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ABSTRACT

The conditions underwhich sclidification cladding can be carried
out are considered, and the heat and mass transfer phenomena involved

in the vrocess are investigated.

Most of the experiments involve the exposure of rotating cylin-
drical probes to liquid metal at various superheats as well as at zero
superheat, and have been carried out using‘lead and tin and certain of

their binary alloys.

The initial chill-layer formed on the probe is reﬁelted only in
the presence of superheat.; The melt back of the chill-layer is suc-
ceeded by dissolution of the probe surface. The rates of chill-layer
growth and melt-back as well as the rate of surface dissolution have
been determined experimentally for various degrees of superheat and
probe rotation speeds. The problem has also been approached from the
theoretical point of view by:

1 ‘ adopting an integral profile method and applying it to

a cylindrical geometry in order to predict the rate at
which metal will so0lidify against a finite rotating cylihd—
rical wall and the rate at which it subsequenfly remelts,
and
| 2 defiving the equations governing the relevant rate cont-

rolling dissolution mechanisms.

This theoretical Qork has involved the development of a model
for unsteady conductive/convective heat transfer in a liquid metal,
and an investigation into the mass transfer procesées-conérAllingnthe
dissolution of lead and tin into 1ea@/tin alloys. ‘The results obtéined
in this work can be used to predict the heat and mass transfer conditions
undér which successful solidification cladding process cén be carried

out on an industrial scale.
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1 : INTRODUCTICN

The idea of combining two materials by ccating one with the other,
to give a composite material, having the mére desirable propefties of
each of the components,‘has obvious attractions to metallurgists and
engineers. In this manner the extra cost of fabricating relatively ex-
pensive allcys can be eliminated; and the savings can be used much more

satisfactorily in other directions.

Brooks has recently highlighted the difficultie.sof cladding by
casting processes.

¥*

Hills and Brooks have shown that the liquid metal must attack
the surface of the solid metal if a bo .4 is to be furmed in this type of

process, either by'iértial melting or by dissolufion.

Streng bonds can only be produced, therefore, under certain specifié

conditions of heat transfer.

Hills and Brooks*have designed an experimental apparatus in which
these conditions can be realized and studied, and have used this appar—b
atus in attempts to bond stainless sfeel to cast iron and a lead/tin
eutectic to lead. They have also used Hill's integral-profile method 10
to predict the heat transfer conditions required to 5ond one pure metal
to anoth&fpure metal. They found however some discrepancies between
theoretical and experimental results; this is thought to be partly as a re-
sult of applying an integral profile method derived for planar shapes
to an axi-symmetrical heat flow situation. They were not able to form a
bond between stainless steel and mild steel because of the high rate at which

the stainless steel was dissolved by the molten mild steel, and because

of the apparently random nature of the dissolution process.

*
Unpublished work



The main objects of the piesent work are to siudy the pre—cladding ,
condit;ons, by investigating:
1 the heat transfer phepomenon occurring during solidification
and meltback of the chill-leyer formed on a cylindrical rctating
substrate when immersed in zcits ai different temperatures,
and
2 the substrate dissolution process that commences after melt-

back of the chill layer under static ana dynamic conditions.



2 Literature Survey

After a brief review of the various processes for the cladd-
ing of one metal with another metal, an introductory review is presented
of the struciturc of cast metals, This is followed by a listing of the
mathematiéal wethods for the prediction of solidification rates, followed

by a detailed presentation of one integral-profile method.

The experimental apparatus used in the work described in this
thesis involves fluid flow and heat and mass transfer in an annular
space between two rotating cylinders. Relevant knowledge about these

processes is reviewed in the final sections of the literature survey.



2.1

Cladding

Increasingly dissimilar materials are being brought together

to solve material problems in all aspects of manufacturing.

Rolled gold and 'Sheffield plate' (silver on a copper

based substrate,) were the earliest examples of claddirng.

Hot pressure rolling or electro-welding, were the pro-

cesses used to Jjoin the coatings to the substrate.

Copper cladding of steel is especially useful for wire

or tube,; and is normally carried out by casting.

<

The ductilities and thermal properties of steel and nickel
are so similar, that nickel cladding is particularly useful for

steel.

Electro-welding, hio% compacting, (rolling or pressing),

or caéting, can be used to bond stainless steel to carhon steel,

but the bond strength ishgcnerally dependent upon the quality
of fluxing. ’

Shepherd a.d Brouis l_have reviewed the major processes

that have been used to produce stainiess clad steels.

'Although not yet widely accepted, lead clad steel sheet,

produced b, roll bonding has considerable potential.

The desirability of obtaining cheap aluminium coating for
mild steel, has led to interest in applying metal powders to the
surface of steel strip, followed by a compaction or sintering

process.

The Elphal process of Bisra has used electrophoresis to
2,3

deposit aluminium from a suspension in methanel.
A parallel Japanese development 4 uses atomized injection

to apply aluminium powder to the steel surface, and to ensure

bonding, after a drying operation, an adhesive of the polymetha-

phosphate type is used.

Jenkins 2 reviewed similar developments for chromium and

zinc, and clearly there may be rapid advancements in this field.



Brooks 6 has recently highlighted the difficulties of

cladding by casting processes.

The work presented here, continues his work by investi-
gating pre-cladding conditions (e.g. surface cleanliness and
smoothness, the influence of different modes.of fluid mat-
erials) and proceeds to explain some of the phenomena

involved.
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tin probes used in this work showed the existeuce of the
"chill" and "columnar" zones. Their significance and
possible causes at the solution interfaces is-discussed

later in the thesis.

In Figure 4, the effect of the cooling rate on the
size and shape of crystals in pure metals, solid solutions,

alloys and eutectics can be seen.

-5

g\’)
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2.3 ‘ The Theoretical Solubion
cf the.
Problem

of

Heat Transfer during Solidification

. The unsteady state heat conduction problem, which cdeals
with'one dimensiongl heat flow during solidification, or
melting of material, is often referred to as the problem of
"Stefan". This problem has been the subject of numerous
theoretical investigations, which can be divided into two

broad categories.
.

(a) Approximate mathematical solutions using realistic and
elmost realistic solidification conditions, and
(b) exact solutions under cocnditions rarely achieved in

practice.

