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Abstract

Traditional approaches to simulating fluid dynamics have fo-
cused on spatially and temporally discretised versions of the underlying
Navier-Stokes partial differential equations. These approaches form a
huge body of work that has evolved over the last century; the modern
technique of simulating these systems by numerical approximation is
collectively referred to as computational fluid dynamics or CFD. Re-
cently however, new schemes have evolved out of cellular automata and
lattice gas approaches which can, under the right circumstances, form
efficient and fast alternatives to CFD and which lend themselves to
various computational streamlining procedures. These are well repre-
sented by the so called lattice Boltzmann and LBGK formalisms —
those employed in this work.

In this work the LBGK mono-phase scheme for internal flows is
extended, primarily to incorporate models of turbulent flow charac-
teristics, in order to generalise the validity of the schemes for more
complex flow geometries and to higher Reynolds numbers. Turbulent
flow in infinite aspect ratio ducts is examined in detail. Results sets
derived using the extended model are compared quantitatively against
theory and experiment. Features of the model are analysed to deduce
potential improvements to the scheme and alternatives. Propositions
for continued work are discussed in detail.

Before this is done, investigations are carried out on issues of clo-
sure for the general LBGK scheme and an improved, adaptable and high
order accuracy boundary scheme is developed. For various benchmark
geometries, this is qualitatively and quantitatively compared against
accepted alternatives. In addition, a central geometric problem of sim-
ulating cylindrically symmetric systems on two dimensional Cartesian
lattices is addressed. Work is presented on transforming the governing
lattice Boltzmann BGK equation, to enable the use of a regular Carte-
sian grid for performing simulations of flow in pipes. Results for pipe
flow are compared to the analytic solution.
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1.1 Front matter

This thesis presents work undertaken by the author as a research student at Sheffield
Hallam University over a 36 month period, to October 2001, for the award of Doctor of
Philosophy.

The work is sponsored by Rolls-Royce Associates (formerly Rolls-Royce Marine
Power) who have a keen interest in the development of modern, alternative approaches
to traditional computational fluid dynamics for the simulation of flow in internal ge-
ometries. It was carried out under the supervision of members of the (computational)
Modelling Group at Sheffield Hallam University, which is jointly provided for by the
School of Science and Mathematics and the Materials Research Institute thereof.

Motivation for the work arises in the practical importance of obtaining an accurate
description, at various levels of detail, of flows in many and varied fluid systems. The
basis for the specific approach taken arises in the interests of members of that group
and of the sponsors, in the truly alternative approaches to the problem of simulating
fluid systems that have arisen from studies into cellular automata and lattice gases over
recent decades. In our case these are Boltzmann type approaches; simulations of discrete
particle distributions, as opposed to continuum type equations.

In the following introductory sections, opportunity is taken to describe and convey
firstly, the industrial, engineering, scientific and socio-economic context of the work; in
section 1.2. Secondly, the general content of the thesis, its layout and mode of presenta-
tion; section 1.3.

Following the introductory material, a large portion of the thesis is devoted to presen-
tation of background material, illuminating the scientific details underpinning the work.
It is only after this that the main sections of work are presented. Busy readers, or those
familiar with the background of the project are invited to omit these introductory sections

if desired.



1.2 Fundamental context of the work

The importance of fluid processes to humanity is a largely unappreciated fact. Fluids,
in their various forms, are indeed central to life and to nature. From the air that we
breathe and the blood in our bodies, to convection of thermonuclear plasma in the life
breathing sun, fluids and their dynamics lie at the heart. Water, in its liquid form, has
recently been identified as the single requisite for the existence of life as it is currently
understood.

Perhaps as a consequence of such significance and ubiquity, the scientific study of
fluids has reached a relatively mature stage. Much effort has been directed to their un-
derstanding over the years, especially the latter four centuries. Indeed many of the great
natural philosophers such as Archimedes and da Vinci are known to have contemplated
the dynamics of fluids. Others still, including mathematicians such as Stokes, Euler and
Kolmogorov, have devoted enormous time and effort in the field. Despite this maturity
however, there remains much more to be done; some of the most pertinent questions
endure unanswered.

