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CHAPTER 1
INTRODUCTION

1.0 Aim and Objectives of the Study
The main aim of this study has been to investigate the potential of

graphical calculators for mediating students’ learning.

The basis for this research draws on the Vygotskian notion of mediation.
Vygotsky (1978) proposed that the use of psychological and cultural tools
‘mediate’ the learning process, providing a link between the external
social environment and internal mental processes. Accordingly all higher
mental functions are products of mediated activity and thus technological
tools, such as graphical calculators, are seen to fundamentally shape and
define inner mental processes. In essence, the use of tools results in
different kinds of knowledge than could be developed in their absence.
This means that use of the graphical calculator in effect transforms the
learning process, creating new learning opportunities that could not be

achieved with pencil and paper alone.
The key objectives of the study have been to:

e investigate the process by which students acquire meaning for
functions within a graphical calculator environment through (i) social

interaction and (ii) individual working;

e investigate how the visual imagery provided by the graphical

calculator mediates students’ understanding of functions;

e investigate the role of the teacher in graphical calculator environments.

1.1 Background to the Research
This study has grown out of the researcher’s interest in technology and, in

particular, how widely available technological tools such as graphical

1



calculators can be used effectively to further students’ mathematical
understanding. Practical experience both as a student and teacher of
mathematics has highlighted the need for students’ powers of visualisation
to be supported and has pointed towards the benefits of using technology
in this respect. As a consequence, this thesis has been conceptualised on
the basis that graphical calculators potentially could assume a very
powerful and influential role in stimulating and shaping students’
visualisation capabilities and as such may prove to contribute significantly

to the depth of student understanding.

Initially it was intended that this research would involve both graphical
calculators and computers. However, as the study progressed, it was felt
that focusing on a particular form of technology would allow for more in-
depth analysis and for a richer illumination to emerge in relation to the use
of a widely available tool. The Texas Instrument TI92 and TI82 were thus
chosen for this investigation. However, the conclusions drawn from this

study could be related to any type of graphical calculator.

Research that has been carried out surrounding computer use is seen as
highly relevant to this study and has served to inform some of the
interpretations that have been developed in this thesis. Overall, the
findings of studies involving graphical calculators are very similar to
those that utilised computer technology, although there are key differences
between these two types of technologies that should not be overlooked.
This is especially apparent with fespect to the respective status of each
technology as a cultural artifact and for this reason Berger (1998)
maintains that there is a need for research that is specifically focused on

the graphical calculator.

1.2 Focal Points of the Study
One area of particular interest in this research has been the way in which
students are able to derive meaning, both individually and collectively,

from the visual representations for functions that they produce using the

2



graphical calculators. Most studies that have dealt with the impact of the
graphical calculator on students’ understanding of functions have focused
on the way in which students construct meaning individually from their
own explorations using the technology. The role of the social environment
and interactions between students in the process of meaning making for
functions with graphical calculators has largely been neglected. In
recognising the need for research into this aspect, this study has
investigated how meaning for the concept of function is mediated through
the use of the graphical calculator and negotiated in the social context and
how these meanings are internalised by individual students. This has
involved examining the type of group discussions that arose in the
graphical calculator environments that were created in each phase of the

research and analysing students’ individual work.

The relationship between an individual student’s visualisation abilities,
his/her understanding of functions and use of the graphical calculator has
also been a focal point of the study. This interest in the visual aspects of
students’ reasoning has arisen from the fact that visualisation is now
increasingly being recognised and accepted as an important aspect of
mathematical reasoning. Numerous studies have been conducted which
have found, along with Wheatley and Brown (1994), that activities that
encourage the construction of images can significantly enhance
mathematics learning. Consequently, this research has sought, in part, to
identify and evaluate ways in which the graphical calculator can be
utilised to further students’ understanding of functions, through the visual
imagery it provides. In this respect the impact of the graphical calculator

on affective issues such as student confidence has also been explored.

As the study progressed, a further area of importance came to light in
relation to the role of the teacher in mediating the use of the graphical
calculators. The empirical data collected in the study illuminated the
significance of the teacher’s input into the student’s learning processes

with the technology, through negotiating and discussing meaning with the
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students. The teacher was seen as an essential element of the mediation
process and this is reflected in the third objective of the study.

1.3 An Overview of the Thesis

This section provides a short summary of the contents of each of the nine
chapters that comprise this study. The purpose of this overview is to
clarify the relationship between the different stages of the research and to
show how these are related to the main aim and objectives of the study.

1.3.1 Theoretical Perspective

1.3.1.1: Chapter 2 ‘Theoretical Perspectives on Learning
Mathematics and Visualisation’

The first section of Chapter 2 is devoted to a discussion of theoretical
perspectives that relate to students’ learning of mathematics. In this
discussion, these theoretical stances are considered in relation to issues
that are of particular importance to this research. These issues include: the
role of the social environment in students’ learning and how this affects
the way in which students derive meaning from interactions; the role of
the teacher in creating supportive and active learning environments and
how learning occurs in relation to technology environments. This
discussion lays the foundation and provides some justification for the
theoretical framework that has been adopted in this study, which is
outlined further in the following section.

The final section of chapter 2 focuses on the role of visualisation in
students’ learning of mathematics. This begins with a review of various
definitions that have been used to clarify what is meant by the term
visualisation and what it means to visualise a concept. This is followed by
a discussion of the perceived benefits to students of thinking visually and
using visual representations. Particular attention is drawn to the literature
concerning the effects of combining visual representations with other

modes of representation. In addition, problems that have been associated



with the use of visual thinking and visual representations are also
discussed.

1.3.1.2: Chapter 3 ‘Learning Mathematics, Visualisation and
Graphical Calculators’

Chapter 3 focuses on the theoretical ideas that have been developed in
relation to learning mathematics with technology, in general, which are
considered to be directly relevant to the overall theoretical perspective
adopted in this study and to the objectives of the research. Initially, the
discussion surrounds theories about learning with computers. These and

other theories are then discussed in relation to graphical calculators.

The second part of this chapter considers the relationship between
visualisation, students’ learning of mathematics and the use of technology.
Initially, literature concerning the role of computers and multi-
representational software in relation to visualisation is outlined. Attention
is then focused on the use of graphical calculators in particular and their
impact on students’ learning of functions. The issues that are discussed
include the effect of graphical calculators on student understanding of
functions, student confidence, classroom interaction and the difficulties
that might be experienced in using technology to mediate students’

comprehension of concepts through greater visual awareness.

1.3.2 Methodology

1.3.2.1: Chapter 4 ‘Research Methodology’

Chapter 4 elaborates the methodological approaches that have governed
the collection, analysis and interpretation of the data in this study. This
includes an outline of the structure of the study as a whole, the role of the
researcher, and the type of data collected from each distinct phase of the

research. Figure 1.1 gives a diagrammatic representation of these phases.



CHAPTER 5

Exploring How Graphical
PHASE 1  loniators Modite | THE EXPLORATORY STUDY
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L 2
CHAPTER 6
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CHAPTER 7
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Calculators in Students’
Understanding of Functions

PHASE 3 l

CHAPTER 8

Investigating the Social STUDY
Dimensions of Graphical
Calculators in Students’

Understanding of Functions

Figure 1.1 Structure of the study

1.3.3 The Exploratory Study

1.3.3.1: Chapter 5 ‘Exploring How Graphical Calculators Mediate
Inexperienced Users’ Understanding of Functions’

Chapter 5 describes the exploratory phase of the research. The main
objective of this initial study was to explore whether students without
prior experience of using graphical calculators would be able to use this
technology to further their understanding of functions and how this might
occur. It was also intended that the findings of this phase would highlight
key issues for further exploration in the subsequent phases of the research.
With respect to the study as a whole, this phase served to illustrate the
importance of the social environment as an essential constituent of the
students’ meaning making with graphical calculators, especially through

collaboration between peers and teacher intervention.
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1.3.4 The Main Study ‘

1.3.4.1: Chapter 6 ‘Investigating Meaning Making amongst
Experienced Graphical Calculator Users’

Chapter 6 gives an account of the second phase of the research. This phase
was conducted with the intention of focusing on a small group of regular
graphical calculator users to try to establish how they constructed meaning
when solving problems involving functions. Following on from the
exploratory phase, the effects of the social environment, peer
collaboration, peer tutoring and interactions with the teacher on the
students’ learning were of particular interest. A key research question lay
in whether these particular students would use the graphical calculators
differently. In particular, would they create knowledge differently to the
students of the exploratory phase as a result of the accepted and well
developed cultural status of the graphical calculator in their classroom?
The data for this phase was obtained from interviews with the individual

students, whole class discussions, and questionnaire responses.

The third and final phase of the research is recounted in chapters 7 and 8.
This phase was primarily concerned with formally introducing the
function concept to new GCE Advanced level Year 12 students using the
graphical calculator and also with developing effective teaching strategies
that would complement the use of the technology in furthering students’

understanding of functions.

1.3.4.2: Chapter 7 ‘Investigating the Personal Dimensions of
Graphical Calculators in Students’ Understanding of Functions’

Chapter 7 details the individual aspects of learning about functions using
the graphical calculator and how these aspects might be related to the
social dimensions discussed in chapter 8. There is a discussion of how
individual students use visualisation in problem solving and how the
graphical calculator is seen to support this. Another theme that is

considered is whether the students use the graphical calculator in the same
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way or differently when working alone as opposed to collaboratively. The
data forming the basis for this chapter is comprised of individual

interviews with students and questionnaire responses.

