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The work described in this thesis deals with the vibration

study of an open ended folded plate box type structure 1eadiﬁg
up to the prediction of its response to random excitation.
Theoretical and experimental results for the box are presented
as one of the main aims of the work is to predict theoreti-
cally the response of the structure to random excitation

and compare these results with experimeﬁ?ﬁily obtained values
using various methods available. ' ' ‘

The determination of the resnonse of a structure to random
excitation depends on the prediction of the response snectral
density. To determine the reswonse spectral density of sany
point .on a structure a knowledge of its natural frequencies
and mode shapes and modal damping factors is required. In
this work the finite-element method of analysis is used to
determine the natural frequencies of vibration and the
corresgdndihg mode shaves of the box structure and computer
programs were developed to perform this analysis. During
the project, beam and plate'structures have also teen
investigated to assess the accuracy of the tecknique and some
results for these are included in chapter 7. The natural
frequencies'and mode shapes obtained are_compared with
experimental results as well as with those obtained using
other theoretical snalyses. sFor the beam the exact method
was used and for the plate, the energy'methOdfusing
Warburton's formulae. Computer programs were also develoved
to caléulate the structural receptance from the nstural
frequencies and mode shapes calculated using the finite
element technique and damping factors obtained experimentally.
From this. the resnonse spectrzl density of the structure to
a known excitation spectrum was obtained. '

Experimental work include a) sinusoidal excitation tests to
determine natural frequencies, mode shapes and damping factors
and b) random excitation using pseudo~random binary sequence
- signals to determine response to random excitation using

narrow band frequency analysis and correlation techniqués.'



-———— -7 A

the development of a non-contacting combined exciter nickup
probé; are described and discussed. The response to random
excitation is ohtained experimentally using a pseudo-random
" binary sequence signal generator and s time domain analyser,
giving the cross-correlation function from which the cross -
speciral density is calculated in a Fourier transform. A
Fast Fourier Transform COmputer program was developed during
the work to perform this. The resnonse spectral density

~is then obtained from s knowledge of the excitation spectral

density;

Finally the values of the response spectral densijfy. obtained
are compared with those obtained using the results of the
finite element znalysis and using the results of the sine
~sweep test and narrow band frequency analysis. The technique
" used in this work has proved satisfactory and the experimental
appafatus and computer programs developed, suitable for the
investigation. ' -

The work described in this thesis provides the necessary
basic requirements for future work in the establishment
of suitable exverimentsl anparatus setup and provision of
essential computer software. Sugjestions as to possible
extension of this work are made in the concluding chapter.
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(2)

random input at p depends on the determination of the
- receptance oy (Bishop and Johnson [41) of the structure

at the point under consideration. Robson has shown that in
~this case the output spectral density Sd(f) of the point
under consideration is related to the input soectral den81ty
Sp(f) of the exciting force by the expression:

sa(e) = locdp(if)l 2 sp(1) | (2.1)

where a%p(f) is the receptaﬁce of the system from:

ogp(i) =T o (X, - 1Y) o (1.2)
. | wo(x Yw. (x)
where fi - -~ g r 7ol
S M,
. L, ,
M., =.f° W, (x)mdx ,
| , 2 _ .2
Xr = 2fr T
y 4
qwqﬂfr B 1rf J
f2

‘Yr=4“&r2[(f - 19)° +Vlr

wi(xp)band wr(xq) are defleqtions of the structure
at input and output points p and q respectively when
the structure is vibrating in the rth normal mode,
f,. is the rth natural fregquency, f is the forcing
frequency and ir is the damnlng loss coefflclent

for the rth mode.

It is therefore’possible to calculate the feceptance of
-~ any structure given the knowledge of its natural frequencies
and mode shapes as well as damping factors. .

Any attempt at resoonse work inevitably‘requires'a knowledge
~of the_damping characteristics of the structure. As the

- mechanism of damping in étructures is not yet completely‘

known this work follows a commonly accepted theory for light
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It is therefore one of the aims of the work undertaken in

thls project to produce such a computer program package to

solve for the naturalAfrequenc1es and mode shapes of the boxA
structure. These results are then used in the calculation of

" the receptance of the box structure from equation (1.2).
The'reoeptance is used in the prediction of the response'nower"
spectral density to any known input from equation (1.1) and its
calculatlon 1ncorporated in the finite element package developed.

Little work, analytical or experimental, appears in the
literature on the vibration study of box structures. As a |
result an extensive experimental as well as analytical |
program is pursued to obtain. : .
(&) natural frequencies and mode shapes,with which the
~ accuracy of the finite element prediction of the
natural frequenéies and mode shapes of the box
structure can be assessed, and ‘
(b) the experimental response power spectral density,
with which the predicted response power spectral
 density can be compared. '
Although it is not expected that experlmentally obtained and
analytically predicted results correSpond exactly, it is hoped
thet some degree of collaboratlon will be achieved.

The experimental work entailed the design and developmént of
suitable experimental apparatus from which the necessary
response measurements can be obtained. Because of the 11ght—
ness of the box structuré a'non-contacting exciter-pickup had
to be developed. The natural frequencies and mode shapes of
the box structure were obtained. The response power spectral
density was however not obtained by a narrow band frequency
analysis of the response itself because of the inaccuracy
involved. Instead an alternative method uSing the cross-
correlation of the excitation and response signals is used.
Davies [27] and Jones [28] show that if white noise is applied
to a linear system, the cross correlation of the input signal
to the system with the resulting response of the system gives
the systems impulse response function. The pseudo random
binary sequence signal is used for determining this impulse
response function with considerably less difficulty in



obtaining the delayed signal for correlation and in the
operations involving multiplication and integration. More-
over the perfect repeatibility othérwise_unobtainable with
pure random signals is here possible making it suitable for
work of this kind. o

A Fourier Transform is necessary to evaluate the frequency
reSponse_function of the structure from its impulse response.
The calculation is found to require very long computational °
times using the usual method of evaluating the terms. A new
technique using the Fast Fourier Transform algorithm (Cooley
and Tukey (29], Bingham et.al. [30], Cochran et.al. [31]) is
found to reduce this time considerably and forms an important
part of the correlation technique used in this work. The
theory behind this method of calculating the Fourier transform
"of a series will be looked into in more detail in the
appropriate chapter.

Both the experimental as well as the analytical programme for
the box structure has been successfully completed. The
necessary apparatus has been developed and the natural
frequencies and mode shape,of'the box structure have been
obtained. The response power spectral density of the box
structure subjected to random excitation has been obtained
experimentally. A finite element computer program package has
been developed giving the natural frequencies.and mode shapes
of the box structure. A further computer program has also
been developed to predict the reéponse poWer speétral density
of the box structure subjected to random excitation. Agreement
between the experimental and predicted results is found to be
satisfactory. ”



Chapter 2  The finite element method

Summary -

The Finite Element method is used to predict theoretically the
mode shapes and frequencies of free vibrationiof a foided
plate box type structure using rectangular isotropic plate
elements. Both the stiffness and the mass matrices are
derived for the element used and the assembly into the
complete structure explained. The use of various standard
library routines for the solution of the eigenvalue problem is
~discusseds A full listing of the complete computer program
developed is included in Appendix 3.



2.1 Introduction

- The finite element méthod is one of the most suitable methods
for the analysis of complex structures. In the analysis,
whether static or dynamic, the original structure is replaced
by an assemblage‘of small but finite elements which inter-
connedt with one another only at a finite number of points
known as node points. These are usually found at the corners
of the element but are also commonly chosen to be along the
pides of the element. At each node a number of degrees of
freedom are represented usually the deflections and slopes or
their derivatives. The theory then is to assume that the dis-
placements in any part of the element will be defined in terms
of these nodal degrees of freedom via a diéplacement poly-
nomial of the form

w = {P}[c] o (2.1)

where {P} is a matrix of the coordinates X,y ond 2,

[C]) is a vector matrix of constants,

and the polynomial w(x,y,z) is chosen to satisfy the
following conditions: '

(a) © The number of independent terms must equal'the
number of degrees of freedom in the element

(b) For convergence to the correct solution it musf be
complete up to order n where n is the order of the
highest derivative appearing in the strain energy

integral appropriate to the type of element under
consideration. e

(¢) conforming or compatible elements further satisfy
the condition that the (n-1) th derivatives are
continuous..across the element boundaries.



From this displacement polynomial an elemental 'stiffness'

" matrix [k] is obtained via strain energy considerations
relating the gleméntal nodal forces and displacements in the
form s . ' . '

{p)° - [x] {a}® (2.2)

In a static analysis the nodal forces {F}e are due to the
applied forces and in a dynamic analysis they represent
inertia forces acting on the element. The characteristics of
the complete but considerably simplified structure is then
represented on the computer by the equation ’

= Ik)fe} 2oy

where [K] is the stiffness matrix for the complete structure,
made up of all the elemental stiffness matrices [k] . This
then relates the applied forces {F} and the nodal displace-
ments {d}of the complete structure and at the same time
satisfies the relevant boundary conditions applied. 