In the light of such issues then, it is a sad reality that a knowledge of fluid dynamics
is not generally perceived to posses high value. In fact, presently, the general public has
little appreciation that such knowledge or understanding might have value, whether it
be real and tangible or prospective. It is unfortunate too that the value of advancement
in our knowledge is only half heartedly recognised, especially as it is the public who
ultimately pay for research activity.

As a small personal effort to counter such a situation, it is hoped that the material
discussed in these introductory paragraphs, intended primarily to form a basis for a
complete appreciation of the science, might advance a fairer picture of the place, relevance
and need for fluid dynamic knowledge in society. That is, by forming a full picture of the
social, economic and scientific context for this work, interest will be generated, its value
demonstrated, and its pursuit thus justified.

To that aim, it is important to have an appreciation of the following two points.
Firstly, the ubiquity of fluids and diversity of fluid processes, both human and natural.
Secondly, the generality of the science that emerges in the field and its breadth of appli-
cability. In discussing these matters, a feel will be acquired for the level of interest in the
subject, held by scientists, industrialists and engineers alike.

Considering the aforementioned ubiquity; the prevalence of fluids and the manifold na-
ture of processes involving, or critically influenced by, their motion. The fluids themselves
are commonplace, encompassing liquids, gases and plasmas (the ‘fourth state of matter’),

but also including species only differentiated in technical ways (as will be demonstrated),
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for instance traffic. As regards the processes; these may be heat driven (convective), pres-
sure driven or gravitationally driven. More complex processes are common and include
transport processes (movement of variable properties of a fluid with the fluid), mixing,
e.g. distribution of contaminants, combustion and other plasma behaviour.

Instances of processes and systems are diverse, arising in fields such as: biology
(rheology); vulcanology; planetary science; hydrology and even astronomy. An obvious
example being meteorology — the study of atmospheric characteristics and prediction of
our weather — which is clearly relevant to everyday life and experience. Less obvious
examples are just as significant however. The geomagnetic dynamo for instance — motion
of liquid iron in the Earth’s core — is believed! to be responsible for the Earth’s global
magnetic compass field. It is now appreciated that without such, and the concomitant
protective ‘magnetosphere’, life on Earth would perish under constant bombardment of
high energy solar radiation.

Arguably of greater relevance on a human scale, many non-natural systems involve the
motion of fluids. Indeed, it could be said that they all do, either directly or indirectly
in some way. Illustrating the point with a non-obvious example for the unconvinced,
consider the creation of modern solid componentry by the injection and subsequent so-
lidification of molten solids in moulds. Such components are essential to virtually every
manufacturing process. More apparent industrial and technological examples are as di-
verse as natural ones. They include: flows around solid bodies (cars, aircraft, shipping);
flows through porous media (oil extraction, filters, percolation, wicking); the flow of com-
plex fluids (colloids, suspensions, solutions, multi-phase); reactive flows and combustion;
drag reduction and noise reduction. Collectively, the scientific and industrial communities
have strong interests in each.

Moving now to the latter point to be highlighted, ‘generality’. In the present context,
generality refers to the inherent power, aptitude and broad validity, of natural philosoph-
ical reasoning and the language of physics. That is, the applicability of our scientific
tools and skills to diverse circumstances and within diverse fields.

The principle of generality is perhaps the least appreciated aspect of the physics
discipline; it is certainly that most often lost on those working outside the field, hence
common misconceptions. Whilst it could also be said, that generality is sometimes not
well appreciated even by physicists, most realise that understanding one system allows
much to be said in other superficially unrelated fields and that their work can, under said

generality, be readily applied elsewhere. Moreover, it could be argued that generality

1Recent studies provide evidence for presence of 5km fission/fusion reactor at core of Earth; contrary
to the established theory [7].



has subtle appeal to practitioners which is often crucial in their adoption of physics as a
subject of study, for it belies the primary utility of physics itself.

In the context of this work, generality is what allows us to take a vintage theoretical
approach to the modelling and study of gases and transform it into a modern, practical
tool for the simulation of liquids in real systems. Moreover, generality is the principle that
would permit adoption of the same scheme for study of other, less obvious flow types. In
fact diversification proves viable to: snow in an avalanche; and (amazingly) the collective
behaviour of people in rush hour and traffic on motorways. It becomes apparent that the
generality attributed to any subject matter, must compound the interest that a physicist
has in the field.