1.3.4.3: Chapter 8 ‘Investigating the Social Dimensions of Graphical
Calculators in Students’ Understanding of Functions’

In chapter 8, emphasis is placed on identifying the social aspects
associated with the use of graphical calculators that contribute towards
student sense making. The role of the teacher and interactions amongst
students are explored in detail, as is the context in which these interactions
have taken place. The data discussed in this chapter was obtained from

whole class and small group discussions and questionnaire responses.

1.3.5 Conclusions and Discussion

1.3.5.1: Chapter 9 ‘Conclusions, Discussion and Implications’

The main conclusions and discussion surrounding the analysis and
interpretation of the data for the study as a whole are presented in chapter
9. In this chapter the findings of each phase of the study are related to the
theoretical positions that have been outlined in previous chapters. The
implications for future research that have arisen from the study are

subsequently detailed.

1.3.6 Dissemination of Findings

An important part of this research programme has involved active
engagement with the mathematics education community in the form of
seminars and articles for purposes of (i) feedback and (ii) dissemination.
Copies of the papers that have been published in relation to the work in
this thesis can be found in appendix D.



CHAPTER 2
THEORETICAL PERSPECTIVES ON LEARNING
MATHEMATICS AND VISUALISATION

2.0 Overview

This chapter begins with a review of two of the major theoretical
perspectives on learning mathematics and how these differ with respect to
the way in which meaning is seen to be developed, the role of the teacher
is perceived and the manner by which learning is believed to occur. This
is followed by an outline of the underlying theoretical perspective that has
been adopted in this thesis. The chapter is then concluded with a general
review of the current literature on visualisation in mathematics. To begin
with, various definitions of visualisation and related concepts are outlined
in an attempt to answer the question what is visualisation? Following this
there is a discussion of the status of visualisation and the problems that

may be associated with its use.

2.1 Socio-Cultural Framework

2.1.1 Social Versus Radical Constructivism

Two of the major theoretical positions concerning the nature of students’
learning of mathematics have influenced recent research in mathematics
education. Of these two alternate theoretical orientations, up until a few
years ago, radical constructivism had tended to be the dominant position.
However, growing recognition of the social aspects and nature of learning
have led to many researchers adopting varying social constructivist

stances.

Radical constructivism is based on two underlying hypotheses (Lerman,
1989). The first of these suggests that knowledge is actively constructed
by the cognising subject and is not passively received from the
environment. The second proposes that coming to know is an adaptive
process that organises one’s experiential world and does not discover an

independent, pre-existing world outside the mind of the knower. Central
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to this Piagetian approach is the individual cognising student and the way
in which he or she actively constructs his or her own mathematical
realities. This preoccupation with the individual has led some researchers
to question whether under radical constructivism two or more persons’
constructions of reality can be thought of as the same. In this way the
radical constructivist position has been criticised for failing to account for
intersubjectivity. In contrast, social constructivism has shifted the
emphasis away from the individual to the social environment, having
emerged out of an attempt to incorporate an explanation for
intersubjectivity into an overall constructivist positon (Lerman, 1996).
Yet, different researchers place differing amounts of emphasis on the
social aspects of learning, thus giving rise to alternative types of social

constructivism.

Ernest (1994) identifies two distinct forms of social constructivism, which
are distinguished by the amount of emphasis that is placed on the social
aspects of learning. The first type is grounded in a ‘radical constructivist
(Piagetian) theory of mind’ and can be separated into two key standpoints.
The first of these positions concentrates on the individual aspects of
knowledge construction, whilst recognising the subsidiary role of social
interaction. The second is referred to as a complimentarist position and
involves the adoption of “two complementary and interacting but
disparate theoretical frameworks” (p. 307). In this context the intra-
individual and the inter-personal views of learning are explored together.
The second kind of social constructivism is based on a Vygotskian theory
of mind and is founded on the belief that all learning is inherently social.
In support of this type of social coﬂstructivism, Ernest (ibid) outlines three
assumptions as to why the human mind can be seen as social and
conversational. Firstly he proposes that “individual thinking of any
complexity originates with and is formed by internalised conversation”.
Secondly he suggests that “all subsequent individual thinking is structured
and natured by this origin” and finally he observes that “some mental
functioning is collective” (p. 310).
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There are many researchers who in recognition of the need to incorporate
the social dimension into the radical constructivist position are now
adopting what could be regarded as a social constructivist stance based on
a Piagetian theory of mind, as described by Ernest. However, there are
others who question the legitimacy of such a hybrid approach. For
example, when discussing the role of technology in reconceptualising
functions and algebra, Confrey (1993) argues for integration of the
Piagetian and Vygotskian frameworks for intellectual development. She
maintains that Vygotsky’s “dialectic of thought and language, and his
recognition of the role of tools both physical and communication-
orientated needs to be combined with Piaget’s rich and varied examples of
how children solve tasks to build conceptual operations to create a true
dialectic” (p. 51). Conceptual development is thus seen as interplay
between “grounded activity and systematic enquiry” (p. 51). In contrast,
however, Lerman (1996) argues against integrating social constructivism
into the radical constructivist view of learning. He suggests that merging
these two opposing viewpoints leads to incoherence and involves some
disengagement with their distinct interpretations of the action of the

individual.

Lerman argues that the amount of emphasis that is placed on the social
aspects of learning under Vygotskian and Piagetian frameworks has
fundamentally different implications for the way in which meaning
making and learning is thought to occur and for the role of the teacher.
Lerman (1994) summarises these implications with respect to radical
constructivism and social constructivism. Firstly, he attributes different
interpretations of meaning making to the theories of radical and social
constructivism. In the radical constructivism paradigm meaning is
described as being ‘construal’. In this context meaning is seen as being
constituted by individual students. Social interactions are recognised as a
feature of the learning process, although it is an individual’s “personal

construal of those interactions and experiences” which becomes the
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“essence of meaning for that individual” (p. 145). In contrast, meaning is
seen as being acquired through ‘positioning’ in the social constructivism
perspective. Meaning is regarded as socio-cultural in nature, a product of
“discourse and discourse positions or regulates” (p. 145). Lerman argues
that “individuals are acculturated into those meanings” and thus “the
intersubjective becomes the intrasubjective” (p. 145). The individual
student’s input into meaning making is manifested “in a dialectic of the
participants in discourse being changed by and changing that discourse”
(p. 145). In this way the student derives meaning from his/her
‘positioning’ in social practices. Lerman is particularly critical of the
radical constructivism model in principle for not accounting for the fact

that different people might have the same knowledge at the same time.

The way in which learning is seen to occur from these two differing
perspectives is characterised by Lerman (ibid) in the terms, ‘constructing’
and ‘appropriating’. In the radical constructivism paradigm, the notion of
‘constructing’ embodies the relationship between the individual student
and the sense in which his or her own knowledge is formed. Lerman (ibid)
argues that from this perspective mathematics involves “internal mental
operations and meaning is an association of mental operations with
mathematical symbols” (p. 150). In contrast, the term appropriation from a
social constructivism standpoint conveys a sense of an individual forming
his or her “own something”, which “already belongs to other people” (p.
150). The role of “communication” and the “cultural interpretation of
consciousness” are acknowledged in this framework, as is the
“internalisation of cultural life and experience” and the positioning of
people through their involvement in this culture (p. 150). In addition, there
is a sense that tools are required as a means by which appropriation
occurs. Lerman (1996) refers to activity theory and argues that besides the
cultural and social settings, goals, needs and purposes are also considered
to be constituent of cognition. He suggests that whenever an action
becomes significant to a learner, in terms of associated goals, aims, needs
and purpose, it can be described as a social event.
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Lerman (1994) similarly distinguishes between the radical and social
constructivist perception of the role of the teacher. From the radical
constructivist position, the teacher can be thought of as a ‘facilitator’,
easing the process of the student’s constructions. Lerman (ibid) argues
that whilst this notion implies that the teacher has a particular function in
the classroom, this is not an essential or indeed necessary one.
Alternatively, the teacher can be regarded as a ‘mediator’ from a social
constructivist perspective. This term is seen by Lerman to recognise the
position that the teacher holds in ‘apprenticing’ the student into the
particular discourse which constitutes the context, namely the
mathematics classroom. He further stresses that as a mediator the teacher
assumes an active and necessary role in the students’ learning: “it
emphasises the necessary function of the teacher and/or other mediators;
the mediation is essential for the process to take place” (Lerman 1994, p.
149). The learning environment or cultural context is also recognised, as is
the imbalance of power relations in the teaching task. Hence from a
Vygotskian perspective, learning is believed to be constituted through
mediation by materials, tools, peers and teachers and consequently,
teaching and learning are regarded as inextricably integrated. To discuss
teaching and learning separately, which is a feature of radical

constructivism, would not make sense from this viewpoint.