«f

2.3.1 " Approxzimate Solutiong -

" Two types of approxiﬁate mathematicai methods which can
be used are: _
(2) Numerical “antegr ~*ion cf the equations by finite
difference methods, and
(b)  integral profile technique.
The first method has the disadvantage of being very iengthy
and tediou. to apply, and must be repeated each time a parameter
is bhanged. ghe'uéé of this method is described by Landau 8

and Forster.

~

2.3.1.1 " The Integral Profile Method
A for

Planar Solidification

The integral profile method (sometimes known as the heat
balance integral) reduces the nonlinear boundary value problem
to an ordinary initial value problem, which gives useful sol-
utions quite easily and in many cases leads to expressioqs

which can be solved analytically.

Hills! 10 integral profile solution for solidification

of pure metals has been used in the development of the theory



sresented in Chapter 3, and & full account of ii is given below.

Integral methods were first introduced bj Von Karman
and 'Pohlhauser 1in order to solve non —similar boundary
layer problems in fluid mechanics. 1 Goodman 12 hasAapplied
the 'Heat Balance Integral' to problems involving phase ~hanges,
and to problems involving the heating of bodies under linear
and non-linear boundary conditions. 15 This method was further

14

and fof.

15

used in analysing  the melting of finite slabs
materials with temperature dependent thermal properties.
Some numerical results for the case of a linearly varying sur-
face temperature, and for constant heat flux are presented in

' d
Reference.

Ln integral profilevapproach to the solidification of

17

alloys was used by Tien and Geiger who assumed in their
treatment that the cooled surface remained at a constant temp—
eraturs  below the soigdus throughouf the solidification
process. This unrealistic bouriary condition has been replaced
in a subsequent solution given by the same author. 1€ Koump
and Tien£519 have developed a method involving a time depend-

ent surface temperature.

Schneider 20 considers radiation cooling of finite slabs,
vhile additional comments on, and applications of, the integral

method are presented, in references 21’22.

10 has concisely described

In his most recent paper Hills
a general integral profile solution, which allows solidification
rates to be predicted under a wide range of different cooling
conditions. The method is a generalisation of the integral
profile methods previously developed by Goodman and Hills. 12,23,2

The generaliiation has been achieved by characterising
the layers of solidified metals in terms of two variables,
rather than the simple variable used before, and by formulat-
ing the relevant differential equations, in terms of the heat
flow from the cooled surface, and its partial differentials,
and the heat flux to the solidification interface. Hills'
method has been the basis for the theory developed here, for

cylindrical case, as presented in Chapter 3, and a full account



of it is given in Section 2.3.l1.3

2.3.1.2 ~ Application of Inutegral Profile Method

to Non-Plsnar Solidification

In all the above mentioned papers, in Chapter 2.3.1.1,
with exception of References 21,22 the integral method has

been applied to problems of planar geometry.

Veinik 22 treats several heat condﬁction problems, in
both planar and non-planar geomeiries, under the assumption
that the spatial ‘emperature distribution are polynomial
functions.

25

However, Sparrow in a recent discussion, has indicated
that some inaccuracy is present in the epplication of Goodmans
‘Heat Balance integral approach, with polyromical profiles to

problems involving non-plansr geometry.

Thomas J. Lardner and Frederick V. Pohie 25 analyzed. the
case in which a cylindrical boundary is exposed to a constant
heat flux, and showed the surface temperature to be logarith-
mically dependent on the cylinder radius i.e.

T =T x (1lnr)
. where U=Txr
Their result is,presented in Figure 5 for parabolic and log-

arithmic profiles with the exact solution.

In the present investigatiohs the cylindrical heat con-
duction equations has been used together with a linear profile,
which has been found sufficiently accurate to tackle the

present solidification problem.



Figure 5

A ' : T Surface temperature

thermal conductivity

constant flux

>

radius of cylinder hole

.Ts k

time

U
diffusivity, /?, c-
‘mass density

especific heat per unit mass

b Va2

' Effect of different profile equations for the radial temperature
distribution in an Iafinite medium surrounding a cylindrical cavity

* on the predicted surface temperature of the cavity.™



2.3.1.3, Hills!' Solution to the integral Profile Method

for a Growing Layer of Solid Metal.

o
Hills' solution is presented in terms of two parameters,

the temperature of the cooled surface and the thickness of
the solid layer.. Two simvultaneous ordinary differential
equations are derived for these parameters. The derivation
is discussed here in some detail as it provides a general
illustration of the integral profile method and it forms the

basis of the theoretical methods developed later in this work.

Figure 6 : “ Temperature distribution
~acress 2 layer of solid-
ifying metal under lineax

e heat flow conditions..
]

— (-qt)

et -

X::() . X=t
The above Figure 6 illustrates the growing solid 1ayer; coocled
at the‘surface, x = O, Heat crosses the moving boundary,
x = t from the liquid metal. The temperature distribution
within the solid metal must satisfy the unsteady state heat

conduction equation

k =pc— (1)



The integration of this equation across the solid layer yie.ds
" o g t :
4% x/ . 8 ‘
oﬁ;cgz Y Py & (2)
x

. ¥* ’
~or applying the Leibnitz  integral formula to the right-

hand side,

. %
d o d e 'd/‘ ' iif(\()
k |——]| -k = — .codx - pec —(0) (3
d?’o P P ar’

dx), LI x -
Applying the heat conservation principle at the boundaries
d e T
-k S x| = s (4)
o
and (4o " at - ()
, “k |— |=§, -pH — 5
s dx + ¢ F a7 .

Thus equation (3) becomes
CpEG ., at

.
a

— - Gyt a= //chdx -ped,  — (6)

a7T ° aT[o S ar

The most convenient auxillary function to use in evaluating

the integral in equation (6) ' is' a quadratic polynomial.

. .2
/X X0

6=a +a '—i+a, B —|
(o) 1 i\t/, 2 \At/
The coefficients can be evaluated uéing the boundary conditions

and equations (4), which gives
1

.M a' 2
at [ x a t\/=x
9=e-‘—°—-(— +(9—e+ °)(—) (7)
° k t) s 0 Kk ]

so that the integral becomes

b 1 5 1q.% ¢ )
/ 0 dx= (=0 +-0 -——— (8)
0 3 5 3 6 k

As the integral of an approximate function is more accurate
than the function itself, the approximate integral can be

substituted in equation (6) without great error.