A feel for the author’s enthusiasm for physical generality — the science’s primary
beauty — may be apparent at this point!In fact it is easy to extend the point, to include
the primary focus of the current work, namely turbulence. The physics that is applied
to the study of turbulence is incredibly diverse in nature. As a direct consequence,
parallels may be drawn between studies of turbulence and seemingly unrelated sciences,
from image recognition (via e.g. wavelet transforms) to prediction and modelling of stock
market indices (via traditional statistical analyses).

On a more specific level in is perhaps now pertinent to review more closely the specific
circumstances and nature of this work.

As a manufacturer of modern propulsion systems for the aerospace industry and mil-
itary, most notably marine power plant, the interests of the sponsors of this work is
perhaps obvious. Their competitive advantage arises in the efficiency, lifespan, quality,
fitness for purpose and cost effectiveness of the engineering solutions they implement.
Many of the problems they have to address relate to the flow and energetics of fluids,
specifically those contained by so called ‘internal’ geometries, that is, flows that at least
locally have no free surfaces. Important examples include heat exchangers, pumps, tur-
bines and compressors. The prevalence of such systems, in engineering and industry
should be pondered for a moment; whereupon the scarcity of industrial processes inde-
pendent of such technologies must become apparent.

Of utmost practical relevance, to describing flows in these ‘real’ systems is turbulence.
Turbulence is one of the most commonly occurring fluid phenomena. Its relative impor-
tance in fluid dynamics, cannot be overestimated, especially since the effect it has on
global flow properties ranges from highly adverse, to interestingly beneficial, depending
on the case in point. Moreover, it is well recognised that most flow realisations — above
a certain size or velocity, or in fluid with low viscosity — occur well inside the turbulent

regime.



It has been suggested that all aspects of turbulence are ‘contained’ in the Navier-
Stokes equations, that is to say that the Navier-Stokes equations fully describe hydro-
dynamics and turbulence arises merely as a consequence of complexity or uncertainty in
the solution. Whilst this is very likely true, a practically useful description for turbulence
requires much more than hydrodynamics; despite the practical importance, it has proved
a very difficult problem to crack. For these reasons turbulence is one aspect of fluid
dynamics that receives a great deal of attention and its study is generally perceived to
be of high value and importance.

The problem has been tackled on each of the three conventional fronts: experimental,
theoretical and computational; in addition to some hybrid approaches. One aim here, as
is perhaps now evident, is computationally to model turbulence in a particular context.

Modelling as a strategy uses the physical insights generated over past years of intensive
investigation to find inroads on the mathematical problem. Then, depending on the exact
nature of the investigation, these are used to generate either exact, statistical or numerical
solutions. Owing to the vast complexity of typical systems of interest and the practical
requirement for near infinite accuracy, most practical solutions are generated numerically,
which necessitates significant use of computational power and efficient algorithms.

‘Computational fluid dynamics’ (CFD) is the name attributed to this pursuit. The
work described in this study, whilst similar in nature to CFD, does not directly tackle
the fluid dynamical (Navier-Stokes) equations. Instead, it is an indirect approach, made
possible under the aforementioned generality and arising with physical insights into the
parallels between fluid dynamics and the macroscopic emergent behaviour of micrody-
namical (point particle mechanical) gas systems.

Instantiating the matter of generality, it is now possible to clarify some basic points
regarding the approach in this work. The modelling strategy adopted is derived from the
lattice gas cellular automata (LGCA), see section 2.5, these in turn being a variant of the
more fundamental cellular automata (CA), which were conceived early in the twentieth
century. The particular derivative of LGCA is known as the lattice Boltzmann method
(LBM) (section 2.5.2) and of that, the Bhatnagar-Gross-Krook (BGK) form (page 73).
This is an especially simple gas dynamical model, which amazingly, may be so arranged
as to be indistinguishable at the macroscopic level to hydrodynamics.

Specifically, for the purposes of turbulence modelling, the detailed form of the LB
scheme is to be altered in such a way as to incorporate those more significant effects
that turbulence exerts on the average flow. The model employed is based upon the
eddy viscosity concept, as expounded in section 2.4.4. With respect to the many other

modelling strategies in existence, this has certainly proved its worth from both practical



and historical perspectives; it is especially simple and therefore an appropriate starting

point.



