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ABSTRACT

The free edge of a quenched plate is subject to zero stress in a
direction perpendicular to this edge. Therefore the thermal stresses
set up in such a component must be modified in the vicinity of the edge
in order to allow the required stress configuration to be produced.
This is referred to as the 'edge effect' and its magnitude is
conventionally estimated by the well-known Saint Venant Principle.
However a detailed understanding of the variation in stress in such a
specimen is not well understood and it has been the objective of the
present programme to make a detailed elastic/plastic analysis of the
stress generation process using a finite element method. To this end a
disc specimen has been considered, so that both experimental and
theoretical estimates of the stress fields are not influenced by the
presence of sharp corners, which lead to a very complex stress system.

The stress generation process has been followed by a finite element
axisymmetric model. The use of such a plane strain representation has
been checked by comparison with a full 3 dimensional elastic analysis,
at a very early stage in the process when plastic flow was not present.
The results obtained by the two methods of calculation were in good
agreement and justify the use of the plane strain model.

The finite element programme calculated the thermal history of the
specimen by the Crank-Nicholson method, and the weighted mean technique
was selected as the best method of smoothing the results. The effects
of different element stress functions, and element size, as well as time
and load steps have been studied and the optimum combination selected.
Considerable difficulty had been experienced with the stability of the
results, which was found to be due to limitations in the BERSAFE finite
element package. The elimination of this problem led to a situation
where successive stages in the stress generation process were calculated
and examined with confidence, although great care was required to
balance the time step with the thermal loading step.

The results from this model in the central region of the plate were in
good agreement with those results reported by earlier workers.

The complex variation of stress distribution predicted by the model as
the free edge is approached has been -examined and justified against the
classical governing equations. This includes non-linear decay of
in-plane stresses and the development of axial and shear stresses near
the edge of the plate. A further product of this work has been an
evaluation of the development of plastic zones during the quench
process.

Although the effect of the edge on the inplane stresses differs with
axial position in the plate, the derivation of an overall edge
correction factor (which is a mean ratio of average stress to the stress
on the axis) provides a value which is consistent with the Saint Venant
Principle. Therefore, it is concluded that the use of edge correction
factors based on the linear decay of in-plane stresses from a position
that is one plate's thickness from the edge is satisfactory for
determining "real" body stresses from a finite difference model.
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1.

1

INTRODUCTION

GENERAL

Residual thermal stress and strain is of importance to
manufacturing processes where the use of a quenching
operation is necessary to achieve particular physical and
structural properties of a component. The thermal gradients
and phase modifications which transpire when using liquid/gas
quenchants or induction hardening techniques cause
displacement within the component and thereby produce
accumulative stress and strain which is retained in the
structure at the end of the treatment. Invariably this state
of internal stress/strain can lead to one or more of the
following problems, depending upon the severity of quench and

composition of material:-

(a) If the accumulative stress reaches that of the material's
fracture stress, quench cracks may be formed either
during or within a short period after the hardening

process.

b) The bulk straining of the material causes varying degrees
of distortion of components and as such can cause great

difficulty in achieving critical dimensional tolerances.

(c) Even if cracking and gross distortion do not occur, the
retained stress pattern within a part can cause further
displacement and warping if that part undergoes selective
machining after the hardening process. This is because
the stresses must accommodate the loss of material which

contained balancing forces and thus restore equilibrium.

(d) The residual stresses present in a component may change
its in-service properties; e.g. surface tensile stresses

can contribute towards the susceptibility of stress



corrosion cracking; also the stress magnitude and nature
will modify the mean stress fatigue level of a component
which may be for the good or detriment of the article

depending on the form of dynamic loading applied during

service.

The assessment and rectification of such problems in industry
(e.g. the case carburising of automotive gears) is still
based upon trial batch determinations. These trials indicate
the required adjustments to either component dimensions
and/or treatment parameters to achieve a satisfactory post
treatment article. Unfortunately such practical assessments
are time consuming, costly and rarely yield results which can
confidently be applied to a full production run. This
unreliability may be attributed to the large number of
variables which contribute in a complex manner to the final
stress distribution and which may alter during the time span

of a manufacturing process.

If the manifestation of significant residual stresses and the
accompanying effects can be theoretically predicted, this
would save time and costs, increase yield and ultimately
ensure an increased service life for components. The
limiting factors for a theoretical prediction of internal
stress are (as for the production method) the multiplicity of
variables which in many cases are highly sensitive to the
sample preparation and testing environment; yet the most
difficult problem is encountered in obtaining accurate
mechanical and physical property data of the material for a
wide temperature range. Because most physical properties are
temperature dependant, large quantities of data have to be
experimentally determined which are not readily available due
to such criteria being unique to a material of that

particular composition.

These difficulties have, in the past, led to the formulation
of theoretical models which are over simplified; but with the

efforts of previous workers in providing much of the property



data and with the advancement in fast digital computers which
can manipulate vast quantities of information, solutions with
a sound fundamental basis are now possible for residual

stress predictions.

In the development of recent theoretical models for residual
stresses it had been necessary to eliminate some complicating
factors without actually over simplifying the material
behaviour; this was accomplished by modelling an
air-hardenable material in the shape of a thin plate, which
allowed the valid assumptions of plane stress conditions and
a 100% Austenite/Martensite transformation on quenching. The
model was then used to calculate internal stress in the
'infinite' plate region (remote from any edge effect) by a
finite difference technique. The present work on modifying
this model, which is detailed in this thesis, is to
incorporate the influence of the plate's edges, and hence
approach a more realistic mechanical situation. The
classical approach to taking account of stress in the region
of a free surface is defined by Saint Venant's Principle,
which in its present form is an empirical statement that does
not give detailed explanations for principle and shear stress

re-distribution or generation in the area of interest.

The finite element technique which allows surface boundaries
to be specified in 3 dimensional space, has been used for
modelling the structure and validation of this model will be
made by comparison of results for the centre of the plate
againSt those from the finite difference solution and

experimental determinations.

10



1.2

LIST OF SYMBOLS

Definitions of mathematical symbols are given below, and are

consistant throughouf the thesis unless redefined within the

text or by reference to figures.

X,Y,Z
u,v,w

r,H,z

e O™ O

@ A > B8 3

l, m, n

“1(z;)

olm(zi)

dz
o (2z)

oy(z)

Start and finish temperatures of the martensite

transformation.

Cartesian axes. (also used as subcripts)

Displacements in the cartesian axe

Radial, hoop and axial directions in polar axes

(also used as subscripts).
Principle Stress.
Principle Strain.

Shear Stress.

Poissons ratio.

Youngs modulus.

Time increment.

Temperature.

Order of diffraction )

Wavelength ) Barrettzo

Interplanar distance )

Bragg angle )

Direction cosines

Corrected stress value )
= Measured stress value )

Distance from lower surface to )

point of measurement )

Original sample thickness )

Thickness of layer removed )

Actual residual stress in layer
Apparent residual stress in layer
Layer thickness

Plate thickness

Distance of layer from surface
Angular deflection )
Initial arc length of plate ) Rai
Layer thickness )

11-1

S.

Nt N N S

et al

Dai and Sato

28

25



f'

Mean stress of removed layer

)
Cross section removed )
Cross section remaining ) Barrettzo
Change in rod length ) (Heyn & Bauer)

Original rod length )

Diameter of bore at step considered - Ford30

Correction of stress in nth layer

due to previous removal of mth layer )

Plate thickness before removing nth
layer

Layer thickness

Change of inplane strain after layer
removal

Strain gauge constants )

) Andx:'ews’4

Direction of maximum stress from ) Beaney et a139

gauge element number one )
Plate length measurement )

Volume change due to ) Price49
transformation )

known constants of partial
differential equation
function of distance in the X axis
temperature at point n after i time
intervals.

coefficient of expansion.

surface heat transfer coefficient.
thermal conductivity.

elastic bulk modulus. )

elastic shear modulus. ) Weiner65

bounding surface. )

11-2

) Crank &

)} Nicholson

Fletcher

50

57



2.1

PREVIOUS WORK

INTRODUCTION

The definition of residual stresses has been given by several
authors 1, 2, 3, 4, 5 and can be stated simply as: "those
stresses existing in bodies upon which no external forces are
acting”. Working from this definition Orowan1 gave a
comprehensive classification of the many types of internal
stresses that is essentially accepted today, but with
inconsistency of names for the various classes. First order
residual stresses (also known as body stresses or
macro-stresses) are those which act over long range distances
comparable to the magnitude of the body, second order
stresses have influences within the range of crystal
dimensions, whereas third order stresses act only within
interatomic distances. The latter two classes are frequently
referred to as micro or tessellated stress, examples of which
have been discussed by La52106 and Dentonz, e.g. principal
textural inhomogeneities such as grain boundaries,
dislocation glide and preferred orientation will give rise to
micro-stress, as will structural transformations where there
is a mismatch between parent and product lattices; also the
third order residual stresses occur wherever solute atoms are

straining the lattice.

It is generally accepted that the source of first order

stresses which occur when quenching (as opposed to

fabrication and machining processes) arise from three
7.8,

combined causes :-

3

a. Thelning” shows the difference in cooling rate between
the surface and centre of a 100mm diameter steel bar
quenched from 850°C (Fig 2.1). This temperature
difference within the body is the root cause of thermal
stress generation and consequently the first step in
any prediction must be an accurate calculation of the

transient thermal history.

