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Abstract

Nematic liquid crystals are fluids whose anisometric molecules show long range
orientational order but no positional order. The orientational order gives rise to
anisotropic properties that have widely been exploited as the basis for liquid crys-
tal display devices. The Ericksen-Leslie director theory has successfully been used
to describe many dynamic properties of liquid crystals however there are situations
in which a more complete description may be given in terms of the second rank

traceless symmetric Q-tensor.

The development of a liquid crystal device solver is described. The solver calcu-
lates the flow, director and order parameter fields in three-dimensions through the
@-tensor equations of nemato-dynamics. The solver includes elastic, electric, mag-
netic, thermotropic, flexoelectric, dielectric and surface anchoring effects. Coupled
lattice Boltzmann algorithms are used with anisotropic forcing terms included in
order to reproduce the governing equations. A Chapman-Enskog analysis demon-

strates that the algorithm recovers the target macroscopic equations.

The method is successfully validated against analytical results for the effect of tem-
perature, external electric fields, flow alignment and Miesowicz viscosities. Further
validation is given against numerical solutions of a one-dimensional model of a lig-

uid crystal display device proposed by Davidson.

The switching behaviour of a Zenithal Bistable Display is then investigated. It is
shown how flexoelectric properties of nematics produce bistability within this de-
vice. Defect creation and annihilation processes are shown during device switching
for which it is necessary to use a method with variable order parameter. An ap-
proach to determine the flexoelectric coeflicients is discussed. Results are presented
for the preliminary characterisation and operation of this display that may enable

optimisation for use in the display industry.
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Chapter 1

Introduction

The topic of liquid crystals (LC’s) is a multidisciplinary field. It has scope to
accommodate physicists, chemists, biologists, mathematicians and engineers. This
thesis will be examining LC’s mainly from the view point of the physicist and
mathematician but it will become evident of the wider scope which the field holds.
LC’s are an important class of materials, their applications ranging from display
devices, optoelectronic devices, sensors, biological and structural materials. By
far the most technologically important of these applications has been the display

devices and it is towards this which the current study is aimed.

1.1 The Study

This study has been established with a three fold purpose. First to report a lattice
Boltzmann (LB) simulation method for complex fluids: we will report a method by
which we may adapt LB methods to simulate macroscopic continuum equation of
non-Newtonian complex fluids. Secondly to use the method to predict LC dynamics
of variable director, order and flow fields. In particular we focus on those situations
where the use of a variable order parameter scheme is expected to be essential
in order to recover the correct behaviour of a LC system. Lastly we apply these
methods to situations of experimental relevance, in particularly to situations in
which flexoelectric properties of LC become important such that they may control
the behaviour of LC displays (LCD’s) and towards the development of bistable LCD

technologies.



1.1.1 Aims and Objectives

The main purpose of this work is to develop and build a generic method by which
systems of confined LC’s particularly those of LCD’s may be modelled. The method
is to include hydrodynamic, director and order parameter variations, allowing for ar-
bitrary enclosed geometries and be subjected to external magnetic or electric fields.
We then wish to apply our method to situations in which flexoelectric properties
of LC’s are of importance. The notable exclusion from our method is electrohy-
drodynamics: the conduction of ions and impurities within LC samples associated
with a conductivity anisotropy. However we hope that with improved experimental
methods in sample purity and using pseudo ac driven methods these effect are small
enough to be ignored.

In solving the system of equations for LC’s the LB method will be utilised. We
will address within the LB method how to account for the differences in time scales
of the fast hydrodynamic variations compared to the slow director evolution. The
LB solutions will be verified /validated against analytical and numerical solutions to
the governing equations. We will also discuss the advantages of an order variation
within simulations.

We will then apply our methods to the study of the complex experimental
zenithal bistable devices (ZBD); this employs situations of variable geometry and
defect dynamics. We aim to track the correct creation and annihilation of defects,
which we believe to be the first time, in the switching process between continu-
ous and defect bistable states. A comparative study of the significance of order
parameter variations versus director only descriptions will then follow to highlight
the differences in the methods. Finally we will further examine some switching

properties in the ZBD.

1.1.2 Organisation of Thesis

For the remainder of Chapter 1 an introduction to LC, LCD properties and a
discussion of phenomenological simulation techniques is given for those not familiar
with LC’s. This may be safely omitted by a reader familiar with these subjects and
its associated notations.

In Chapter 2 we overview the phenomenological continuum theory for the Lan-



dau deGennes order parameter. The relevant properties, free energies are described
with the static and dynamic equations that govern the behaviour.

In Chapter 3 the LB method for isotropic fluids is discussed and the algorithm
is described. A short LB investigation into isotropic laminar flow over a backward
facing step is reported comparing pressure driven and body forced methods. Results
are compared to experimental and numerical work [1] in the same geometry and
agreement is obtained to a satisfactory level of accuracy.

In Chapter 4 the LB methods for Q-tensor nemato-dynamics are discussed. We
provide a statement of the algorithm used in the work and a Chapman-Enskog
analysis to justify its form. We report a method for treating the electric field
within the LB solver. The full solver is tested against simple analytical solutions of
the governing equations: phase behaviour, shear flow, Miesowicz viscosities and a
kickback cell.

In Chapter 5 the solver is applied to an idealised bistable device model [2]. We
recover previous numerical results for this model from a constant order parameter
method. The additional information the Q-tensor method can yield and to what
extent a more detailed description than [2] of this device can give is studied.

In Chapter 6 the statics and dynamics of the ZBD are studied. We simplify the
theory to show the source of the bistable behaviour. Switching between states is
shown and the dielectric anisotropy versus flexoelectric contributions to the switch-
ing studied.

In Chapter 7 a more complete description of the ZBD is given examining the
influence of hydrodynamics and electrostatics, the temperature range of the device
and we study some device properties upon the relaxation dynamics.

In Chapter 8 a summary of the main results of this thesis and the conclusions

are given. Directions are suggested for future work. A bibliography is included.



1.2 Liquid Crystal Primer

In general, most substances have a single melting point where a solid possessing a
positional and orientational order changes upon melting to an isotropic liquid that
has neither positional nor orientational order. However some materials when melted
from the solid state change into a cloudy liquid [3] with only orientational order at
one temperature and upon further heating to an isotropic liquid that has no order.
For this reason LC’s have been dubbed mesomorphic (meaning intermediate) phases
that exist above the melting temperature T, of the crystalline phase and below the
clearing point T}y of the liquid (isotropic) phase, see figure 1.1. This type of LC in
which the mesophase is defined by the temperature between T;, and 77y is called a
thermotropic LC. If the mesophase is defined by a solvent concentration it is called
a lyotropic LC. As thermotropic LC are predominantly used for display applications
we only consider their behaviour for this thesis (lyotropic systems can give rise to
different physics from their larger molecular dimensions and properties).