Differentiating the resulting equation and re-arranging

gives

Page 48



1 é;')t 1] at 2 ae_
PH+ —pc ZIQA—QO) -i--—//J — —-—1tDc - +
f al 3 | ar

1 !
- X — == (3, - &) _ (9)

The variables can be most easily expressed in dimensionless

form as
"A . .
% - ]9 o '
oo . . i
t = ———— Dimensionless thickness (10)
st .
* Go . ’
0= —45 " surface temp.  (11)
S/" 7 2
q
§ = —-‘,:;/—3—7; n time (12)
9 pPek.
*x
B _ K | " latent heat  (13)
cBs
) '"
* . q _ .
g, = [T%j n surface heat flux (14)
0
'" o
q
% t
—_— " heat flux from
[éo] o liquid metal (15)

In terms of these variables, equation (9) becomes

*

H + 2(1-0)-1tq [ 248
3 3 dg 3 d4g
1 t*z dq: * %
6 dg _

In general, the heat flux from the surface will be a
- function of the surface temperature, or of time, or of both.

Thus we can write
‘ * * ’
a = f(s, &) (1)
aq, 8¢ & && , a
= t—=1fyg— +f§ (18)
¢ de ag &% ag o




. Re-arranging equation (16) in forms of these partial differ-

entials gives

¥

. 2 o 1 o4y Jat 1 de
H +=(1-6)- —taq ———-—t(4+* ) — =
3 3 ,/dé, € ag

x % 1 % 2

Finally equation (19) gives a differential equation con-
sisting of two variables:

1 Dimensionless thickness of solidified metal

2 " surface‘temperature of the metal.,

‘ ‘Bﬁt in order to solve the above equation, we require
enother equation and this can be derived by considering the
varigtion of ggﬁ across the solid metal layer.

a7

At the stationary surface, x» = O, we can write

[fi‘ - % (20)
dTO d?"

At the moving sur’azce, x = t, the temperature is constant so

we can write

Son - [ 545
— o+, - 1
dTG(t) (21)

Re-arranging this equation and substituting for the temp-

erature gradient from equation (5) gives
1

ae f pE dt @t , (22)
a7l ¥ 47 k

Integrating the heat conduction equation (1) across

the solid layer gives

[c&e] [éo] K [629 Lo ] k %39 (5
JE —_—l — - —_— = — ‘! 23
éT Y Fc é xzj _ [éx?b Pc J é x3 .

Substituting (20) and (22) into equatlon (23) we get

3
dt |pH dt q de k 69
- — E_. .-..-.__.j'..__ ° _ (24)

arfx a7 x| aT pcoéx5

From equation (24) it seems that it is necessary to know

accurately the temperaturé distribution across the seolid

layer. If there is no sudden change of cooling conditions
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P ij‘-+4JX!1

*
dt -
it n

. ‘ * o * * * P B .
‘Since q, is less than a4, A and at /&<5 will both be

positive and the positive root of equation (30) is relevant.

| (34)

n

Multiplying both sides of equation (34) with
'
(JP. + 4/\11 + F) te geli

@ a2/t ' (35)
ag Mo+ ﬁ52‘+ 4N

Equation (35) has no irregularities in this form and can be

1ntegrated numerically with equation (30) prov1d1ng algebraic
1

¥
expressions are available for g o’ fé, ﬁé and q qt .



2.4 Heat and mass transfer to rotating cylindérs

Heat and mass transfer between rotating cylinders has been
fairly extensively investigated. These transport properties are affected
very significantly b& the geometry of the flow patterns between the two
cylinders. At low rotation speeds a laminar flow pattern is set up
known as Cotette flow in which,the fluid between the cylinders flows in
a tangential velocity, there being a uniform velocity gradient across
the annular space. When the irner cylinder is rotating and the outer
cylinder is at rest, centrifugai forces will tend to cau;é fluid to
flow radially. This cean result in breakdovn of the laminar Coustte fiow,

and this can strongly affect heat and mass transfer to the rotating .

cylinder. ’ e
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in width with increasing probe rotation speed.

: Z
Taylor o1 predicted the onset of the instability for a

small gap in terms of inner cylinder radius Rl’ the gap be-

tween the cylinders b, angular velocity s and viscosity ,
in the form 1/2 2/”
R b 9521

Ta?r ' > (36)

which is named the Taylor Number.

In the case of 4 large gap it is convenient to form the
Taylor Numter, not in terms of the inmer cylinder radius R,
but in terms of the mean radius Rm = % (Bl§+ R,). So the

Taylor Number takes the form

1/, 2/
_ R Py 2
T = ” (61))
In addition %o the vortl.as discovered bty Taylor which arise.
when ‘the laminar flow becomes uanstable, Pai 54 observed

vortices that are formed in turbulent conditions as a result
of a secondary flow, at speeds which are several hundred

times the critical speed. (Figure 8)

Recently E. H. Sparroﬁ, W. D. Munro and V. K. Jonsson 5

inves*igated the instability of the flow for the wide gap
situation between rotating cylinders.. They produced critical
Taylor Numvers for laminar instability covering a wide range
of rotational speeds with different geometries.

They used the dimensionless term

4 A2
# 0 | |
. AL | (38)
Y -

as modified Taylor Number. In the present investigation the
different modes of the flow have been considered as one of
the effects governing the different surface patterns of

erosion observed.,
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»2;4.2 N Heat Transfer

between

Concentric Rotating Cylinders

The three types of flow we have seen in the previous
section are the main controlling factors for heat transfer
between rotating cylinders. The simplest problem involviag a
rotating cylinder is the rotating cylinder in an infinite
and still environment, where heat is transferred away from

the cylinder by free convection.

Many authors are agreed on the strong effect of free
conveclion at low rotational speeds, in wisch laminar flow
and heat transfer by conduction prevail. For example,
Anderscn and Saunders 36and.Dropkin and Carmi 51 have come to
the similar conclusions, namely that at rotational Reynqlds
Number bhelow about one thousand, heat transfer is virtuelly
un-afferted by rotation: but bevween 1;000 - 10,000 the

Fal

rotational Reynolds Nuwmber ie ¢ importance.

W. M. Kays and I. S. Bjorkland o8 combined the effects
of rotation, free convection ard cross flow, and formulated
the Nusselt Number by the e~ration ) l/

o : . 5
. 2 2 /
Ny, = 0-135 / (0.5 XN Re t X Re_ + NGr) Moo, / (38.1)

for rotatirg Reynolds Numbers in the fange 2,000 - 45,000.