2.2 The element stiffness matrices

In folded plate structures the platés are subjected to both
‘bending and stretching effects. This is conveniently
considered separately as the plate element purely in bending
and then in stretching only. The former has three degrees of
freedom, w, Qx’ 6. at each node and the latter, u and v only.
However, depending on the orientation of the element in the

. complete structure, a Gz component may present jtself so that
- an allowance must be made for this in retaining a total of
six degrees of freedom per node, displacements u,v,w,.and

rotations, ex,e ’G?'

J
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— . ) (13)

Now the bendlng strain energy U of an isotropic plate of
‘uniform flexural rigidity, D, is glven by %jhéf c-av
where 6-= 7 ¢

] e 2,2, 5 w3 Pu 8
U = J[ (a - (axz)v(éyz) + 2(1 rﬁ(axay)ﬁ # y
D T ' | - o
= o C¢ dxd . (2.5)
g_[yzoLo_ o1 (] 16} axay ‘
. o 32W 32 '32 ' :
h = 4 ,
were {0} =} 52 o2 " amdy i
1 » 0 B
2] = » 1 0 (2.6)
0 0 2(1-» . :

The curvatures can e351ly be obtained by dlfferentlating
equatlon (2. 4a)

.SC} = a;g.! 2A4 f BALX + 2Agy + 6A11;y
| 4dzw S2A, 4 2A.x + 6A. 6, s
ay2 [ Th6 T Rgt T ol * MY
% |y, oax e 2a, v 3hx2 4 34,y
laxayd 3 gt t fg¥ * X+ SAha¥
i.e. fc}= [E]f{a} . e

‘where [E]=[0" O ‘O 2 0O 0  6x 2y 0 o 6xy 0
' 0- 0 0 0 0 2 0 0 2x 6y o 6xy
© 0 0 0 1 0 o0 2x 2y o 3x2 32 (2:8)

In order to find the matrix of constants {A} We,return to
figure 2.1 considering each‘node of the element in turn and.
using equation (2.4a) to determine the deflections at the
vnodes-of~the element to obtain
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1+ A3 + A6 + Aio
3+ 2hg + 3Aq4
=0, = 5[A2 + Ag + Ag + A121
1 F A2 + AB + A4 +'A5 + A6 + A7 + A8 + A9

Q o o o o o o
~ o VLW N
n
s
N
]
>

68 = ¢3 = AB + A5 + 2Ag + Ag + 2A9 + 3Ap + Ayq + 3445
dg = 65 ~[ o+ 2h, + Mg+ 3Aq + 2hg + Ag + 3Aqq + A12]
le = w4 Al + Ay + A4 + A7

dyp = €4 = Ay + Ag + Ag + Ay | |

d1p = 8, = =[Ay + 24, + 3Aq] | (2.9a)

“~where the subscripts refer to the nodal members.
In matrix notation

{a} = {B]{s} | - (2.99)

so that {4} = [B7%]{a} | (2.10)

Substitution of equations (2.7) and (2.10) back into (2.5)
and noting that only [E] is a function of x and ¥ gives the
strain energy

o= BBl SiSolE 0] ox e (57 o]

or U = #{a)"[x]{a] - _' (2.11)

Applying the theorem of virtual work %%— = Fi gives
i



{r} = [x]{d}
where {F} is the column matrix of nodal forces
ice. {F} = {Wy, Mg, MOy, Wy, .cevenen. M9, }
[K] is thus the required stiffness matrix and from (2.11)

, 19T, [ Db a 1T -1

[x] = [571] (fyzoszO[E] [%](2] ax ay) [B ], (2.12)

where the component matrices [%), [E] and'[B—ylare given in
(2.6), (2.8) and the inversion of (2.9%a) respectively.
In order to retain the element dimension parameters a and b,

the matrix manipulation are carried out by hand giving the
matrix [K] (Appendix 1la).

2.2,2 The lembrane.stiffness matrix

Figure 2.2 represents the configuration and notation used
for the 4 node rectangular element in stretching. The dis-

- placements in the x and the y directions, u and v, are in-
dependant of each other and so can be considered separately
and the anslysis is identical in both cases. The displacement
. polynomial chosen for the displacements in the x direction is

u = Alx + A2xy + A3y + A4

and that in the y direction is

vV = le + ngy + BBy + B4

The assumption for a plane stress‘distribution is made where

Ny O; this being valid for thin plates.

2z " Oz

zx ~Ozy =
By following the same steps as illustrated previously for
bending, equations (2.5) to(2.12), the stiffness matrix for
the element in stretching is obtained_(Appendix la).

We now have the stiffness matrices for the sgparate bending
and stretching modes of the element which can be used for the
solution of problems involving plate structures bending and
stretching respectively under static loading.
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2.3 The element mass matrices

In dynamic analysis the nodal forces are induced by inertia
loading of the displaced structure. The inertia loading dis-
tributed over an element during vibration is here replaced by
a system of equivalent nodal forces by means of the formation
of a 'mass*® matrix. The criterion adopted for such replace-
ment is that the work done by the equivalent nodal inertia
forces Ue is equal to that done by the actual inertia forces,
of the element Ua' The former is given by the equivalent
nodal forces {B}l} in moving through virtual nodal displeace-

ments {dv} .
ie. U = {Fm}{dv} | | (2.13)

The latter is given by the actual distributed inertia loading,
[f], in moving through & virtual deflection {wv} '

iee. Uy = {THw,} : (2.14)

" where from (2.4) and (2.10) {wel = [m][B“l]{dv} ~ (2.15)

The inertia force per unit srea when the plate is vibrating
sinusoidally with circular frequency p is

{ f} =J0p2w =/Op2[mJ[B_1}{d} - , (2.16)

where 0 is the density per unit area of the element.
Thus, equating the work done in both.cases, from equations

(2.13) and (2.14)

{85) {Fnt = [y2o [uZo {w}{f} ox oy

which from equations (2.15) and (2.16)

P (o] BN o o (1) ox e [0} eany

If each virtual nodal displacement is given the value unity in
turn while the remaining displacements are held zero, equatlon

(2.17) bccomes

{ E /Op (f& OJ;~O [m] dx dy) rB ]1d}
= A[M {d} - (2.8)



. where [Mj}= [B~%]TQI&EOJ¥io[mJT[m] dx dy)[B—l] (2-13)

is the required mass matrix of the element as-{Fm} is the
column matrix of nodal forces representing the inertia loading
on the element. Once again this is derived separately for the
element in bending and in stretching.

2.3.1 Bending mass matrix

From the previous section we have that the mass matrix of the
element _is given by ‘

[M] = [B-H Thﬁf[m]T[m] dx dy [B~1J ‘ (2.20)
For the element in bending [m] is given by equation (2.4) and
[B"l] by equation (2.9a) so that [M] is easily found
(Appendix 1b). :

2.3.2 Stretch mass matrix

Again the element mass mass matrix considering the stretching
case is given by equation (2.20) above. In this case the mass
matrix can be divided into two separate submatrices, one for
each direction as they are mutually independant of each other.
(Appendix 1b).

2.4 The combined element stretching and bending matrices

We now have the four bending and stretching rectangular plate
element stiffness and inertia matrices, [KB], [KS], [MB] and
[MS] of the element. These are combined to form the combined
bending and stretching stiffness and mass matrices [K] and[M]
of the element. These are full 24 x 24 matrices with the
complete set of six rotational and linear displacements u,v{w,
‘gx’@y’gz at each of the four.nodes. The matrices available
so far only form a 20 x 20 matrix as the plsne rotation GZ
had not been taken into account in the derivation of the mass
and stiffness matrices but must be included for rotation into
the three dimensional structure. The method used to overcome
this is simply to include rows and columns of zeros for the
appropriate degree~of'freedomfez. This method makes the



idealised structure more flexible than the actual but hss
been successfully used (Rockey and Evans [24], and Clough
and Johnson [32]). | |

The notation (fig. 2.3) used previously was chosen quite
arbitrarily and was sufficiently suitable for the purposes of
~determining the stiffness and inertia.matrices of the element.
However, it was found that for ease in analysing large and
complex structures, a more suitable system of numbering for
“the element had to be followed so that programming for the
computer is simpler. .The following system (fig. 2.4) was
chosen. This gives a smooth flow in the numbering system,
considering first the x axis and then the y axis. 1In the
program this is accomplished by first interchanging rows and
columns 2 and 4 in the stiffness and inertia matrices and
then doing the same for rows and columns 3 and 4. This
procedure is carried out in subroutine REORDER (Appendix 3).