12



As a direct consequence of thermal gradients the
differential contractions which take place in adjacent
sub-layers of the body give rise to stress as equilibrium
is maintained. The thermal elastic stresses generated by
the temperature gradient in Fig. 2.1 are shown in Fig. 2
(curve a). Obviously the magnitude of these stresses are
directly dependant on the material's coefficient of

linear expansion.

If the stresses attained within a body exceed that of

the yield stress, plastic deformation occurs3'u. This
has the effect of leaving permanent strain within the
material, even when its temperature has stabilised at
ambient throughout the section (Fig. 2.2, curve c). This
plasticity effect occurs most readily during the early
stages of the quench whilst the high temperature yield
stress is comparatively low. Orowan1 and Denton2 have
made reference to the Bauschinger effect which implies
that macro-stresses and textural micro stresses are
inseparably inter-related, i.e. the deformation of grains
during first yielding would change the yield
characteristics of the material if reverse loading should

occur at a later time.

The object of quenching a material is essentially to
produce a hardened structure by causing an allotropic
modification. The nature of phase transformation is
bound to give a change in specific volumeg’lo, which will
generate stress from the interfacial boundary and give an
overall dimension change. Although this is more
correctly specified as transformation stress, it is
produced under conditions where thermal contraction
stresses are bound to arise, hence both may be referred
to collectively as thermal residual stressll; The extent
and complexity of residual stress created through
transformation depends on both the constituent elements
in the material and the rate of cooling, i.e.

hardenability.

13



3

Thelning” shows how inherent hardenability influences the
structures formed (Fig. 2.3); more than one phase is produced
in'many cases, and will have differing mechanical and
physical properties. An example showing the effect of
hardenability on residual stress has been given by Nelson et
al12 who case hardened plain carbon, boron and manganese
steels; it was found that residual stress became more
compressive as case depth increased (Fig. 2.4), although it
was not understood if this effect was due to the volume ratio
of phases present or the change in hardness gradient between
case and core. The dimensional changes which accompany phase
transformations can be readily observed by dilatometry
experimentslo. Figure 2.5 indicates that on fast cooling
from austenitic temperatures there is an expansion occuring

between the MS and Mf temperature of the material.

If we consider the generation of thermal stress in a
semi~-infinite body, ii will be noted that when superimposing
the contribution from the above mentioned sources, the
resulting stress may be entirely changed in nature and hence
make the prediction of residual stresses a most difficult
problem. Initially the temperature gradient in the body will
give rise to tensile elastic stresses at the surface balanced
by compressive elastic stresses in the core as the outer
regions attempt to contract to a greater extent than the
inner. As the temperature gradient becomes steeper, the
yield stress of the material is exceeded and the centre and
surface of the body plastically deform to give permanent
strainu. At lower temperatures the stresses unload and
eventually reverse, due to the increase in the rate of
cooling at the centre relative to the surface. When the
surface temperature falls to that of a transformation start,
the specific volume increase effectively tries to expand this
material to a greater degree than the thermal contraction so
that the surface is placed in compression whilst the stress
in the inner untransformed material becomes tensile.
Plasticity can still occur at this stage but is more

difficult due to the lower temperature yield properties of

14



the austenitic material and the very high yield point of the
transformation product. In most cases by the time the centre
of the body has cooled to the transformation temperature, the
surface has completed its volume phase change and is again
subject to a thermal contraction, thus when the centre
transforms, its volume increase is constained and gives yet
another stress reversal; the stress is now tensile at the

surface and compressive in the centre.

Because thermal residual stresses are self equilibrating the
stress distribution is usually symmetrical about the centre
of the body: thus the relative magnitude of the stresses are
dependant on the distance between this centre and a free
surface12 (Fig. 2.7). Buhler and Rose14 have shown that a

10 mm diameter bar will have both a smaller temperature
difference between its centre and surface, and a much shorter
cooling time than a larger bar (Fig. 2.8A). This will affect
the magnitude of the thermal stress generated during
quenching and the transformation products which may also be
expected to complicate the stress analysis. Therefore the
geometry of a body,  or more specifically its free surfaces,
are considered to be of great importanceg. The modification
of the stress pattern is not only dependent on the specimen
thickness, but also by the proximity of free surfaces in the
other planes, e.g. the edges of a plate. Certain stress
components within the body must reduce to zero as they
approach a free surface to whiéh they are perpendicular; this
boundary condition invariably means a complex redistribution
of the other component stresses, which as yet have not been

examined.

Even when thermal stress generation is completely understood,
there will be limits to the amount of control that may be
exercised over this process, hence quenched material will
still contain residual stress and strain. However post
quenching and hardening processes are available13. such as
stress relief anneal, tempering and controlled plastic

deformation, although these can only be applied to bodies

15



2.2

2.2.1

which have not undergone severe distortion or have not

suffered quench cracking due to a grossly high stress level.

At the present time, when the stress generation process is
imperfectly understood, theoretical studies are still of
limited practical value and most industrial methods of
studying this phenomenon are empirical. This review will
therefore begin with a description of this empirical work,
before going on to consider the details of the theoretical

model of the stress generation process.

METHODS OF DETERMINING INTERNAL STRESS EFFECTS DUE TO HEAT
TREATMENT AND SUBSEQUENT QUENCHING

Observation of Quench Cracks

In 1947 Thompson9 realised that the size of a specimen
markedly affected the:tendency for quench cracking to occur.
With large cross-sections, the surface residual stresses (or
even transient stresses) could exceed that of the material's
ductile limit, and might possibly contribute to premature
martensite formation through the thermo-mechanical effect.
Martensite lacks any appreciable ductility and once formed
will be very sensitive to a further increase in thermal
strain. Thompson argued that this is the most probable cause
of quench cracking because at and around the fissures the
breakdown of austenite has proceeded appreciably further than

in the main body of the sample.

The first efforts to produce a standard specimen for
measuring thevquench crack sensitivity of steels were made by
Chapman and Jominy15 in 1953. After several attempts based
upon specimens used for distortion measurements, they found
that a test piece machined to the specifications shown in
Fig. 2.8B, gave almost consistantly reproduceable results
when specimens of SAE4340 steel were cracked, provided
extreme care was taken in machining the notch. Other steels

were then tested by the following procedure:-

16



a. Hold test specimen at an austenitising temperature long

enough to eliminate any temperature gradient.

b. Quench into agitated oil or salt solution, with the thin

section down.

c. After cooling, rough polish and examine for cracks at x50
magnification. Also carry out several Vickers hardness

tests on the specimen.

d. Re-examine microscopically for cracks and repeat the

hardness measurements.

In general the reliability of these tests were good, although
in some instances specimens cracked whilst identical ones did
not. In defence of this behaviour Chapman and Jominy stated
these tests to be borderline cases, which were on the verge
of cracking. The results gained from these experiments led

to the following conclusions:-

a. The presence of non-metallic inclusions, through their
effect as stress raisers, undoubtedly contribute toward

cracking susceptability.

b. Quenching from a higher austenitising temperature is more
likely to form cracks, although this finding is in direct
conflict with the results of Jackson and Christensonl6.
It is suggested that the higher temperature gives a
greater concentration of carbon in austenite which
depresses the Ms temperature, thereby causing the
transformation to occur under less ductile conditions.

It is also probable that a greater thermal gradient

produces a shallower rim of surface martensite whose low
thermal conductivity would deter cooling of the core and
thus generate sufficiently high thermal stresses to cause

fracture.

17



c. Depending on the carbon content of an SAE steel there is
a particular temperature below which a martensite
transformation start will produce cracking. Therefore as
the MS temperature falls, lower carbon is necessary to
prevent a failure, i.e. by reducing the amount of
specific volume change even if this causes the

introduction of other transformation products.

Essentially these conclusions mean that the ideal conditions
to avoid quench crack problems require the use of low carbon
steel with a high Ms temperature, which has been austenitised

at a relatively low temperature.

An assessment of quench crack occurrence was undertaken by
Kobasko et al17 in 1970, and although a study of the effect
of cooling rate during transformation was the major objective
no attempt was made to explain the physical mechanisms which
led to cracking. Small discs, cylinders and combination test
samples of Si/Mn/S/P steels were quenched from 850°C into
various media (hot, warm and cold water; saturated NaCl
solution; a 12% NaOH solution) to achieve different cooling
rates. The cooling rates during these tests were determined
by differential thermocouples welded in the centre and at the
surface of the samples. Quenching results were presented as
a probability of distribution for cracking against the
cooling rate measured at a core temperature of 350°C. The
probability of cracking was determined from the ratio of the
number of samples with cracks to the total number of samples.
In the case of the cylindrical samples, the greatest
probability of quench cracking was found to occur at a
cooling rate of 300-350°C/sec, whilst undergoing
transformation. Geometrical dependence of this probability
was noted because a shift in the distribution curve was found
when the specimen shape was changed, and the morphology of

" cracks in disc specimens were of the tangential type whilst
in the cylinder/disc combinations cracks first appeared in

the axial plane.

18



In a later paper Kobasko18 suggests that quench cracks and
self deformation may be considerably reduced by raising the
temperature range of nucleate boiling so that transformation
occurs as convective heat transfer begins, thus allowing the
high thermal stress generation to take place whilst the
structure is still predominantly supercooled austenite. The
specimen surface during nucleate boiling is described by
Kobasko as undergoing a "self-regulating" thermal process,
i.e. it virtually remains at a constant temperature
equivalent to the saturation teﬁperature of the quenching
medias. This may be disputed because it can be shown that
the surface heat transfer coefficient is at a maximum during
nucleate boiling (see below), and it may well be that this
process has been confused with that of the vapour blanket
stage. Nevertheless he has shown that by a change in the
pressure of the quenchant it is possible to raise or lower
the surface temperature of the test piece and consequently
suppress or accelerate phase transformations. An increase in

pressure will decrease the occurence of quench cracks.