Most LC materials are organic compounds that consist of rod-like or disc-like
shaped molecules. For display applications LC materials with rod-like shaped

molecules are the most commonly used. The LC mesophase may be broadly classi-

T<Tm Tmn<T<Tiv T<Tw

Liquid Crystal Liquid

order

Figure 1.1: Sketch of solid, LC and liquid phases. The solid phase has positional and
orientational ordering of molecules. The LC phase has orientational order, no positional
order. The liquid phase has no positional or orientational order, it is isotropic.
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biphenyl rings are nearly coplanar and form approximately a rigid rod about 20A
long by 54 wide. The terminal groups (cyano and pentyl) and conjugated bonds in
the molecular core are largely responsible for many anisotropic properties of these
materials. Many thousands of LC materials have been discovered and engineered
each with their own specific parameters. The LC materials used in current LCD’s
are typically highly developed mixtures of various compounds that are tailored
to meet environmental stability of wide operating temperatures, fast response to
external field influences and high electrical resistivity for addressing purposes.

The rod-like molecules in a nematic LC are characterised well by an ellipsoid,
see figure 1.3, although they may not necessarily be cylindrically symmetric due to
their shape or charge distribution. With such shape symmetry the nematic is termed
uniaxial and may be characterised microscopically by a unit orientational vector @
along the molecular long axis. The states . and —& are physically indistinguishable
indicating 'head-tail’ symmetry of the molecule. Averaging @& over a collection of
molecules gives the average orientation of a set of molecules called the director

i = (@) in which () denotes the average over an ensemble of molecules. The

C:Hu CN

0.5nm

(c)

Figure 1.3: Sketch of a common LC called 5CB. (a) chemical composition, (b) atomistic
arrangement [6] page 6 figure 1.1, (¢) common molecular dynamics simulated LC ellipsoid.



director is a course grained macroscopic observable, it is physically measurable. 7
is also a unit vector - = 1 with ‘head-tail’ equivalence (& - 7) = 0, however
((@-7)?) # 0 and thus may be used as a measure of ordering i.e. how well aligned
the molecules are to f. The degree of order is given by the even set of Legendre
polynomials, of which the second is termed the uniaxial scalar order parameter,
S = %(3 cos? @ — 1) in which 6 is the angular difference from the director. Typically
0 < S < 1 characterises the nematic phase: for perfect alignment of molecules
S = 1, for a random configuration of molecules (isotropic) S = 0. It should
be noted S = —% is a possibility but is physically hard to imagine given that all
molecular orientations must be perpendicular to 4. In thermotropic LC’s S = S(T')
where T stands for the temperature of the system. The transition from the nematic
to isotropic phase at Ty is indicated within S as it changes discontinuously to zero
indicating a first order phase transition.

In a well defined LC sample in which the characteristic variation [ < l1um of
fi is much larger than the molecular dimensions a ~ 104 we have ¢ < 1 and
S ~ Sy is constant. A director description of the sample thus surfaces. However
situations occur such as the influence of external parameters upon the sample in
which i may change abruptly but over this range S(z) changes continuously; it has
a mesoscopic length scale (one can expect S to lower according to its definition if
molecular alignments vary). Samples of this kind would be better characterised by
both 72 and S. One such continuous parameter that combines both of these is an
alignment tensor Qas = Qag(7t; S) with the properties Quo = 0 and €,4,5Q0qs = 0.
Here and throughout this thesis Einstein summation convention is implied over
repeated Greek indicies and €44, is the Levi-Civita symbol (€123 permutations = 1,
€321 permutations = —1, and 0 for all other cases). The elements of Q,z are real

and related to 72 and S through its eigenvectors and eigenvalues.

1.2.1 Physical Properties of Liquid Crystals

The ordered structure of LC molecules give rise to anisotropic properties. That is,
various physical properties such as dielectric constant ¢, refractive index n, magnetic
susceptibility x, conductivity o, viscosity 7, have different values in the directions

parallel (]|) and perpendicular (L) to the molecular long axis. These anisotropic
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The dielectric anisotropy is expressed as Ae, = € — €, where ¢ and €, are the
dielectric constants measured parallel and perpendicular to the LC director. LC
materials that exhibit positive A¢, (p-type) tend to align themselves, for large fields,
with their molecular long axis parallel to the applied electric field. LC materials
that exhibit negative Ae, (n-type) tend to align themselves, for large enough fields,
with their molecular long axis perpendicular to the electric field. Both positive and
negative applied fields induce the same molecular re-orientations. The magnetic
susceptibility of a LC behaves in an analogous way to the dielectric effect, with the
magnetic anisotropy defined Ax, = X) —x.. Both electric and magnetic fields have
the effect of stabilising an orientation leading to an increase in the level of ordering
among molecules, S (all be it small). Generally the dielectric constant € decreases
with increasing frequency [7] due to the relaxation phenomenon, oppositely €, varies
little over a large frequency range. At a cross over frequency f., typically in the
range 100kHz to 1M H z, where ¢ = ¢, the LC becomes dielectrically isotropic. The
dielectric constants also change as a function of temperature and thus S (S = S(T'))

becoming equal € = €1 = €;5, as the temperature approaches T;y.
Refractive Index Anisotropy

Materials displaying birefringence, such as LC’s, have anisotropic refractive indi-
cies. They have two principle refractive indicies n, and ne, see figure 1.5. For the
ordinary refractive index n,, the electric field vector of the light beam oscillates

perpendicular to the optic axis and for the extraordinary refractive index n., the

Director, n

Ne=1y

No= nl

Optic axis

Figure 1.5: Sketch of the anisotropy in the refractive indicies for a uniaxial LC.
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a destabilising effect upon the local order parameter. As with most LC parameters

the K;; depend upon temperature, S(T"), becoming ~ zero below Tiy.

Flexoelectric Effect

There are two ways flexoelectricity affects LC’s, both weakly affect the molecular
orientations through polar induced distortions. Firstly [8] molecules that have an
asymmetry in their shape may contain small permanent electric dipoles. The prime
examples being ‘banana’ or ‘pear’ shaped molecules. For undeformed LC samples
the molecular configurations show no net polar symmetry, the molecular dipoles
cancel giving a zero bulk dipole, see figure 1.7a or figure 1.7c. If the sample is
now distorted in shape or through the application of an external field the molecules
re-orientate in order to better fill the shape volume or to align their dipoles to the
electric field, see figure 1.7b or figure 1.7d. In doing so it creates a) a distortion
splay or bend and b) a net polarisation and hence electric field. The effect of flexo-
electricity upon the order parameter is not obvious as it has a distortion property
(lowering S) together with a polarisation (increasing S) property. The splay and
bend distortions are represented by flexoelectric coefficients e;; and es3 respectively
that are functions of S(7'). It is important to note that applying a positive or neg-
ative electric field will cause different and opposite distortions, unlike the dielectric
effect, as discussed earlier.