Lerman (1996) clearly expresses and justifies the view that “radical
constructivism does not offer enough as an explanation of children’s
learning of mathematics” (p. 133). In line with Lerman, Jones and Mercer
(1993) also argue that individualistic models of learning fail to adequately
address the social aspects of most learning, especially in technology
environments. Jones and Mercer (ibid) contend that human problems are
often solved by collaboration, stressing that “much learning, not least in
relation to information technology, consists of sharing knowledge” (p.
20). From this social perspective, they also view successful classroom

outcomes as a product of ‘teaching and learning’ as opposed to just
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‘learning’ and as such the function of the teacher is regarded as an integral
part of any learning situation within the classroom. Vygotskian theory is
seen by Jones and Mercer to incorporate the role of the teacher as an
“active, communicative participant in learning”, as is also argued by
Lerman (1994). Thus the teacher is seen as more than a mere provider of
“rich learning environments’ for children’s own discoveries (a la Piaget)”
or a reinforcer of “appropriate behaviour if and when it occurs (in the
behaviourist mode)” (Jones and Mercer, 1993, p. 22).

Similarly, in seeking to interpret the role of technology in the classroom,
Mercer and Scrimshaw (1993) stress the need for a theoretical framework
that addresses the fact that learning is a socially and culturally grounded
activity. They also emphasise that this framework needs to take into
account the ‘three-way’ relationship between the student, the teacher and
the technology. With this in mind, Mercer and Scrimshaw, like Jones and
Mercer, propose that ‘Socio-cultural’ or ‘communicative’ theory is the
most relevant and coherent theoretical framework. This is also the view
that is taken in this thesis and a Vygotskian socio-cultural approach is
seen as the most appropriate theoretical framework for discussing
student’s learning about mathematics with graphical calculators. Mercer
and Scrimshaw (ibid) see the strengths of this theoretical perspective as
being articulated in terms of the following three principles. Firstly they
see ‘knowledge’ not as an abstract commodity, but rather as a state of
understanding constructed by every ‘knowledgeable’ individual. Secondly
they regard ‘knowledge’ construction as essentially social and cultural in
nature and finally they emphasise that ‘knowledge’ construction is always
mediated and facilitated by cultural practices and artifacts. Mercer and
Scrimshaw regard language and computers as “two of the most important
and powerful problem solving resources of our culture” and suggest that
there is a great deal more to be discovered about the relationship between
language, computers and education (p. 191). This could also be said of the
relationship between graphical calculators, language and education and
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this thesis aims to shed light on the inter-related roles of each of these

aspects in the student learning process.

2.1.2 Developing a Socio-Cultural Framework

The arguments proposed by Lerman (1994, 1996), Jones and Mercer
(1993), and Mercer and Scrimshaw (1993) which were discussed above
have served to illustrate the appropriateness and strengths of a socio-
cultural perspective for investigating the way in which learning occurs in
the classroom. Moreover, such a perspective has been argued and shown
by these researchers to be particularly useful for interpreting the role of
technology in student’s learning. As such, the overall theoretical
perspective on learning mathematics adopted in this study is based on a
socio-cultural approach derived from Vygotskian psychology. This
section outlines the key features of Vygotskian theory, which have
informed the interpretation of the data collected in this thesis.

Vygotsky (1981) proposed that all individual mental processes are based
on social interactions. From this position he developed the ‘general
genetic law of cultural development’, theorising that learning proceeds
from the interpsychological to the intrapsychological. In this manner the
interactions experienced within the social context are gradually
‘internalised’ by the individual. The process of internalisation is seen as
an important aspect of how “consciousness emerges out of human social
life” (Wertsch and Stone, 1985, p.164). Vygotsky further proposed that
the use of psychological and cultural tools mediate the learning process.
Indeed Vygotsky argued that these tools fundamentally shape and define
activity and as such provide an “essential key to understanding human
social and psychological processes” (Wertsch, 1990, p. 113). He also
emphasised that tools, such as speech, symbols, writing, mathematics and
technology are social in origin. They are used firstly as a means of
communicating with others, to “mediate contact with our social worlds”,
and eventually “these artifacts come to mediate our interactions with self;
to help us think, we internalise their use” (Moll, 1990, p. 11-12). In
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particular, Vygotsky (1962) regarded language as the means through
which thought is developed: “thought is not merely expressed in words; it
comes to exist through them” (p. 125). He further described the
relationship between thought and language as a “living process” (p. 153).
Lerman (1996) argues that from a Vygotskian perspective, “language is
not seen as giving structure to the already conscious cognising mind;
rather the mind is constituted in discursive practices” (p. 137).

Wertsch and Stone (1985) comment that “Vygotsky’s account of semiotic
mechanisms” (especially language) that mediate social and individual
functioning provides the bridge connecting the external and internal and
the social and the individual (p.164). Indeed Diaz et al (1990) contend that
‘internalisation’, in a Vygotskian sense, does not refer to “mere mental
image or mental representation of the external relation”, rather this term
encompasses a “new level of behavioural organisation” which was
previously possible only with the “help of external signs and mediators”
(p.134). In expressing his view of internalisation, Lerman (1996) quotes
Leont’ev who proposes that: “the process of internalisation is not the
transferral of an external to a pre-existing, internal ‘plane of
consciousness’; it is the process in which this plane is formed” (p.136).

Another important feature of Vygotsky’s analysis is the distinction
between spontaneous or everyday concepts and scientific concepts.
Spontaneous concepts are formed from everyday experiences and are thus
laden with meaning and deiaendant on the social context. However, these
concepts are not connected to each other by “general systems of
interrelated understandings” (Saxe, 1991, quoted in Noss and Hoyles,
1996, p. 131). Alternatively, scientific concepts develop through analytic
procedures rather than concrete experiences (Panofsky et al, 1990). These
abstract scientific concepts are initially empty, and meaning is derived
from the interaction between the spontaneous and the scientific. Vygotsky
(1962) stated that whilst these “two concepts differ in their functioning,

these two variants of the process of concept formation influence each
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other’s evolution” (p. 87). He proposed that “the rudiments of
systematisation first enter the child’s mind by way of his contact with
scientific concepts and are then transferred to everyday concepts,
changing their psychological structure from the top down” (p. 93). Thus
the development of spontaneous concepts is seen to proceed upward,
whilst the development of scientific concepts continues downward to a
more elementary and concrete level (p.108). Saxe (1991, quoted in Noss
and Hoyles, 1996, p. 131) emphasises that “in their interaction,
spontaneous concepts enrich scientific concepts with meaning and
scientific concepts offer generality to the development of spontaneous

concepts”.

The idea of the ‘zone of proximal development’ was also particularly
significant in Vygotsky’s work. This zone represents the distance between
the actual developmental level as determined by independent problem
solving and the level of potential development as determined through
problem solving under adult guidance or in collaboration with more
capable peers. Lerman (1996) describes how learning occurs in the zone
of proximal development, as “theoretical/scientific concepts ‘ascend’ from
the abstract to the concrete in interaction with more knowledgeable
others” (p. 138). Thus, peer tutoring and peer collaboration both play an
important part in constituting the zone of proximal development, as do the
mutual orientation of goals and desires (Lerman, 1998). Pairs of students
can create “their own zones of proximal developments if they are
motivated, taught how to share ways of working, have an appropriate
personal relationship, and/or other factors” (ibid, p. 72). When a teacher
introduces an activity into the classroom, differences in the answers
formulated by students arise from their previous experiences, their ‘zone
of actual development’, and these potentially pull other students, and
possibly the teacher, into their zones of proximal development (ibid). Moll
(1990) argues that “a major role for schooling is to create social contexts
(zones of proximal development) for mastery of and conscious awareness
in the use of cultural tools” (p. 12).
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Vygotsky’s ideas are further developed by Lerman (1998), in his
argument for a ‘discursive psychology’ of mathematics teaching and
learning. Such an approach is regarded as a useful framework for
interpreting the data from this thesis and is concerned with the process of
acquisition of meanings and sees mathematical concepts as social acts and
tools, and words and symbols as mediators of thought. Learning is
considered as being “predicated on one person learning from another,
more knowledgeable, or desired, person” (p. 77) and is also developed
through tool use. The mediation of cultural and metacognitive tools in
mathematical meaning making is central to this approach. Lerman (ibid),
also, argues that Vygotsky’s zone of proximal development offers a
‘sociogenetic mechanism’ for interpreting learning (p. 73). Lerman (1996)
stresses that as concepts are socially determined, they are socially
acquired. In developing this position further he argues that as concepts
derive their meaning from being used, the “acquisition of a concept, or
‘understanding’ can be interpreted as that of an individual coming to share
in that meaning through negotiation and discussion” (p. 146). In this way,
through discussion, dispute, cognitive conflict and sharing ideas in the
classroom, “the intersubjective becomes internalised as the intrasubjective
and the intrasubjective is offered to others, becoming intersubjective”
(Lerman, 1992, p. 46). Jones and Mercer (1993) also see learning as
occurring through social interactions and propose one possible measure of
successful learning, which echoes the views expressed by Lerman. In their
view successful learning is said to occur when “two or more people
manage to share their knowledge and understanding, so that a new cultural
resource is created which is greater than the knowledge and understanding
that any of the individuals hitherto possessed” (p. 21).

Jones and Mercer (ibid) also stress that socio-cultural theory focuses on
the way in which “talk and joint activity are used by teachers and learners
to share knowledge” (p. 24). Indeed the teacher’s role in promoting
successful learning is another important part of Vygotskian theory, a fact
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that is emphasised by Moll (1990) who believes that the interdependence
of teacher and student is central to Vygotskian analysis of instruction. As
discussed previously, the teacher and students are seen to play a mutual
and active part in creating the social environment (ibid). Lerman (1996)
suggests that the mathematics teacher’s objective could be interpreted as
“assisting students to appropriate the culture of the community of
mathematicians as a further social practice” (p. 146).