1.3 Work statement and synopsis

A concise statement is now given, describing primary elements of the material to be
presented; both as a review for interested readers and a synopsis of the work undertaken.
This is integrated with sectional references, so that the layout of the presentation is
clarified, thus facilitating targeted reading and general navigation.

The order with which the work is presented in this discourse, does not strictly adhere
to that by which it was carried out, nor a clear chronology. In fact most elements of the
work ran concurrently over long periods, developments in any one field modifying the
efforts made in others. Instead the order of presentation is to a greater extent ‘logical’, in
that during the main thrust of effort toward turbulent channel flow, exploration was nec-
essarily initiated into side issues, as and when they were encountered. Since dependencies
between each existed, resolution of these occurred on a logical basis.

Brief preview then, of the thesis composition, starts as follows:

e Chapter 2 provides a sufficient exposition, of each aspect of relevant underlying
physics, upon which the scheme itself and our novel developments are based. These
aspects fall into two categories, the scientifically general and those specific to the

work reported. Treatment of each occurs in such order where possible.

Following the grounding of Chapter 2, Chapters 3 to 5 form the core material to be
presented. There, a description is given of individual subjects of investigation, followed
by review and analyses of results obtained. An appraisal is made at the time, of the
general efficacy and fitness of each idea; these are to be brought together and discussed
further in the summary, Chapter 6. Opportunities and ideas for continuation of the work
are discussed in Chapter 6 also.

Returning to the preview, the primary results chapters, which are each preceded by

a short abstract, are as follows:

e In Chapter 3, the core lattice Boltzmann scheme is augmented by carefully derived
forcing terms intended correctly to model flow characteristics that occur in three
dimensional, cylindrical geometries, whilst employing a two dimensional Cartesian
space discretisation for the simulation. The capacity of the modified scheme for this
purpose is then investigated in some detail, based on simulations, and an analysis

of errors made.

e Chapter 4 introduces an alternative improved lattice closure scheme, for lattice
Boltzmann simulations. The new scheme is based upon simultaneous solution, of

non-equilibrium components of link densities propagating onto the lattice, using



the density information propagating off lattice. After firstly deriving the scheme,
results on its efficacy and comparisons to analytic solutions are presented for 2
benchmark internal flow configurations. The developments of this section were

necessitated as a basis for turbulence studies of the next chapter.

e Chapter 5 describes work on the primary thrust of the project as a whole. A
Prandt]l mixing length model for channel flow turbulence is adapted for implemen-
tation within the lattice Boltzmann framework. This is aimed at the problem of
reproducing characteristics of the turbulent flow of simple fluids in internal geome-
tries. Also in this chapter, the improved lattice closure scheme, as developed in
chapter 4, is applied to the problem of modelling boundary layer properties at the
wall, such as development of sub-grid scale wall layers, and the effect of such on the
core channel flow. Results for two main cases, with and without a law of the wall,
are thus investigated and compared. Also in this chapter, section 5.4.2 presents an
analysis of the aforementioned turbulent channel flow model. This is done to anal-
yse the errors introduced by the model and to search for possible means to correct

for these by introducing generalised corrective forcing terms to the LB evolution.
Finally:

e Chapter 6 rounds off the work by an in depth discussion of the results generated so
far. This is to include the relative efficacy of each scheme developed, their individ-
ual merits and disadvantages, as well as any errors or inaccuracies introduced. Also
discussed are alternatives for further work, especially simultaneous application of
each novel development previously explored, to the case of a simple internal geom-
etry; which would embody an ultimate test of their effectiveness and compatibility
together. A deeper, general appraisal of the approach is also made, with respect to

it’s true alternatives, that is those which differ fundamentally in basis.

Material of relevance for following the work, but not in essence part of the novel
developments or results, is presented in the appendixes. Also there, some technical
matters are addressed in greater detail:

Appendix A attempts to draw together some of the more pressing mathematical
aspects of the work, for definition and clarification. Note that there is not scope to be
completely exhaustive here, so some mathematical experience is thereby necessitated.

Appendix A.1 briefly outlines general aspects of the nomenclature employed, extracted
from each of the various scientific disciplines employed herein. This is supplemented by
appendix A.2 which lists some general mathematical prerequisites which are presumed

known in the main body of the thesis.
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Appendix A.3 is of particular importance; it deals with specific issues surrounding
averaging, which is of fundamental relevance in this work. It introduces notations, the
physical meaning associated with the different types of averaging and gives some useful
relations which are used regularly throughout other chapters. '

Appendix B presents a collection of unrelated topics, too analytically detailed to leave
in the main body of text.