The hoop cracks observed by Toshioka et al19 were attributed
to insufficient ductility in the radial direction. This
again can be justified by the stiffness of martensite which
is unable to accommodate high thermal strains which can be

induced after transformation.

In the review of the previous work on quench cracking, there
appears to be a consensus of opinion that to prevent this
form of failure the nucleate boiling stage of cooling should
be completed before transformation so that the stresses
created by steep thermal gradients are absorbed by the much
softer austenite, but that the change to convective heat
transfer and the start of the transformation should be almost
simultaneous and at a sufficiently high temperature for the
martensite properties to withstand the volume change

associated with its formation.

19



2.2.2

X-Ray Diffraction Techniques

It has been recognised since the mid 1920's that X-ray
diffraction examination of materials which are under strain
exhibit results which are peculiar to that form of structural
distortion. A series of review papers by Barret20 in 1934
gives a qualitative summary of various X-ray diffraction
effects which have stemmed from internal stresses. All the
effects are dependant on the diffraction of an X-ray beam at
a specific angle by crystallographic planes according to the
Bragg equation, nh = 2d sinB. There are sufficient

differences in the methods to warrant a brief resume of each

type.

a. The Laue method uses a heterogeneous beam of X-rays which
are diffracted by a thin crystalline specimen, and the
diffracted beams which emerge are registered on a
photographic film 6r plate, which will show an array of
"Laue spots". If the crystal is bent to cause internal
strain, it provides a varying angle of incidence of the
X-ray beam on the atomic planes, and this results in a
spectra forming from the different wavelengths in the
primary source. This effect may be clarified by the
otpical analogy of reflection from curved mirrors and
thus emphasises that the Laue method registers strains by
virtue of the changes in orientation of reflecting
planes. The characteristic appearance of a photogram
from a bent crystal is of spots which are spread radially
and constitute an "asterism". The magnitude of asterism
is dependant on the size of spot struck by the X-rays and
the degree of straining; it is rarely observed when the
strain lies in the elastic range but a small amount may
be caused by a reduction in lattice symmetry through
non-uniform elastic shear, so great care should be taken
in analysing results. It is during plastic deformation
that the significant changes in crystal orientation take

place which develop the asterism.
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If the X-ray beam used in the analysis is monchromatic
and the specimen used is polycrystalline the photographic
pattern formed will be a series of rings. These rings
are composed of adjacent spots which are produced by
diffraction in singular grains. If grains are bent or
rotated about the incident beam axis, the corresponding
spots on the Debye rings will be elongated peripherally
the full length of the Laue streak. Below the elastic
limit of the specimen this peripheral widening is
indicative of the internal stress, but, should this limit
be exceeded the increased widening is then only
representative of the distortion. It was found that a
linear relationship exists between the peripheral width
of spots and strain up to 40% of the latter. This method
was proposed as a quantitative measurement of
deformation, but is was necessary to calibrate the camera
by applying known stresses to the material under the same
temperature condiﬁion in which it was to be used, for the
method could not heasure stress directly. Using large
specimens meant the diffracted Debye rings could only be
registered by back reflection, and at this point it
became clear that the results would only correspond to
the surface layers penetrated by the incident beam. Even
so, Regler made unsubstantiated claims of great accuracy
for this technique, i.e. stress measurements of + 1
N/mm2. The major problems with peripheral spot widening
analysis are that the results correspond to microstress
rather than macro; no effects of biaxial stress have been
considered; and with only surface penetration triaxial

distributions of stress cannot be found.

Consideration of spot widening may be developed to
include the whole Debye rings. An homogenousely stressed
specimen would show an overall line shift, but if this
stress distribution is microscopically inhomogenous there

will be a variable shift and a resultant line widening.

21



Unfortunately this phenomenae is, like the spot widening, so
sensitive to micro stresses that little relation can be made

to body stresses.

The most direct X-ray method for stress measurement is that
employing the overall shift of diffraction lines. If all the
reflecting grains are similarly stressed, the diffracted rays
from all of them will superimpose to produce sharp lines
displaced from their normal unstressed positions. The
diffraction pattern of the interatomic spacings then becomes
a strain gauge which measures macroscopic strains. When this
idea was applied to a variably loaded steel ribbon in a
forward reflection camera, the average reading for six
diffraction lines showed a linear relation of interplanar
distance to stress. Since the reflecting planes were
approximately perpendicular to the direction of applied
stress the change of interplanar spacing was approximately
equal to the longitudinal strain. For bulk specimens, this
experiment was repeated in a back reflection camera where the
reflecting planes were parallel to the specimen surface and
not perpendicular to the principal stress. The calculation
of strain in this situation considered the principal beam to
be in the z cartesian direction and the uniaxial tensional
stress, U;, to be along the x axis. The strain in the Z
direction was given by:

82 =:%%Lo%, where V was Poissons ratio and E was Youngs
modulus, and the strain measured by the X-ray diffraction

line shifts in the same direction was given by:

d - dO
€ = ; Where do

unstressed interplanar
(o} spacing

d

stressed interplanar

spacing

Hence the macro stress, U; may be determined. Certain
corrections were required in the calculation of the 82
strains from the photogram, because in practice it is
more convenient to place the X-ray beam at a slight angle

to the specimen surface, and as can be seen it was also
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necessary to know the interplanar spacing (do) for the
unstrained condition. This may be readily achieved by
removing the load if only externally applied forces are
under consideration, but if residual stresses are to be
examined do can only be found by testing an annealed

sample. To achieve any reasonable level of accuracy by

the shifting of lines method the precision of determining
interplanar spacing must be very high, because an error of
0.0001 ® in the latter will give an error of approximately =
90 N/mm? in the former. This is known as the single exposure

technique.

In 1966 a review of residual stress determination by Dentonz,
follows the development of the line shifting X-ray technique.
Using the previous position of the sample in the cartesian
co-ordinate system, if it is accepted that plane stress
conditions are observed at the free surface, the elastic
étrain normal to the surface is:-

O'x'i'O'
E=-\)—E—z.

z

hence the sum of the principal surface stresses is given by:

9, - 4,
) }
o

g 4+ 0 :'.-.-E.{
X Y Vv

A generalised set of equations have been given by Denton2 and
Andrewsa for the state of principal stress and strain. These
equations are derived from the ellipsoid of stress shown in

Fig. 2.10, and are based on the direction cosines 1, m and n;

o = 1207 + m20y + n20}

and € = 1%e; + m%e, + n2eg
where 1 = siny . cos¢, m = siny.sing and n = cosy. For the
surface conditions put 03 = 0 and ¢ = 90°, the combination of
these two equations and substituting 1, m, n, 81 and £2 in

terms of the principal stresses gives:

d -
o =Y 921 E 1 2.1
¢ d ° 1-v - ® e 0 00 L
z0

51n2w
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A simplification may be made to reduce the unknowns in this
equation, by which de (the unstrained lattice spacing) is
put equal to dzl (strained), which will cause the loss of
little accuracy and allows an analysis on an annealed
specimen to be dispensed with. This technique is known as
the Two-Exposure method, because to determine the stress in a
specific direction of the surface (say ¢ = 30°) a
perpendicular exposure will give dzl and an oblique exposure
(sayy0= 45°) will give dV which provides the equation
unknowns required to calculate c}. If three arbitrary c&
values are found, the direction and magnitude of the

principal stress may be determined from elasticity theory.

The "two exposure" equation was modified by Donachie and
Norton21 who compared the results from stressed and
unstressed samples to see if there was any difference in
their refracting powers. For an error of * 10% they proposed
that g could be calculated from a stress constant K and the
change in the Bragg angle 40;

~_F . L AB = KA®

1+v sin?ytand

Due to large errors it was considered that for reliability,
the standard two-exposure equation (2.1) should be used
because it made no assumption of K equality between a

stressed and unstressed specimen.

A more reliable change to equation 2.1 was previously
proposed by Hawkeszz; this was based upon the substitution of
the interplanar spacings by sin 6 functions (permissable from

the Bragg equation) to give:

o1+
{ V

s 02
5 ein ez } sin4y + cosec Gz

cosec 6, = o¢

v

As can be seen cosec %P is a linear function of sinzy, so
that the gradient of the line plotted from several results
will give the stress oa when it is divided by the known

factor in brackets. Obviously this will lead to greater
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numerical accuracy because the results depend on measurement
of the Bragg angles and not on a small difference in the

interplanar change. This is known as the sinzf’technique.

Regardless of whether the single exposure, two-exposure, or
sine technique is used the degree of accuracy attained relies
on the operators ability to determine the exact position of
the diffraction lines. It has been mentioned previously that
crystallographic distortion causes line thickening of the
Debye rings, so that the line positions used may be somewhat
tenuous. To overcome this problem it has been concluded that
the film method of recording diffracted X-rays must be
discarded in favour of a diffractometer technique which has
an electronic counter that locates exactly the peak intensity
of a broad diffraction line23. Further sources of error

noted by Denton are:-

a. although the X-ray penetration is very shallow it may
still be deep enough to invalidate the assumption that

there is zero axial stress

b. it is assumed that E and Vv are constants whilst in
reality they vary considerably with crytallographic

direction.