There is also an important role for the teacher in mediating the student’s
learning. Bruner (1985) emphasises that the teacher performs a “critical
function” in °‘scaffolding’ the learning task, enabling the student to
“internalise external knowledge and convert it into a tool for conscious
control” (p.25). In this manner the assistance provided by the teacher
enables the student to operate successfully within his or her zone of
proximal development by helping them to bridge the gap between their
actual and potential levels of development. Sutherland (1993) stresses that
the notion of scaffolding does not signify simplification of the actual task
by the teacher, rather he or she provides graduated assistance to the
student in order to remove some of the cognitive demands. Scaffolding
strategies used by the teacher may take on various different forms, such as
directing the students’ attention, motivating and encouraging
perseverance, and/or acting as a memory bank for students to draw on
(ibid). In time, however, the learner’s participation gradually increases,
depending on the needs and learning pace of the individual and support
from the teacher is slowly faded (Noss and Hoyles, 1996). The notion of
‘scaffolding’ thus embodies the idea of an adjustable and temporary

support which can be removed if no longer needed (Orhun, 1991).

Hoyles et al (1991) regard scaffolding as ‘hooks’ which are available to
assist students in “overcoming significant obstacles in the generalisation
process” (p. 219). In addition to the teacher’s support, they (ibid) also see
a role for technology and student interaction in scaffolding the learning

task. They maintain that the problem solving tools which are available
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within certain computer environments and the nature of the interaction
between students could serve as scaffolding that assists students in finding
a starting point in problem solving and in progressing from the specific to
the general. Clearly, Hoyles et al (ibid) regard the computer as a mediator
of student learning, which will be discussed further in Chapter three.

2.2 Visualisation in Mathematics

2.2.1 Definitions of Visualisation and Related Concepts

Within the current literature there exist many differing notions of the key
terms associated with the area of visualisation in the learning of
mathematics, each developed with respect to a specific research
purpose/focus, and each drawing on and sometimes expanding previous

ideas.

Lean and Clements (1981) define imagery [following Hebb (1972)] as the
occurrence of mental activity corresponding to the perception of an object,
when the object is not physically seen. In the same vein they perceive

visual imagery as imagery which occurs as a picture in ‘the mind’s eye’.

Other researchers in the field have preferred to incorporate wider
definitions. For Presmeg’s (1986) purposes, a visual image was
considered as a “mental scheme depicting visual or spatial information”
(p. 297). This definition was seen to incorporate the types of imagery that
depict shape, pattern or form, and, also, verbal, numerical or mathematical
symbols which may be arranged spatially to form the kind of numerical or
algebraic imagery sometimes referred to as number forms. In this
definition Presmeg dismisses the ‘fixed image’ notion of visual imagery

developed by Lean and Clements, outlined above.

In the context of working with teachers of older students, aged sixteen and
seventeen, Presmeg (ibid) distinguished between visual and non-visual
methods of solution. The visual approach necessarily involves visual

imagery, which may be explicit (in the form of a diagram) or implicit.
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Reasoning and algebraic methods may, also, form part of the solution. In
contrast, the non-visual mode excludes visual imagery, in preference of
other methods. In furthering her analysis, she also made the distinction

between visualisers and non-visualisers:

Visualisers are individuals who prefer to use visual methods when attempting
mathematical problems that may be solved by both visual and non-visual

methods.

Non-visualisers are individuals who prefer not to use visual methods when

attempting such problems (Presmeg, 1986, p. 298).

These classifications have proven useful in the analysis of the data

collected for this thesis.

Zimmerman and Cunningham (1991) regard visualisation, in general, as
“the process of producing or using geometrical or graphical
representations of mathematical concepts, principles or problems, whether
hand drawn or computer generated” (p. 1). More specifically, they
consider mathematical visualisation to be the process of forming images
(mentally, or with pencil and paper, or with the aid of technology) and
using such images effectively for mathematical discovery and
understanding. In essence, “to visualise a diagram means simply to form a
mental image of the diagram, but to visualise a problem means to
understand the problem in terms of a diagram or a visual image”
(Zimmerman and Cunningham, 1991, p. 3).

Mason (1992) regards visualising as “making the unseen visible”,
proposes that imagery has “the power to imagine the possible and the
impossible” and suggests that seeing occurs “figuratively as well as
literally” (p. 25). Mariottii and Pesci (1994) acknowledge visualisation
occurring when “thinking is spontaneously accompanied and supported by

images” (p. 22). Similarly, Presmeg (1995) recognises visualisation as
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“the process of constructing or using visual images, with or without

diagrams, figures or graphics” (p. 60).

With particular emphasis on spatial visualisation, Solano and Presmeg
(1995) define an image as a “mental construction of an object created by |
the mind through the use of one or more senses, where the mind plays an
active role” (p. 67). Subsequently, they regard visualisation as the
relationship between images — “in order to visualise, there is a need to
create many images to construct relationships that will facilitate
visualisation and reasoning” (p. 67). Following this, imagery is seen as a

collection of one or more images, a dynamic process.

Hitt Espinosa (1997), also, highlights the possibility of using tools to
obtain a physical representation of students’ visual mathematical

concepts:

Visualisation of mathematical concepts is not a trivial cognitive activity: to
visualise is not the same as to see. To “isualise’ is the ability to create rich,
mental images which the individual can manipulate in his mind, rehearse different
representations of the concept and, if necessary, use paper or a computer screen

to express the mathematical idea in question. (Hitt Espinosa, 1997, p. 697). __

Zazkis et al (1996), virtually regard all thinking as based on visualisation
and their definition of visualisation as follows, is considered to be the

most relevant to this study:

Visualisation is an act in which an individual establishes a strong connection
between an internal construct and something to which access is gained through
the senses. Such a connection can be made in either of two directions. An act of
visualisation may consist of any mental construction of objects or processes that
an individual associates with objects or events perceived by her or him as
external. Alternatively, an act of visualisation may consist of the construction, on

some external medium such as paper, chalkboard or computer screen, of objects
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or events that the individual identifies with object(s) or process(es) in her or his

mind. (Zazkis et al, 1996, p. 441).

In this definition visualisation is not restricted to the learner’s mind, or to
some external medium, rather it is seen as the means for travelling
between the two. In addition, the individual is the one who perceives these

objects as internal or external, rather than the researcher (Nemirovsky and
Noble, 1997).

2.2.2 The Status of Visualisation

Whilst questioning Pestalozzi’s belief that sensory-perceptual observation
(visualisation) is the ‘absolute basis’ for all cognition, Gutierrez (1996)
acknowledges that visualisation is one of the essential components. This is
a view that is increasingly being taken by mathematics researchers. For
example, Mason (1992) regards mental imagery as fundamentally
important “because it lies at the heart of meaning making, and is the
means of preparing in the now, actions to take in the future” (p. 24). Breen
(1997) also stresses the enormous potential in using images as a powerful
starting point for providing rich learning situations. In a similar vein,
Cunningham (1994) proposes that “some students can learn more
effectively from visually based discussions and experiences than from
symbolic and analytic work” and that adding images to words supplies
students with a “richer set of ways to communicate their mathematics” (p.
84). Cunningham, also, acknowledges that “one of the most remarkable
things about visualisation is the amount of mathematics students will learn
and the amount of work students will do in order to create images
describing a mathematical concept, especially when the computer is used
as part of the process” (p. 83). . |

Cunningham (1991) describes several other advantages that are associated
with the use of visualisation. These include “the ability to focus on
specific components and details of very complex problems, to show the

dynamics of systems and processes, and to increase the intuition and
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understanding of mathematical problems and processes” (1991, p. 70). In
addition, he claims that the inclusion of visualisation in mathematics
education, permits a broader coverage of mathematical topics and most
importantly, allows students access to new ways to approach their own
mathematics. Another such advantage resides in the student’s ability to
retain knowledge. Whilst purely algebraic proofs are fairly easy to
remember in the short term, they are quickly forgotten in the longer term.
A visual understanding of a given situation, however, is more likely to

remain with the student and can be recalled when needed.

Many researchers maintain that visual arguments can prove to be
extremely useful in helping students to conceptualise particular
mathematical ideas. Diagrammatic proofs, offered as alternatives or as
supplements to standard linguistic proofs, often enable students to develop
a real appreciation of the meaning of a theorem and are more convincing
than the standard arguments (Barwise and Etchemendy, 1991). Moreover,
as Cunningham (1991) points out, the vocabulary used for communicating
ideas is quite often visual, and thus a visual proof would constitute an
appropriate form of argument. Conventionally, though, images were used
almost exclusively in an illustrative manner, to enable students to make
sense of symbolic processes. However, in ‘real visual thinking’, the
students’ visual understanding becomes the primary vehicle for delivering
and developing concepts, which depends on interactive student
experiences (Cunningham, 1994). Tall (1991a) highlights the importance
of ‘seeing’ why certain theorems are true with the power of the ‘inner eye’
and has also stressed that the human brain is well adapted to process
visual information (Tall, 1986). Yet, Davis (1993) stresses that what the
eye reports must be interpreted properly and that this interpretation occurs
as a result of experience and as such is expressed in natural language and
action. Students’ visualisations need adaptation and accommodation

through common agreements and usage (ibid).
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Whilst mental images may differ between individuals, there are likely to
be “commonalities amongst people who share a common culture”
(Presmeg, 1992, p. 597). Nevertheless, differences will occur in the
processing of individual students, “even when they learn within the same
class, with the same teacher, and within the social context of some
experiences that may be taken to be shared” (Presmeg, 1992, p. 607).
Images that underlie mathematical concepts are unique constructions of
individuals, and are thus inaccessible to others. However, these images are
based on a number of concrete images that are used mathematically in
various ways by each individual learner. These concrete images may be
shared to some extent, through for example gestures, diagrams, the use of
technology or verbal descriptions, and are based in turn on mathematical
experiences that may be shared and negotiated by others. Since these
experiences occur in a particular social context, which may be variously
interpreted by individual learners, Presmeg proposes that multiple worlds
are created (ibid). Shared meanings are thus possible because of the
commonalities in the students’ experiences from which the concrete

images arise.

