
are power-limited and may cause high power consumption
problems. WT is used in designing OFDM system and has
better spectral leakage than filtered-OFDM as in IEEE 1901
standard commonly applied in PLC systems [8].
In this study, we present a new implementation scheme
of WT that uses FFT/IFFT, initially described as harmonic
wavelets (HW) [9]. HW was originally proposed to study the
vibration of advanced rotating machines in mechanical vibrations and rotordynamics [10]. The main advantage of using
wavelets in machine condition monitoring is that wavelet maps
can produce three-dimensional (3D) plots showing amplitude,
frequency and time [10]. FFT on the other hand only shows
frequency (or time) and amplitude (or 2D). Wavelets show tiny
changes in the frequency domain that cannot be detected in
the conventional (FFT-based) frequency spectrum.
Since the HW can be implemented using the IFFT/FFT algorithm, the system model enjoys O(N log2 N ) computational
efficiency for the m = log2 (N ) decomposition levels involved
in the processing of N -long input symbol using WT. Given
these advantages, we extend the new wavelet transform (i.e.
HW) into the design and study of communication systems
driven by OFDM and this will be referred to as HW-OFDM.
In particular, this study will investigate the PAPR performance
of the HW-OFDM system against that of FFT-OFDM for pilotassisted OFDM (PA-OFDM) system. Alongside, the bit error
ratio (BER) performance over Rayleigh fading channel with
additive white Gaussian noise (AWGN) will be reported. Our
results highlight that HW-OFDM system achieves similar BER
performance with FFT-OFDM system over fading channel
with AWGN. On top of that, HW-OFDM systems exhibits
better reduced PAPR, up to 3 dB, than the OFDM scheme.
II. S YSTEM M ODEL
Consider a signal x[n], ∀n = 0, · · · , N − 1 in time domain,
its frequency domain contents X[k], ∀k = 0, · · · , N −1 can be
realized from the FFT transform of x, where n and k represent
the time and frequency domains indices, respectively. The time
domain OFDM signal can then be expressed as


N −1
kn
1 X
, ∀n, k = 0, · · · , N − 1
X[k] exp i2π
x[n] = √
N
N k=0
(1)
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Figure 1: Real part of HW transform of a signal

Figure 2: Imaginary part of HW transform of a signal

√
where i = −1 and (1) is the conventional FFT-OFDM.
Unlike DFT, WT is an alternative design kernel for implementing OFDM-like multicarrier systems. WT are made up of
low-pass filters (LPF) and high-pass filters (HPF) that weight
the dilated scaling function, φ. The LPF is related to the
scaling function and both are used to realize the approximate
coefficients a of the signal while the HPF is concerned with
the wavelet function, ψ, both of which are used to extract the
detail coefficients d of the signal.

wavelet function ψ(·). HW transform also has these important
parts and will be required in the processing of the signal.
Meanwhile, the advantages of HW are that it is simple and fast
to compute [10]. HW is known to be faster than other WTs
and up to four times faster than Daubechies wavelets [10].
These properties make HW attractive in many applications
that require low complexity and low computational cost.
The wavelet function of HW was derived in [9] as
exp(i4πx) − exp(i2πx)
, −π ≤ x ≤ π.
(2)
i2πx
By observing (2) closely, one can easily separate the components of ψ into real and imaginary parts as follows
ψ(x) =

A. OFDM Systems Design using WT
Given the time domain signal x[n], ∀n = 0, · · · , N − 1
and 2m ∈ N , the WT of x[n] are the dilated (’stretched’)
and translated (’repositioned’) versions of x[n]. When only
the approximate coefficient is dilated, only the discrete WT
(DWT) are realized. On the other hand, when both the detail
and approximate coefficients of x[n] are dilated at every
decomposition level, m, the wavelet packet transform (WPT)
are realized. A comparative study on the performance of DWT
and WPT for OFDM systems has been documented in [11].
Besides, the implementation of WPT-OFDM for multi-antenna
application has also been discussed in [12].
The aim of this study is to design an OFDM system using
a different kernel other than FFT/IFFT. The alternative kernel
uses the DFT tool except that there exists dilation (stretching)
and translation (repositioning) of the signal coefficients. Since
WT finds applications in communication systems design, WTOFDM has been studied by different authors for wireless
[13]–[16] and PLC [17], [18] systems. A major drawback
in its adoption is that it is computationally inefficient and
recent studies have led to different computationally efficient
algorithms such as the ones reported in [9] and [19]. In the
following, the basics of OFDM system design using WT as
an alternative kernel to FFT are discussed.
B. Wavelet and Scaling Functions of HW Transform
From Section II-A, it is observed that there are two essential
parts of a WT, namely the scaling function φ(·) and the