The second way is for molecules that are symmetric to have quadrupolar sym-

metry [9]. Again an undeformed sample has no net polarisation but upon distortion

Figure 1.7: Sketch of the dipolar flexoelectric LC effect for molecules in their undistorted
(a),(c) and distorted states (b),(d).
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no distortions occur but above E¢ deformation increases with increasing E. The
value of F¢ depends on the LC material parameters K, Ae, and d (the sample

thickness).

1.2.2 Liquid Crystal Display Materials and Fabrication

The important orientational behaviour of LC’s makes them useful for display de-
vices. They also contain further attributes including low drive voltages, low power
consumption, thin form factor (flat panel displays), light weight, full colour, grayscale
with wide dynamic (even in sunlight) range, full motion video, superior image qual-
ity and high reliability (life span). These reasons make LC’s the preferred approach
for battery-powered portable applications ranging from the wrist watch to tradi-
tional televisions to laptop computer displays to large screen projections, they have
even started to replace cathode ray tubes (CRT).

LCD’s are by no means the conclusive display, they are just one technology in
the quest to find the holy grail in displays - electronic paper. It was said about

electronic paper [11]:

‘Ink on paper is simply the pinnacle of the display industry. Ink on paper
is o bistable, bright, high contrast, inexpensive material that consumes
no power in retaining an tmage and can easily be viewed from many

different angles even in sunlight.’

For the purposes of this work we do not consider other technologies competing
for the multi-million pound display market but would refer interested parties to
electronic ink references [12]. LCD technology is still in the early development
stages to achieve electronic paper. At the time of writing the current developments
are to improve viewing angles, improve image quality, lower power consumption and
larger displays. We outline below some of the typical techniques in the manufacture
of LCD’s [5, 13].

In figure 1.10 is shown a schematic of a general passive matrix addressed LCD.

In figure 1.11 the general construction process is indicated in a flow chart.

14
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l Lower Glass Substrate | I Upper Glass Substrate |

1
[ Etectrode Pattening | [ Colour Filter Fabrication |
IAlignmem Layer Processingl | Electrode Patterning I
I Spacer Application | I Alignment Layer Processing |

!

| Cell Periphery Sealing |

1

[ LCMaterial Filling |

'

[ FillHole Sealing |

1

I Polariser Attachment |

1

I Driver Interconnection |

1

I Module Assembly I
¥
| Testing |

Figure 1.11: A flow chart for the manufacturing and assembly processes involved in a
typical LCD.

made from dyes or photo resists that are applied using photo lithography. A Black
matrix material is applied between colour filters to block inter pixel light transmis-
sion. This can be optically finished with a smooth barrier layer of SiO, to attach

electrodes.

Transparent Electrodes

Typically indium tin oxide (ITO) of 90% In,O3 and 10% SnO, is used due to its
good transmission levels. 50 to 300 nm thick layers are deposited via evaporation

or sputtering techniques with a typical resistivity of the order 107#Q em™!.

Alignment Techniques

Surface alignment is crucial to the LCD operation. It aligns the LC molecules to
specific orientations with a specific strength to remain in that orientation. There
are four main types of alignment. Planar arrangement orientates the LC direction
anywhere within the plane of the surface. Homogeneous alignment is in the plane of
the surface but with a preferred direction. Homeotropic alignment is perpendicular
to the surface and conical alignment describes a director with a fixed polar angle

from the surface but a free azimuthal angle. Further it is sometimes useful to

16



add pre-tilts to device surfaces, these being typically a finite angle from one of
the above types of anchorings. Inorganic films such as obliquely evaporated SiO
or organic materials such as rubbed polymide are commonly used to impose the

required alignments.

Cell Spacing and Sealing

After alignment the cell assembly starts. The cell thickness is controlled by spacers,
typically plastic fibres or spheres of set size, that are positioned both in active areas
and peripherals. A compatible epoxy type adhesive then seals the cell with a small
fill opening left to inject the LC material. The upper and lower surfaces are then
aligned before curing via heating or UV exposure methods. Seals are typically 1 to
3 mm wide and 2 to 3 mm from the active area of the display. Sealant must prevent

moisture and contaminants getting into the cell.

LC Material Filling

Small LC cells are usually filled by evacuating the cell in a vacuum chamber, sub-
mersing the cell below the fill hole level into the LC material then increasing the
chamber pressure. Raising the pressure causes the cell to fill via capillary action.

When full the fill hole is sealed with compatible epoxy adhesive.

External Components

These include polarisers, reflectors, display drivers and backlights. A reflector is
applied to the back of a display to reflect the ambient light and does not require
back lighting though it can be done so. More commonly the transmissive mode
is used with back light. Polarisers are attached to the front and back of the cell
with the axis polarisation set dependent on display type operation. Polarisers are
typically a three layer composite with polarising polyvinyl alcohol (PVA) then two
outer triacetyl cellulose (TAC) films for protection from environmental damage.
Polarisers can be 99.9% efficient but only 45% transmissive.

Display row and column integrated circuit (IC) drivers are then attached to the
row and column pads of the display via tape-automated bonding (TAB) or chip on
glass (COG) approaches. A fluorescent lamp and diffuser generates a uniform back

light that can also be used to control image brightness.
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Display Addressing

There are essentially three types of display addressing techniques allowing for the
different demands of display types: direct (static) addressing, passive matrix (PM)
addressing and active matrix (AM) addressing. For low information content displays
segmented electrodes are used with simple direct addressing (voltage drive signals
are given for each segment/pixel), for example the numeric seven segment display
in a calculator. This method becomes impractical for high information content
displays due to the vast number of interconnections required; we now turn to matrix
addressing.

PM addressing has a matrix of transparent conducting row and column elec-
trodes as in figure 1.10. They are the simplest and least expensive addressing
systems for LCD manufacturers. For example a colour VGA graphics array of
pixels 640 (x3 = 1920)H by 480 V has 1920 columns and 480 rows with 2400
interconnections used to éddress a 921600 pixelled display.

In PM addressing a voltage, +V;., is applied to each row sequentially, the columns
of a given row are then driven in parallel during that row time with a voltage, £V,
a pixel is either on or off depending upon the sum of the voltages V. &+ V.. During
the frame time ¢y, for an N row display the pixels in any one row will receive its full
voltage on for ¢, = t;/N of the time. Whilst the other rows are addressed there will
be a smaller voltage which, from figure 1.13c, will lead to less contrast hence why
devices with steeper electro-optic curves were developed (see § 1.2.3). Operation
can be enhanced (speed and content) by splitting the display in half where the rows
in each half are scanned simultaneously and synchronously.