The necessary use of a diffractometer in the stress
determinations of hardened steels is re-affirmed by Kirkzq,
who also states that such methods are quicker that the use of
film and allow computer analysis of the data obtained.
Although Kirk reiterates the theoretical foundations of the
sinzp'and two-exposure techniques already given, he makes an
important comment on the choice of reflecting planes from
which results will be taken. If the Bragg equation is

differentiated to give:
- _ Aa
48 = - g - tan 6

the substitution of relevant values into this relationship

will give a much larger A® for a big 6 value than for a small
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© value when the lattice strain remains constant; therefore
the best line shift results will be achieved using
crystallographic planes that have a large Bragg angle.
Reference is also made by Kirk to the problems of
successively removing layers of material and performing step
wise X-ray analysis to determine stresses in the interior of
the specimen. The method of layer removal should not induce
additional stresses, but it is recognised that the removal of
material will certainly cause a redistribution of stress in
the remaining body. The correction necessary to allow for

this change was given for a rectangular plate specimen:

. _ H dz H dz
o =0 + 2/ 0o . —-62.J 0© .« —
1(z,) lm(z,) 2z, “lm(z) z ~ 9% z; lm(z) * 2,

Layer removal and diffractometer stress determinations have
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been performed by Dai and Sato on longitudinal and
transverse sections of band saw blades. They compared the
results of an X-ray analysis of the back and front surface as
the layers of material were successively removed from one

surface. The few assumptions made are:-

a. isotropic properties

b. axes of principal residual stresses coincide with axes of

symmetry, and

c. principal stresses are constant in each layer.

Comparison of their methods with measurement by a strain
gauge (see section 2.2.3) showed very good agreement

(Fig. 2.11). The main conclusion reached in this step-wise
technique is that the front surface method has the advantage
that it is able to obtain the residual stress on the initial
surface directly with small errors, because the correction
formulas have only integral terms unlike the back surface
method which contains differential terms that may give a

considerably larger error. Unfortunately the front surface
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method requires a fine surface finish before analysis after

each layer has been removed.

Stahlkopf and Egan26 show that the single X-ray analysis
technique is a very versatile method. The necessity to
determine stresses within pipeworkings in the nuclear
industry has led to the development of a portable X-ray rig
which can test components in situ. Although this has been
termed a single exposure technique, the determination of the
20 angle of the Debye ring on both sides of the incident beam
gave sufficient data to allow substitution into the double

exposure equations.

Well into the mid 1970's the work on stress analysis by X-ray
methods was still striving to obtain the factors which
determine whether the measured strains are indicative of

27

micro or macro stresses. Macherauch and Wolfstieg ' give
three good examples of alloys which show varying amounts of
micro and macro stresses when examined using the sinzyf
method. They suggested that the form of stress evaluated on
a plastically deformed specimen depends to a large extent on

the type of material and the amount of heterogeneity.

The past work performed on X-ray residual stress measurement
has shown it to be a versatile instrument in this field of
analysis, particularly if only surface stresses are required
and the technique must be non destructive. As shown, there
are several ways in which the measurement may be made, each
based upon sound mathematical solutions, but the major

problems which have to be realised are:
a. the interpretation of the class of stresses measured, and

b. the introduction of errors by the method of layer

removal, if sub-surface analysis is required.

27



2.2.3

2.2.3.1

The latter problem is not confined to X-ray techniques but
also applies to the mechanical methods, and as such will be

discussed in greater detail in the following section.

Material Removal Methods

During the review of X-ray stress analysis methods, reference
to layer removal has been made as a means by which the
variation of stress through the section may be measured. In
those particular cases the removal of material was purely a
means of disclosing sub-surface points, yet in fact it
constitutes a whole branch of residual stress analysis. The
action of removing material causes a redistribution of stress
and strain to accommodate the lost body forces and hence
maintain equilibrium. This redistribution of stress leads to
a distortion of the remaining body which is related to the
stress in the removed layer, and may be measured by either
resistance strain gaﬁges or optical equipment. It is
therefore necessaryltb consider the various methods of layer
removal, along with their relative attributes and

mathematical development.
Electrolytes and Chemical Etchants

Preliminary comments made by Barrettzo on the uses of
chemical etchants for material removal urged caution due to
the possible lack of uniformity in the reaction and the
possibility of a weakening of the underlying structure by the
acid attack. These reservations were also made by Dentonz,
but he pointed out that the attraction of such a stress-free
method had prompted other authors to use it, with encouraging
results when a weak (10%) acid solution was employed.
Comparable results were also obtained by electrolytic etching
of copper samples in a phosphoric acid.

Although Dai and Sat025

analysis technique, they also removed material in a step-wise

used X-rays for their primary

procedure with a H3P04/Cr04 electrolyte which produced a
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surface finish within one micron roughness and free of oxide
films. Selective removal was achieved by masking with
laquer. It is possible by this method to have a continuous
assessment of the stress profile, e.g. the rate of material
lost at any time is known from the electrolysing parameters,
and any curvature produced from the plate can be measured by
a telescope and mirror arrangement, with the latter connected
to the sample. A comparison is given in this paper of the
derivation of actual stress from the amount of material
removed at various points; the final equations for principal

residual stress being:

a. Stress determination at new surface

Sy z 0 (%)
ox(z) = cx(z) + 2£ hx- - ag

- 6(h —z).(l)'z % (%) 4
(h - £)2
b. Stress determination at opposite side of plate to the
layer removal
-(th - 2) déx

ox(z) = . + 26x
2 dz

- 3(h - z)/Z 8x(r)
Th - )2

These derivations were based upon variations of stress
components within the plate produced by membrane forces and
bending moments caused by the removal of stressed layers; it
should be noted that the removal of material containing a
positive stress gives a compressive stress at the back

surface.

Further work on the layer removal method incorporating
electrolytes was performed by Rai et a128 on 2.5 mm thick
mild steel plates. By relating the angular deflection to a
change in radius of curvature of the remaining plate, the
following equation was proposed for the average stress (&) in

a removed layer of thickness (b):
o = E.b2.A8

b.S.a
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2.2.3.2

The results obtained from this experiment are shown in

Fig. 2.12, but Rai has not compared them with those for other
techniques or even assessed the experimental/mathematical
sources of error. Although it was remarked that compressive
residual stresses of the same magnitude as the materials
yield stress were found, no attempt was made to explain the

stress profile.

It has been proposed that surface residual stresses in
ultra-high strength steels may be quantitatively examined by
etching in a variation of Fry's re-agentzg. This re-agent
produces characteristic furrows in the metal, which run
approximately perpendicular to the direction of the tensile
surface stresses. The furrow spacing varies according to the
magnitude of the stress. It is thus stated that once the
etching process has been calibrated for a material, complex
etch patterns can be analysed and residual stresses mapped
out in direction and magnitude. As yet the mechanisms of
"stress etching" are not fully understood and it has been

applied mostly within the fracture mechanics field.
Mechanical Techniques and Modified Sachs "Boring Out".

In the first of the abstracts by Barrettzo a good outline is
given to the development of mechanical stress analysis
techniques up to the mid 1930's. The different methods fall

into two basic categories of measurement:

a. Measurement of the dimensional change to a body when

material is removed from a specific area

b. Measurement of the bending of a strip when it is cut from

the object.

Methods in (b) above require the cutting of a "tongue" from a
tube or parting off and splitting of a ring, and depend upon
the measurement of the change in radius of curvature to give

an indication of the elongation and compression of surface
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fibres. Unfortunately stresses calculated in this way have
been found to be inaccurate and not easily reproduceable.

The early methods which fall into category (a) assumed either
radial and tangential or only axial stresses in rods and
cylinders. One such method is to turn concentric rings from
a tube and then calculate o. and oy by using elasticity
theory and the change in the diameter of each ring. If the
ring expands, it is under compressive stress whilst still

part of the tube.

Barrett described the Heyn and Bauer experiment as the first
of the layer removal techniques by which successive layers
were turned from a rod and at each stage the removed stresses
in the axial direction were mainfest by the change in the rod
length (all other stresses assumed zero) to achieve

equilibrium. The governing equation in this instance was:

o‘ = E.£0£
£'1
Where o' = Mean stress of removed layer
: . - 20, 30
The previously mentioned examples and others are

specialised cases of a more generalised technique of layer
removal developed by Sachs. The Sachs boring out technique
as described by Barrett20 and Ford30 includes the following

method:
: I . 1-1, A
The unit longitudinal strain A = 1 and the unit
D-D 1i
circumferential strain = i are plotted against the
— .

cross-sectional area A, of tﬁe remaining metal, and a smooth

curve drawn through the points.
. 7D, 2

i
I =
£ o

=Fin 2 _ 32
A 4(Di a<)

Yy=A+vl and 6 =6 + VA, then
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(1) Longitudinal stress at diameter D

g =

E_ {(; -na -y},
1l da

1 - v2

(2) Circumferential stress at diameter D

6 =—E @, -2 a - Bt g ang
c 1 - v2 da 23

(3) Radial stress at diameter D
¢ = _E By - Ay
Tog-y2z A

where 1i and Di initial length and diameter of cylinder

1, D length and external diameter

dy and 46 are obtained by drawing tangents to the curves of V¥
aa daa

and 6 versus A.