‘ When N (cross filow Reynolds Number) and N (Grashof
Number) are negllglble compared to Np (rotatlng Reynolds

Number) and for N?r = 0.7, Equatlon(38.1)above reduces to
2/,

Ng, =0.095 N.3 (38.2)

At high speeds of rotation Edmund 59 and then Dropkin and

Carmi 51 showed Nu o Be7 .

40

In a later paper Bjorklund and Kays correlated their

data for the case of the inner cylinder only rotating by the

equation
Nu// e w1/ |
MYu cond 0.175 Mg, ™2 , (38.3)
where N, = Nusselts Number; N = Nusselts Number for
Nu ' Nu cond

pure conduction.



For'Taylor Rumbers between 90'4 2,000, Carl Gazley 4l

considered the convective heat-transfer charateristics of the
flow in the annular gap between a rotating immer cylinder,

and a stationary outer cylinder, using both smooth and slotted
surfaces. His findings indicate that regular ring shaped
vortices result:ih a heat-transfer rate that is even greater
than that with turbulent flow.



2.4.3

.Mass Transfer from Rotating Cylinders

Many workers have investigated mass transfer from
cylinders rotating about their axis especially since the role
played by mass transfer in a solld/ilquld reaction can be
ascertalned by examining how its rate is affected by varying

the speed of rotation of a cylinder of the solid reacting in

‘the liquid. King 42-dissol’ved,rota“bing-cylinders in aqueous

acid using baffles, and found a linear dependence of dissolu—
tion rate with rotational speed. Ward and Taylor 45 have
studied fhe kinetics of the dissolution of a solid copper.
cylinder in liguid lead and bismuth alloy and showed an approx—

imately linear power dependence.

44

in bismuth allowing it to dissolve completely at constant

Jackson and Grace immersed a rotating zinc cylinder.

speed so that the Reynolds Number decreased to zero during
each'experiment; The dissolution dependence was found to be

nearly linear.

Roald and Beck 45 usedvroteting cylinders in a study of

rates of dissolution of nagnesium and its alloys in hydfo—

.chloric acid solutions and found that the rate of dissolution

1ncreased with the 0.71 power of the speed of rotation.
Eisenberg, Tobias and Wilke 46 dlssolved solid organic acids
in different glycerol_solutlons. Using the rotor diameter
as the characteristic length in the Reynolds Number they

found a power dependence of 0.7.

Sherwood and Ryan 41 investigated heat mass and momentum
transfer data from five different sources and showed that .all

the data is close to a 0.7 power dependence on Reynolds Number.

Olsson, Koump and Perzak 48 investigated the rate of

_dissolution of rotating iron and Fe - C alloy cylinders in.

»graphite—eaturated molten iron at temperatures below the

melting point of the solid. They concluded that the rate of
dissolution is controlled by mutual counter diffusion of

carbon and iron in the boundary layer.

In their more recent work 49 they dipped rotating

carbon cylinders in molien Fe - C and came to the conclusion



that the rate of dissolution of carbon in Fe - C alloys is

controlled by the rate of carbon diffusion from the interface.

Both their investigations showed 0.7 power dependence

on surface velocity.

Pehlke, Goodell and Dunlop 20 dissolved steel in molten
pig iron and found that the rate of solution is a function
{of,bath'composition,‘temperature and stirring.

51 ' .

_ Lommel énd Chalmers looked at lead cylinders diﬁsolving~
in lead tin alloys keeping CL—CO:> 0.05 gr. atoms'(qL being
-concentration of the dissolving species of Liquidis Line at
a chosen temperature; Co - concentration of the dissolving
species  in the bulk liquid.) They discovered that dissolution
was independent of rotation speed and thus concluded that the

surface reaction was the controlling step.
52

of iron cylinders in liquid Cu and Cu-Fe alloys at different

In a more recent paper Ohno studied the dissolution

speeds and temperature ranges. Their rate constant is found
to vary with the 0.85 to the 0.96 power of the Reynolds Number,

vwhich suggésted another diffusion controlled process.



3.1

3 4 Theoretical Treatment

Introduction

- The theory may be conveniently divided into two sections.
The first part is concerned mainly with the heat transfer

phenomena and the second part with the dissolution prccess.

In the first section of the theory the dimensionlesé
model of the integral profile method is given and the equations
for cylindrical solidification are derived. These are basi-
cally aprlications of Hills integral profile method 10 to a
different geometry by means of convenient podifications. The
computer solutions for flat and cylindrical geometries describe
the solidification and subsequent melt-back of a liquid metal
in imperfect contact with abflat or cylindrical wall respect--

ively.

b".i; the seccnd section of the thecretical treatment the

different modes of dissoluﬁion are discussed and the

~equations for transport controlled dissolution are

defived.



5.2

Dimensionless Model for a Growing Laver

on a Plane Finite Wall

This model (Figure 9) has been extensively described

by Hills 10 and Brooks =~ and is discussed in literature

survey (pagel9 ).

The resulting differential egquations governing the
change of chill-layer thickness, inside-layer temperature

and wall temperature with time are expressed in dimensionless

terms as
as 2 A : - 39)
—_— - » 39
as e Penia®
at’) 2 at™\
a0 H*(— iq ——}+ 'y ~
-2 - - ag;  °\ag : (40)
d.% . ¥ 1 ¥
. ~ 4+ 5 £
@) [ (o)) /L
x % + \'-——) k
e Yw R as
— = m (41)
5t 5.
where .(1*; " 4 (4 ¥-t*fz ) (42)
*
¥ * ¥ ¥ * *
B = EH +4(1-0_) - 28" q_/(1+t" £ )
+ q*,t* (4 + £ £%) o (42.1)
* s e .
. * * ‘ *
A - 6(a) - ay) (L+1t £5) -3 (43)
¥ 1 ) . ‘
fg and f@ being
1
£o* =3k /(& +3K) (44)
¥ * *
L x 3k (8, -8, )

fé. = - , (45)

X ¥ , % *
YR (R +3k)
Results obtained using these equations will be compared

with those for the cylindrical case in section 6./

* Dimensional symbols are described on page 152 .
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" 3.3 Applicationlof Hi11S'Iﬁtegral Profile Method for

Solidification on to the outside of a Cylindrical

" Probe

Figure 10-

" Heat transfer during growth of a chill—layer on a’

" cylindrical probe.
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As shown in Figure 10 the cylindrical model can °
conveniently be divided into three zones: the probe wall,
the chill-layer. and the liguid conduction layer. Heat trans-
fer in each of these zones is treated separately and a com-

‘plete solution obtained by a combination of the three .