ψ(x) = ψe (x) + iψo (x),

(3)

which is generally a complex number. Pictorially, ψe (x) and
ψo (x) can be illustrated as shown in Figs. 1 and 2, respectively.
It can be observed that the HW concentrates the energy of the
signal (compact) around zero.
Recall that WT uses dilation and translations of signals. By
replacing x in (2) with (2m x − t), the HW transform stretches
x by t at each mth decomposition level. The implication of
(2m x − t) is that the scale of HW is compressed by the factor
2m while its position is translated (repositioned) by t time
units during every new scale. Similar to (3), the translated and
dilated versions of (2) have a complex conjugate ψ̄ (2m x − t)
given in terms of Fourier transform [20] as
Z 4π2m
1
1
m
exp(iωt/2m ) exp(−iωx)dω
ψ̄ (2 x − t) =
2π 2π2m 2m
(4)
Both ψ̄ (2m x − t) and ψ (2m x − t) are required in the realization of the detail coefficients of x.
So far, we have only given interpretation to the d coefficients
of the signal without a corresponding treatment to the a
coefficients. The detail coefficients of a signal transformed
(expanded) using wavelet analysis is associated with the
wavelet function ψ(·) while the approximate part is associated
with scaling function φ(·). Both are required in the complete
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Figure 3: Real part of φ(x) of HW transform of a signal

multi-resolution analyses of a signal using wavelet theory. The
scaling function can be expressed as follows [9]
φ(x) =

exp(i2πx) − 1
, −π ≤ x ≤ π.
i2πx

(5)

Its translated version is realized from substituting x with
(x − t). Similar to (3), the scaling function can be decomposed
into real and imaginary parts as follows
φ(x) = φe (x) + iφo (x),

0

2

4

6

8

-Nπ≤ x ≤ Nπ

(6)

where φe (x) and φo (x), respectively are shown in Figs. 3 and
4. Similar to the case of the ψ(·), it can as well be noticed
that the energy of the transformed signal using the φ(·) is
concentrated around zero (i.e. compact). In the study of HW,
the scaling function φ(x − t) and its conjugate φ̄(x − t) as
well as the wavelet function ψ(2m x − t) and its corresponding
conjugate ψ̄(2m x − t) are required in the signal analyses. The
decomposition and stretching lead to subchannelization. Recall
that the PAPR of OFDM signal, decreases with decreasing
FFT sizes. In other words, due to the subchannelization, the
peak power of sub-band signals at each decomposition level
will be lower than the conventional; in general, this will cause
HW-OFDM to exhibit lower PAPR than FFT-OFDM.

C. Orthogonality
In designing OFDM systems, the basis functions must
satisfy the condition of orthogonality. HW of different (m)
decomposition levels are orthogonal; mathematically,
Z ∞
ψ(x)ψ̄ (2m x − t) dx = 0
(7)
−∞

where ψ̄(·) represents the complex conjugate of ψ(·). In
addition, ∀t 6= 0, all wavelets translated by any integer t unit
are orthogonal to each other. These are already proven in [9].

Figure 4: Imaginary part of φ(x) of HW transform of a signal
D. OFDM Signal from WT
In the analyses of HW, both φ(·) and ψ(·) are usually
considered; including their corresponding conjugates. This
involves combining the results in (4) and (6) to process the
signal, x. In that case, the output signal can be expressed as
f (x) =

∞
X


t=−∞
∞
∞
X
X


m=0 t=−∞

x(φ,t) φ(x − t) + x̄(φ,t) φ̄(x − t) +

x(ψ,t) ψ (2m x − t) + x̄(ψ,t) ψ̄ (2m x − t) ,

(8)

where x(ψ,t) is associated with ψ(·) as follows [20]
Z ∞
f (x)ψ̄(2m x − t)dx
x(ψ,t) = 2m
=

−∞
m
2X
−1

X(2m +v) exp

v=0



i2πvt
2m



∀t = 0, 1, · · · , 2m − 1.
(9)

Clearly, (9) is the inverse Fourier transform of X(2m +v) which
can be implemented using IFFT. Similarly, the amplitude of
the corresponding complex conjugate of the wavelet can be
written as
Z ∞
x̄(ψ,t) = 2m
f (x)ψ(2m x − t)dx
=

−∞
m
−1
2X
v=0



i2πvt
X−(2m +v) exp − m
.
2

(10)

By using the circular property of DFT, it can be remarked that
X(−v) = X(N −v) , ∀v = 0, 1, · · · , 2m − 1.

(11)

Based on (11), we can rewrite (10) as follows
m


2X
−1
i2πvt
m
x̄(ψ,t) =
XN −(2 +v) exp − m
2
v=0
∀t = 0, 1, · · · , 2m − 1.
We also see that (12) can be implemented using FFT.