The complete nodal and degree of freedom notation for an
element lying in the xy plane is given in figure 2.5 where,
considering node 1,

degree of freedom:

1l = u = displacement in x direction

2 = = displacement in y direction

3 = w = displacement in z direction

4 = GX = rotation along vector in x direction

5 = @y = rotation along vector in y direction

6 = 0, = rotation along vector in z direction
2.5 Assembly into the complete‘structure

The basic element obtained by the previous analysis is a four
node plate element which has combined bending and stretching
capabilities.

If we inspect the stiffness matrices obtained we see that a
column of either matrix is in fact a list of the forces acting
at each node when the displacement corresponding to that
column is given a unit displacement and all other degrees of



[PRRGUIAL 2pou Jupurd)3

’

b 0

A

9053qu %\.\\wmgaﬁ U w7 W'N.lmq.uﬂ .




’ WQ\US\U UQ* ko.\r Qmu»\b\..oa n.,QO\OUV\.W %0 @&%Q

\\v
G,




freedom given the value zero. Thus if two or more elements
have a common node point then the total force acting at that
node point is obteined by addition of forces. The assembly
into the complete structure is then accomplished by the
merging of all the element matrices into that of the complete
structure by a simple point by point addition. The degree of
freedom notation as illustrated in figure 2.5 has been chosgen
to facilitate easy assembly into the complete structure.

Thieg merging of the basic element matrices into that of the
complete structure also requires the following
a) rotation of the clement into the correct plane before
assembly.
b) a systematic assembly of the various elements into
the complete stiructure.
c) a systematic numbering sequence of the nodes of the
complete structure to facilitate easy refinement of
| mesh size.
d) incorporation of the boundary conditions of the
complete structure.

2.6 The rotational matrix

So far the stiffness and mass matrices have been found for =z
plate element in its local coordinate system (i.e. the gtiff-
ness and mass matrices have been calculated for the element
lying in the xy plane). As an element can also lie in the xz
or yz planes or in any inclined plane, its inclination to the
global axis of the whole structure has to be taken into
consideration before it can be assembled into its proper
place in the actual structure (see for example Gere and

Weaver [33}). -

To illustrate the procedure, consider a rod of length L lying
‘on the x axis in the local coordinate system as shown in fig.
2.6. Any point of the rod has components of deflection u,v,
and w relative to the local axes x,y and z. It also has
components of deflection u', v' and w' relative to the global
axes x', y' and z'. These two sets of deflections are related
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by the expression

u o
v b o) v L - (2.21)
y |

From fig. 2.6,

1(u) = utcosu'u + v'cos v'u + wtcos w'u
where u'u etc., refer to the angle turned through from
the u' axis to the u axis.

Similarly,
1(v) = u'cos a'v + v'cos v'v + w'cos w'v

1(w) = u'cos u'w + v'cos v'w + w'cos w'w (2.22)

For the purposes of this investigation the directional cosines
invloved are either 1, O, or -1 since the sides of the box
structure investigated are all at right angles to one another
(fig. 2.7).

i) Consider the case of a plate lying in the x'y' plane
fig. 2.8). The matrix is simply:

1 0 o
0 1 0
0 0 1

-t

ii) For a plate lying in the y'z' plane, (fig. 2.9) it is:
01 0

0O 0 1
1 0 O
and iii) For a plate in the z'x' plane (fig. 2.10):
1 0 0 |
0O 0 1
0O -1 O

-

Using these rotation transformation matrices, the stiffness
and mass matrices of the plate element in its local coordinate
system can be transformed into that of the global coordinate
system using the equations '

[xe] = (R[] S e
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end [MG];'-' :R]T[ML] (& ] | S (2.24)
' . ' . r- “" . ) . ] . .. : A
where o .xlii)\12r K134

| 21 >‘2"_‘>\2‘3:

oo [ M3 N2 Az |
Rl =
| | | o

f
' (do)
| .

: oL . _ -
These trﬁnsfdrmations are performed using the. subroutines
ROTATEl, ROTATE2, and ROTATE3 for the Xy, Yz and zx planes

respectively (Appendix 3).

2.7 ‘Method of assembly

The priority of.assémbly of the plate’elements into the.
complete box structure is as follows. The plate elements are
first assembled together to form a complete side of the box.
~The sides in the xy plane are completed first, beginning with
that at z = 0. The.81des in the yz plane are then built up,
starting with that at x = O and finally the sides in the 2x
plane, again beginning with the one in the y = 0 position.

The method is illustrated in flg. 2.11 showing the prlorlty in
which the sides of the box are built up. This priority in the
. computer program is 1ndlcated by the parameter NA in the
calling sequence. The local axes of the elements of each
side are as shown previously in fig;.2.8, 2.9 and 2.10. Fig.
2.12 shows the node numbering of the aSsembled box structure.
The above method of numbering of the nodes does not give a
narrow band along the dlagonal of the matrix in the stiffness
and mass matrices. In a dynamic analysis howevér, this does
not present the same advantage 1t would using a narrow band
vsolutlon in statlc analy31s. : '

2.8 Boundary‘conditions

‘In a dynamic analysis, a fixed degree of freedom is specified
quite simply by eliminatlng both the row and the column
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corresponding to that particular degree of freedom. This is
because the inertia fbrces produced in such a case is non-
existant since no displacement is allowed at that point. In
this way a fully fixed node at.the boundary of the structure
may have all its degrees of freedom u, v, w, Qx, Qy; Qz
eliminated from the system matrices. Similarly a node along
a simply supported boundary along the x axis may have rows

and columns corresponding to its w and Gx displacements
removed. Other'degrees of freedom that are also reduced out
are those of dummy nodes and the dummy degree of freedom GZ
which had been assigned for ease of assembly. Where there

are no contributions to the assembled stiffness and mass
matrices the relevant rows and columns (which are all zeros)
are removed from these matrices as they would otherwise
become singular. The removal of these rows and columns is
achieved using a control matrix in which a list is maintained
of all the degrees of freedom of the structure, those to be
removed represented by zeros and those to be retained by ones.

The subroutine BOUNDARY removes all rows and columns

corresponding to the degree of freedom having the value zero,
leaving n by n stiffness and mass matrices where n is the |
total number of degrees of freedom remaining in the structure.

2.9 The solution algorithm

The structural vibration problem'(section 2.3) is now reduced
to one of solving the generalized symmetric eigenproblem

[x]x =X\[u]x (2.25)
for its eigenvalues and eigenvectors. From these are
obtained the natural frequencies and mode shapes of the ,
- vibrating box structure. A short summary of the method used
is given here and the reader requiring more detailed informat-

ion is referred to the computer subroutine manual used [34]
and Wilkinson [35]. '

For the generalised symmetric eigenvalue problem where [K] is
a real symetric matrix and [M] is a real symetric positive
‘definite matrix i.e. one whose eigenvalues are all greater



than zero, the solution is straightforward. (M] is factorised
by Cholesky's method into [M} = [L] [L]T where (1) is a

lower triangular matrix. Hence [K}ixi=A[M]{x} can be written
in the form

-

] ] )% = A1) ' (2.26)
which is the standard-symmetric problem | .
[Aly = Ay . (2.27)
‘where (4] = [0)7 [ ][]
and . y =,[L]T x

. The eigenvalues of [KIxt=2Mlx}are the same as those of [A] and
~if y is an eigenvector of [A] then x, the corresponding eigen--
vector of the original problem, is obtained by back substitut-
ion in the set of linear equations

[L]T x =y | | (2.28)

Householder's method is then used to tridiagonalise the matri
[A] and the eigenvalues are found using the QL algorithmtj{];
- The eigenvectorsiy}of the derived problem are then determined

using the QL algorithm and normalised so that{thd= 1 and the
eigenvectors{xjob the original problem are found from {L]Tb&%&
and normalised so that{i?[Mbﬂ: 1. This method can however
only be used if [K] is real and symmetric and M) is positive
definite. [K] is checked to be real and symmetric by inspect-
ion and in the computer program. The program also has built—_'
in facilities to check the eligibility of [M] using the ‘
criterion that its determinant is positive since the determin-
ant is equal to the product of its eigenvalues (which'must all
be greater than zero). '

In some instances due to rounding errors [M] may not be found
to be positive definite so that an alternative method has to
be used. The procedure commences with the generalised
symetric eigenproblem being manipulated into the standard
symetric form |

[B]z = Nz o (2.29)



i

where [B}

(x]7% [m]
and A\'n = WAn |

The [K] and [M] matrices are béth symmetrical but since [K]—l _
is not,so neither is the product‘[B]. The problem then
becomes one of solving for the eigenvalues and eigenvectors of
equation (2.29) where [B] is an unsymmetric matrixz. An
iterative method applied to this [B] matrix then proceeds to
find the lowest natural frequency first direCtly.