Barwise and Etchemendy (1991) argue for the validity and acceptance of
heterogeneous proofs (proofs which use multiple forms of representation).
They contend that the main reason for the “low repute of diagrams and
other forms of visual representation in logic is the awareness of a variety
of ill-misunderstood mistakes that one can make using them” (p. 11). Yet,
whilst they recognise that the potential for error in diagrammatic
reasoning is real (as does Tall, 1991b), they highlight the fact that proofs
without visual reasoning can, also, be equally flawed, and that often the
construction of a simple diagram would reveal any such mistakes. They
outline three ways in which visual reasoning can be considered as valid

reasoning;:

(i) visual information is part of the given information from which we reason, (ii)

visual information can be integral to the reasoning itself (iii) visual
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representations can play a role in the conclusion of a piece of reasoning.

(Barwise and Etchemendy, 1991, p. 16).

Yet, visual aspects of a concept are often rated secondary or peripheral to
the concept itself, and frequently the visual characteristics of a problem
are not even considered (Eisenberg and Dreyfus, 1991). However, the
visual component of mathematical reasoning needs to be included to
enable students to develop more than merely a mechanical understanding
of mathematical concepts, ideas and processes (ibid). Mason (1992)
suggests that “imagery often forms a key for a rich network of
connections and associations, and so has a crystallising effect” (p. 27).
Visualisation in mathematics is not seen as an end in itself, but rather a
means towards an end (Zimmerman and Cunningham, 1991). This end is
understanding, and visualisation needs to be combined with other forms of
mathematical representation in order to achieve this goal. Zimmerman and
Cunningham (1991) insist that mathematical visualisation is not merely
maths appreciation through pictures - a superficial substitute for
understanding. Rather they maintain that visualisation supplies depth and
meaning to understanding, serving as a reliable guide to problem solving,
and inspiring creative discoveries. In order to achieve this level of
understanding, however, they propose that visualisation cannot be isolated
from the rest of mathematics (in line with Tall (1989)), implying that
symbolical, numerical and visual representations of ideas must be
formulated and connected. This thesis is conceptualised on the basis that
visual thinking and graphical representation should be linked to other
modes of mathematical thinking and other forms of representation. Thus,
ultimately, this research has been concerned with enabling students to
achieve a deeper, more meaningful and contextual understanding of

certain mathematical concepts and ideas.

Knuth (2000) recommends that teachers emphasise the use of graphical
representations whenever appropriate and give students the opportunity to
share and discuss their different solution approaches and the relative
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merits of each. Yet, traditionally, a greater emphasis has been placed on
algebraic or analytic proof (Cunningham, 1991) despite the proposed
legitimacy of visual theorems (Davis, 1993; Barwise and Etchmendy,
1991). Tall (1989) recognises this problem and argues like Zimmerman
and Cunningham that although traditional mathematics has emphasised
the ‘symbolic and sequential’, algebraic symbolism, at the expense of the
‘integrative and holistic’, visual symbolism, both are necessary
requirements in the study of mathematics. Whilst the proof of
mathematical ideas involves algebraic symbolism, the construction of
such ideas requires some form of visual symbolism. Thus, Tall (ibid)
stresses the importance of the many facets of a student's ‘concept image’,
which he defines as the “total cognitive structure that is associated with
the concept, which includes all the mental pictures and associated

properties and processes” (p. 37).

Tall (1991b) further develops his position by discussing the differences
between intuitive thought processes and the logical thought required in
formal mathematics. He professes that “intuition involves parallel
processing quite distinct from the step by step sequential processing
required by rigorous deduction. An intuition arrives whole in the mind and
it may be difficult to separate its components into a logical deductive
order” (p. 107). Visual information is processed simultaneously and, as a
result, one could argue that an intuitive approach might not be entirely
suitable in serving the logic of mathematics. Conversely, though, a purely
logical view is similarly ‘cognitively unsuitable’ for students. Thus,
according to Tall (ibid), both types of processing should be integrated,
through “an approach that appeals to the intuition and yet can be given a
rigorous formulation” (p. 108).

Zazkis et al. (1996) propose that visualisation and analysis are ‘mutually
dependent’ in mathematical problem solving and reject the notion of an
analyser/visualiser dichotomy or continuum. They assert that rather than

clearly preferring either a visual or analytical strategy, the majority of the
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students in their study tended to use a combination of these approaches.
Most visualisations contain some form of analysis (Presmeg, 1986; Zazkis
et al., ibid) and conversely most analysis involves some form of
visualisation (Zazkis et al., ibid). It is therefore proposed that both visual
and analytic thinking need to be present and integrated in order for most
students to be able to construct rich understanding of mathematical
concepts (Zazkis et al., ibid). An important part of this thesis has been to
clarify the students' perceptions of their visual orientations. Hoyles and
Healy (1996) suggest that forging the links between the symbolic and
visual is an important part of progressing towards the appropriation of a
mathematical generalisation, which implies that justifications, like

symbolic reasoning should be developed alongside the visual.

Presmeg's findings (1986), also, indicate that the ability to apply and
interchange both visual and non-visual methods in problem solving is
particularly advantageous for students, especially where one mode appears
to be more appropriate. Clearly those students who are able to determine
the most suitable approaches or where necessary use a combination of
approaches in order to solve the given problem, to provide clarification
and/or to check the validity of solutions, are likely to develop a deeper,
more holistic understanding of mathematics. Indeed, Presmeg (1992)
argues that “as many domains of experience as possible should be

implicated in the mathematics learning process” (p. 607).

The connections between different modes of representation need to be
made by students, the significance of particular links must be recognised
and most importantly an appropriate balance of approaches should be
introduced (Hughes Hallett, 1991). Kaput (1992) argues that each mode of
representation reveals certain aspects of the idea more clearly than the
other modes, whilst hiding some other aspects. In this way “the ability to
link different representations helps reveal the different facets of a complex
idea explicitly and dynamically” (ibid, p. 542). Hitt Espinosa (1997)
stresses the importance of formalising the conjectures that have been
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generated by intuition and visualising a concept or idea, using analytical
techniques/demonstrations. Indeed, many researchers support the view
that whilst visualisation stimulates and reinforces conceptual
understanding, this particular mode of representation is no more important
than other modes. What is required is a multi-representational approach to
mathematics, where each mode complements and strengthens the
understanding the student acquires when operating in an alternative mode.
Indeed all of the studies discussed thus far highlight the necessity of
empowering students with multiple interchangeable approaches to
problem solving. Yet encouraging visualisation and the use of multi-
representational approaches within the classroom is unlikely to be without

its problems.

2.2.3 Problems Associated with Visualisation

Eisenberg and Dreyfus (1991) postulate that “thinking visually makes
higher cognitive demands than thinking algorithmically”, and
consequently “it is quite natural for students to gravitate away from visual
thinking” (p. 25). They contend that often students (and teachers) are
unable to answer problems based on concepts that have visual
interpretations because “they have not learned to exploit the visual
representations associated with these concepts” (p. 25). This means that
often students do not know how to utilise diagrams they themselves draw
in order to solve problems (Eisenberg and Dreyfus, 1990). To illustrate
their point, they compare visual and algebraic processing in terms of

cognitive efficiency:

It is relatively easy to present an argument that has already been ordered in a
linear sequential manner. It is much more difficult to present a two-dimensional
array of information with multiple links between various pieces of information

and with implications in many different directions. (Eisenberg and Dreyfus, 1991,
p. 33).
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Because of this, Eisenberg and Dreyfus (1990) claim that analytical
arguments are more suitable for presenting mathematical ideas to students
in school, through didactical transpositions, which also accounts for

students’ preferences for processing their mathematics symbolically.

Nevertheless, the information contained in a diagram tends to be explicit,
whereas the same information will be implicit in the analytic
representation (Eisenberg and Dreyfus, ibid). Thus, the information
contained in the analytic expressions must firstly be extracted and
conceptualised before problem solving can commence and as a result the
diagrammatic representations, exhibiting important pieces of information
and the conceptual links between them, are often more useful. However,
“diagrammatic representations are not immediately intelligible to the
uninitiated. It takes cognitive processing to make sense of diagrammatic
representations” (Eisenberg and Dreyfus, ibid, p. 33). Diagrams use
conventions, notations, generalisations and abstractions, and without these
the diagram is unintelligible. Moreover, not all of the information
contained in diagrams will necessarily be needed to solve the problem and
as a consequence it may be difficult for the student to focus on the
relevant information (Eisenberg and Dreyfus, 1990). Thus, if students
have not been taught appropriately, they are unlikely to make use of
diagrams in problem solving. Sometimes, the individual simply has
inadequate experience of certain concepts to provide appropriate intuitions
(Tall, 1991Db).