(12)

4

Figure 5: Block diagram for implementing HW-OFDM (P/S: parallel to serial conversion and S/P: serial to parallel conversion).
The approximate coefficients, namely x(φ,t) and x̄(φ,t) are
obtained from φ̄(·) and its complex conjugate φ(·), respectively. From the foregoing discussion,
Z ∞
m
x(φ,t) = 2
f (x)φ̄(x − t)dx
−∞
Z 2π
=
X(ω) exp(iωt)dω,
(13)
0

R∞

f (x)e−iωx dω and the scaling function is
Z ∞
φ(x − k) =
Φ(ω)e−iωk eiωx dx.
(14)

where X(ω) =

−∞

symbols, Dn̄ and some pilot symbols Muτ = Aτ,u exp (iθτ,u ),
we express the modified symbol as
X̄n̄ = Dn̄ ⊗ Muτ

x0 = x(φ,t) + x̄(φ,t) = X0 .

(15)

Lastly,
to ensure that
theorem holds i.e.,
P2m −1
P2mParseval’s
−1
1
2
2
m
m
|
=
|
|x
|X
2 +t
2 +t , we set
t=0
t=0
2m
xN/2 = XN/2 .

(16)

In summary, we require only (9), (12), (15) and (16) to implement the HW transform in OFDM design. Useful MATLAB
codes that implement HW transform can be found in [20].
E. Pilot-Assisted OFDM from HW-OFDM Symbol
PAPR reduction in OFDM systems is an important tool for
increasing the power efficiency of HPA in digital communication systems. OFDM symbols exhibit high peaks which may
appear within the nonlinear region of operation of HPAs. By
reducing these peaks to reside within the linear region, HPA
consume less power. There are different techniques in the literature for reducing the PAPR performance of OFDM systems.
Examples include clipping [21], [22], companding [23], [24]
and use of pilot symbols [18], [25]. In this study, pilot symbols
scheme applied to reduce the PAPR in wavelet-OFDM system
in [18] is adopted. By using pilot symbols, no additional overhead is introduced to the system since the pilot-symbols are
used also for channel estimation purposes [25]. The system
model is shown in Fig. 5. Consider some frequency domain

(17)

∀j = 0, 1, · · · , N − 1,

(18)

where Auτ , ∀u = 1, · · · , U is the amplitude of Muτ with phase
θτ,u , ∀n̄ = 0, 1, · · · , N −P and X̄n̄ ∈ C(N −P )×1 . In (17), the
amplitudes of the pilot symbol, Aτ,u , scale the amplitudes of
frequency domain content of the HW-OFDM signal while the
phase of the frequency domain content of the HW-OFDM is
rotated by θτ,u which are drawn from θτ,u = [0, π]. After that,
the pilot symbols which can be used for channel estimation
are inserted as follows [26]

−∞

Note that Φ(ω) = 0 except for 0 ≤ ω < 2π. By letting X(ω =
0) be replaced with X0 , x(φ,t) = X0 /2 and x̄(φ,t) = X0 /2 so
that

∀τ ∈ P, n̄ ∈ N − P,

u

Xj = X̄n̄ + X̄p,j ,

where P is the number of pilots and u ∈ U is the pilot
sequence. After these, the HW-OFDM pilot-aided symbol is
oversampled by a factor ℓ to ensure that none of the symbol
peaks is missed out, such that
Xn = [Xj

01×ℓN −N ]

∀n = 0, 1, · · · , ℓN − 1.

(19)

The HW-OFDM that will be transmitted over the channel
which includes pilot symbols and oversampling can be expressed as
s[n] = W (Xn )

∀n = 0, 1, · · · , ℓN − 1,

(20)

where W (·) is the HW transform of the input symbol which
is expressed in (8). Next, the signal that achieves the minimum
PAPR among r = 1, 2, · · · , r̄ iterations from the following
!

s̄up,r [n] = min PAPRup,r ∀u = 1, · · · , U
(21)
1≤r≤r̄

will be transmitted over the fading channel. In (21), the PAPR
of the pilot-assisted HW-OFDM signal can be determined as

maxn=0,···,ℓN −1 |s̄up,r [n]|2
u

PAPRp,r =
,
(22)
E |s̄up,r [n]|2

where E{·} is the expected value operator. Usually, the PAPR
is reported in terms of CCDF and can be expressed as


Pr{PAPR > PAPR0 } = 1 − {1 − exp (−PAPR)}ℓN , (23)

where Pr{·} represents the probability of {·}.
The OFDM symbol that exhibits the minimum PAPR is then
obtained and transmitted over the fading channel. Supposing
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Figure 6: PAPR performance of pilot-assisted HW-OFDM in
comparison with FFT-OFDM (ℓ = 4, 16QAM and N = 128)