Because the elements of the matrix [B] often varies consider-
ably in size, the process of balancing is used. This is the.
name given to the rearrangement performed, necessary to
obtain maximum accuracy in the subsequent solution for the .
eigenvalues and eigenvectors. The object of balancing is to-
make the norm (the sum of the absolute values of the matrix
elements in each row or column) the same order of magnitude
in the corresponding rows ahd columns. Error in the calculat-
ion of the eigenvalues of the problem is reduced since the
eigensolution program used produces results with errors found
to be proportional to the norm of the matrix.

The solution then follows with similarity transformation on

the balanced matrix [A} so that [A] is transformed into the
real upper Hessenberg matrix,[H} where [H] = {S]_I[A]Bi] An
upper Hessenberg matrix is one whose elements hi. are such

that hij = 0 when i - j>1. The transformation matrix [S] is
built up as the product of n-2 stablised elementary transfor-
mation matrices, chosen so that the eigenvalues and eigen-
vectors of [H] can be more readily determined than those of
[A]. The eigenvalues of [H] are the same as those:of [A] and
if y is an eigenvector of {H] then [S]y'is the corresponding
eigenvector of [A}. The transformation process is however
considerably'simplified because of the balancing already
carried out and only part of the matrix is operated upon.

There iS‘UOSimplé method for easily calculating selected V-
‘eigenvalues of an upper Hessenberg matrix and all eigenvalues ’
of [H] are always célculated. A slight saving in computing



time and storage may be made if only at most 25 percent of the
eigenvectors are required. Since more than this is required
it is actually more efficient, both in time and storage, to
use back substitution subroutines which calculate all the
eigenvectors and then to discard those that are not needed.
The QR algorithm{BG]is used in the eigensolution subroutine.
This is a very stable method but accuracy is dependant on the
eigenvalues being well spaced out. ' '

A detailed description of all the algorithms and the actual
subroutines used is included in Appendix 2. More details of
the computer program written is given in Chapter 6.



. Chapter 3 Random theory

Summari‘

‘This chapter describes the basic terms and concepts of
random theory. The significance of the correlation
function of the excitation and the response signals .
for the case of white noise excitation is discussed.
The'Péeudo random binary sequence signal is a convenient
white noise signal suitable for use in obtaining the
cross correlation function easily and giving thevsystem
impulse response function..’The'receptance‘of the system
is obtained by a Fourier transform of the system impulse
response and calculation of the discrete Fourier trans-
form using a new and faster technique is used. It is
also shown that the frequency analysis of any response
to random excitation is not accurate and an alternative’
method of determining the response in form of its power
spectral density from a knowledge of the excitation PSD .
as well as the receptance of the system is described.



3;1 | Introduction -

Knowledge of the response of structures to random excitation

of any given type‘of Spebtrum is important. This chapter
deals-with the background theory relating to random

excitation of a folded plate box type structure which may
represent a car travelling along an uneven road surface, an
aircraft subjected to high speed air turbulence or buildings-
and bridges to wind gusts. A brief description of basic random
signal theory is given. The reader requiring‘a more detailed
knowledge of random vibration theory is referred to standard
text- books e. g. Robson [2].

A truely random process is by definition unpredictable.  In
order to make possible any analysis at all a statistical type
solution of the response of struCtures‘to random excitation
must be relied upon. Moreover it is difficult experimentally

to generate a true random signal and to be able to reproduce it

-again when required. The use of a special type of random signal
overcomes these difficulties. This is known as the pseudo
random binary sequence and will be discussed later in this
chapter.

The response of structures to random excitation is discussed
and the theoretical basis for its experimental as well'as
analytical derivation is examined. The method used in this
work to determine this response experlmentally is based on the
time domain correlatlon,of the input and response 31gnals._ For
the special case of a flat excitation spectrum the cross

spectral density obtained on performing a Fourier'transformationx»'

on the cross correlation function also gives the frequency
response function or receptance of the structure. The advantage

resulting in the elimination of interference signals greatly en

-hances this method of systems evaluation. It also gives an
accurate method whereby the response power spectral density
to the white noise excitstion is easily obtained. '



Robson also shows (eqn. 1.2) that the recentance of a structure
can be calculated from a knowledge of its natural frequencies
and mode shapes. He provides the theoretical basis for the
prediction of the response gpeétral density from this receptance
as well as the knowledge of the excitation power spectral
density. '

The finite element method of analysis described in the previous
chapter enables the calculation of natural frequencies and.
mode shapes of the box structure. From these the receptance
~and hence the response power spectral density is predicted.



3.2  Basic Theory

Before going into the realm of random vibration some of the
basic theory and concepts of random processes'as given in [2]
are here reviewed, and basic terms peculiar to random theory
are- defined. '

3.2.1 Statistical approach

; \
Because random signals are by definition unpredictable they
can only be described in statistical terms. The basic
requirement of such a description is an 'ensemble' of time
series records of the signal (fig 3.1) which may represent
force, acceleration, displacement etc.

One common way of describing the signal statistically is by
means of its probability density distribution p(x) which is
defined so that | | o |

Prob [xs x(to)S X + dt] = p(x)dx (3.1)

where the total area under the p(x) curve is equal to dne,
and indicates that the probability of the signal lying be-
tween extreme limits of the curve is 100 % . Many naturally
occuriﬂg random signals have a bell shaped probability
density function (fig 3.2) given by

p(x) = _1 exp —'—(—’25—"’“2—)2-] (3.2)

' sVt : o o

where & is the mean square value, also called the variance

of the signal and m is its mean. .
The process is then said to have a normal or Gaussian

probability distribution.
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In practice analysis is simplified by the introduction of the
concept of the 'stationary' random process. This is one in
which a probability distribution obtained for a particular
record is identical to those obtained for all the other re-
cords and is therefore independant of the time at which the
record is taken. All the statistical characteristics of a
stationary random process e.g. its mean, mean square etc. are
therefore time invariant. This concept is teken a step further
by the introduction of the ergodicAprocess which is defined as
not only being stationary but also has its probability distri-
bution taken across the ensemble identical with that taken
along any particular record. '

3.2.2 The correlation functions

The correlation of the excitation and response éignals of the
structure will be used in later calculations and provides an

important means of signal analysis.

The auto-correlation function Rxx(t,z) is defined as the
average over several records of the product of x(t) and its
delayed version x(t+z) which for a stationary signal is

Rxx(z) = E[x(t)x(t+2)] : s - (3.3)
where E represents the averaging process.
Similarly the cross correlation function Rxy(t,z) of two
stationary signals x(t) and yﬁt)'is

Rxy(z) = E[x(t)y(t+z)] R - e (3.44)
so that in the 1limit as z— ®© ,Rxy(z)—>0

This is bécause there is no correlation between two different
signals at that period of delay and this important property

makes it suitable for Fourier transformation as will be seen

later. ‘



3.2.3 Power spectral densities

Another term commonly used @n random signal analysis is pdwer
" spectral density S(f) or S(w%yspectral density for short.
The spectral density S (w) can be defined in terms of the
auto-correlation function Rx(z) of the signal and was first
clearly stated by Wiener [37] as

\ (2]

. * _i - .
Sx(w) = 1 fo(z) g 1WZ dz (3.5)

T
This is an important concept in random vibration analysis
since fo(w) dw is in fact the mean square E[xz]of the process

i.e.

2 " -
B [x2] = [s (w) aw , (3.8
. Yo
For Gaussian processes whgsp mean is zero, eqn (3.2) becomes
1 T 3 ) ,
p(x) = sIow ¢ » - (3.7

Knowledge of E[x2]would define the process completely since
for a process with a mean about zero ' -
e[x?] = &% - (3.8)
Hence since E[x2]can'be obtained from eqn 3.6, the determin-
- ation of the power spectral density is extremely useful in all
calculations involving random signals. It should be noted
here that Sx(f) is expressed as a function of frequency and
2w times larger than S (w). From equation (3.6) the mean .
square value of x(t) in any given band of frequencies & f is
simply Sx(f) Af or Sx(w)<Aw. As an example, if x(t) is a
varying force expressed in newtons, then Sx(f) would be in
newtons2 /Hz and Sx(w) in newtons 2sec.