Typical results for internal stress in a cold drawn brass rod
examined by the boring out method are shown in Fig. 2.13.
Since no assumptions about a special type of stress
distribution (i.e. plane stress) are made, the Sachs approach
is more accurate and indicates that the earlier methods
involve errors of up to 40%. The implicit assumptions of the

Sachs method have been summarised by Denton2 as:

1. The metal is effectively isotropic and has a constant

value of Young's modulus and Poissons ratio.

2. The residual stresses are distributed with rotational

symmetry about the axes of the bar/tube.

3. The tube formed by boring is circular in section and all

wall surfaces are concentric.

4. The specimen is sufficiently long to prevent lateral

bending.
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Denton2 also discusses the advantage of performing an
analysis by half boring and half turning a specimen, so that
extrapolation for the stresses in the remaining material

which is too small to machine, will be between two known

values.

The basic Sachs equations and technique have been modified by

31

several authors such as Cepolin and Andrews'u, for specific
applications. The former used the Sachs technique to
determine residual stresses in a welded half inch thick plate
of Hastelloy N steel, but the calculation considered the
tangential and radial components only and assumed the
geometry to be such that plane stress conditions occurred.
The maximum tangential stress measured was of the order of
350 MN/mZ, and did not appear to be affected by variations in
the heat input during welding. However such a conclusion may
be questioned since the heat input affects thermal gradients

and hence the thermal stress component.

Andrews‘l1l modified the use of the Sachs equations in the
determination of stresses in thin plates when material was
removed from one surface and the changes in strain measured
on the other. Since forces and moments must be in
equilibrium and considering geometrical factors (Fig 2.14) he
determined that the stress in each layer (corrected for
previous layer removal) is given by: o1 = s(1),

1 1 2 1 2 3
02 = 5(2) - Ay 03 =5(3) - A3 -A3 Oy =85(4) -8y - by -4y
4

!

where
aM o Box . (zy) - (n- m)Az + Az
noz; m 2
and

Aox (t - Az )2
S(n) = —= n

(2t + Az )Az
n' " n
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The subsiduary variables are found from,

(t = Az) (4t - Az)

5= 6t
z, = t - Az -2z
Aox = E (Aex + vAey)

1 - v2

where, S(n) = stress in the nth layer without correction

Few authors have used the Sachs method for investigating
residual thermal stresses in thin plates, but the proposed
modifications of Andrews have been followed by Price11 who
‘examined quenched EN30B material. The residual stress
profiles he recorded for 20 mm thick x 120 mm square plates
showed good agreement with predicted results in the case of a
water quench, but the correlation was far from satisfactory
in the use of o0il quenched samples. Although it was noted
that strain gauge "drift" was a difficult problem to overcome
(because it is not possible to re-calibrate after the test
has begun) other sources of error may well have had a much
greater effect. Thus Price allowed 15 minutes lapse time
between the grinding operation and the taking of readings
from the strain gauge, so as to allow stabilisation of the
system. However, according to Shreibersl. not only does the
test system require a settling period, but the test piece
material needs a much longer relaxation to allow strain
redistribution. Even though Shreiber's experiments were
conducted on case hardened materials, and the layer removal
was by electro errosion, he claims there was a considerable
increase in axial stress with a corresponding decrease in
tangential stress if the test samples were stored for up to
24 hours after a layer had been removed. This is
unrealistically long, because it would take a very long
period to deal with a specimen during which the gauge drift

would invalidate the measurements.
Obviously grinding can be a very severe operation which

induces residual stress in addition to those which are to be

measured. Little comment is made about this problem in most

34



work on thermal stresses, apart from the usual caution that
grinding parameters should be of a "gentle" nature. A more
detailed assessment of this operation has been covered by

32, 33, 34,

several authors from an engineering stand point
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There is strong evidence that stresses induced by grinding
originate from thermal friction, burnishing and the cutting
action of abrasive grains. The residual stress arising from
thermal effects are of a tensile nature (up to 200 MN/m?) and
tend to be at a maximum perpendicular to the direction of
wheel travel, whilst the burnishing effect only contributes
an insignificant compressive component. By far the greatest
contribution to the stress is induced by the cutting action
of the grains, which causes a large compressive stress (above
400 MN/m? under normal grinding conditions) due to the
necessary plastic loading. Because of the magnitude of the
latter source of streés, the principal direction lying
parallel to the travéi of the wheel is compressive (up to

0.1 mm deep) with only small amounts of tensile thermal
stress to either side in the perpendicular direction.
Nowikowski et a136’ 37 have run large series of experiments
to determine the optimum conditions for low stress grinding,

which are:

1. Use a soft and open (H, I, J grades) grinding wheel which
should be course dressed frequently to maintain

sharpness.

2. The wheel speed should be as low as 700 m/min, whilst the

table speed should not be slower than 16 m/min.
3. The down feed rate should be in steps of approximately
0.015 mm, reducing progressively to complete the layer

removal with a step of 0.0025 mm.

4. The coolant fluid should be a highly sulphurised oil.

35



Only the last point is open to criticism from the point of

view of residual stress determination.

Dolle and Cohen38

state that by using a mild coolant (oil rather than water)

the heat created during machining can offset the compressive

cutting stress by allowing dynamic recovery of dislocations.

, which is based upon measurements of the

redistribution of stress that occurs in the area immediately

The hole is bored in the centre of

a strain gauge rosette (Fig 2.15) and consequently at this

point the radial body stresses must fall to zero at the wall

Relaxed strains, which are the

fundamental measurement of this method, depend on the hole

depth, but these reach a maximum when the hole depth is equal

Although millers and cutters are used to

produce the hole, the relative size of the material removed

residual stress determination, and from an industrial point

The equations which give the maximum and minimum principal

V (e1 - €3)2 + {23 - (g] + €3)}2

/(81 - €3)2 + {2e5 - (g1 + €3) }4

2.2.3.3 Centre Hole Air Abrasive
In an attempt to overcome the adverse effects of layer
removal by grinding, use is made of the 'centre hole
technique39’ 4o
surrounding a small hole.
of the hole (Fig 2.16).
to its diameter.
makes this the least destructive mechanical method of
of view, it can be used for the in situ testing of, for
example, welds and bulk structures.
stresses in the plane parallel to the strain gauge are:
1.E €1 + €3 - 1
0 max = +
k1.2 © vka. vkao
] - — —_—
L k) ! ki
€1 + €3
. 1.E - 1
o = -
i VKo vky
1 - — + —
ki ky

Direction of ¢ max from gauge element one,

o =% tan

-1 2ep9 - (e] + E3f1

€1 - €3 J
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The constant ukz/kl, which replaces Poisson's ratio, and the
overall calibration factor 1/k1, which is dependent on the
hole diameter for any particular gauge format, are determined
by the use of a stress relieved sample in the externally
applied uniaxial stress field. It has been found that the

constant is in most cases a value of 0.3.

Unfortunately, when the hole is bored by cutters, reamers or
drills, mechanical and thermal stresses are created that are
similar to those found in the grinding process, giving errors
of 10%. It has been found that the reliability of the

results are susceptible to two other factors:

1. If the stresses present in the bulk material are greater
than 50% of the yield stress, plasticity may occur at the
hole edge and cause serious errors in the strain

relaxation readings.

2. The governing .equations are only applicable to an
axisymmetric arrangement, so the hole must be perfectly
concentric with the gauge. This makes the maintenance of

hole alignment whilst machining very difficult.

The centre hole may also be produced by the air abrasive
technique. BushqO and Bealneyl1l1 describe air jet machining
(AJM) as a jet of high velocity air (directed at the centre
of the strain gauge) which contains a suspension of abrasive
particles (usually 50um A102 powder) that erodes the target
material without leaving any form of machining residual
stress. Bush claims the use of AJM improves the accuracy of
centre hole analysis of toughened steel to an error within
6%. This is an encouraging improvement, but further work by
Beaney showed that the abrasively formed hole tapers towards
the bottom and also tends to be rounded at the top edge and
bottom corners; to overcome this the fluid jet needs to be

mounted in a slowly trepanning head. Such a modification
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2.2.4

then complicates the technique and increases the time
required to a level comparable with that consumed by the

alignment of reamers.

Up to the later 1970's the centre hole technique had only
been used for the determination of surface stresses.
Obviously if a further analysis was performed by grinding off
a layer after each centre hole test (to effectively gain
access to sub-surface material) nothing would be gained in
accuracy because of the grinding stresses so induced.
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Consequently, Owensle and Beaney - returned to mechanical
boring through the section of a test sample: they made a 20
mm hole, down which they fixed axial strain gauges which
measured the relaxed strains as a circular trough was
trepanned out around the original hole. Owens professed
particular concern at the errors induced in this analysis,
although the operator error is minimal ( -30 x 10-6 m/m
strain) since the use of a mechanical boring technique has
once again introduced the associated cutting and thermal
stresses. Owens also theoretically checked the constants and
calibration factors required for sub-surface analysis and
complex stress and geometry situation by the use of a finite
element program. This work indicated that the aforementioned
parameters do not remain constant with steep sub-surface

stress gradients.
Distortion Effects

In addition to the development of residual stresses and
possibly the occurence of cracks, a quenching operation will
also cause an overall distortion in a specimen. Murrayuq has
classified this distortion in terms of two dimensional

changes: -

1. Volume change (inherent distortion) resulting from

transformation dilations, and
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2. Warpage shape change due to uneven cooling of complex
geometries.