3,3.1 . © Heet Flov in the Chill-Layer

 A'éy1ihdricé1 interface between solid and liguid metal

is considered during solidification (Figure 10) and the un-
~ steady étate heat conduction equation is applied to the grow-
ing chill-layer. The Differential equation within the solid-

ifying metal in cylindrical co-ordinates, is:

[ g2 1 40 g0
_— ]| = 6
€ §2° * r orf ‘0 T (4 )

Multiplying,each side by r,-integrating from r, to Ty and
applying the Leibnitz integral formula to the RHS gives:

(Leibnitz Theorem for differentiation:’an integral‘with‘

moving limits.

b S AU

----- e P -/ af = ghe aa
- ff(x,Y)dX = / — dx + f(b’y)"— = f(a-’.V) —_ )
dy ¢ a dy ax dx
‘ 50 I's | ' rs rs
r—1_1 - [ 9.] + { 9} =
dr |r r L
. o (o] 0
. ) . |
d .
=£-E——j 0 rdr - 0 » s (47)
k [aT . 58 437
0

The first term of equation (47) is evaluated by considering

the cohservation of heat firstly at the solidification front,

T ~ which gives
) n
66] pH dr g

T =T

$v

S

(48)

and then at the cooled inner surface of the solidifying

metal, which gives



. ae N : ,
[r —_ J =i T 2o (49)

Substituting equations (48) and (49) into equation (47)

and re-arranging gives

dr d - 1H L
.r (ipﬂ} Pc@ ) M drr Ordr = —(roé0~rsés) (50)

r
’ (o]

An éppfdximatioh to the integral of the heat content
of the chill-layer is made by assuming the temperature pro-
file to be linear

O{r -r)-06(r -r1r)

o Oalto = ¥) - oyl - 7) ey

(=, - )

This profile satisfies the conditions

Substituting (51) into (50) and re-arranging gives
. B s, ]

- I'S+ I'o I'S—:F‘O d?’

, c o
| pHr + -2-6—- (ro+2rs) (QS-QO)

: " n .
= - (rya, - ra.) (52).
dr on
To get a solution for __ ~  the term — must be evaluated.
d?“ 4T

At the moving boundary
r=1r 3 0 =AGS = constant so that d8 = O

s
hence
&9 $0
,_d[Q(r,T)__/—-—~ a7 4 —=dr =0 o (53)
$r
Thus 660 do 6:rs
. — (54)

87 §r &7

The conservation of heat at the moving boundary » = r gives:
H dr_ " §0
p—=-4) —x— (55)
ar dr :



Substituting (55) into (54) gives

{é‘gJ 1
T rz';

S

ar dr
PR "9

« n
a7

At the immer cooled surface we have

{, 69] . ae,
5T . aT

Assuming

§0 s 0 -
5): [5], v

wvhere - b =

I
wn
I ]o-'
R
-
O«lo,\
i o
. —— e
A
I
—
o
s | o
o1 a°
L

z, rs
. . n
but 40 q
é r k
-n
| 2 144 2
and e 0 _ .l . %

TS k&7 EpbT e

and at r =1
o

6 2@ = - _1; dq’:) _ b
érélr o k a7 -
substituting (6f) into (58) gives

T&e 50 1 (ag {
7 I Pl el o= NN

(o] 8

substituting from {57) and—(56) gives =~

2 W al
T ] ST e SO (-
aT k |dT k a7 k ar

n
- Providing 9, = f(QO,T)

(56)

(57)

(58)

(59)

(60_)

(61)

(62)



calling

éé" . “éi"" '
f) = f,;, and —-ES- = T
Y : So
. i (o]
dq. 1 e
then - —2 = f,;» + o —2° (64)
a7 a7

Substituting (64) into (63) and re-arranging will give

| drsk ? M drs i
a9, FH d_']’ - 9 _c;; - (rs - J:‘o) £ (65)
—2 _ - . 5
a7 ) k - (rs -r) fq

(o]

Substituting (65) into equation (52) gives
2

dr dr ‘ -
Nl . IN=] _A - o (66)
a7 a7 |
vhere () = PzHc (rs + 23:0)(::-S - ro) ' (67)
P‘:[kl—r(rs—ro)fé] L 6pBr_ +
+Pc(roA+ 2':'s)(es - eo) J - g::Pc
(zr, + 2c )z - x,) (68)
A = pe(r, + 2 ) - ro)2 f7’, - 6(1'0(1‘; - I'sd';, )
Lx-(zg-z) 1,7 - (69)
. drs . A - " "
Since Z’-}: is positive vhilst - roqo> - Tiag

— — . —.Qquadratic theory gives the solution of equation (66) as:. .

dr .
— = 2 /A (70)
T [FRaan



3.3.2 o  Heat Flow in the Probe Wall

Figure 11
Heat Flow in the

, probe wali . . The forms of equation for
, . , ,
I & : N n. £ 1 ta -
. : : ; a", f_g and f7, are to be de
| ' Ob; termined by considering heat
' dl flow into the probe wall. If we
: & . ' .
G . : ,yyﬁf . represent the average wall temp-
hy o ! ‘Aﬁf/f' ho ' erature by 6 the midwall temp-
2Fyar, {’//" - : . .
:Eﬁ“ ~ erature, the heat flow from the
C%R dtf#”w¢ ; s0lidifying metal can be ex-
r , pressed in terms of an effective
P f b heat transfer coefficient
-6 e -G o
r : [ O ho, eff:
¥ r : ro l’O X
"o . T | . ,
% = ho,eff (go Qw) ' ) . (71)

and the heat flow from the probe-wall to the cooling medium:

9=~ Brerr (6, -8 _° . (72)

where QA is the temperature of the cooling medium ., The

two effective heat transfer coefficients are given by:

_ 1
ho,eff =
1 ™ - T .
+ (73)
h 2k : .
o W :
hI" eff = 1 r - E (74)
0 rf
—_— +
= _ .. - - -’—j_"::: o . th;.—:'-v . ,-,',,'ka

A heat balance on the probe wall is necessary to determine
the mid-wall température.
Heat gained by unit length of wall in unit time
n
= —a, - 2Tx, (75)



Heat loss by unit length of wall in unit time
n

= - g - 2Z7rr . (76)
Heat stored in unit length of wall
de
_ 77(r20—r§ )_chw ﬁ , (77)
Thus |
de, w o ow
TG = 5 ey 37 = eT gy n, 6 ()