AM addressing removes multiplexing (number addressable rows) limitations of
PM methods by including a non-linear control element into each pixel using a
stored charge. The AM address is depicted in figure 1.12, it shows the three main
components required at a pixel: thin film transistor (TFT), pixel electrode (Crc)
and storage capacitor (Cs: introduced to correct for offsets such as a temperature
changes). The manufacturing process is complicated and usually done using more
expensive photo lithographic methods. As with the PM addressing and most matrix
addressing displays, with line at a time addressing, the rows (gate of the TFT) are

scanned sequentially with a select gate pulse V ; during the frame time ¢;, while all
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Figure 1.12: Sketch of an active matrix controlled LCD substrate surface. Each pixel
contains a TFT and pixel electrode and storage capacitor.

the pixels in a row are addressed simultaneously with a data voltage £V during the
row time, ¢,(= t;/N). During the row time the select gate voltage switches the TFT
on to charge the pixel capacitor and storage capacitor to the data voltage. After
the row time the TFT is switched off via a non select V, non—set Which isolates the
charge from the matrix and maintains the pixel voltage for time ¢;. This isolation
vastly improves contrast and switching time making it the addressing choice for
high speed video applications. It should be noted the pixels should be driven in an
ac fashion with +V; and —V; on alternate frames. This avoids net dc build up of
ions in the LC due to anisotropy in the conductivity Ao, which causes pixel flicker

and image sticking effects.

1.2.3 Liquid Crystal Display Modes

Schadt and Helfrich [15] then of Sharp Laboratories were the first to construct LC’s
for displays but the principles by which LCD’s can operate vary. Many different
operational types of display exist. We highlight here just some of the common

operating modes that exist [16].
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Twisted Nematic (TN) Mode

The TN [15] arrangement is shown in figure 1.13a. A nematic LC with Ae, > 0
lies in a cell with directors homogeneously aligned 90° from each other on opposing
surfaces with a small, 3° pre-tilt that will avoid reverse tilt disclinations. The
rest state of a normally white mode display has uniform director twist throughout
the cell with crossed polarisers attached with their polarisation axis parallel to
the director on that substrate. For a pitch of the LC greater than the optical
wavelength the linearly polarised incident light rotates 90° with the LC optic axis
and exits the second polariser appearing bright. Applying a voltage aligns molecules
as figure 1.13b and the optical rotation is lost and the cell appears dark due to the
polarisers. Typical operating voltages are 2 to 5 Volts with a response time of 10
ms, the typical response being shown approximately in figure 1.13c from which,
by varying the voltage we may achieve gray scale control. TN devices are best
addressed on an active matrix system due to the shallow electro optic response

limiting multiplexibility.
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Figure 1.13: Sketch of a normally white TN device in the (a) ‘off-state’: incoming light
is linearly polarised which then follows the optic axis (1) allowing it to escape the second
polariser appearing white. (b) ‘on-state’: the incoming light is linearly polarised but for
this alignment there is no anisotropy, polarisation remains linear and light is extinguished

by the second polariser. (c) a typical optical response curve of transmission versus applied
voltage.
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Super TN (STN) Mode

STN [17] where developed to achieve a steep electro-optic curve (steeper than fig-
ure 1.13c), that will allow for high multiplexibility. The STN uses the same setup
as the TN with large pre-tilt angles and a larger twist angle 180° to 270° between
upper and lower surfaces (achieved via chiral additants to the LC mixture). Typi-
cal STN response times are of the order of 150 ms with a lower contrast ratio and

narrower viewing angle than the TN.

Electrically Controlled Birefringence (ECB) Modes

These display modes [18] work by controlling the cell birefringence via electric
fields. There are many arrangements. The DAP is a homeotropically aligned sam-
ple throughout the cell and has Ae, < 0 between crossed polarisers. For no field
there is no birefringence for incident light. For an increasing field there is increasing
birefringence creating elliptically polarised light that makes the cell appear bright.
Oppositely a homogeneously aligned cell may be used of A¢, > 0. The HAN (hy-
brid aligned nematic) is another variation in which one surface is homeotropic and
the other homogeneous. Here both positive and negative Ae, materials can be
used and since there is no clear Fredericksz threshold voltage it has a low drive
voltage. Another arrangement is called in-plane switching (IPS) that has homoge-
neous alignment and interdigitated electrodes on one surface and A¢, > 0. Upon
application of the field the directors rotate in-plane by 90° to align between the

electrodes.

1.2.4 Bistable Liquid Crystal Display Modes

In the development of LCD’s towards the idealist electronic paper, one of the char-
acteristic requirements is bistability. This is the property that under the influence
of no externally applied fields the LC has two equally stable configurations. If in
addition the two stable states are optically distinct in a reflective display cell this
would lead to a static image being displayed for zero power expenditure. Power is
then only needed if the image where to be changed (updated), this is in contrast to
the modes of §1.2.3 were a constant applied field is needed to retain an image. This

ability has potentially a dramatic influence upon the display market, particularly
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for portable devices. With power consumption reduction the operational life time
of batteries is increased and smaller batteries may be used. The added complication
to these displays is that switching is preferred to occur electrically with dc-fields
applied between upper and lower substrates.

As bistable displays have pixels that are bistable they retain their states indef-
initely and there is less ‘cross-talk’ between pixels (less image flicker) which have
threshold voltages between the two states thus the cheaper passive matrix driving
technologies may be used with unlimited multiplexing capabilities.

Over the years there has been increased research towards achieving bistable
LCD’s aimed to reduce operating voltages and widen applications, the following
will describe such technologies. Cholesteric LCD’s [19] with one state having planar
twisted reflective state (bright) the other having a focal conic texture absorbing
(dark) state, the switching between states is done by switching the electric field off
quickly or slowly. Bistable twisted nematic (BTN) [20] have one state with a 360°
twist the other homogeneous, the switching between states achieved by different
threshold voltages. Bend-Splay nematics [21, 22] that have high surface pre-tilt
angles allowing for a bend state and a splay state, the switching being achieve by
interdigitated electrodes on one or both surfaces. The post aligned bistable nematic
(PABN) [23] uses a three dimensional array of micron high planar aligned posts on
one surface and the other surface homeotropically flat, two hybrid states are found
in which defects position around the posts and are shifted for each state, switching
is achieved by the polarity of the applied voltage. The Bistable electrophoretic
nematic (BEN) display has been developed by the Defence Evaluation and Research
Agency and involves both surfaces having rounded wells and reflective particles that
sit in each well, applying an electric field can pull the particle from one surface to
the other with both being positions being stable.