A review produced by BISRA45

gives a concise list of the more
important factors which contribute to distortion. The volume
change, which is closely related to the carbon content of a
material, is directly responsible for major distortion, but
depth of hardening is dependant on section size, quench
severity and chemical heterogeneity (such as case
carburisation), all of which may alter the thermal gradients
and dilatation profiles. Non-symmetrical parts with greatly
varying section size (e.g. a thin web between two adjacent
thick rims) will cool with differing temperature gradients
leading to different transformation products and ultimately

buckling of the thinner part.

To determine the relative importance of factors controlling
distortion in case-hardened steels, Hopkins46 used a modified
"Navy-C" specimen which is similar to the "crackability"
specimen proposed by Chapman and Jominy (Fig 2.8) except that
the notch is replaced by a gap of 10 mm. Hopkins tested two
casts of EN35 steel, whilst Murrayuq conducted similar
experiments (varying quenching media) on SAE-4817. Typical
values of distortion recorded were in the range of 0.25-7.00%
of the gap distance, but it is apparent that results obtained
from a "Navy-C" type specimen are only useful for comparative
work, because the change in gap distance is dependant on the
major diameter and size of eccentric bore, and hence is not a
fundamental measurement of the dimension change in the
component. The conclusions from these two pieces of work

are:

a. Even slight variations in chemical composition have a
major effect on distortion tendency (up to 25% between
two casts of the same material).

b. A higher surface carbon content after case hardening

gives a higher distortion.
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c. As the case depth is increased, distortion increases
until the former is approximately one millimetre, after
which the distortion decreases with increasing case

depth.

d. In the case of pearlitic and ferritic structures only
carbon content has an effect on distortion, whereas with
bainite and martensite structures there is a linear
relationship between transformation temperature, t50
(temperature of 50% transformation as determined by
Murray in dilatation experiments), and the degree of
distortion. According to Murray this relationship is the

is

50

most important for hardened materials, because as t
depressed the amount of distortion observed greatly

increases.

e. Direct quenching after the carburising treatment causes
less distortion than when subsequent heat treatment is

performed.

f. All the above factors are complicated by different
transformation temperatures caused by the carbon gradient

in the case.

The last named problem is amplified by Mocarskiq7 who
describes how the non-uniformity of carbon composition can
alter the transformation sequence. In low alloy steels the
high carbon case will transform at a lower temperature and
with a larger volume change than the core, thus although the
surface is naturally cooler than the core it is possible that
the core may transform first. This effect is less pronounced
with high alloy steels because the transformation temperature
is relatively low at all carbon contents. Obviously the
degree of distortion will vary under these circumstances.
Thus a low temperature case that is involved in a large

volume change with a rigid transformed core, will give
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different levels of distortion to a high temperature case
transformed with a small volume change over a soft austenitic

core.

Llewellyn and Cook48 decided that the distortion indicated by
the gap change in a Navy-C specimen were unrepresentative of
the true geometrical changes in carburised components. In
preference, they used a washer-like specimen which closely
related to a gear blank. Measurements were carried out at
several positions of the outside and bore diameters and
through thicknesses of such specimens made from EN352, CM607
and CM80 steel. After carburising at 925°C and furnace
cooling to 840°C specimens of each material were quenched in
water or oil, or air cooled. Re-measurements of the
dimensions using a Societe Genevoise Universal Measuring
Machine (accuracy of * 0.001 mm) gave the results shown in
Fig 2.17. The general trend observed was that distortion
increases with increasing severity of quench; but in

47 that the carbon

contradiction to Murrayqu and Mocarski
depression of Mf in steels of low hardenability reduces the
overall change. Hardenability was shown to have a marked
effect on absolute geometry, because as it increased
progressive contractions take place in the bore and external
diameters with a compensating increase in thickness.

49

Price ” conducted similar distortion measurements on water
quenched plates (17 x 119 x 119 mm) of EN30B steel, using a
Societe Genevoise machine. The pre and post quenching
measurements were made across the plate perpendicular to the
locations shown in Fig 2.18. Hence lateral distortion was

given by:

= quenched
annealed

o9
[
]
I
"
8

> 10
I
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2.3

2.3.1

Direct distortion measurement by this simple method was shown
to contain inaccuracies due to the mechanical influence of
the free edges. By measuring through thickness distortion
(Fig 2.19) Price was able to estimate the area of "infinite"
plate where the constant axial strain could be directly
related to the changes in length and width by assuming zero
axial stress. Then by incorporating the term'%grto give the
linear change due to transformation volume increase, he was
able to calculate the true in plane strain (8x) from the

measured through thickness distortion (82) using:

E;(calculated) = -Bfez(measured) - é%}

SEMI-INFINITE BODY APPROACH TO THERMAL STRESS PREDICTION
DURING QUENCHING

The calculation of thermal stresses are bounded by time and
space domains, the laﬁfer being three dimensional. Much of
the work reported in ﬁhis area has reduced the mathematical
complexities by limiting the number of degrees of freedom
within each domain (e.g. the assumptions of unidirectional
heat flow, plane stress/strain and other boundary conditions
which reduce variables to zero), thus enabling solutions by

standard numerical difference methods.

Temperature Distributions in a Body

The first step in the prediction of residual stress and
strains is to determine the thermal history of the material.

50

As shown by Crank and Nicolson this requires the solution
of a non-linear partial differential equation such as Fick's

Law of transient heat conduction:

3 _ 3% ow
3t K(axz) 3t

where the last term incorporates secondary heat generators or
heat sinks. This equation has an infinite space domain and

can only apply to a physical structure if the solution
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contains appliéd constraints with respect to x, such as a
specified power law of heat transfer at a free surface and a

zero temperature gradient at the body centre.

Crank and Nicolson reviewed two methods of solution proposed
by D. R. Hartree and then gave a third method which they
developed:

Method 1 The time derivative is replaced by a finite
difference ratio, which gives an ordinary

differential equation in x and 6.

Method 2 The linear dimension x is divided into finite
intervals with © at each point expressed as values
determined from neighbouring points to give a
first order equation in time. The explicit form
of this finite difference method51 for a one

dimensional problem is:

p? t 1 _ gn n — 20" 4+ g0
i ' i O 41 - 205 + 67 _ .
t td ceeces 2o
(8x) 2
where & = thermal diffusivity

td
and by chosing the finite intervals to give:

atdAt 4
=% (Schmidt modulus)

(Ax)2

the solution simplifies to the Schmidt

formulation:
n n
n+1_ O3 41 %8 g
ei = ® e o 00 2.3
2

An equivalent implicit formulation of this problem
is given by replacing the On values on the right

hand side of equation 2.2 by "t 1‘values.
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Method 3 This is a combination of the previous two methods,
i.e both derivatives are replaced by finite
difference ratios, then the solution proceeds in
finite steps of time. As can be seen in equation
2.4, the difference terms use all of the implicit

and explicit temperatures in a truncated series:

n+1 n
ei -ei 1l n+ i n n+1 n-
= (6 +08, ) - 2(8, + 0%
ot 2(Ax)2 i+ 1 i +1 i i
n+1 n
+ (ei—l+ei-l) ® o o 00 2.4
as with the explicit formulation, by setting
ot/ (hx)2 = 1 the Crank - Nicolson method becomes simplified to:
n+1l_ 1l n+l n n+1 n
ei - Z(ei + 1 + ei + 1 + ei -1 + ei _ 1) ceees 2.5

A series of analyses on simple problems using all three
methods, showed that convergence to a stable solution is
dependant on the refinement of finite intervals in x, and the
increase in the number of finite time steps over a given
period.

52 employed the Schmidt formulation to predict the

Jaeger
heating of a semi-infinite slab, using various power laws of
heat transfer at the surface boundary. His results showed no
inherent accumulative or oscillatory errors. This is true
provided that atdAt/(AX)2 s %, since coarse Ax values only
lead to errors of the order of (AAx)2 53.

the Crank - Nicolson method, Jaeger concluded that the

By comparison with

Schmidt technique is not appreciably inferior to the former
and can be justified in terms of reduced computation

requirements.

Ideally the governing equations for surface boundary
conditions would interface more easily with the general heat
conduction formulations and also allow thermal gradients
exterior to the structure if they were expressed as finite
difference terms themselves. This modification to the

54

Schmidt technique is given by Aparci” , where the
co~-ordinates of the finite increments are such that the

surface of a structure falls in the centre of the first
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element. The ambient temperature of the surrounding media
(6») is positioned at a distance of A/h from the surface, and
by assuming a constant %% between -A/h and.%l, 6? *1in the
media may be found from finite differences without assuming a
value for the surface temperature. To maintain acéuracy
A/h>ax. This method also simplifies the finite difference
terms used when applying the %§==0 boundary condition at the

central position of a symmetrically stressed structure.

Application of the modified Schmidt formulation has been

55

adequately demonstrated by Katayama and Saito”~, who
predicted thermal gradients in semi-infinite plates for
several different heat flux conditions at the surface and
with a composite structure of two materials of different
conductivity. They show systematically the ease with which
the various boundary conditions may be expressed as
difference equations.