Appendix 7 describes some alternative forms of the Liouville equation. Finally,
appendix B.1 derives the formula for turbulent relaxation parameter by solving the
quadratic given by equation 5.15. Some equivalent forms for this are detailed and as-
pects of their variation discussed. In particular, a set of derivatives are derived which
describe the gradient of the viscosity function, across the typical relaxation parameter/

stress domain.
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Background science
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2.1 Introduction and synopsis

It is intended that this section of the thesis should provide a solid foundation of relevant
knowledge for the interested reader in order to assist pursuit of the work and so that they
may gain the maximum insight. Additionally it is hoped that the material presented here
will inspire interest in the field, both specific to the work and to the science in general,
to stimulate further work and ensure that it will in time be built upon.

The material presented is primarily an overview of the fields and is not intended to
be comprehensive. It is not intended either, to form a summary of the material learnt
by the author so far, despite the attraction of doing this with respect to completeness.
It merely contains material required for the development of the ideas used in the project
and to facilitate any continuation.

Before moving to the detailed background presentation, two short asides are taken.
Firstly, in the following paragraphs, a brief review is given of the fields that are to
be covered and their relevance, so that the busy reader may skip sections of material
which they are familiar with and novices may target their weaker areas. After this, in
section 2.1.1, the fundamental areas of relevance and scope of the science is discussed.

The detailed background presentation is initiated in section 2.2 with a summary
of ideas from the continuum theory of fluids so that the governing equations of
hydrodynamics, the so called Navier-Stokes equations, may be derived. These equations
are central to any analysis of the flows of interest here. Derivation proceeds by first
finding a generic equation that represents all the various forms of the fluid dynamical
equations simultaneously, it is then shown how and under what simplifications and limits,
this reduces to the more commonly known forms.

Following this, in section 2.3, a brief excursion is made into statistical physics.
There, a review is given of derivations of perhaps the two most important equations of
statistical mechanics, the Liouville equation and the Boltzmann equation. These related
equations are of high relevance in this work and form fundamental introductory matter
in the field.

Section 2.4 deals with various aspects of the phenomenon of turbulence. Starting
with an overview regarding the phenomena in general the focus moves to the principle
equations that govern averaged quantities in the fluid. Eventually, the various means by
which the turbulence may be modelled are described and discussed.

Subsequently, section 2.5 covers the specific modern alternative to CFD which is
utilised in this work for the problem of solving for turbulent flow in practically interesting
geometries. Primarily this means the lattice Boltzmann method, toward which all

the novel developments in this work pertain. It will be seen that the lattice Boltzmann
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method is the culmination of efforts in diverse fields which are now seen to be equivalent
to hydrodynamics.

Finally, in section 2.6 a brief review is made of general simulation specific is-
sues. Geometries of interest to CFD practitioners and engineers are discussed, especially
symmetries, coordinate systems and solutions. For these cases the focus then moves to
lattice closures, boundary conditions and forcing strategies. Finally characteristics of
turbulent boundary layers are discussed and boundary issues of relevance to subsequent

work clarified.

2.1.1 Fundamental concepts

As previously stated in the introductory material, the subject of this study is to model
global characteristics exhibited by simple fluids during complex motions and subsequently
to deduce properties of their average motion. The emphasis falls upon flows in internal
geometries; those of interest to us being reviewed in section 2.6. It is necessary however,
to further refine other aspects of this specification before moving on. Primarily, it must
be emphasised that attention is constrained to so called ‘simple’ fluids, an expansion
of what is meant by simple is given next. In addition to this, the nature of the flows
considered is restricted to those in a turbulent state, characteristically irregular and

apparently random; points relating to this will be addressed subsequently.