Another bistable candidate is the surface nano-rubbing device [24] in which one
surface is rubbed by atomic force microscopy into small checker board segments of
opposite alignments the other surface being homeotropic, switching has yet to be
achieved by vertical dc fields. Similarly to the nano-rubbed bistable device methods
research into chemically nano-patterended surfaces [25, 26] is being studied. We give

more detail below of some the more developed and commercially promising bistable
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Surface Controlled Bistable Nematic

Early variants of this device were investigated by Berreman [28], the more recent
and advanced variants by Dozov et al [29]. This device has a simple construction
with a chirally doped nematic of pitch P, = 4d (7/2 twist within d) placed in a cell
with homogeneous anchoring on both surfaces with Ae¢, > 0. This creates two stable
states of a homogeneously aligned cell, figure 1.15a, or a 7 twisted cell, figure 1.15c.
One surface is weakly anchored so that a large enough voltage breaks the surface
director to align with the field, figure 1.15b. Upon removal of the field, dependent
upon its waveform, the cell can then relax to either the homogeneous state or 7
twisted states. A slowly decreasing waveform relaxes to the homogeneous state, an
instantaneous removal of the field causes a large hydrodynamic effect transforming

the orientation to the 7 twisted state.

. ° . .
Planar alignment Wave form 180 twist alignment
Strong
v Lo i ] R
anchoring ) 0 Pre-tilt =N SRy,
Tz v 1 v )
W l I'l . |E I | o
“tims +— U —_ s
Weak s s
anchoring

(a) (b) ()

Figure 1.15: Sketch of the 180° surface controlled nematic. The equilibrium states (a)
planar untwisted and (c) twisted. Applying an electric field breaks the lower surface
anchoring and the waveform decides the switched state.

Zenithally Bistable Nematic Device (ZBD)

The ZBD uses a surface structure to induce bistability of a nematic Ae, > 0. Early
variants of this device were investigated by [30] and more recently and advanced
variants by [31]. One surface of the cell is flat whilst the other is that of a grating, see
figure 1.16. Surface alignment induces homeotropic alignment everywhere (normal
to the surface). Due to the grating morphology two optically distinct states called
the continuous, figure 1.16a, and defect, figure 1.16b states exist. In the defect state
the director changes abruptly at the peak and troughs of the grating where as the

director changes continuously in the continuous state with no defects. Switching
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constructed an appropriate form for the elastic free energy of a LC which when
minimised gave correct equilibrium configurations. However the time evolution of
this minimisation failed to agree with experimental observations. The dynamic sim-
ulations of both the director description and flow behaviour then followed to better
predict this time evolution. Ericksen [33] and Leslie [34] developed the accepted con-
stitutive theories for flows and directors in what is now termed nemato-dynamics.
The Ericksen-Leslie (EL) theory couples the flow to the director and the director to
the flow. The EL method has been experimentally verified in terms of its predictions
and in comparing calculated optical transmission of switched LCD’s. DeGennes [35]
developed seminal works in phenomenological theory to extend the aforementioned
theories to study critical phenomena, LC’s near their transition point T7y. He in-
cluded the order parameter degree of freedom into the director description via the
alignment tensor or (J-tensor. This latter approach is followed in the development
of a solver for LC dynamics in this thesis.

Over the last few decades the static structures of confined LC and LC defects
cores (discontinuous in the director and molecular orientations) have been stud-
ied thoroughly. Dynamic studies followed next to observe time evolution of such
systems switching phenomena in LCD’s. Very often the dynamics of LC including
those of defects are studied via the director description, neglecting hydrodynamic
flow entirely. While the director description is perfectly adequate for problems not
involving any defects well into the nematic phase, the neglect of flow is always ques-
tionable. Hence in order to give a proper treatment of defect dynamics one must
use a tensor method as well as take into account hydrodynamic effects. Using a
tensor method does not bring any significant complications - it yields richer struc-
tures. Its drawbacks are to introduce wider parameter space and that it introduces
a microscopic length scale (the order parameter) which sets an upper limit to the

conceivably macroscopic length scales that can be reached via simulation.
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of alignment can be described by a continuous orientational distribution function
(ODF) f(6, ¢, 1) describing the probability of finding a collection of molecules ori-
entated within a solid angle, d2. The fraction of molecules in the sample with this
solid angle is then given by N(Q) = f(0, ¢,1)dQ that should be normalised such
that [ (6, ¢,v¥)dQ = 1 when integrated over a whole solid angle. In the isotropic
phase this simply gives f(Q) = 1/8x2.

A nematic may be considered uniaxial due to its rapid molecular tumbling (typ-
ical time scale of 1071 s [3]) giving an effective cylindrically symmetric molecular
shape. The molecule long axis orientation, 4,, can then be given from its spher-
ical co-ordinates: polar (f) and azimuthal (¢) angles, cosf = 7iyi,. The ODF
in this case is f(6,¢). Further 7, is independent of ¢ thus f(Q) = f(6). f(9)
can be expanded in various ways but for LC it is useful to expand in terms of
Legendre polynomials, P,(z) where m is the order. The first few are given as:
By =1, Pi(z) = z, Py(z) = 3(32® — 1), Ps(z) = 3(52° — 3z). These have the
useful property that Pp,(1) = 1. Expanding f() in these terms:

=12 Z JmPm(cos ) (2.1)
m=0
where the polynomials satisfy the orthogonality relations:

2(snm

/o P, (cos 0)P,,(cos §) sin 6df = 4 1 (2.2)
and f,, are the expansion coefficients determined from:
2n+4+1 [T
fo= 22T / F(6)Pa(cos 6) sin 6d6 (2.3)
0

and o is the Kronecker delta symbol (0,5 = 1 when a@ = § and 6,5 = 0 for
a # ). Defining the average value of a quantity X (6) [3] over all molecules in a

macroscopic ensemble as:

0)) = / X (6)£(6) sin 08 (2.4)
0
we get for the expansion coefficients:
2
o= 2P c0s0)) (2.5)

where (P,(cosf)) is the average Legendre polynomial over all molecules.