3.2.4 Fourier analysis of random signals

In many’cases it may be desirable to express a random signal
in a Fourier series type expansion. However because the signal

is not periodic this'isvndt possible. Moreover since the
signal must be assumed to extend over an infinite period of

time to have stationary properties it cannot be expressed as
a Fourier integral either. A method of measurement is
therefore adopted to overcome the difficulties,using the
Fourier transform AT(lf) of a signal xT(t) which is 1dent1cal
' to the sn.gnal to be analysed over the. period—% < t< 5— and
zero elsewhere. The spectral density of the original signal
has been shown by Jenkins & Watts [38] to be approximated
by |

From this it can be seen that the direct Fourier transform
of the response of the structure required, measured within
any finite length of time will at best give only an approx-
imation to the true power spectral density>of the response.
A different approach is therefore adopted in this work to
attempt at obtaining & better estimate and the method is
described in section 3.5



3.3 - Response of structures to random excitation

The classical method of determining the response of a
structure to excitation requires the solution of the
differential equation (Newland [39]) relating the
excitatioan(t) and the resporise y(t) in

dnx

t .
}Z:A __Z - }f: 4y C —2 ~ (3.10)

e °n at" ne on dt"

This relationship however cannot be used in random vibration
work because o
(1) inadequate data is available to determine the
"~ coefficients A,B & C so that the complete dlfferentlal
. equation is not available.
(ii) even if the equation is known, a complete time
,history of x(t) is not obtainable because of its
random nature.

Analy81s of the response of any structure to randoms‘
excitation is therefore best carried out using the form
of its response power Spectralvdensity, described in the
previous chapter.‘ This requires the determination of the
structural frequency response curve commonly}called the

- receptance (Bishcp & Johnson [4])_of the structure.

The receptance of the structure is defined as the response
d of the structure to a unit applied sinusoidal force p of
frequency f. It should be noted that the receptance is
different at'different points of the structure and relates
only two specific points on the structure, A the point at
which the force is applied and B the p01nt at which the
response is measured i.e.

dg =p(if)py | : i (3.11)

Determination of of(if) will therefore give the response of
the structure to any given force p. The receptance and hence
e.the response’is complex, with a real and an imaginary part,
thevphysical"significance;being that there is a time lag
between the application of the force p and the occurance of



the response d. For a single degrée»of freedom structure
with a hysteretic damping factorfxl the equation of motion
may be written as

mx + k(1 + iN)x = p sinwt . | - (3.12)

from which the receptance is found to be
1

oL(if) = - (3.13)

kK - 4w-mf” + ik

'Robson [2] shows that the receptance of a multi-degree of
freedom atructure can be expressed in terms of its natural
frequencies and mode shapes (equation 1.2). For a structure
with light damping and hence pronounced resonance peaks the
receptance becomes | ‘

ld'(if) ‘ 2 =' E .[wrr(-XA)]z [Wr(va)e] _ _ (3.14)
T wfhet{e® - enetl)

where w,(x) is the r .th mode shape

S is the r th natural frequency
and M. ig the-generalised mass at mode r
given by éwf(x)mdx v |
Here structural damping is taken to be hysteretic only
(applicable to light structures) and any coupling between
~the structure and a medium such as air is assumed to be
negligible. '| the hysteretic damping factor for the
structure is calculated from its response curves and is
- discussed in more detail later.

The natural frequencies and mode shapes of a simple struc-
ture can be determined using the exact method of solving
differential equations or by approximations using various
energy methods. For more complicated structures however the
finite element method which is basically an energy method,
.described in chapter 2,is increasingly used because of
difficulties encountered with other methods. In this work
‘therefore the natural frequencies and mode shapes of the
box>structhre are predicted using a finite element computer
program package developed by the author and given in Appendix
3. Once the receptance of the structure is known a prediction



of the response spectral density is possible using the
relationship given previously in equation (1.1) provided the
input spectral density is also known. ’

sd(£) =log (1] sp(e) - (1.1)

Therefore once the receptance of the structure is known, the
response spectral density‘can be obtained for any given
excitation spectral density, from which other parameters
describing the response such as the mean square value and
probability distribution are obtained using equations (3.7)
and (3.8).



3.4 . Experimental Techniques

There are'bésically two ways of obtaining experimentallf the
response of structures to random excitation. The first is
the direct approach, measuring the frequency content of the
resoonse using a frequency analyser. This method however is
not sccurate in any finite sampling time because of the ran-
dom nature of the signal and also because of the low signel
to noise ratio generally encountered. The alternative
method is the synthesis of the response power spectral
density from experimentally derived values of both the
structural receptance as well as the excitation power
spectral density using the équation giVen previously.

S3(f) = '|o¢(if)|25p(f)' | | (1.1)

This method is found to be more accurate than the first
since the excitation power spectral density is often known
or can be obtained accurately.

There are three main ways of determining experimentally the
frequency response of receptance of structures to vibrations.
They are (a) sinusoidal frequency testing (b) transient
testing using a ramp or impulse input and (c) tests using
correlation methods. '

The simpléest and most commonly used method is sine wave
excitation, measuring the amplitude and phase angle of the
response over a range of frequencies giving the frequency
résponse curve directly. Disadvantages encountered with
this method include inaccuracy as often the response is
contaminated with extraneous noise. The excitation cannot
be increased since the system will lose its linear behaviour
- so that an averaging process is often incorporated. It is
also very time comsuming to excite each frequency separately
and to sweep sufficient frequencies for a complete frequency
response curve. Lot B ‘ C | :



Transient testing involves either step (ramn) response (fig.
3.3a) or impulse response measurements (fig. 3.3b). The former
is quick and contains all frequencies in the step and it is
therefore possible to obtain the structursl frequency
response using curve fitting techniques. It is however
limited to simple systems and involves a drastic change of
initial conditions. The latter retains the steady state ini-
tial conditions but is impossible to generate in practice.
Both are also susceptible to inaccuracies due to noise
interference at low levels of excitation and non linear
behaviour at higher levels.

The third method and one of the most important time domain
techniques available is the correlation of two signals, |
giving a measure of the similarity between the two. The
input x(t) and output y(t) of a system are related through

a finite integral known as the convolution integral described
‘'in Robson [ 2] and elsewhere as

y(t) =,£E(c)x(t-t)dc - (3.15) | >Q

where h(t) is the impulse response of the structure and € is
the time delay between the application of the impulse and
time t at which the impulse was applied. This convolution
integral provides a direct method of obtaining the output
signal from a knowledge of the input signal and the impulse
response of the structure. As it stands this does not mean
very much since the impulse responserof the structure is |
‘unknown but the application of the correlation method opens up
an entirely different approach to the problem.
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‘The theory behind the technique lies in the definition of
the correlation functions themselves (see section 3.1). The
~auto correlatlon functlon of the excitation x(%) may be

L ]

expressed as

Rxx(t) = o E%-jT;(t)x(t‘+ Tt (3.16)
and the crossAcorrelation‘function'of the excitation x(t)
and the response y(t) as | '

ny(t) = 1lim : T
T—> 0 2fo(t)y(t + t)dt - (3.17)
=T
Since the impulse response musi be zero before its applic-~
ation h(t) =0 for t<0 and nence (3.15) becomes
y(t) = [ h(a)x(t - 8)ds o
and substltutlng into eqn. 3. 17

T 00 . '
Rxy(zt) = lim . A x(t)[jh(s)x(t+1-s)ds] dt -
- T 27T o ~ 09
o lim _1
: t t dt d
giéoh(s)[ P>0d 27 'rx( )x(t+z-s) ] o
which from 3.16 becomes |
7 Rxy(z) —~rhxs) Rux( - " s)ds | . (3.18)

) oo < ,

It is immediately apparent that if we choose an excitation
signal with a autocarrelation function in the form of a

" 8pike or impulse, the impulse‘response function can be ,
- obtained quite simply from the cross-correlation function
between the excitation and response signals.

A white noise signal satisfies this requirement.  The auto-

- ¢orrélation function of a white noise signal with a flat power

density spectrum of K/f is an impulse of magnitude K.
Thus for white noise equatlon 3.18 becomes '

Rxy(xt) = Kh(T) S ‘(3-19)

White noise excitation therefore gives a particularly import-
ant aspect to correlation techniques as the cross correlation
between the excitation and the response ' of the structure
under.consideration gives the impulse response function of



the structure multiplied by a constant K. It is therefore
"no longer necessary to physically hit the structure with an
impulse of force in order to obtain its impulse response..

The fféquency response function or réceptance is then quite
simply the Fourier transform of the impulse response function.

Hw) = F[h(z)] , ©(3.20)

The impulse response function of any structure can therefore

be obtained without the problems associated with sinusoidal
and transient testing and has with it the advantage that noise
originating within the system does not correlate with the
excitation signal and is hence effectively eliminated. . Thus

a signal of lowvamplitude can be used even in a noisy environ-
ment. This is the basis of the so called method of random
systems testing. The method however has several drawbacks.
Firstly the truely random signal is difficult to generate
artifically and impossible to reproduce exactly. The delayed
signal required for calculation of the correlation function

is therefore not available. Furthermore the correlation also
requires: multiplication and integration over a theoretically
‘infinite period, and it would be difficult to obtain a
satisfactory correlation over a finite period of an essentially
unpredictable process. The use of the pseudo random binary
sequence signal, described later overcomes this difficulty.