Substituting (71) and (72) in (78) and rearranging gives

Eﬁﬂ -0 To ho,eff (Qo-gw) - T r,eff(gw QA) : (79)
, 2 2y
a7 ;(ro L ) Pw u

Differentiating equation (71) with respect to time

n

dq @ de |
=T Mt | T T T (e0)
a7 ’ ar AT
or, ‘
dq" a0 |
a 1 1
0 0
— =fyr + £, — (81)
a7 T T 947y '
where, obviously
. ' ’ . . .
£o = = Byerr ‘ (82)
' | o, (63)
foro = 4+ h —_ 83
T o,eff a7 , |
or substituting (71) into (83) we get
T, (6,-8,) - (e- )
f' on O eff .(" "“ ,eff V. A (84)

= “o,eff _ ,
T (ro rr.) Pw %



34303, Heat Flow in the Liquid Metal

Brocks 6‘work revealed the invalidity of.treatiﬁg fhevheat
floﬁ from a stirred liquid metal to a solid in terms of a boundary
layer, of constant thicknéss having a constant heat transfer coef-
ficient. The shape of his experimental curves ofvsolidifiéd thick-
ness versus time for different amounts of superheat suggésts that
the heat flux is very high at the‘beéinning, possibly due to un-
steady state heat conduction. - The ﬁeed for a more flexible model
led to the assumption that there is a con&uqtion layer close to the
solidification front whose thickness depénds on time but also on
the speed of rotation of the probe. This conduction layer lies

between T and r; as shown in Figure 10.

The thickness of this conduétion layer was assuﬁed to grow
by‘unsfeady state conduction during the early stages but then to
be-disturbed by the convection currents that develop as the bath of
euteétic metal becomes stirred by the rdtating.pfobe. Once this
happens the conduction lajer is assumed to decay in thickness, app-
roaching the thickness of the imaginary stationary f£film that is’
equivalent to the convective heat transfer coefficient at the sur-

face of the probe.

The heat flux from the conduction layer can be represented’
by the heat éonduction‘formula for heat conduction across unit length

of a hollow cylinder:

. ! b -
q = - 2rsk§3 7 =- 2Tk (OL os) (85)
&# In f&
r
s
L
Expanding 1n-;— and teking the first terms of the series as an
s

approximation



k?T(rL + rs)(eL - GS)
&= - coer ()

Dividing by 277rs gives:

o k(rp + rs)
WL
2r (xp - rs)

) . ('87),

s

This eqﬁaﬁion is used throughqut the model to describe the flow of
heat'across'the conduction layer to the solidification front. The
variation of'é"s is developed by the substitdting the varying '

values of v and v into this equation; The equations from which
the values were determined are developed below. The growth of the

conduction layer is assumed to occur by conduction only, so that

the heat conduction equation within the layer is

k +— — | = pc— 68
(drz r dr P'éT
. aa doe . . s .
Providing (___) = 0, integrating equation (88) gives
dr/ r '

L

-

g L P Ty f...w_”h.drsﬂmu B A R
-0 ) = F. a ' r -0 8
-ty %) G (et 0 s o o] ()
s Ty a7

L

Vhere the temperature gradient at the solidification front has

been determined from equation (87) which gives:

i} ae . (rL + rs) N
5 — — (9, -0) (90
ar 2(x; - ) : .
Ty L Ts’
o, +© \
Assuming an effective temperature -——5——§].for the metal
. . /
between r and r )
_ s L L - i
6. + 6 2 , T
_ L 5 S . rL - rs : (91)
2
6. + 6 dr, © dr :
ordr = ¥ S .4:1‘ Loy @ (91.1)




7\ { ar b T
< _
dr 1 dr 1y 1 ax

=0 rS 8 (1 - \ GLrL L (1 - + --ean Lo

58 7 5 2| 284 GT

1 drs N
- _ er ‘ . . (92)

> L7s a7 A

re-arranging equation (92) and substituting in equation (89)

gives the differential equation for the growth of conduction

layer. _
er 'kL I"L + IA'sl ’ drs
T T = - -r, == (93)
L 47 PLCLV T = T s d7

Solidification does not start immediately the probe wall
is exposed to the liquid metal in the case of superheat. A short
time will elapse before the temperature of the liquid metal surface

reaches the solidification temperature.

- == -~ Thus some heat must be- transferred-to-the-probe wall before

solidification starts so that 6 will increase.

The thickness of the cooled liquid layer at the moment solid-

ification starts is given by:

!
! =~h (o _eS.)_k(rL+r0)(eL—eS) (94)
T = o,eff ‘s w/ T S
: 2z (x° - 1)
o I o
where rSL andAGSw are fhe values of Ty and ew just before solid-

s s g . . . . s
ification starts. The only unknown value in this equation is © -

which céﬂ Bé'défefmiﬁed-f£;ﬁ“a heét Baiénéé béfween thé cooled
‘liquid layer and the heated probe wall:

Heat lost from the liquid metal
O - &

S R b e L <2



Heat gained by wall
T2 2 ' '
=7 (x o~ T R) 9w’Pw Cu (96)

from equations (95) and (96)

Pr’L i (’-"Ls)2 - (Io)2 (6.-8) (97)

% =

A Pwlw 2 E}'(%Z-{'TQL)]

Putting (97) and (94) and re-arranging gives a cubic

equation of rLS

| 2 2
8z - ar (29?4 (-0 -4 ®) 2%+ (k4042 2h)m =0
(98)

This equation can be solved for r.° using Newton - Raphson method .

L

Once this equation is solved, the value of rLS that has been de-
termined is the value at which solidification starts and which

could also be used to evaluate Gws in equation (97 )

The time 7; when solidification starts can be determined

by integrating equation (93) between r, and r S,

L
drc‘
Considering r, =T, and — = O before solidification starts
. a7
 equation (93) becomes
dr. ki . r +r :
L L

rL = . ° (99)

ar Pl - T - T,

re-arranging and integrating the time dependent term between

0 and 7;:
7’PL C, 5 S . — 2 /‘i'L'S + | 00
S =—§-<L—— (rL - I‘O)(I‘Ii - 31‘0) + 4ro 1n \'—_‘Qr - } (100)

The main differential equations, number (65), (70),(79) and

(93), can be solved simultaneously as soon as solidifying

~starts.