56

Wood and Lewis compared the time marching schemes that may
be used to solve the transient heat conduction equation, on a
four element beam with heat flow constrained to the axial
direction. Their model coupled finite difference schemes
involving time with finite elements (see later) involving

space. Stability of the time step was dependant on,

2 .
At < ?if:—BTE;- where B; = eigen value

For a backward difference method (# = 1) there is therefore
no inherent oscillatory error, whilst for the Crank-Nicolson
method (@ = %) which uses central differences, "noise" can

occur if:

128
(2n - 1)2q42

At >

. where n = degrees of freedom
crit

However if‘Atc is small and one of the suggested weighted

rit
average methods for damping is used, it was concluded that
the Crank-Nicolson formulation is the preferable technique

for transient temperature analysis.
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2.3.2

Fletcher57

history of EN30B plates quenched from 850°C with both

, using the Schmidt method predicted the thermal

constant and variable surface heat transfer coefficients. He
was able to complete the analysis using equation 2.3 and the
following two equations which describe the initial and

subsequent boundary conditions and allow the determination

of 6l ana 6, , (Fig.220).:-
S
2x(6° - 8l)
h(ei -67) =—=0 _©
Ax
6} = (82 - g2y d_ L%, A Ax o
g+1° G- -Fyse+B 4

The boundary equation for the plate centre was, éj = ej + 1
t t

Forty-one elements were used to sub-divide the half thickness
of a 49 mm plate (dictated by the stability criterion) and
thus many time steps were required for the whole calculation
when the Schmidt modulus was equated to %. Although these
predicted results were not confirmed by experimental values,

58

subsequent work by Price and Fletcher showed that similar
predictions for a 40 mm plate of EN30B gave good correlation
with experimental results obtained when the plates were

quenched in water and oil.

Themoelastic/Plastic Stress Analysis

The calculation of residual stresses by classical

59,

thermoelastic methods is well documented in standard texts

60, 61, 62. The complete solution to a three dimensional

problem would yield 6 stress components

o o o o} o] o
( xx' " Tzz' Txy' yz’ zx)'

€ € € € [ [ 4
(xxr Yyl zzl xyl Yzl ZX) and

3 displacement components (u, v, w) which must satisfy the

,6 strain components

following equations with prescribed boundary conditions:
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Equilibrium equations,

chx + ac‘xy + 30xz +X=0
ox y 9z
8052 + aozx + aoxz +¥ =0
ox oy oz
asz+ aUyz-i- aozz+z=0
ax Y oz
Stress-Strain relations,
e = i-{o -v(o__ +0 )} + eT
XX E XX vy ZZ
€= l-{o - V(O +0 )} + ar
Yy E " yy zZ XX
€ _ = l-{o -Vv(e +0 )} + ap
zz E zz XX vy
1 1
€ =0 € = — H = ——
Xy 26 xy; yz 2G Uyz E:zx 2G ozx
Strain-Displacement relations,
du (A% dw
xx ~ 3x' “yy 3y Szz T 3z
ou v
€ = & = k(o— 4 ¥
xy xy ]:(3Y+3x
v ow
€ = = — —_—
Yz 5sz %(Bz * ay)
ow du
€ = = D ——
zx &YZX %(ax + Bz)

The latter twelve relations are sometimes combined into
compatibility equations which contain stress components
alone. When boundary conditions for a free body are
prescribed the sum of the stress components in any principal
direction must be zero and in the case of a thin plate with a
temperature distribution only as a function of its thickness
(z) we may assume stresses exist only in the plane of the

plate

viz
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Even when simplified by such assumptions, the governing field
equations require a solution which is invariably achieved by

numerical difference methods.

Other formulations of thermoelastic stress analysis which
have been frequently used are the approximate variational
stress function techniques, whereby a global function of
stress (Green's or Airey's) defines a stress variation whose
second order partial differentials give the desired stress,
strain and displacement components. These stress functions
(geometric and exponential) are obviously more complex to
solve, on account of the multiple levels of integration and

differentiation required.

Russell63 was one of the first to attempt a prediction of
residual stresses whilst taking into consideration
metallurgical aspects, such as transformation progress with
respect to position. He used the Schmidt graphical method to
solve the heat conduction equation in the case of a cylinder
made from a carbon steel of eutectoid composition which had
been quenched from 750°C. The calculation of thermal history
included a heat generation term associated with a phase
transformation (but this parameter was only estimated) and
the thermal properties were unaffected by temperature. The
model assumed a fast cool followed by isothermal
transformation in successive steps as the temperature was
reduced. No pro-eutectoid or metastable phases were
accounted for. Although the austenite decomposition was
incorporated in the temperature analysis (latent heat) the
corresponding volume expansion was not included in the stress
determinations. The equations proposed assumed only elastic
stress, and an infinitely long cylinder (plain strain) and no
shear stress, but allowed Young's Modulus and Poisson's ratio
to vary as the temperature fell. The principal stresses were
given by the following equations:

<F f (b)
o = {2
z"1T-v '5®

- 7}

{f £f (b) - £ f
2% o) 1(r) 2( ) 2(r) 1(b)}
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where

r ETr :
T - v 9rr b = outer radius

_ rx Exr _
F1(r) = [*7= dr, fz(r) ={

The results showed tensile and compressive stresses at the
surface and centre respectively at all times, and it was
stated that their magnitude was sufficient to cause
plasticity. No experimental evidence was given to

substantiate this model.

Hirone6q also worked on infinitly long cylindrical steel
ingots, and used the assumption that at all temperatures
above Mf the material would behave plastically and below Mf
it would be elastic. Expansion due to transformation was
obtained from a dilatétion curve. Although no experimental
stress analysis was uhdertaken. the model indicated a
distinct increase in mid-radial tensile stress as the

austenitisation temperature was increased.

A determination of residual stress in a free plate of

65

thickness 2h was made by Weiner - who used the Prandtl-Reuss
theorem. The plate was considered to be an elastic/perfectly
plastic body with all properties independant of temperature,
and the plate's edges were assumed to be free of tractions.
Heat was introduced at one face and then allowed to disperse
within the plate but all other surfaces were insulated. The

strain relations used were:

. 1. . 1
mean values £ = —— = =
3k °FeT ., 0=30;;
. . . 1
deviatoric val ==,
c ues € =35 Sij + usl:j ’
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with an upper bound on elastic stress which allowed the use
of an explicit calculation. During heating of the specimen
plastic flow was predicted initially at both major surfaces
but the dispersion of the heat through the plate caused
unloading of the initial stresses. If the initial heat input
was large enough, the stresses reversed and eventually
produced further plastic flow. The residual stress
distribution was a tensile surface/compressive centre, which
is the reverse of the distribution at the initial stage of

the quench.

Several examples of suitable methods of solution have been
given by Boley66, in the case of a beam of length 2L, depth
2c and width b, with a two dimensional stress distribution

T(x,y). The axial stress is given by,

0, = = OET + (1/A)aESTAA + (y/T)cESTydA

where A = 2¢cb, I = 203b/3

67

considered 0.3% carbon steel cylinders water quenched
from 600, 750 or 900°C. His model assumed that the material

Mura

was perfectly plastic (zero yield stress) above an arbitrary
temperature, To (he used 600 and 500°C), perfectly elastic
below To with constant properties, no volume change due to
plastic flow and no shear stresses. As the transient
analysis progressed each new strain was equated to the
previous plastic strain plus any transformation volume
increase, plus the new thermal strain calculated during the
current time step. With an infinitely long cylinder, plane
strain conditions applied, and stresses were calculated for
the three principle directions. The surface of the cylinder
was always compressive, and at a maximum in the case of the
quench from 750°C. Reasonable agreement was found with
experimental values derived by the Sachs method, although the
latter were slightly lower than the theoretical values
predicted after the quenches from 600 and 700°C.
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Mura also attempted to predict the residual thermal stress in
bearing rings of composition 1% C, 0.45%Cr, 0.28%Ni that had

been quenched from 840°C in oil.

Unfortunately the results obtained from either of the models
used did not give good agreement with the experimentally
determined values. It may be concluded that the size of
structure used was too small in the axial direction to allow

the model to be free of edge effects at any point.

Symmetrically cooled plates were investigated by Landau68 who
used a viscoelastic/perfect plastic model based upon the
Maxwell body, with a Von Mises yield criterion dependent upon
the temperature. Temperatures were determined from an
explicit finite difference solution of the unsteady heat
conduction equation using the assumption of a zero gradient
at the plate centre and a condition of T/9x = - AT at the
surface. The plates were thin enough to allow plane stress
conditions to be assumed. It was found that the introduction
of viscoelasticity into the model had negligible effect on
the residual stresses, although the temperature dependence of
df considerably increased the level of such stresses. The
development of plastic regions with varying rates of heat
extraction showed that at low quench rates, plasticity would
only occur at the surface. This model was developed for
slowly varying heat rates, thus the solution took no account

of transformations.

Toshioka et al69 considered a bar of an air hardenable
carbon/chromium/molybdenum steel. They assumed this material
was virtually non-elastic in the austenitic region and would
produce a completely martensitic structure on quenching.
Figure 2.21 shows the type of strain induced by a particular
temperature distribution. Experimental measurements of the

temperature gradients during the quench allowed the
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determination of a temperature gradient coefficient (A),

which was then used in the following relation:

= - 2
T, = (1 - A(x/R) )To
where, A = 0.9 in the case of water quenched material
TO = centre temperature
R = outer radius

Transformation strain was incorporated in the model by the

equation,

2
€ = Ag l—(T-Tf) '

Ts—Tf

but this does not compare well to the true relation between
fraction transformed and temperature. The position of the
boundary between the elastic and plastic zones was determined
by consideration of the volume, internal stress and
pressures. The relationship between principal stress and ¥

was given by the equilibrium equation,

. dor = 24t
dr

EIT

The surface stresses in a 100 mm diameter bar oil quenched
from 850°C, were tensile at temperatures above Ms and below
M, but were compressive during transformation, due to a

vglume increase. The surface tensile stress was at a maximum
when the centre had just completed transformation. This
maximum increased as the severity of the quench increased up
to the point where the stresses due to the temperature
gradient alone, were greatly in excess of the transformation
stress. As the change in dominant mechanism occurred the

tensile peak moved towards the plate centre.
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A further investigation into transformation strain showed
that a larger dilatation would greatly increase the magnitude
of residual stresses, whereas a displacement in the
temperature range over which dilation occurred has a smaller
effect. It may be concluded that the value of Ae =€, - eTmf
is of greater importance than the values of Tms and Tmf' No
detail of experimental work was given in support of this

model.