3;6 The Fourier Transform . 1

“The concept of the frequency analysis of a signal of period
T by splitting it into its component frequencies using the -
Fourier Series is.well known (see Newland [39])

Thus < A .

0 ‘ o
' o 2Tnt . 2T nt
X(t)‘ = Z- An coSs T + Bn sin _-T—— (3.21)
WheTe T
I A |
AO = '_f 7 X(t) dat
i )
T
a =2 [ 2 (i) cos 2mE gy
n T m T
-2
' T
2
2 2Tnt
and Bn =7 [ . x(t) sin —F dt
-2
or also expressed as
’ i2mtnt
X = 1 * x(t) e ) ® dt where X_= A- - iB (3.22)
n T 0 n  “n n *

The 1imit when T tends to infinity is reached in non-periodic
signals so that the Fourier series becomes a Fourier integral
whose coefficients are the corresponding Fourier transforms.
i.e.
x(t)

2[[A(w) cos ot dw + B(w) sin wt dw] . (3.23)
and . ° : :

1]

Alw) = 1 J[ x(t) cos wt dt

and_

B(es)

Jﬁf"”x(t) sinwt dt S e (3.24)

[
with the limitation that x(t) dt < oo
This thus provides an indispensible tool which facilitates
signal analysis in transforming a signal from the time to the
frequency domain or vice versa. However, because of the
limitation on the signal x(t) itself, unless special precautions
are taken only a process which in the limit is finite can be
analysed. o



In fﬁé work & time series which satisfies this requirement
of being finite in the limit is used. This is the cross’ .
correlation fanction_of,thewwhite noise excitation and the
resulting response of -the structure. The direct frequency
analysis of the response itself is not used as it does not
'satisfy this requirement however long the record taken may
be. '

.From‘the'previous sectionj(éqn. 3.19), we have seen that
for white~noiSe the cross correlation function ny(t) ig in
fact X h(t)-Where h(z) is'fhe impulse response of the system
"and K is a constant, given by the power SpectralgdenSity'of
the excitation. The Fourier transform of this gives-its
'equivalent in the frequency domain, the frequéncy response
function of the structure, (eqn. 3.20),-multipiied by the

- same constant K. Because the excitation is white noise,

- this function when multiplied by the cohstant 21 gives the
output power spectral density of the structure as well.

"Here,a-continuoﬁs function is to be analysed by taking.

~discrete samples of it at equally spaced intervals of time.
Such a series completely represents the continuous waveform
providing the waveform is band limited and the samples are
taken at a rate of at least twice the highest frequency present
vin~the'origina1*waveform [39]. The samples are then called

- Nyquist samples and the highest frequency present, the

Nyquist fréquency. The discrete Fourier transform or DFT of

'such a time series is then closely related to the Fourier

transform of the original continuous waveform and has

| méthemetical properties analogous with it. If however

frequencies in the original signal exist which are higher than

';half the sampling frequency the Nyquist frequency, a corruption
of the graph known as aliasing occurs. In this case, to

" obtain a true DFT either a higher sampling frequency is

required or the existing high frequencies contravening the

Nyquist criteria must be filtered out of the signal. In this

work the latter method is used. -



Thus from eqn. 3.2 2 the DFT of N equally snaced samples taken
at intervals of time can be obtained using the formula

- N1 - - i2mnra | -
T T | (3.25)

B L]

e"*

',Xn‘=

where n ranges from 0 toXN -1 corregponding to harmonics

2m
of Na

' The use of eqn. 3 24 to obtaln the DFT is perfectly satis-

4 factory for processing small amounts of data and a computef
routine to carry out the algorithm is included in Apvoendix 4.
For large quantities of data however, this conventional
method.quickly takes up a large amount of computer core and
the computing time required becomes prdhibitive.‘

‘The Fast Fourier Transform or FFT is an algorithm that was
developed recently to calculate the Discrete Fourier Transform
(DFT) and takes adv&ntage of the fact that the ca1cu1ation

of the coefficients of the DFT can be carried out iteratively
resulting in a congiderable. saving of computing time and
increased accuracy. The algorithm used 1is that reported by
Cooley and Tukey[29]. The FFT method is perhaps not as
obvious as the DFT and the steps are briefly outlined here.

/

A time series Xk'of N p01nts is divided into two functlons Yk ;
‘and Zk where Yk consists of all the even numbered points and

Zk the qdd.

'Y- .

k = X2 | N
. . . k : 0,1,2, -0.0'6(“2‘ "1)
2 = Xor 4 1 .
.The?efore EP? DFT of Yk and Zk will be given by
z: - -Awirk
Br = Y, exp ( fv N

- ‘__4 , beirk wherelr = 0,1;2..(§ - l)
,_ci.-_-i;‘z 'exp(-’-—————-ﬁl%lr') S : :

. The DFT of the original serles Xk is then

.Ai -kgi{ | exp( 411rk ) + Zk exp ( ?ﬁir (2k + 1) )}



- -';'--I R

] : N
_ _ 4wirk emir (|32 4A7irk
--ggbxkegp( /e—ﬁ~—-—0 + exp(- 5 )[é;zkexp(-‘—Aﬁ—-’

Where 1‘ = 0,1,.,.‘.’.'...'...1‘1-1-
which may be written as

S 2Rir | o N }
A, =B, + exp(- =F—) C, for r=0,1,2.... (5 -1)
The DFTs, Br and Cr repeat themselves outside this interval

so that ' ' -

ot apyt el F e Bl

_ _ _ 2Wir |
= B, - exp ( T ) C.
since exp (- gg%iﬁ ) = -1
Therefore
. o N
Ar = Br 4 w Cr fOI' r —- 0,1’2 ~oooo,§
: _ _ 2wi
L _wr _ N
A N\= Br W Cr where W = €
C+z

Thus the two halves of the DFT of the N point X,, A, and

Ar . N ~can be obtained from the Br and Cr’ DFT's of Yk
'and.zi each of g points. By successively dividing the
series into further subseries as long as they are divisible
by two, we end up with the DFT of a small series from which
the DFT of the original series can be built up. Variations
on the method allow the series to be broken up into series
of multiples other than two but we shall not look into these

here.

In this work, series containing 512 and 1024 points are
"finally reduced to the single term, the DFT of the single
term being the term itself, and the DFT of the series

built up from it, and simply divided by the factor 512 or
1024 respectively. .Thus it will be seen that a considerable
'saying in the number of complex multiplications and complex



additions is made using this algorithmn. The resulting
gaving in the time taken enables this method of calculating
Fourier transforms to be run more economically than the
normal me thod especially on the slower computers.



3.7 The pseudo random binary signal sequence

Rahdom-type’signals used in the laboratory can be class-
ified into being naturally or artifically generated. Gommon-
ly used natural sources of random signals include (a) g

tape reéordings of a naturally occurring ramdon signal such
as wind noise, road noise etc. (b)"the.emission of
electrons by a thyratron or zener diode. These have

several disadvantages.  The former requires an infinitely
long record to be statistically accurate, the latter is
difficult to control particularly in the low frequency
ranges and moreover is not reproducable whenever required.
To overcome these drawbacks other sources of random signals |
have to be used. '

Pseudorandom binary sequence signals (referred to as PRBS
signal hereafter) provide artifically generated signals that
~are completely random within any specified period of time

but repeat themselves thereafter. ‘Since the signal is

completely random within this interval it meets all the

. requirements and has all the properties-of random signals.

discussed in the previous section. The use of a PRBS signal

as an excitation signal has several advantages over the use
of true random signals.

These include . . :

(a) repeatibility - it is possible to obtain exact signals

: for repeated tests and these tests do not have to be

infinitely long. Statistical type results do not
have to be relied on as in the case with true random
_ signals. _ .
(b) spectrum can be tailored to requirements - the frequency
- of interest, resolution, length of time available for
each test etc. can be allowed for in each case.

(c¢) correlation of excitation and response can be easily

obtained over a discrete number of signal points.

(d) for the particular equipment used a time domain correla-
‘tor is available as standard equipment so that automatic
~recording of the usually_lengp%hy correlation function

is possible.. '



A brief description of the signal (fig. 3.4) is now given.
For a more detailed account, the reader is referred to the

handbook [40]..

e

The PRBS signal is generated using a shift register, the
length n of which can be changed at will and which gives

it the name of the maximum length sequence of simply m
sequence. The outputs from two stages of the shift register
are connected to a modulo two adder (exclusive OR gate) whose
output controls the state of the first shift register stage.
These connections are chosen so that & maximum length sequence
is generated of N = (2" - 1) bits. The necessary delayed .
signal is obtained simply by dividing the full shift register
into two equal parts to form master and slave PRBS generators.
The main control logic then arranges for the slave shift

'to begin its sequence the required number of clock pulses
after the master.