Presmeg (1986) outlines four particular difficulties surrounding the use of
imagery. Firstly, there is the possibility that a single image or diagram
may be viewed inappropriately by students, and therefore lead to
subsequent misconceptions. Secondly, an “image of a standard figure
could induce inflexible thinking which prevents the recognition of a
concept in a non-standard diagram” (p. 307). Similarly, students may
already possess rigid ‘uncontrollable’ images that inhibit the development

of further more significant images, especially if these persistent images
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are vivid. Alternatively, vague imagery should be combined with
‘rigorous analytic thought’ to be useful. These difficulties may contribute
to the reluctance of students to adopt visual methods. Indeed, despite the
current views of researchers regarding the importance of visualisation,
some students, whilst possessing the ability to visualise mathematically,
often opt for non-visual, more ‘conventional’ approaches to problem
solving, which emanates, in the main, from the tendency for visualisation
to be undervalued in mathematics classrooms (Presmeg, 1995). However,
there are plenty of students who are not reluctant to visualise in
mathematics and, when given the opportunity, do prefer to exercise their
powers of visualisation (ibid). Hence, in order for all students to fully
appreciate the “validity of visual thinking and reasoning in mathematics”,
the visual approach should be continually adopted and reinforced
(Cunningham, 1994, p. 84). However, Eisenberg and Dreyfus (1991)
observe that “students have a strong tendency to think algebraically rather
than visually, even if they are explicitly and forcefully pushed towards
visual processing” (p. 29). They maintain that students are still reluctant to
visualise regardless of the way in which concepts are initially presented to
them, whether this is either in a visual or an analytical way, or by using a
combination of both (Eisenberg and Dreyfus, 1990). Furthermore,
Eisenberg and Dreyfus (1986) found that students who tended to classify

themselves as visual thinkers consistently used analytical approaches.

Knuth (2000) also found there was an overwhelming reliance on algebraic
solution methods amongst the students in his study. Moreover, this often
occurred at the expense of, and seemingly without awareness of, a simpler
graphical solution method. The graphical approach was deemed to be
unnecessary by the students and was only used as a means to support their
algebraic solution methods rather than as a solution strategy in its own
right. In general, students do not tend to make links between their

visualisations and analytical thought readily (Presmeg, 1986).
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Researchers have also considered the possibility that visual thinking
eventually becomes unnecessary, uneconomical and/or exhausted and is
replaced by symbolic thinking. Presmeg’s findings (1985) and those of
Eisenberg and Dreyfus (1986) support the representational-development
hypothesis which suggests that less imagery is used with greater
experience or learning. Presmeg, like Eisenberg and Dreyfus, argues that
in mathematical thinking practice and habituation allow students to
dispense with imagery which initially aids understanding and that
frequently a formula or algorithm provides the quickest and most
economical method of solving a problem. Thus, in her study facility led

visualisers away from visual methods (ibid).

Presmeg’s research (1986) in particular supported the view that
mathematical giftedness is associated with a lack of visual reasoning. She
suggests that “external features, such as the nature of mathematics” or
“internal factors, such as cognitive preferences, confidence or
mathematical abilities” might be responsible for this occurrence (p. 300).
Moreover, the usage of visual techniques is comparatively time-intensive
which suggests that tests and examinations will tend to favour the non-
visual thinker (Presmeg, 1986). The students in Presmeg’s study (ibid),
who preferred to use visual approaches thus tended to be those with
weaker mathematical abilities. Zazkis et al. (1996) suggest that this can be
explained by the fact that thinking about a problem always begins with
visualisation and therefore the weaker the student is, the less likely he or
she is to progress very far. Lean and Clements (1981) also found that
students who preferred to process mathematics analytically tended to out-

perform more visual students in mathematical tests.

In general, visualisation techniques/skills tend to be employed by students
privately to clarify, interpret and make sense of the given problem
intuitively as tools for ‘meaning-making’ (Wheatly and Brown, 1994).
Consequently, such processes are unlikely to be explicit in written
arguments, as this is not the accepted norm (Presmeg, 1995). As such,
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Cunningham (1991) proposes that as visual processing is difficult to
assess in standard ways, visually inclined students (and potentially all
students) will continue to be disadvantaged in examinations, until a means
to evaluate visual learning is developed and included as a routine part of
all mathematics examinations.

These findings have important implications for the role of the teacher in
encouraging and supporting students’ use of visualisation. Indeed, Martin
et al (1994) recognise that “the images held by the teacher will have a
significant impact on the images constructed by the pupils and on their
ability to understand these processes” (p. 249). They further emphasise
that the teacher has a responsibility for creating an environment in which
students can construct understanding based on appropriate images.
However, merely presenting students with images does not guarantee that
they will automatically relate to these images or perceive them in the same
way (Mason, 1992). The internal image formulated by the student is
unlikely to be an exact copy of the external image presented. It is
questionable that a student can actually be given an image. Indeed there is
a greater possibility that they will be prompted into forming an image for
themselves (ibid). Students should be actively involved in creating their
own mathematical visualisations, true visual understanding cannot be
expected to be achieved from observation of the teacher’s images alone
(Cunningham, 1994). As a consequence of this, teachers need to allow
students adequate time to develop their own images, and should anticipate
and encourage diversity in visualisation (Bishop, 1989). Teachers also
need to be aware that an image alone is unlikely to be an adequate
stimulus to learning, particularly “if it does not challenge or surprise, or
otherwise activate sense making” (Mason 1995b, p. 131).

Mason (1992) also warns of the danger of students being saturated by
images. He emphasises that some images are more useful than others,
provoking further awareness and thought and as such should be especially

encouraged, whilst other less productive images should be discouraged
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(ibid). Bishop (1989) argues that abstraction is necessary if visual imagery
is to serve a useful function in mathematical thinking, especially in
transcending the rigidity and inflexibility associated with the use of
specific concrete visual images. Presmeg (1992) also adopts this position,
suggesting that the centrality of imagery in mathematical processing is
possible only if imagery is used in the service of abstraction in

mathematics.

Tall (1986) emphasises the importance of allowing students to “explore
ideas to fill out their own imagery” (p. 8). He recognises that “visual ideas
often considered intuitive by an experienced mathematician are not
necessarily intuitive to an inexperienced student” (Tall, 1991b, p. 105).
Mariotti and Pesci (1994) ask whether it is possible to intentionally
intervene in the process of visualisation and, thus, are keen to investigate
the relationship between ‘external images’ provided by the teachers and
the ‘internal images’ of students. Certainly, as visualisation can be
regarded as a ‘subjective phenomenon’, direct intervention to promote
students’ imagery may be “neglected or even discarded” by teachers (ibid,
p.22). Mason (1992) raises some important questions concerning factors
which affect the nature and degree of the robustness of images, their
validity and the ability to communicate such images, which are often
difficult to translate into words. He (ibid), also, recognises a difference
between personal, idiosyncratic images, and conventional images as
cultural tools and the role of the teacher in offering and supporting some
images and not others.

Cunningham (1991) also highlights the role of the teacher for facilitating
visual learning in the classroom, and suggests that an instructor using

visualisation should:

e determine exactly the critical mathematical details to be presented in an image
and show these either by highlighting them or by removing conflicting

information,
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e determine the order in which material is to be demonstrated by the images and

present this material in a logical and connected sequence,

o offer students options in ways that expand their mathematical knowledge

without confusing or overwhelming them,

» ook for opportunities to present dynamic or developing mathematical
processes and give students appropriate opportunities to explore and control

them,

o consider carefully how students will learn visually, how to evaluate such
learning, and how to integrate this learning with other parts of their

mathematical studies. (Cunningham, 1991, p. 74).

In addition, Cunningham (ibid) emphasises the importance of considering
which material is best introduced visually and which symbolically, and at
what point, if ever, can the two approaches be combined. He further
advises (Cunningham, 1994) that if and when a technology based visual
approach is considered appropriate, symbolic approaches should not be
introduced until the topic is understood visually and image based
discussions and ideas are formed. Alternatively, Eisenberg and Dreyfus
(1986) maintain that every topic should be developed in terms of its
analytical as well as its visual aspects, thus enabling each student to
“grasp the material in the way which is closer to his cognitive orientation”
(p- 158). This thesis has combined these ideas so that all of the function
concepts explored by the students have been considered in terms of their
symbolic and visual aspects, whilst at the same time more visual based

discussions have been encouraged.

Barwise and Etchemendy (1991) surmise that “much, if not most,
reasoning makes use of some form of visual representation and that as the

computer gives us ever richer tools for representing information, we must
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begin to study the logical aspects of reasoning that uses non-linguistic
forms of representation” (p. 22). It is now seen to be appropriate to discuss
the relationship between learning mathematics in general, visualisation
and technology, which provides the basis for chapter three.
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CHAPTER 3
LEARNING MATHEMATICS, VISUALISATION
AND GRAPHICAL CALCULATORS

3.0 Overview

This chapter considers the theoretical perspectives surrounding the use of
technology in students’ learning of mathematics in general and more
specifically with respect to visualisation and functions. In the first section,
the socio-cultural framework that was developed in chapter two 1is
extended to include the relevant theories on learning mathematics with
technology in general and graphical calculators in particular. This is
followed by further consideration of the current literature on visualisation
in mathematics and how this relates generally to the use of technology and
more specifically to graphical calculators. The role of technology in
mediating students’ use of visualisation and understanding of functions is

then explored with particular emphasis on visual images for functions.