Dilatations vary according to the product of austenite
decompbsition, hence the relative contribution for each
product is of great importance when considering multiphase

70

transformations, as did Hildenwall and Ericsson’ ™, who
modelled carburised, infinitely flat plates. The thermal
properties of their material (EN352) were estimated from the
volume fraction of the various phases present at each stage.
The thermal history was determined by a finite difference
solution of the transient heat conduction equation, and the
predicted temperatures were in good agreement with measured
values at the centre of an austenitic steel cylinder.
However despite this agreement the values of surface heat
transfer coefficient used differ by up to an order of
magnitude from those determined later by Price and
Fletcher58. At all stages of the stress calculation the
mechanical properties were dependent upon the structure which
was estimated from TTT diagrams that had been obtained from
several continuous cooling curves. The previous stress
history was not considered to effect transformations, but
plastic flow after a stress reversal was influenced by the
Bauschinger effect. Work hardening was incorporated as a
single linear coefficient determined from tensile tests at
various temperatures of steels with various structures.
Surface residual stresses (Fig 2.22) are compressive and of
the order of 900 N/mm2. The maximum compressive stress
appears to occur at a specific carbon content but the point
in the plate at which it occurs is dependent upon surface
carbon content and case depth. No experimental work was

carried out to support the theoretical calculations.
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Fletcher57

modelled the generation of thermal stress and
strain in an air hardenable plate of EN20B. An explicit
finite difference solution of the transient conduction
equation was used to calculate temperature distributions,
with a variable surface heat transfer coefficient to simulate
several quenching conditions that varied from slow oil to
brine. He used linear relations between temperature and both
Young's modulus and the flow strain of austenite.
Transformation strain was assumed to be 1.5%, with the volume
fraction linear between 310-150°C. Perfect plasticity was
another assumption. The calculation followed the following

stages:

a. Calculate the displacement of individual elements
introduced in a small time increment due to changes in

temperature and microstructure

b. Determine the elastic stress associated with (a) under
conditions of complete constraint,

n n
a Ee(6, , 1 - 08 = 3
+l- i = 7 eecoecoe

l1-v

Ac?
t
where e = coefficient of expansion.

c. Add incremental elastic stress to previous stress, and
adjust all values until the zero net body force condition

applies.

d. All points exceeding the yield stress are reduced to o
flow.

e. Distribute force generated as a consequence of yielding
uniformly throughout the elastic regions and apply Von
Mises yield criterion. Iteration of this process until
unbalanced force < + 25N, to give the corrected stress

values.

54



f. The original strain values are adjusted to take account

of the change in elastic stress

(Asi + )P = (Ao: . 1)p/l.SE in=2 ....d

The results obtained showed an initial tensile stress at the
surface and a corresponding compressive stress at the centre.
Plastic flow occurred at an early stage in the quench,
particularly at the surface. The subsequent reduction in the
cooling rate at the surface relative to the centre caused
unloading and eventually stress reversal at both surface and
centre, which took place before the MS temperature was
reached at the former position. When transformation began at
the surface the volume increase enhanced the magnitude of the
compressive stress, which was accompanied by a simultaneous
increase in flow stress. As the transformation front moved
towards the centre unloading and reversal of the stress
occurred at this point. This was accompanied by unloading of
the compressive stress at the surface, followed by the
generation of a tensile stress. This work confirmed that in
general the residual stresses were increased as the surface
heat transfer coefficient increased. Several examples of the
relationship between stress and strain at the surface and
centre are given which clearly showed the loading and

reversal cycles. No experimental work was reported.

Fletcher and Price49 followed up the above work by using
improved mechanical and thermal property data, e.g. work
hardening coefficients to give stresses above the original
yield value, and the modelling of a dilatometry curve by
linear and polynomial relations to give exact transformation
volume increases instead of the change in the room
temperature lattice parameter previously used. As a
consequence of these modifications no plasticity was
predicted during the formation of martensite, even when a
water quench was used. After such a quench there was a
maximum tensile residual stress predicted just below the

surface with a compressive stress at the centre. This stress
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pattern was reversed in the case of an oil quench and the
stress levels were of a much smaller magnitude. The
relationship between stress and strain during the o0il quench
(Fig. 2.23) show the effect of a persistant vapour blanket at

low temperature.

The modified Sachs technique was used to determine the
stresses present in quenched plates 40 mm and 20 mm thick,
and the results obtained were corrected for the effect of the
free edge on the stress distribution to allow comparison with
the predicted results. The correction factor, based on the
profile of the plate after it had been quenched, was larger
than the value suggested by the Saint-Venant Principle (see
below). There was reasonably good agreement between the
predicted and measured stresses after a water quench

(Fig. 2.24) but as can be seen the stress distributions after
an oil quench were in conflict (Fig. 25). It was suggested
that the discrepancy in the latter case may be due to stress

relaxation effects.

Much work has been performed to incorporate viscous processes
and transformation plasticity into the prediction of residual
stresses. Abbasi and Fletcher118 introduced stress
relaxation and creep into a finite difference model which
gave improved agreement with the experimentally derived
stress distributions in an o0il quenced plate. Further work

119

by Fletcher and Soomro took into account the initial
stress situation with respect to the rate of stress
relakation; its incorporation into the predictive model gave
even further improvement in the oil quench results.
Transformation plasticity is the occurance of plastic
deformation at stresses which are below the material's yield
strength. Denis et al120 reported that as trasnformation
from austenite progresses, after 25% of the phase change the
plastic strain in the transformation zone increases linearly
and is a function of the material flow stress and the
specific volume variation of the phase change. Abassi and

Fletcher121 introduced the transformation plasticity
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2.4

phenominae into their model by extending the viscoelastic-
plastic model, developed for stress relaxation, to include
the effect of stress on the characteristics of the martensite
trasnformation. To accomplish this modification, stress
dilatometry data was introduced into the mathematical model
by using the concept of a reduction in yield stress or by the
use of an additional transformation strain. Both methods
improved the correlation between the calculated and
experimentally determined residual stress and strain obtained
after an oil quench. However, the introduction of any or all
of the above modifications for viscous processes and
transformation plasticity produced a reduced level of

agreement in the case of water quenched materials.

Of the many parameters which are used in a residual stress
model some have been investigated to determine the affect of
their variation. Allen and Fletcher122 have studied the
effects of surface roughness on quenchant characteristics and
subsequent residual stresses and strains. It was concluded
that stress is not a function of surface roughness, but that
residual strains may vary by significant amounts (:0,05%
absolute) as the surface finish is changed in the range 120

to 600 grade. Similarly Fletcher and Soomro123

assessed the
dependance of residual stresses and strain on the
transofrmation temperature range; the latter would be changed
practically by variations in the material composition. It
was found that with increasing martensite transformation
start temperature (MS), strain also increased but not stress.
The conclusion of this work was that close control of
material composition is to be preferred, and that the best
material integrity will be achieved by a composition which
gives a lower MS.
THE SAINT-VENANT PRINCIPLE AND THE EFFECTS OF A FREE EDGE ON
THE STRESS DISTRIBUTION

The main problem associated with the use of thermal stress

predictions made by the infinite plate model in real bodies
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is the decay in the stress perpendicular to a free surface as
that surface is approached. This leads to the generation of
a complex stress system in the vicinity of the edge where the
assumption of plane stress conditions applicable in the

interior is invalid.

The first comments on the effect of stress decay were made by

Saint Venant in 1885 who said:

"The self-equilibrating difference between actual
tractions and those contemplated in theory is not
appreciably felt except in the short regions equivalent

to the dimension of application".

This in effect says that if an equal and opposite force
opposes the inplane force at the edge to reduce it to zero,
the change in stress distribution in the plate is only
apparent within a plates thickness of that edge. This
statement known as Saint Venant's Principle is purely
qualitative and there have been many attempts to verify and
improve it. Invariably the problem is approached by
consideration of a self equilibrating stress applied to a
part or whole surface of a large body rather than the
attenuation of internal stress towards an edge, but the one
is in fact just an inverse application of the other.

71

Goodier'™ justifies the principle by consideration of the
conservation of energy. He examined the case of a small
loaded area on a large body and by discussion of the strain
energy he shows that the work done by this elastic traction
is not appreciable at distances from that area which are
large compared with its linear dimension. This argument
however, depends on the manipulation of the units of each
algebraic term and proof that the difference between the
total work done by the traction and the strain energy per
unit volume (that it implies) is in fact a unit volume. This
is self evident and not necessarily a proof of the Saint

Venant Principle.
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Taking this argument a stage further Goodier72 upheld the
Saint Venant Principle in a situation where non-equilibrating
forces were applied to the ends of a rigidly fixed body. He
used strain energy conservation to show that the stresses and
strains i