1 The decay of the Cenduction layer

Once .the convection currents are fully built up in the liquid

metal, the heat transfer to the solidification front is given by:

N

4y =ty (6, -9 - . (101)
where hLIQ is the heat transfer coefficient from the liquid to the
probe. |

The effectivé.stationary layer thickness tLIM is very small so.that
fhe effect of the curvature of the cylindrical probe‘can have only

a negligible effect. Thus we can write:

1" kL

94 = TE}_'—H.I- (GL - QS) (101.1)
so that

by = EL—— (101.2)

Lm hLIQ .
The substitution of the 11m1t1ng value_pf Ty = Tyt tLIM into

: n
equation (87) will produce a value of g ¢ almost identical to that

" given by equation (101).

Thus we have a situation during‘the early stages of solid-
ification in which the outer radius of the conduction layer, T
grows as given by equation (93) and then}decays to a limiting
value given by:

T = Ts + 1t :(102)

Lo LIM

An-exact treatment for the. decay.of the conduction layer as the

convection currents are established is extremely complicated, and
certainly beyond the scope of the present treatment. The simplest
approach to the decay is to'represenf'it in terms of an exponential

decay equation:



d.I‘L - Ln0.5 (

L =__"7 (103)
a7 7 1

T, = T~ by

>

where 7 1 represents the half life of the decay process.
< .

TZgration (106) is used to describe the decay of the conduction
layer after a certain time 7’0, prior to which its growth was ass-
umed to be given by equation (94). After 7; then, the growth and

melt back of the solidified layer is given by solving eguationgs

(65), (70), (79) and (103).

For a probe rotating at 60 r.p.m., in lead/tin eutectic the

following values have been used:

7*; =5 secs;
’ 71/é= 6 secs.

By 1= 8500 W/w? °c.

The theoretical lines plotted in Result section have been

deternined using this model.

Other values have been used in determining theoretical lines
relafed to probes rotating at different speeds, and in different
media, These values are given in Table 19in Appendix 5— which
lists all the values used in computing the results presented in

the thesis.

The choice of the values of the parameters, and.the validity

of the model are discussed in Section 7.2.



3.3.4 Numerical Methods of Solution and Computer Programme

The differential equations developed in Chapter3.3. and

be solved numerically using a Runge-Kutta method of integration.

Two different computer programmes are written concerning

planar and cylindrical models, = -

P

They both consist of a main programme and three sub-

routines written in Fortran IV assembly language.

The relationship between the main programme and the

subroutines with respect to both cases are shown in Figure 12

The main programme and subroutine Difre related to the

cylindrical case were developed in the present investigation.

The two other subroutines, Rukut and Step 4 were devel-
oped by Hills (Hills A. w.0?% Pn.D Thesis, University of
London, 1966)

The main programme reads the data and'calculateé the
initial values necessary for the start 6f integration as well
as the corresponding time. All these calculated values are
then written and Subroutine Rukut is called. This subroutine
then calls subroutine step 4, the subroutine in which the
numerical integrations are carried out. Rukut controls the

integration by varying the step length used in step 4.

The original step length and print intervals are read
from the main programme to which the values of the parameters
are returned after integration and written at more or less’
constant print intervals. Subroutine step 4 calls subroutine
Difre in which the actual values of the differentials are
calculated.

The computation is carried out for each experiméntal
system first at zero superheat in conjunction with flat and
cylindrical models. Then it is repeated this time concerning
only the cylindrical model, at superheats used experimentally,
for different liquid heat transfer coefficients and halflife times
dffconduction layer until melt back ig produced at times

comparable to the experiments.
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3.4 Mass Transfer - Dissolutien Process

3;4.1 ' The Nature and Kinetics of the Dissolution Process

The dissolution of a crystalline golid in a liquid in-
volves a dissolution step at the solid-solid iﬁterface, in
which the atoms, ions or molécules of the solid leave their
positions in the lattice and enter the liquid phase, and a
transport step in which the dissolved solid species is trans-
poxrted intb the bulk of the liquid phase. The relative ease
with which these . two steps'occur will vary from system to
system. If the transport steﬁ occurs very much more easily
than the dissolutién stép, the latter will control the rate of
dissolution and the dissolution process is said to be inter- '
face controlled. If the dissolution step occurs the more
readily; the rate of dissolution will be determined by the
transport step and the dissolution process is said to be

transport controlled.

In situations where there is 1little to choose between
the relative ease of the two processes, they will both con-

tribute to controlling the rate of dissolution, a situation

known as mixed control. o e
In addition of course heat will have to be transported
to or from the solid/iiquid interface because'the dissolution

step will involve an exothermic or endothermic heat effect.

It is thus possible that heat transfer may exert some
controlling influence on the rate of the reaction although -

instances where this occurs are relatively rare.

The next seqtion of the work derives an equation
for the rate of dissolufion, assuming it to be mass transfer
T .. 7 controlléd. Equations have not been presénted for inter- -
‘ face control since, as will be seen later the dissolution
processes studied in this work were found to be mass

transfer controlled.
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Typical phase diagram for a Binary alloy

U - , system A/B involving two solid solutions
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Figure 14 . Boundary conditions for transport in 5

liquid with moving boundaries.



Figure 14(a) represents the concentration gradients that exist
before dissolution starts, and Figure 14(b) vhen solid B is
dissolving in liquid A. The concentration terms used on both
tlese Figures has been demonstrated in Figure 1% on a simple
eutectic  system with limited solubility. The mass flux of
B away from the surface is also shown on the Figure l4(b).

It is transported by diffusion and by the convective motion
of the liquid phase stirred by natural or forced convection.
Since species B can be present in high concentrations in

the liquid, analysis of this convection process is somewhat
difficult to carry out. The following simplified approach,

hovever, provides a result of sufficient accuracy.

The simplified approach is illustrated in Figure 14(c)
in which the convective boundary layer in Figure 14(b) is
replaced by an affective stationary layer of thickness b,

b being smaller than the thickness of aotual.convective
boundary layer. Species B is transported across the effective
stationary layer merely by diffusion and by the bulk motion
broughﬁ about by the transport of B itself. Thus we can write:

dacC
n ’ B ¥ f .
n‘:B = = DAB CT = _+. C__“B n,BA e (104)

where

* .

c = mass. fraction of metal B in a binary alloy of

metals A and B

CT = mass density of alloy
DA)B = binary diffusion coefficient in the liquid alloy

A/B at low concentrations of B

-

ng = ‘mass transfer flux of B
( ):.L = value at solidification interface
(- ) = - valuein bulF 1iqid phaséi " . -~ - oo

Equation (104) ignores the fact that the solid/liquid
interface recedes as dissolution taekes place. The effect,
however, is quite small and can be ignored without intro-

ducing a significant error.