3.1 Socio-Cultural Framework: Theoretical Implications
for the Use of Computers and Graphical Calculators

3.1.1 Technology and Reorganisation of the Classroom

In accepting the Vygotskian notion of learning as communicative, Jones
and Mercer (1993) argue that there will be “significant implications” for
the way in which the role of the computer in the learning process and the
role of the teacher in relation to the use of computers are perceived. From
this perspective, technology is viewed as a “medium through which a
teacher and learner can communicate”, rather than as a substitute for the
teacher (p. 22). Jones and Mercer (ibid) develop this position by referring
to the work of Cole and Griffin. Cole and Griffin distinguish between the
computer viewed as a ‘partner in dialogue’ and as a ‘medium’. As a
‘partner in dialogue’ the “student-computer system” is regarded as “an
analogue to the student-teacher system with the computer replacing the
teacher” (1987, cited in Jones and Mercer, 1993, p. 23). Alternatively the

notion of the computer as a ‘medium’, does not intend to replace the
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teacher, and rather “reorganises” the interaction in the classroom, which
creates “new learning environments”. This view is also taken by Hoyles
and Noss (1992), who propose that using the computer creates a shared
language between teachers and students, in which they can talk about their
activities and interact with the technology, and a shared medium for the
teacher to communicate ideas to the students. The computer-based
language thus supports inter-mental functioning, which from a Vygotskian
perspective is a precursor of intra-mental functioning (Sutherland, 1995).
In also adopting a Vygotskian stance, Lerman (1998) proposes that
“powerful technologies can offer possibilities for novel ideas by children,
which create zones of proximal development for other participants and
change the social relations in the classroom” (p. 77). Similarly, Confrey
(1993) argues that technology is necessarily seen to alter the character of
knowledge.

Cole and Griffin (1987, cited in Jones and Mercer, 1993) regard teachers
who successfully introduce technology into their classrooms as
‘orchestrators’ of student activities. The teacher has an important role to
play in mediating the technology; the mediation between human-computer
systems is a two way process. The teacher's input is an 'essential' element
of any learning process and has a significant influence on the quality of
learning that arises in a technological environment. This idea fits well
within the Vygotskian theoretical framework adopted in this thesis, which
sees mediation by more knowledgeable persons as a fundamental part of
the way in which knowledge is transmitted through society. Similarly,
Olive (1992) considers the role of the teacher to be crucial in promoting
effective learning. Hoyles and Noss (1992) argue that teachers have an
important part to play in encouraging conscious reflection amongst
students, which is an integral constituent of higher mental functioning.
They maintain that global mathematical understandings are developed and
generated by the teacher, although at the same time the computer mediates
this process.
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Similar perspectives have also been elaborated with reference to the
graphical calculator. Guin and Trouche (1999) argue that the
reorganisation of the activity resulting from the introduction of graphical
calculators affords new possibilities of action for the user, and that this
may provide new conditions and new means of organising action. Borba
(1996) proposes that the use of graphical calculators can ‘“enhance
mathematical discussions” and that, following Tikhomirov, this in turn
‘reorganises’ the way that knowledge is constructed. In his discussion of
the effects of graphical calculators on human activity in the classroom
Borba (ibid) draws on Tikhomirov’s research with computers and
describes three theories concerning the relationship between computers
and human activity, which Tikhomirov had outlined and critiqued. The
first of these theories, the theory of substitution, sees the computer as a
substitute for human endeavour since the computer has the capacity to
solve complex problems that were previously only solvable by humans.
Tikhomirov rejected this theory on the grounds that the heuristic
mechanisms used by computers and humans in solving problems differ

significantly.

The second theory to be described by Tikhomirov concerns
supplementation and sees the computer as a complement to, rather than a
substitute for, human endeavour. In this way the computer increases the
capability and speed of human beings to perform given tasks. Tikhomirov
also rejects this theory, arguing that thinking involves more than the
simple solution of problems. He stresses the importance of the formulation
and attainment of goals in the thinking process and that there are other
important characteristics of solving and formulating problems, such as
human values. In addition, he suggests that this theory does not take
account of the meanings that are given to manipulated symbols. Thus
Tikhomirov argues that the supplementation theory does not adequately
describe the relationship between computers and human activity and he
puts forward the theory of re-organisation, which draws on Vygotskian

ideas.
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This theory sees computers as re-organisers of human activity rather than
as a tool that is merely added to the human experience. Tikhomirov
supports this stance and proposes that “as a result of using computers, a
transformation of human activity occurs, and new forms of activity
emerge” (1981, cited in Borba, 1996, p. 54). He stresses that emphasis
should be placed on human-computer systems and to problems that can be
solved by them. He also proposes that computers take on a role that is
similar to that of language in Vygotskian theory, and thereby represent an
alternative means of regulating human intellectual activity. He concludes
that computers do not substitute or supplement the human experience but
rather reorganise human activity, in the sense that “there are activities that
cannot be performed by either humans or computers alone but only by
human-computer systems” (1981, cited in Borba, 1996, p. 58). In addition,
he argues that re-organisation occurs through mediation of the teacher-
students relationships by computers. In this sense human-computers
systems are seen to produce new forms of teacher-student relationships
and thus can provide new ways of legitimating and justifying students’
findings in the classroom (Borba and Villarreal, 1998).

In each of the theories outlined by Tikhomirov, there are associated
implications for educational practices (Borba and Villarreal, 1998). If, for
example, the computer or: graphiéal calculator is viewed merely as a
supplement, then tasks are likely to be set that are similar to those which
can be solved without technology, thereby limiting the use of this tool to
simple verification of results or illustration of a given topic. However, in
accepting the view that technology re-organises the way in which
knowledge is constructed, Borba and Villarreal (ibid) propose that a
technology based experimental approach is a more fitting and productive.
Using this type of approach Borba (1996) reported evidence that
supported Tikhomirov’s notion of re-organisation in the classroom with
respect to the use of graphical calculators. The first feature of this re-

organisation was manifested in the intensification of the discussion that

40



occurred as a result of using the graphical calculators. In accounting for
this occurrence, Borba (ibid) suggests that graphical calculators might
facilitate more independent experimentation and generation of
conjectures, thus contributing to a certain sense of ownership by the
students. In addition, Borba (ibid) proposes that the graphical calculators
represented a new ‘authority’ in the classroom, which was additional to
that of the teacher, as the students “found strong support for their positions
in the graphical results of their experimentation” (p. 59).

The second feature of re-organisation in the classroom was seen as the
flexibility for students to pursue different paths of enquiry as afforded by
the graphical calculators. In Borba’s view “the more independent
experimentation that is possible with such human-computer systems
facilitates exploration of mathematical subjects that might not be
ordinarily explored in the classroom” (p. 59). However, as this medium
did not suppress the use of other media in the classroom, such as orality
and pencil and paper, there were some instances where students used the
graphical calculator merely as a means of checking results. This indicated
that students might occasionally use technology in a way that resembles
the supplementation theory (Borba and Villarreal, 1998).

Borba (1996) also suggests that the use of the graphical calculator had
seemed to influence his students’ understanding. Indeed, he argues that
the graphical calculator has a central role in students’ discussions and in
the reorganisation of their thinking (Borba and Villarreal, 1998). Borba
and Villarreal (ibid) suggest that the human-graphical calculator system
can be thought of as being the actor of students’ argumentation in terms of
the metaphors that students use in discussing their ideas which are derived
from their use of the graphical calculator. Moreover, they propose that
even when the graphical calculators are not being used by all students at
all times, “the graphical calculator, the tasks and the environment
generated has led to such a reorganisation of thinking” (Borba and
Villarreal, 1998, p. 138). In other words, using Tikhomirov’s terminology,
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despite periods of non-calculator activity amongst their students, ‘human-
graphing-calculator systems’ were still in action. Similarly, Hoyles and
Noss (1992) also pointed towards the scaffolding provided by the
computer in enabling the teacher to develop student understandings in
non-computer settings. In relation to the research being conducted in this
study, this is seen to be a key idea that has important consequences for the
interpretation of data involving students’ behaviour following the

introduction and use of graphical calculators.

In Borba’s (1996) research the graphical calculator was seen as a mediator
in the Vygotskian sense, of both the teacher-student relationships and the
interactions between individual students. Other researchers also refer to
the mediational role of technology. For example, Pea (1987) argues that
“social environments that establish an interactive social context for
discussing, reflecting upon, and collaborating in the mathematical
thinking necessary to solve a problem also motivate mathematical
thinking” (p.104). In developing this position, he particularly emphasises
the fact that technology can play a fundamental mediational role in
promoting dialogue and collaboration in mathematical problem solving.
Teasley and Roschelle (1993) also see the role of technology from a
mediation perspective in which the use of external displays act as tools for
negotiating meaning and bridge the gap between spontaneous and
scientific concepts:

Rather than seeking a perfect denotational relationship between external sign
and internal concept, the mediation perspective accepts that interpretation is
inherently uncertain, especially to newcomers to a particular community

(Teasley and Roschelle, 1993, p. 232).