28



Examining terms in order of decreasing significance in equation 2.1, the zeroth
order coefficient fo = 1/2 is insensitive to any type of molecular ordering hence we
seek higher order terms. All P, i(cos@) polynomials are odd functions whereas
Py, (cos ) polynomials are even and similarly the ODF is even (f(6) = f(0 + 7))
due to the nematics ‘head-tail’ symmetry. Thus all odd order coefficients f, are
identically zero. Looking to the next highest order non-zero coefficient, n = 2, we
have:

fo= -—/ f(0)Pz(cos 0) sin §df = (Pz(cos 0)) = ﬁ (2.6)

in which the ensemble scalar order parameter S = ((3cos?6 — 1)) is defined. S
therefore quantifies the degree of nematic ordering with respect to 7, as described
in § 1.2. Up to the second order the ODF can then be written as:

) = { g + 35 Py(cosh)) = 25 (3 + (3 00520 - 1))

1+ 22 (3(Ralia)? — 1)) = gz (14 22 (3Mafip — bap) Galls)  (2.7)
=52 (1+ 5Qagﬂa’ftﬁ)

where Q4 is defined by: |
S s
Qaﬁ = "2' (3nanﬂ - 6aﬂ) (28)

and is called the tensor order parameter or uniaxial alignment tensor, also often
referred to as the quadrupolar moment of the ODF. The alignment tensor contains
information on both average molecular alignment 7, and on the degree of order
S. It has the properties Qo = 0 (traceless) and €,,Qqp = 0 (symmetric) and is
dimensionless. Obviously including higher order terms will lead to a more accurate
ODF but for most theoretical and experimental works in LC’s, the characteristic
second moment parameter equation 2.8 is enough to desciribe the molecular order-
ing.

Equivalently [38] nematic ordering can explicitly be described by constructing a

symmetric and traceless ordering matrix from the assumed rigid rod-like molecular

Qus = = (M ~ 6, ) (2.9)

orientations:

2 N
because this matrix is symmetric it is always possible to find a frame of reference
in which it is diagonal where the eigenvalue with the largest absolute value can be

identified as S and the corresponding eigenvector as 7.
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For a biaxial nematic, the cylindrical symmetry of f() is broken. In addition to
the director, two additional characteristic directions appear, 1, and [, forming an
orthonormal triad with 7. Although there are thermotropic LC’s that are biaxial,
many are uniaxial which under external constraints such as electric and magnetic
fields, confinement, sheared flows and elastic distortions, the symmetry of f(6) is
broken and the LC exhibits biaxial characteristic. As before an ODF can be used to
define an alignment tensor though the process is more lengthy. Expansion in terms

of spherical harmonics [3] and taking the quadratic terms as before results in:

Qus = S (Blafis — bup) + 22 (lalﬁ - mamﬁ) } 210
= £ (3fafip — ap) — 22 (Matitg — (R X 1h2)a(R2 X 1))

which introduces the biaxial order parameter Pp = %(sin2 6 cos 20). Diagonalising
the tensor results in three different eigen values, S, —3(S + Pg), —3(S — Pp). As
Qop is symmetric and traceless it has five independent terms reflecting the five
quantities to determine the ODF at second order: order parameters S and Pkg,
director angles # and ¢ together with a third to determine the direction of m,,.

The level of microscopic ordering in the alignment tensor is reflected in the
macroscopic quantities such as the dielectric and magnetic susceptibility, refrac-
tive index and conductivity. This leads to an experimentally macroscopic way to
determine @),4. Consider the diagonalised macroscopic susceptibility tensor, then
making it traceless:

AXap = Xop — X052

=300 — x1) (2.11)

= —30x1 — x1)
20a—xa)

normalising the tensor through the maximum anisotropy Ax7** = (xy —x1)/S we

have:

_ 3 Xyy0as
Qap = 3 NV (Xaﬂ 3 (2.12)

The use of an order parameter defined in this way is valuable as it makes no assump-
tions about the constituent molecules or their flexibility. Likewise equation 2.12
shows how changes in macroscopic properties arise from microscopic changes in

order.
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2.1.2 Nematic - Isotropic Phase Transition

In general there are two different types of phase transitions at which matter under-
goes a change in its micro-structural symmetry. A phase transition is of first order
when the order parameter changes discontinuously at the transition. At a contin-
uous phase transition, or critical point, the order parameter changes continuously
but is discontinuous in a higher derivative. The nematic-isotropic phase transition
is weakly first order [35]. The Landau-deGennes theory of the nematic-isotropic
transition starts by assuming that a spatially invariant dimensionless, order param-
eter is small in the nematic phase close to the transition point. The difference in
free energy density (per unit volume) of the two phases it thus expanded in powers

of the order parameter. For the order parameter identified in §2.1.1:

Frac (P, T, Qag) = Fot+Aap10QapQ0+Bapr65)QapQr0Qsr+CoprosrmwRQas@re@saQ
(2.13)
where Fj is the energy density of the isotropic phase, A, B and C are tensor preserv-
ing the symmetry of the phase, constructed in the usual way such that the energy
density is invariant under rotations and reflections [39]. P, T, are thermodynamic
variables of which P is pressure and 7" the temperature. The equilibrium state can
be obtained from the minimum of this free energy with respect to Qqup for a fixed
P and T. The most general form capturing the uniaxial phase [38] is typically

truncated at fourth order and is:

Frac (P,T, Qo) = Fo + arQapQsa + BrQopQsyQya + 7rQopQpa@yrQ@ry (2.14)

where ar, Or and yr are the Landau deGennes coefficients. For notational conve-
nience we adopt the equivalent form of equation 2.14 to match the notation given

in [40] and thus provide a consistency in subsequent chapters of this work:

Frag (P, T, Qag) = Fo+ 5-Qap@pa = BrQanQpy@ra + 1rQapQpaQer@ry (2:15)

where ar, fr and ~r are again the Landau deGennes coefficients and in v is
absorbed the equivalence of terms Q,3Q 80 @y Qry = %QaﬁQ'@7Q75Q5a. The analysis
of this equation is identical to the usual approaches where it is assumed the first
Landau deGennes coefficient taking the form, a(T" — T*), changing sign at some

temperature T*, while the variation of the other coefficients with 7" is assumed to
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be unimportant and is neglected. Inserting the uniaxial order tensor definition,

equation 2.8, in equation 2.15 with the above said assumptions results in:
Friac (P,T,Qup) = Fo+a(T —T*) S* - BS* + CS* (2.16)

where a(T — T*) = %ﬂ, B = -3%’3, C = 9145. The first order transition is usefully

characterised by the following observations:

oF 6’F
il - = -— 2.1
35 0, F(S,T,P)- F(0,T,P)=0, 552 >0 (2.17)
which from it is deduced:
Siv =2 )
Ty =T+ 25
*k B2
T =Tin + 55,5 (2.18)
AE = TueB”
g = 3B+4/B2-32aC(T-Tin)
= 8C J

Figure 2.1 illustrates equation 2.16 from where it can be seen for T > Ty the
minimum in energy correspond to an isotropic (S = 0) phase and for T' < Ty the
minimum in energy corresponds to a nematic phase. In between these temperatures

the behaviour is more intricate. At T* (lower limit for super cooling of the isotropic
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Figure 2.1: Plot of the free energy dependence upon the order parameter at various
temperatures over the nematic-isotropic transition range.
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Figure 2.2: The equilibrium order parameter dependence (c.f. equation 2.18) upon tem-
perature for the Landau material parameters appropriate for 5CB as given in [40].

phase) a metastable ordered state occurs in which the isotropic state becomes un-
stable for decreasing T', at T** (upper limit for super heating of the nematic phase)
the nematic state becomes unstable for increasing T. AFE of equation 2.18 is the
expected change in entropy indicative of the phase transition.