Equation (104) can be re-arranged:



" N B 105
n g (1 - c;_._B) =~ Dy Cp . , _ (Log)
%hence ¥ .

'dC* n"
B .. 2 dx . (106)
e (1—0B ) - dyCrp
(¢'3); 0
* n
1-(c.) n . b ; S
In Bb | _F (107)
1 - (C 3) D50
so that
*
D,.C (cy)
Ay = Af L 1n A b (108)

since the liquid phase contains only A and B, Equation

(108) can be re-arranged in the form:

{

(C* )
w  DC - » ),
np = AI])S = le); - (C*ZB) } ——2
' by (C A)b = (CA*)i (109)
since (C; ); - (C;)b = (CA*)b- (CA*)il | (110)

Equation (109) can be represented in a simpler form by de- _

fining the log mean mass fraction of A:

, (CA*)b - (CA%)i

(CA*)ln = (111)
- 1n —_—
so that
D, C
" - AB T . )
I 5(0.) (cp*); - (0g%), (112)
A ‘1ln ,

The value of b can be determined from the limiting



mass transfer situation - that is mass transfer that occurs
vhen the transferred species is present at very low mass

fractions. For. such situations it is possible to write:

n

(0°5)14m = Op Cyp (kQB*)i, iim " (CB*)b,lim) (113)

‘whefe‘ dle is the limiting mass transfer coefficient, and is a

function of the stirring conditions only. Furthermoré, since

¥ . *
CB > 03 CA. — ]
and

| (€¥),, = 1 (114)
£o “hat comparison of equation (113) and equation (112)

written for limiting mass transfer conditions, gives:
o ' AB - _
For non-limiting conditions; then, equation (112) becomes
° 4 : :
AR Um * % o :
" - eee———— - .
iy = (C°p); = (5] (126)
*
.(CA ) In

Equation (116) controls the rate at which the dissolving
species B is removed from the solid/iiquid'interface. If

the dissolution process is transport controlled, (CB*)i,will
be determined by equilibrium conditions.at the soliQ/liquid
interface. For example, consider a situation in which pure
metal B is dissolving in a liquid A/B alloy, Figure {3 showing
a binary alloy phase diagram.

(CB*)b is the composition of the bulk liquid alloy,
and ©, is taken as the temperature at which the dissolution
process is taking @Iace;“fCB*)g‘and (Cg*ji“beingwrespectively,
the solidus and liquidus alloy compositions at that temp-

erature. .

If the dissolution step at the solid/liquid interface
is not rate controlling, equilibrium will exist at the inter-

face. This means that the liquid alloy at the interface will



contain (CB*)L of B and that the surface layers of the solid
metal B will contain sufficient A in solid solution for the
composition of the solid surface to be (CB*)S, These layers
will be continually dissolving so that this A does not leave
sufficient time to diffuse into the bulk of the solid.

. Under these conditions; then, the liquid composition
at the interface is given by the liquidus line, and equation

(116) becomes:
¢ [o] :

n o« Y [ | '
I ol G P (17)

This equation will be used later to analyse transport controliled

dissolution rates.
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4,1 The Apparatus

The apparatus is similar to that originally designed
by Brooks. It consists of three independantly mobile sections
(Figure 15). A photograph of the apparatus is shown on
Plate 1. ' | |

TT ‘ L.L. .S = 1
Nhoass i g
L L,
J S ) :J«E;;?«;
' RA. \
R'i
L
—L\Lf + ] 1 R
2 ;§ F %i Pﬁ. 2»
B R | v
Rg
¥ B ' . -
(1) ~(8)

Figurelb The Apparatus

The furnace
The probe assembly P.A.)
Control panel (C.P)
Lifting and lowering system (L.L.S)
Variacs (V) and Motors (i)
3  The Recorders (R)



4.1.1 The Furnace

The furnace consists of a large austenitic stainless
steel crucible which is powered externally by a 2 kW thermo-
cord heater and internally by a 1 kW insulated, stainless

sheathed heating coil. (Figure 16)

Both of the heaters are controlled by means of Variacs
[V, end V, in Figure (15)_/ |

<

Heat losses are minimized by 100 mm of,vermidulite

insulation.

The alloy is melted and remelted inside the crucible
- vhich has a tilting mechanism to pour out the molten metal

if required.

The bulk liquid metal temperature is measured by a

" stainless steel sheathed chromel/alumel thermocouple.
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. -— the probes . _-— o = =

4.,1.2 The Probe Assembly and the Rotating Mechanism

The prdbe assembly (P.A) is supported by a frame which enables
the cylindrical probes to be lowered into or raised from the
liquid bath at a constant speed by means of an A.C.Motor (M2)
(Figure 15, Plate 1) ‘

The travel is limited at its upper and lower positions

v by micro switches.

Another A.C.Motor (ML) which is attached to the probe
aséembly and controlled‘by the Variac V3 enables the probe
to be rotated at chosen speeds within the range 0 - 180 r.p.m.
The rotation mechanism used permits continuous, vibration-free
rotation of the probe with cdnfinuous monitoring of up to'

three thermocouple outputs from the probe.

 The mechanism (Figure 17, Plate 2a) originally consfructed
by Brooks (unpublished paper) is supported on a central stator |
(@) by the ball race (a), and driven by a friction wheel
pressed against the mechanism at (g), the side thrust being
resisted by the ball race (b). |

Six copper slip-rings (¢) are bonded with araldite
to an ebonite sleeve attached to the stator. The contact
brushes (e) are cold rolled Cu-Be strips mounted on a Tufnel
block (f) attached to the rotating probe assembly. This bleck
also-acts as the terminal strip for the thermocouple leads
from the Probe to the recorders. The cylindrical, hollow probe
is suspended from the rotor by three threaded rods which
screw into threéded'tubes, integrally cast into the probe
wall (Section 4.1.3). Cooling air can be supplied to the
inside wali of the probe by a 2.54 cm diameter pipe (i)

attached to the stator and positioned concentrically inside



PLATE 1

'The apparatus
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