Figure 8: BER performance of HW-OFDM in comparison with
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Figure 7: PAPR performance of pilot-assisted HW-OFDM in
comparison with FFT-OFDM (ℓ = 4, 16QAM and N = 1024)

that the fading channel follows the Rayleigh distributions with
variance σh2 . The received signal in frequency domain after
the cyclic prefix is removed can be expressed as: Y = HX +
Z where H is the channel transfer function and X is the
transmitted signal. The recovered signal after equalization can
be written as
X̄ = HM M SE · Y = X +

H⋆
 −1 Z,
x
|H ⋆ |2 + E
N0

(24)

where Z ∼ N (0, σz2 ) is the AWGN and HM M SE is the
minimum
error (MMSE) channel equalizer given
 mean square
 −1 
Es
⋆
⋆ 2
by H / |H | + N0
. (24) is the MMSE estimate of

the transmitted OFDM symbol. MMSE equalization is used
because it has the potential to minimize the impact of noise
on the received signal.

To demonstrate the performance of the proposed HWOFDM relative to FFT-OFDM, we conducted an investigation
using the model shown in Fig. 5. The model used in the
simulation involves N = 128 randomly generated input symbol which are digitally modulated using 16-QAM (quadrature
amplitude modulation). Signals realized from this process were
scaled to ensure that E{|s[n]|} ≈ 1. Afterwards, pilot symbols
with property as discussed in Section II-E are constructed and
inserted within the HW-OFDM symbol before transmission
over the channel. The PAPR of the output symbols is estimated
using (22). As shown in Fig. 5, only the HW-OFDM symbol
with the minimum PAPR value among r = 1, · · · , r̄ are
transmitted over the channel. The fading channel assumes the
Rayleigh distribution in which the channel state information
are known at the receiver. At the receiver, we adopted MMSE
equalization technique to recover the transmitted signals as
shown in (24). These processes are repeated for N = 1024
and the results obtained over the Rayleigh fading channel with
AWGN are reported in terms of BER in Figs. 8 and 9.
We find in Fig. 6 that the PAPR performance of HWOFDM is lower than that of standard FFT-OFDM system by
about 0.5 dB. When the phase and amplitudes (Aui = 1) of
the pilot symbols are exploited, this PAPR reduction further
improves by an additional 2.5 dB at 10−4 CCDF. Fundamentally, increasing the number of OFDM sub-carriers increases
PAPR degradation as also seen when comparing Figs. 6 and
7. However, by increasing the number of sub-carriers from
N = 128 to N = 1024 for the two schemes, it is seen that
the proposed HW-OFDM further reduces the PAPR by 3 dB at
10−4 CCDF relative to FFT-OFDM. Due to varying number of
subchannels (which are smaller than N ) at each decomposition
level, the DFT of the Gaussian variable in the HW transform
enables lower peak power than conventional DFT, and thus
HW-OFDM exhibits lower PAPR than FFT-OFDM.
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Figure 9: BER performance of HW-OFDM in comparison with
FFT-OFDM over a Rayleigh fading channel with AWGN (ℓ =
4, M = 16 QAM and N =1024)

In terms of BER performance, the FFT-OFDM and the HWOFDM are seen to perform similarly at all Eb/N0 shown.
Typically, PAPR reduction that uses symbol phase rotation
has negligible impacts on the BER performance. We can see
that although the proposed pilot-assisted scheme reduces the
PAPR, it does not degrade the BER performances of the
FFT-OFDM and HW-OFDM systems. However, as shown in
Figs. 8 and 9, the results show that the BER performance is
degraded when compared to the AWGN-only channel; this is
expected due to the impacts of the dispersive channel on the
OFDM symbols and the noise that is magnified due to channel
estimation. One of the ways of improving this performance is
through forward error correction.
IV. C ONCLUSION
In this study, we have demonstrated a new WT design scheme for processing OFDM symbols. The HW was
implemented using the FFT/IFFT algorithm (that requires
O(N log2 N ) hence computationally efficient) and uses only
m = log2 (N ) decomposition levels given a data symbol
of length N . The design kernel is the HW and was found
to exhibit 3dB better in PAPR performance than FFT-based
OFDM. Over Rayleigh fading channels, we observed that the
model performs similarly as the FFT-based OFDM in terms of
BER. Since the HW-OFDM has equivalent BER performance
as the FFT-OFDM and uses the FFT/IFFT tool, the HWOFDM scheme can be applied in the design of communication
systems henceforth; both wireless and wired. In the future, we
shall assess the performance of the proposed kernel with other
alternative design kernels for OFDM systems.
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