The temperature behaviour of the order parameter is shown in figure 2.2 as
predicted in equation 2.18, it gives the equilibrium order parameter value of an
undistorted nematic for a given set of Landau deGennes coefficients, the disconti-
nuity clearly being visible. It should be noted in this approach that S is unbounded
for lower and lower temperatures and from the initial assumptions the expansion
should really be applied for small S. However from figure 2.2 we see the behaviour
of the order parameter in the nematic region is not unreasonable. In this thesis we
will work mainly well into the nematic phase (S ~ 0.6) applying this theory without
reservation. We also point out that expansions in term of @Q,s are unbounded in
that there exist an infinite number of orders of Qo but to make practical use of the
Landau deGennes theory we only keep terms that allow a one to one mapping of
the current experimentally used parameters which are based upon an 7, expansion

that is bounded due to its unit vector property.

2.1.3 Curvature Elasticity

A nematic prefers to lie in an undistorted state. For a nematic in a confined system
the effect of walls is to impose an ordering upon the molecules that may vary

spatially. Considering Q.5 = Qup(r), weak distortions represent an increase in
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energy and a measure of this increase can be obtained from the gradients in Qap
provided the characteristic length scale associated with changes in Qo is longer
than the molecular dimensions (typically Inm). A linear expansion yields the free

energy density:

Ka v
Fr= FF (a'yQaﬁ) = FO + Laﬁ'yayQa,B + [32'70;1 aaQ,B'yaOQuV (2'19)

where Fy is the energy of the undistorted, Log, allows for a chiral nematic phase with
a spontaneous twist as its ground state (P, = helix pitch) while Kog,0,, represents
the nematic elasticity; notice K is symmetric in 8y and pv and that Kogygu =
Kouvopy- A usual decomposition of the terms to second order in Qqp leaves a
degeneracy in the splay and bend elastic constants contrary to many experimental

measurements, thus taking a single extra third order term in Qup [41] we get:

Frp= L auQu’y uQu'y + 5 a QV[_L 'way + a Qu'y 'yQu,u + qu yQ'y'ra Q’)’T
+4WL €y QurOy Q"/T 47TL 5uV7Qw7Qnra Qyr
(2.20)

Although there are seven third order terms in @, we only include one [42] to ensure
non-equal elastic constants and to prevent having undefined constants. (That is
undefined constants regarding mapping onto experimentally used Kj;; values. We
may also view higher order terms as small (Q,p < 1) corrections to the energy.)

Upon using the uniaxial, constant order parameter tensor, equation 2.8 it is found:

Fp= 2820, + Lo+ Ly — SoLs) (¥ - 2)°

+% (2L1 — SoL4) ((ﬁ V x )’ + 4 (R ¥V x ﬁ))

5 ) (2.21)
+'—Q (2L1 -+ Lz + L3 + 250[14) (ﬂ,_ (V X ’I’L))
—% 2Ly + Ls — SoLa) ¥ - [ (V - ) + 2 x (¥ x )]
Helpful identities are:
AR, Ouip = (V- 1)? — div (2 div & + A x curl 71)
OaftpOafip = Vit : Vit + (1 - curl 2)° 4 (7 x (curl 7)) (2.22)
RpOyfiy = 0
or equivalently a Frank [32] form:
=3[ KEu (¥ 1)’
+Koo ((_’fl .V x f)? + ;—; (- V x ﬁ)) (2.23)

+Ks3 (72 x (V x ﬁ))2
—(Kn+Ku)V-[2(V-2)+0x (¥ xn) ]
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Comparing equations.2.21 and 2.23 identifies the elastic constants: Ki; = %& (2L,
+Ly+Ls—SoLs) , Koy = %820y — SoLs) ,  Kas = %8(2Ly + Ly + Lg
+2S0Ls), K= ?%&Ls-

Mathematically the saddle-splay (K,4) contribution is a divergence term and
therefore does not influence bulk behaviour, indeed for fixed anchoring (infinite
strength) it has no affect even at the surface but if anchoring is weak on the surfaces
the saddle-splay term may contribute to surface ordering and thus change the bulk
ordering. There exists another divergence term known as splay-bend, K;3. It is
obtained by taking the second derivatives of (o in a linear expansion, the extra
terms being Np,00,0pQas + %Maﬁwukaaaﬂ%aﬂayczk. The term was proposed
by Nehring-Saupe [43] and it is known that its inclusion can lead to difficulties in
search for stable states in nematics by means of variational calculus [39]. For this
reason and the lack of experimental data for its value we only consider terms in the

first derivatives for the remainder of this work.

2.1.4 Flexoelectricity

For an undistorted equilibrium flexoelectric nematic there is no discernible macro-
scopic difference from a conventional uniaxial rod-like nematic. However, if the LC
is distorted or if an external electric field is applied a polarisation results as orig-
inally discovered by Meyer [8]. He shows the electric polarisation and free energy

density due to polar molecules are given by:
FFlemo = _Eapa = _'eaﬂ'yayﬁﬁEa (224)

where tensor e, is temperature dependent and dependent upon molecular shape [44].
(It essentially arises because, a molecular distortion can induce polarisation which
in turn effects the local electric field; conversely an electric field may induce dis-
tortion and thus polarisation and further electric fields terms.) The tensor e,gy
can also be connected to quadrupolar properties of molecules [9]. Following [45]

flexoelectricity theories should really allow for order parameter variations and thus:

Friego = —EgPy = —Clpy90+(Qop) Ep (2.25)
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the tensor Cyp.p is symmetric in o and decomposed in the usual manner (Qp, 0w

combinations). It may be expressed
Py = 01876297 + CgQg.,aﬂQw (2.26)

in which C; are ‘weakly’ temperature dependent flexoelectric coefficients. There
exist three second order terms in Q5. However as before we include only one (the
C, term) to enable, as will be seen, independence of polar flexoelectric coeflicients
and to retain a formulism in which experimental parameters can be matched without
introducing unknown coefficients. Using the uniaxial constant order parameter
tensor equation 2.8 we find:

2 2
Py= (3‘9;01 + 38 gCg) figOufu + (35301 - 333102) fin Oty (2.27)

or equivalently in the convention of Meyer:
Py, = eufl()au’fbu + 833ﬁ787ﬁ9 (2.28)

. . 3520 352C
comparing equation 2.27 and 2.29 we see €;; = (3—'3591- + —g—z), e33 = (§%ﬁ1— — —94—2)