It is completely controllable, a considerable advantagé
over true random signals but unlike random binary signals
has the number of positive and negative bits differing

- by one since the total number of bits in the sequence

is given by (2" - 1). Being a binary signal it has only 2
levels, +1 and -l; which change at intervals of Asec given
by the clock pulse. Multi-level sequences may however be
ehosen to assume particular types of probability distri-
‘butions if necessary. |

As mentioned previously the PRBS signsl is completely random
within the period '

T = NA
where 1/, = clock frequency
N = no. of bits in the sequence = (2" = 1)

A comparison of its autocorrelation function (fig. 3.5)
reveals that (a) it is a spike which repeats itself at

" intervals of N (see Newland‘[39j). (b) a small negative
” correlafion'-az/N persists. However it approaches that

of true white noise when the sequence length N is made
large and the clock time Asmall. Within the time interval
- NA therefore it has all the properties necessary for the
random systemS'testing described in the previous chapter.
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The Fourier transform of the autocorrelation function gives
the graph of relative power plotted against frequency (fig.
3.6). Referring to the figure, because the signal changes.
only at discrete intervals of time it will be seen that'
this is a line spectrum i.e. one made up'of‘individual lines

instead of the continuous spectrum of true white noise.
_ : . T ‘
These are spaced out at a distance of —Ng Hz apart where

fc = clock frequency = 1%— and are constant to -3 dB at

0.45 f_ Hz as shown. The shape of the envelope is given
in the manufacturers' specification as being described by

SIEX)2 where x =,%£ with a d.c. component of

c , o -
power ='a2/N since N is an odd number. A closer approxi-

mation to a continuous spectrum is obtained by increasing
the sequence length but reducing the clock frequency.
This is achieved at the expense of émplitude in the former

the function (

and the upper frequency in the latter.

The PRBS signal has a probability distribution shown in

fig 3.7. This reveals that the signal occurs only at 2
levels, + aV (see fig 3.4) and, of the 2n “1 bits of signal
in a sequence, has one more + a bit than - a bit. This can
however be tailored to approximate the Gaussian distribution
of commonly occuring random signals in a binomial type
distribution(fig 3.8)using multi-level sequences. This is
achieved however at the expense of (a) reducing the amplitude
of the output signal from a° to 32/(M~1),(b) widening the |
impulse type spike of its autocorrelation function (fig 3.5)
from 2A to 2(M-1)A and (c) reducing the highest frequency |
(fig 3.6) from £, to £ /(M-1) Haz.

It is possible therefore either to approximate a given random
signal or to generate a suitable excitation signal for any
given system and at the same time to be able to repeat it
exactly both for correlation calculations as well as to

. repeat a test subsequently. A suitable signal with which
to excite any given structure is govepned by the choice of
upper frequency limit, shape of excitation'power spectrum,
resolution of component frequencies; probability distribution
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and so on. All these are easily obtained with a PRBS signal.
The upper frequency limit is given by the clock frequency of
the PRBS generator and is determined by the requirement

to stimulate the structure up to a given frequency. In many
structures the most important frequencies are the lowest few
as the response at higher frequencies tends to be attenuated.
In practice most structures also tend to haVeAthe higher
frequehcies occurring close together and with the line
spectrum of the PRBS signal there is a danger that a natural
frequency of the structure may not be stimulated.

To summarise therefore the PRBS signal is within its sequence
length completely satisfactory for random testing purposes.
It is easy to generate, reproduce and multiply and is there-
fore particularly suitable for correlation measurements.
Since the correlation is performed over a finite period
however, some degree of correlation with unrelated noise may
lead to a variance in the measurements obtained. By
correlating over a number of complete sequences this effect.
is nevertheless considerably reduced.



Chapter 4 ~ The Apparatus

 Summary S e
This chapter deséribes,how the necessary.experimental

| apparatus was designed, calibrated and used. A vibration
table was built having the necessary characteristics for a
good vibration testing mounting and incorporating an accur-
ate two way traverse mechanism over the horizontal plane.
A novel non-contacting exciter/pickup probe incorporating
an electromagnetic exciter and a capacitance pickup is
described. A brief description of the investigation into
variations in both material and design leading up to the
final probe configuratibn is included. A fine adjustment
mechanism, linear as well as angular, is incorporated for
accurate adjustment of the air gap between the probe and
 the structure, . For random vibration work a pseudorandom
bihary sequence generator and time domain correlator is used
- from which a completely automatic system has been built up.



4.1 Introduction

Since the aim of this investigation is ultimately to be

able to predict the response of boxétypé'structures to
V1bration stimuli, a large part of the work necessarily
involves response measurements obtained. experimentally

to complement the equally" 1mportant theoretical analysis.
This basically requires a firm vibration testing table on
which the structure and a1l the necessary transducers can
be mounted. These exciters and vibration pickup transducers
must be suitable for the structure to be tested.

As light structures are to be tested, in order to reduce
inaccuracies due to the added masses of exciters or pickups,
non~-contacting transducers are necessary. PFurthermore it
‘is known that the ideal point at which to excite a particular'
mode is its antinode (Plunkett [41] and Dunn [42] ).

Exciting the structure at any point other than at a antinode

" requires a higher force per unit displacement respdnse.

This is becguse it can give rise to (&) displacement of a

- point which would otherwise be a node (b) rigid body displace-
ment (c) excitation of adjacent nodes or (d) local distor-
tion of the structure at the point of excitation (Pandered

and Bishop [43] ). The inherent drawback of a contacting
exciter is immediately apparent since multiple holes must be
made in the structure for excitation of more than one mode. .

Non contacting vibration pickups are'fairly widely usedAand
capacitance displacement transducers are well known and '
available commercially. In general contacting exciters are
still relied upon and work on non contacting electromagnetic
exciters are fairly poorly documented. Recent work by
Shap1r0[44] to produce suitable apparatus for similar
experimental investigations relied on contacting exciters
although non-contacting capacitance displacement transducers
-were used. This may be due to difficulties such as a
frequency doubling effect of the original signal in the
force output of an electromagnetic ex01ter.

]
t



‘This frequency,doub1ing effect and the heat generated in
the ekciter during operation were noted in the course of
“this work7and is-diécussedvlater in this chapter. The
development of an efflclent non-contacting exciter pickup is

rltherefore necessary and w111 be one of the tasks of this

1nvestigat10n.



4.2 The Vibration testing table

- The. 1mportance of the vibration testing table is that

it. prov1des a good vibration mounting for the test structure
isolated from 1nterference "which is mainly structural
borne. It also provides a stable support for the mountlng
of the exciters and v1brat10n pickup transducers with fine
adjustment available between these and the structure. An
accurate traverse mechanism is necessary on which the .
#ibrafion pickup probe and the exciter can be.éuspended

to scan the surface area of the structure locating the
~required points. '

The»work commenced using an éxisting vibration table
(plate 1). Structural'borne interference (the laboratory
was next to a busy main road) was found to be transmitted
straight through'fhe table and picked up at the measuring
v transducers. The traverse_mechanism‘hdlding these trans-
~ ducers Were\independent of the table and some floating

relative_tb the table was detected. A means of fine adjust-

ment of the transducer-plate gap was found to be necessary
because the plates were not absolutely flat and the
'exciter-plate gap size was found to be critical. A new

and larger table was made with these requirementé in mlnd{,

This is fairly large and heavy»and'supported on wide base
plates reéting on-%" vibration isolation pads to reduce
vibration transmitted through it (plate 2). Structures
measuring up to 1,500 x 900 x 430 mm_can be accommodated.
Anvaccurate'traverSe mechanism is built'on to the table .
and a écfew-type winding, at the ends of which are hand
wheels, drive the exciter-pickup probe in the two perpen-
‘dicular horizontal directions. The winding mechanism is
~ supported on special end ball races and phosphor bronze
siiders to reduce friction at the slideways. When the

- point to be measured is arrived at, the end clamps are
tightened thus ellmlnatlng extraneous vibrztions from

the traverse mechanlsm4

'TheAfineyadjustment mechanism is a double screwed device



(plafey})fWhich~ailows for aécurate-changes in linear
displacements in the probe-structure gap size. This is
‘necessary since both the exciter as well as the pickup
;have'characteristics Which dépend on.this gap size. The
mechanism screws down clockwise at 0.24 mm per turn with a
maximum'travel‘Of 20 mm. Coarse adjustment is by loosening
-allen screws holding the whole mechanism in ‘its holder in a
| Vertlcal 8liding arrangement. For angular adjustment three
-knurled screws on a swivelling ball joint ‘allow for tilt of the
transducer relative to the structure (plate 4).

The°étructures'to'be tested are held'with'Supports made

which would aporox1mate required boundary condltlons, €.g. @

'fully fixed flat plate (plate 5), clamped to the table using

large 'G' clamps. A close-up view of the method of fastening
of the box structure is shown in plate 6.