Simple fluids

Specifically, with respect to simplicity, the properties that the fluid exhibits and the
conditions that the fluid system is subjected to, may be described as ‘conventional’ in
that one might expect to encounter such, in everyday experience. This has relevance
to various aspects of the study. Firstly, under a macroscopic perspective, the fluids
considered are characterised by moderate values for density and viscosity parameters,
comparable to those of water for instance, hence justification for the term hydrodynamic.
Also at the macroscopic level, fluid systems of interest are not of extreme size (smallness)
and are not subject to any extremes of temperature or pressure that might invalidate
underlying assumptions made during formulation of a relevant mathematical description.
This means that no phase properties need be considered; boiling, which gives rise to the
vapour phase, and freezing which gives rise to solid phase, do not occur. To summarise,
only ‘mono-phasic’ systems are dealt with.

This point must be augmented however, as phase character also varies in accordance
with molecular properties of the fluid, that is at the microscopic level. The primary

molecular restriction placed on the fluid is that it be ‘single species’, that is, consisting
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of only one type of molecule and, species interfacial effects not being present, unable to
separate, coalesce or display other related behaviour.

Molecular anisotropy also leads to complex fluid behaviours not considered here. A
good modern example of fluids composed of such molecules is liquid crystals. There,
anisotropy originates in the shape of the molecules, which are elongated, often sub-
stantially, giving rise to a tendency to align amongst themselves and thus form quasi-
crystalline states. Anisotropy also arises from dipolar electron distributions which again
causes certain packing tendencies in the material. The fluid is deemed to be ‘simple’
at the molecular level in that the molecules themselves can be considered spherically
symmetric and they posses no unsymmetric charge distributions.

A subtle yet still important addendum to those points above, of relevance to matters
raised in later discussions regarding further work 6.1, is that here molecular motion
manifests only translational degrees of freedom, that is molecules considered in this study
neither vibrate nor spin.

In fact, formulation of the simulation technique employed in this work (LBGK), is
based upon even greater molecular simplification than has been made already. To be
precise, it is derived from frictionless point masses, that undergo fully elastic, binary
only collisions. Surprisingly, such simplicity does not adversely affect the validity of
the approach taken; it will in fact be seen that the scheme possesses greater validity
than is required of us to utilise, especially with respect to density and temperature
constraints. Aspects such as this and other related matters are discussed where relevant;
in particular, the ‘hydrodynamic’ and ‘Boltzmann gas’ limits are covered in the LB
section 2.5. Attention now moves from issues regarding the nature of the fluid, to those

regarding the nature or type of flow.

Turbulent flow

The interests of the author and sponsors is focused on the turbulent flow state. This is
probably the most typical state that fluids attain in industrial circumstances or those of
engineering interest, as well as during natural processes and is therefore of high interest
to the scientific community generally. For these reasons, it is unfortunate that turbu-
lent flow is such a complex phenomenon, having proved to be extremely difficult to fully
understand or describe mathematically. In fact precious few practically valuable results
arise in theoretical investigations unless they are extremely involved in nature. Exper-
imental investigations have proved worthwhile, but are significantly more difficult and
costly to carry out and tend not to posses much generality. During the improvement in

computational resources that has occurred over recent decades and with the development
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of new computational techniques, various modelling strategies have become of interest
and relevance. It is in this light that the present work adopts a computational modelling
approach to the problem of turbulence.

Various methods exist for the solution of flow problems, both turbulent and non-
turbulent, each however falls into one of two broad categories. Either the ezact and
instantaneous detail of the flow configuration are to be resolved, or merely the average
of these details over some suitable and convenient domain. A prime characteristic of this
work is that full resolution of turbulent flow is not the goal. Exact detail of space and time
dependence in a flow is not automatically valuable, except in some theoretical studies, and
is anyway practically unrealisable in many cases. Important flow characteristics tend to
depend upon global or average properties, such as the mean velocity field and associated
streamlines. Their importance stems from their relevance to calculating global heat and
other transfer properties. It is intended that only such mean properties are sought.

Most turbulence modelling approaches originate in the CFD realm proper in that
they focus on direct numerical implementations of either the governing hydrodynamic
equations, traditional turbulence models or both. The modelling strategy here adopts
a truly alternative approach, differing significantly at a fundamental level. Despite this,
the insights that traditional modelling provides, are still of great utility here.

In fact, this approach choses not to simulate the Navier—Stokes equations, nor any
other continuum or hydrodynamic system. An amazing consequence of generality in
this science, means that ﬁnder the transformation from microscopic to macroscopic per-
spectives, the Boltzmann equation and its lattice counterpart, are found to be ezactly
equivalent to the Navier-Stokes equations