At first order in Q)up it is apparent e;; = eg3 = 3;512@. and corresponds to the
quadrupolar case of [9], going to second order allows an e, ess independence.
There are no flexoelectric terms arising from second derivatives, due to symmetry
arguments these are identically zero. If upon substitution of equation 2.8 into
equation 2.26, we treat S as a variable (S = S(r)) and neglect i variations we

may deduce the polarisation contribution from S alone, known as the order electric

effect [39] that may be important in situations in which S changes abruptly and is

j (ﬁ + 3(“:125 ) Pof0,S + (——C—l + (—Jﬁ> 95 (2.29)

given by

2 2 4

2.1.5 Electric and Magnetic Fields

External electric and magnetic fields have an ordering effect upon the molecules of
the nematic. Constructing the usual linear expansions [39] we have the free energy
density:

Fepy = —PyEq — %GQ‘BEQE{)‘ — M,H, — %XaﬁHaHﬁ (2.30)
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The tensor P, was dealt with in §2.1.4 and M, has to be zero otherwise the LC
is polar. This leaves €, and xqs Which can be expanded in terms of appropriate
contractions of d,,, Q.. Using the definition of Jos in equation 2.12 we find:

€06 B2 Apox™*
EaQaﬂEﬁ - ’Yg - 3

mazx
Aepe],

Fgpy = — 3

H2
HoQopHp — H&’g/_ (2.31)

Examining equation 2.31 we see for a positive anisotropic material ] — e, > 0 (or
equivalently x| — x. > 0), the lowest energy state is that in which Qg is collinear
with FE and thus a positive dielectric anisotropy aligns the nematic molecules with
the direction of the field. Conversely for a negative anisotropy ¢;—e, < 0 the lowest
energy state is that in which Qg is perpendicular with E: the nematic molecules
align perpendicular to the applied field. The other terms containing the trace in
equation 2.30 are independent of the nematic orientation, they may be important
only where nearing the phase transition.

The presence of an electric field is more complicated than that of a magnetic
field [46]. Conducting impurities within a LC sample are attracted to the field and
will form regions of charge. For this reason many experiments use square wave fields
to prevent ion build ups. Additionally as the dielectric anisotropy of a LC is far
greater than the diamagnetic anisotropy, a distortion in the ordering of the sample
will cause an electric field distribution in the sample to vary according to Maxwell’s
electrostatic equations [47]:

O0aDo =0y
Dy = €peqpEp + Py

Eg = —0p¢
VxE=0

(2.32)

where ¢ is the electric potential (voltage) and P, the spontaneous polarisation and
free charge oy = 0 for a perfect insulator as we assume in our work. Strictly speak-
ing for accuracy when dealing with magnetic fields Maxwell’s equations (0, Bs =
0, V x H = 0) should also be solved. These equations amount to the Euler-
Lagrange constraints for minimising the free energy with respect to Qug (see §2.2).

Despite these added complications electric fields are still the preferred ordering

effect in LCD devices due to the lower threshold fields for electro-optic phenomena.
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2.1.6 External Anchoring

LC’s that are in contact with a surface are ordered to some greater or lesser extent to
a preferred direction. We associate with this preferred direction an energy imposing
a penalty for deviations and characterised by the surface symmetry variables Qqp
and k, - a unit vector indicative of the preferred direction. In general the surface

energy will depend on both these quantities and can be expressed as [39]:

. . ‘ N R o A \2
Fg = Fy + 'YlkaQaﬁkﬁ + 72QaﬁQﬂa + ’)’3kaQaﬁQﬂuku + V4 (kaQaﬁkﬂ) (233)

The phenomenological parameters ; are ‘weakly’ temperature dependent anchoring
coefficients and can only be determined from microscopic models of the surface
interaction forces and the inter molecular forces. The v, vz and 4 terms impose
the alignment and the -, term imposes an order. There exists a lack of data on the

surface energy coefficients thus an alternative form was proposed [48]
W 0 \2
Fg = 5 (Qaﬂ — Qaﬂ) (2.34)

in which W is the sole anchoring coefficient and () is a preferred alignment tensor
given by equation 2.10. Assuming the uniaxial constant order limit (equation 2.8)
in equation 2.33 and 2.34 both reduce to the traditional Rapini-Popular [49] form;

for equation 2.34 this is:

_9stw

Fs 4

(1 - (RafQ)?) = =% (Rah3)” (2.35)

2A

852> A, is the Rapini-Papoular anchoring coefficient. The mag-

where we see W =
nitude of the anchoring coefficient determines how strongly a preferred ordering is
imposed. Another way to view this as suggested by deGennes [46] is in terms of an
extrapolation length, figure 2.3, Where A = %, here K is a typical elastic constant
and [, is the extrapolation length. The larger A the smaller the extrapolation length
and thus A determines how far from the preferred direction the surface order lies.

For the case were the anchoring strength — co we may assume Dirichlet boundary

conditions by just setting the surface ordering to be any desired value.

2.2 The Equilibrium States

In the previous sections we have given the free energy density that describes LC

behaviour, F' = F (Qap, 0yQap)- The total free energy in the LC sample is then
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Figure 2.3: Definition of the extrapolation length K/W as defined by deGennes [46].

the superposition of all the energy densities integrated over the entire LC volume

and limiting surfaces:

F= [ FQua 0,00p) 0V + [ Fs(Qus)aS (236)
v S

the search for stable states of the LC is performed from equation 2.36 and according
to continuum theory the thermodynamical stable states are those characterised by a
minimum free energy with respect to all variations in Q),5. Constructing a variation

in F, 6F, for all virtual variations of the alignment:

6F =0, F(Quap, 0yQap)dV + 6 [4 Fs (Qap)dS
=y (ang 0Qap + aaaF & ( anﬁ)) dv+ [ ﬂ’ﬁ—anﬁdS

where 6 (0,Qqp) = 0y (6Qqp), that is the variation operator commutes, thus with the

(2.37)

aid of the identity (obtained from a simple product rule and divergence theorem):

/V O (fap g5) AV = /V 9500 fup AV + /V FapBags AV = /S bafapgs dS  (2.38)

(74 being an outward pointing unit normal vector from the surface.) We may now
write equation 2.37 as:

oF I
Ve / (aQaﬁ e (arQaﬂ)) *es IV +/s (V78 (0,Qap) BQaﬁ) 5@(1; :(:98)

This minimisation is constrained to be both symmetric and traceless thus with

Lagrange multipliers results in the equilibrium conditions:

OF oF

-0
aQaﬁ ] (a'rQaﬁ)

v. 4+ 4+ X2 0a5 + AN €qpy =0 2.41
’Ya (ayQaﬂ) aQaﬂ ¢ By ( )
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+ ABGap + ABenp, =0 (2.40)
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