4.3  The Vibration Pickup Transducer

Since the box-typevstructure to be investigated was light,

. a non-contacting vibration pickup transducer was used.

Contacting transducers,e.g:,accelerometers, invariably
implies additional masses attached to the test structures
affecting the frequenéy characteristics of the structure.

Capacitance probes are part of a large family of non-cont-
acting transducers which are used in vibration studies to
.eliminate}the possibility of the transducer interfering
with the vibration characteristics of the structure to be
investigated. | ' o

The Wayne Kerr capacitance probe was chosen because of its
good characteristics and already widespread use amongst
research workers. It works on the prihciple that when
placed near to a conducting surface, a capacitance effect
exists between this surface and the face of the probe. The
capacitance so formed is connected to the feedback loop

of a high gain amplifier hence changing its impedance and
cauSing a voltage outpuf to be formed which is proportional
to the gap distance between the probe and the surface.

The type 'E' probe is most suitable for the purposes of v
this investigation, measuring amplitudes of up to 2.5 mm -
with a frequency response flat up to 1000 Hz. This is
calibrated together with the associated distance meter,
‘the 2 channel Wayne Kerr TE 2000 (pléte 7 & 8)e A full
description of the calibration procedure is given in
Appendix 6. | | |



4.4 The non-contacting exciter

A non-contacting exciter was chosen as being necessary
since the réSponse to excitation at various points. of

the structure is'réquired. "Contacting exciters would

have coniributed additional weight and required holes to

be made in the structure which would have altered the mode
shapes and natural frequencies and hence the overall response
of the structure. This is especially so since light folded
plate structures were investigated.

At the outset of this project a literature survey of current
research work revealed little information on the use of non-
contacting exciters. As a result it was decided to design a

- guitable electromagnetic exciter, modifying it from experienée
gained as the project progressed. Investigations were‘carried~
out and calibrated using a simple,béam experiment (Plate

- 9) as well as using a sensitive piezoelectric force

transducer in a housing made for the purpoée (plate 10). The
complete calibration procedure is described in Appendix 7.

The electromagnetic exciter is basically made up of enamelled
copper wire would on a central core. The number of coils

used is limited by a corresponding increase in the heat

generated and so this was fixed'at between 200 and 300 turns
for the investigation. Increasing the gsuge thickness of the
~windings also resulted inAincreasedvheatkgeneration with the
increased current flow.

A search for an optimum exciter design was made into the
effect of changing the material of which the core is made
(plate 11). The first exciter tested was made with a
permanent magnet core. Tests revealed that hysteresis
losses were present in the core and as a result of the
considerable heat generated, further investigation of this

particular exciter configuration was abandoned. In an
attempt to eliminate hysteresis losses and to consider the
effect of omitting the permanent magnet core, a perspex |
former was used as the exciter core. The result was a much

lower force output than obtained_using'the permanent magnet
core and moreover was found to be at a frequency of 60 Hz,



twice that of the 30 Hz input signal. This was attributed
to the absence of the permanent magnet core which provided

a net positive or negative field onto which the exciter _
output would be superimposed.- Thus in the absence of the
polerising field, 8 sinusoidal signal produces an attraction
when the signal is positive and'yet another attraction even
though the signal goes negative the next time.

To creat a substitute for the effect of the permanent magnet
a second layer of coils was wound on top of the existing

and a d.c. voltage applied to it. This produced a considerszsble
increase in force output and also eliminated the frequency
doubling effect. However a marked temperature fise for the
higher d.c. voltage ranges in the inner coil caused over-

; heating and melting of the enamel coating insulating the
copper coils. ‘ ' '

A final investigation was masde using a hollow iron bobbin

core. To prevent over-heating due to eddy'currents_in the
circuit formed by the ferrousfbobbin, a slot was machined
completely through it and filled with araldite. This greatly
reduced the heat produced and whatever was produced was '
quickly dissipated throuszh the bobbin. Hysteresis losses

were much less’that of the permanent magnet exciter and

force output much improved over the perspex core exciter.

This split core design is incorporated into the combined
exciter/pickup (plate 12) described in the next section.



4.5 ' The combined exciter/pickup probe

In order to obtain a compact transducer as well as to
alleviate the nécesSity of having separate traverse mechan-
isms for both the exciter Bs well as the vibration pickup
transdu¢er, it was decided to combine the two into a single
exciter/pickup probe. Excitation and response are thus
megsured at the same point on the structure.  This has the
added advantage of effectively reducing the impedance to
| v1brat10n hence increasing the measurement accuracy.
fFurthermore, for excitation at the antinodes there is less
tendency to rigid body motion and minimal excitatlon of
‘adjacent nodes (sectlon 4.1).

The pickup transducer was easily incorporated into the

final exciter design in the hollow core of the former on which
the exciter windings were wound. This was made a good fit

and held in place with a grub screw. A cut away view of the
combined probe_is shown in fig 4.1. The calibration proce--
dure followed is as carried out previously for the separate
exciter and plckup components and described in Appendices

6 & 7.

From tests made of the separate as well as the combined
transducers it was found that no interaction occurred between
the capacitance type vibration pickup probe and the induc-
tance typé electro-magnetic exciter in the combined orobe.
The result of the calibration of the combined probe in its
. vibration megsurement capacity is as follows:
1. The output of the probe in distance measurement is 1.85
| mm per volt displayed on the distance meter.
2. The output of the probe measuring amplitude of vibrat-
jon is 2.25 mm/volt output (fig 4.2). |
3. The effect of the gap distamce between the probe and
the vibrating surface measured is negligible. This
" is true provided the total distance (i.e. the amplitude
- of vibration + the mean distance between the probe
and the measured surface) is less than 2.72 mm.
4. The frequency response of the probe (fig 4.3) is flat
- and independant of frequency in the range tested from
- .30 Hz to 300 Hz.
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| The calibration of the.combined prdbe in its excitation
capac1ty is as follows:
| 1. The force cutput per input volt at a frequency of
100 Hz and probe-to-strpcture gap of 1 mm is shown
in fig 4.4.
2. The change in force output with probe-to-structure
. gap at a frequency of 100 Hz and excitation voltage
of 3 Vrms
3. The frequency response at a constant excitation

voltage and gap size is shown in fig 4.6.

is shown in fig 4.5.

In all these curves the d.c¢. polarisation voltage/excit-
ation voltage is taken as unity. The effects of variat-
ion of this factor is given in McNulty [45]. The output

- excitation power spectral density to a PRBS signal input
was also checked using the correlation method previously
described in chapter 3.
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Chapter 5 Experimental technique

Summary

This chapter describes how the correlation technique

(section 3.5) was apvolied to obtain the receptance of

the box structure despite the excitation being non-

white noise. It shows how the natural frequencies

and mode shapes of beams, plates and boxes were obtained
experimentally using the apparatus developed and discusses
the choice of the various pafameters governing the pseudo
random binary sequence signal used for response measure-
ments of the box structure. It also describes how natural
frequencies and mode éhapes obtained for s finite element
‘analysis of the box structure were used to predict the
response power spectral density using an excitation power
spectral density and damping factors obtained experimentally.
The Fourier transform computer program developed is presented
with flowcharts and descriptions end the advantages using

an optional faster algorithm is illustrated.



5.1 Introduction to the problem

+ Chapter 3 describes the general theory applicable to random
excitations and how the theory is applied to the special‘case
when the excitation has,a flat spectrum. It is shown that in
this case the impulse response function of the structure can
‘be easily obtained dlrectly from the cross correlation
between the input and response. (eqn 3.18 & 3.19)_

This impulse response function can then be Fourier transformed
to give the receptance of the structure at the point of
excitation (eqn 3.20). Having used this technigue to
determine the receptance, the response power spectral density
of the structure at the point of interest can be determined
from eqn (1.1) when the input pdwer spectral density is
known. '

In general engineering environments the excitation

. experienced rarely has a combletely uniform force snectrum
and often has one which tapers off at higher frequencies.
Also the advantages of a non-contacting exciter nickup
entailed the development of an electromagnetic exciter
which, unless sophisticated circuitry was provided, has
this same tapering force spectrum. Although an excitatién
signel having a white power spectrsl density { ‘the PRBS
signal) is anplied to the system shown in fig 5.1 the
actuasl excitation of the structure is no longer white due
to the characteristics of the associated exciter pickup
equipment and the response spectral density at the point
of interest is difficult to obtain.

In this chapter therefore some approximations are made to

take such exverimental factors into account by introducing
intermediate stages of analysis which basically denend on

the assumption of linearity in each stage. This is considered
to be valid because of the generally low signal levels used
‘in all the tests. '

Referring to fig 5.1 let p(t) and d(t) be the input and
the response of the system respectively. Within the
system itself let p*{t) and d*(t) be the actual input and
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