Borba (1996) reported that there was no evidence to suggest that graphical
calculators differed from computers with respect to facilitating re-
organisation of the mathematics classroom. Berger (1998) however
questions whether an understanding of the interactions within the
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computer environment can automatically be transferred to the graphical
calculator context. She highlights the fact that graphical calculators and
computers differ in status as cultural artifacts, indicating that graphical
calculators generally tend to have a lower socio-cultural status than
computers. More pertinently, she stresses that as the graphical calculator
does not have the same interactive capabilities as the computer, “the type
of relationship that the learner forms with a graphical calculator is
qualitatively different from most probable or possible relationships with a
computer” (p. 14). This relationship between the learner and the
technology will also be affected by the degree to which the user is able to
modify graphical images. In general the computer provides the student
with a greater opportunity for graphical manipulation. Berger (ibid)
concludes that the learning experience afforded by the graphical calculator
is significantly different to that which is made available through computer
technology, and argues that as such this warrants separate research and

interpretation into the effects of graphical calculators.

3.1.2 Amplification and Cognitive Reorganisation Effects of
Technology

In seeking to interpret the influence of the graphical calculator on
students’ learning from a Vygotskian perspective, Berger (1998) regards
the use of the graphical calculator as an “external activity (manipulating
concepts via graphs or numbers) which is ultimately transformed into an
internal activity (understanding maths)” (p. 15). She (ibid) provides a
useful framework for identifying the way in which the graphical calculator
mediates students’ learning of mathematics, by drawing on the ideas of
Pea. Pea distinguished between the ‘amplification effects’ and the
‘cognitive reorganisation effects’ associated with using technology. The
‘amplification effects’ refer to the speed and ease by which the student is
able to operate whilst using the technology. This is similar to
Tikhomirov’s theory of ‘supplementation’. In contrast the ‘cognitive
reorganisation effects’ are described as qualitative changes which occur as

a result of using the technology. In this way cognitive reorganisation
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effects could also be regarded as manifestations of Tikhomirov’s theory of
re-organisation. The benefits of amplification are regarded as short-term
phenomenon, providing the student with immediate assistance during
problem solving. Long-term changes in the quality of learning arise
through cognitive re-organisation.

Berger (ibid) re-interprets these ideas with respect to a Vygotskian
framework. The graphical calculator is seen to “amplify the zone of
proximal development” by creating a situation where the student is able to
complete more “conceptuaily demanding tasks” effectively and easily (p.
15). Cognitive reorganisation is defined as “a systematic change in
consciousness of the learner as a result of interaction with a new and
alternate semiotic system” (p. 16). It is proposed that if access to the
graphical calculator enriches or alters the student’s conceptions, then the
technology can be seen as a “tool with which to think”, and moreover as a
“tool which helps thinking to develop” (p. 16). Berger (ibid) argues that
the learner needs to “engage thoughtfully with the technology”, if
internalisation is to occur (p. 19). It is not sufficient for a student to be
merely introduced to the technology. She further suggests that in order for
the learner to “interact in such a mindful way” he or she needs to “use the
technology actively and consciously in a socially or educationally
significant way” (p. 19). Merely using the graphical calculator to provide
support and verification, rather than as a tool in its own right may limit the
type of relationship that the user can form with the technology. Indeed,
Berger argues that the perceived and actual status of the graphical
calculator in any mathematics course profoundly effects the influence that
this technology has on the students. Berger’s framework has been used in
the analysis and interpretation of the data from this thesis. This has helped
in identifying the ways in which technology mediates students’ learning
and the kinds of reorganisation that occurs in the classroom as a result of

introducing graphical calculators.
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3.1.3 Local Communities of Practice

Another useful framework that has further informed the interpretation of
classroom interactions in this thesis is that developed by Winbourne and
Watson (1998), based on the work of Lave. Winbourne and Watson’s
notion of ‘local communities of mathematical practice’ is regarded as a
useful way of perceiving classroom situations from a social and
interpretivist perspective. This is especially so in relation to active
learning approaches involving the use of graphical calculators and in
examining the roles that individual students occupy in the construction
and negotiation of meaning and how these roles develop through access to
technology. This framework also provides an indication of whether any
re-organisation of the classroom occurs in terms of establishing and
maintaining local communities of practice as a result of introducing

graphical calculators.

Winbourne and Watson (ibid) propose that any classroom can be regarded
as an intersection of a multiplicity of practices and trajectories, which
occur locally in terms of time as well as space. Their notion of ‘local’
communities of practice has therefore been developed in recognition of
the fact that particular practices “might ‘appear’ in the classroom only for
a lesson and much time might elapse before they are reconstituted” (p.
178). The following key features are identified as necessary for initiating

local communities of mathematical practice (ibid, p. 183):

1. Pupils see themselves as functioning mathematically within the
lesson;

2. There is a public recognition of competence;

3. Learners see themselves as working together towards the
achievement of a common understanding;

4. There are shared ways of behaving, language, habits, values and
tool-use;

5. The shape of the lesson is dependent upon the active participation
of the students;
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6. Learners and teachers see themselves as engaged in the same

activity.

Winbourne and Watson (ibid) argue that participation in the practice of
asking questions can enable students to generate mathematical questions
themselves. Similarly, participation in the practice of using graphical
calculators can allow students to become °‘masters’ in the use of these
tools. Ultimately, the students can come to operate masterfully, within the
constraints of the social setting. The individual student’s ‘positioning’

within the community of practice will determine their success as a learner.

The process by which the individual achieves his or her position within a
community of practice is encapsulated by the notion of ‘telos’. This notion
presupposes a common direction of learning and Winbourne and Watson
(ibid) broadly describe telos as “an unfulfilled potential to move or change
in many different ways” (p. 182). They contend that “telos could be
conceptualised as a set of constraints in some sense inherent in situations
and in the individual’s pre-dispositions to respond to situations as she
does” (p. 182). In this sense the individual student’s learning is both
determinant of the common direction of learning and in part determined
by the complex paths that the students have taken to be where they are.
The students fulfil their ultimate positions within the community of
practice through smaller-scale ‘becomings’ in which they join the practice
and begin to assume their eventual position. From a rich layering of
practices and becomings, local practices emerge and are defined by and
require the active participation of those who together constitute the
practices. Within such practices there is a strong social pull on all,
including those who are more peripheral, to participate. The student’s
experiences at school are mediated by the images of themselves that they

bring as learners.

To increase the likelihood of establishing local practices, within which
learners regard themselves as “members of a mathematical community”,
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Winborne and Watson (ibid) envisage an important role for the teacher.
This entails “constraining the foci for attention and recognising and
working with pre-dispositions, rather than ignoring them” (p. 183).
Establishment of such communities is conducive to improving the
mathematical experiences of students and provides an indicator of

effective teaching.

If there is to be access to a community of practice, then according to Adler
(1998) resources used in the practice, such as technology, should be
transparent: both visible and invisible. Learners need to be aware of the
technology (the visible aspect) in order to extend the practice and at the
same time the technology needs to illuminate mathematics (the invisible
aspect) so that they enable smooth entry into the practice. Transparency is
a function of how the technology is used and understood in practice, rather
than being an inherent feature and depending on the relative transparency
of the technology, the use of this resource can either enable or impede
access to mathematical knowledge. For access to be enabled a balance

needs to be established between visibility and invisibility.

Whenever technology is drawn on, it becomes visible, and is the object of
attention. It takes on specific and situated meanings in the practices and
the context of the mathematics classroom. However, if the technology is
to enhance and enable mathematics learning, then at some point it will
have to become invisible. In other words, technology will no longer be the
object of attention itself, but rather the means to mathematics. Hence,
Adler (ibid) proposes that mathematical meaning is developed from the

mediated use of resources and through their relative transparency.

Winbourne and Watson’s framework provides a means of focusing on the
individual student’s participation within the whole classroom community
and this is an area that has generally been neglected in recent research.
Hershkowitz (1999) sees learning as a changing membership of

communities of practice and identifies the need for focusing on the
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individual student’s development as he or she participates in the collective
construction of shared cognition in small groups or in the whole
classroom community. She claims that socio-cultural studies focus mostly
on the interaction or the interactional event itself and that the individual
student is generally an anonymous participant in classroom episodes.
Furthermore, this is especially so in relation to the use of technology in
general and as such consideration of the individual student’s development
within the social setting forms the basis of much of the analysis and
interpretation of the data from this thesis.

3.2 Visualisation, Functions and Technology

3.2.1 Technology and Mathematical Exploration of Visual and
Symbolic Modes of Representation

Many studies advocate the usage of computer technology and graphics
calculators in promoting and enhancing students’ abilities to visualise
(Hoyles and Healy, 1996; Souza and Borba, 1995; Smart, 1995b; Goforth,
1992). In particular though, the most extensive research has been carried
out with respect to computers. Cunningham (1994) recognises two
essential features that contribute to the success of the computer based
visual approach in teaching mathematics: the motivational aspect and the
opportunity to pursue an alternative and yet complementary mode of
thought to the traditional symbolic approach. For learning to be
successful, dynamic images are considered to be preferable to static ones.
As such, Olive (1992) regards computing technologies as tools for
effective learning, especially when used as a means for mathematical
exploration. Tall (1991b) states that “the exploratory stage of
mathematical thinking benefits from building up an overall picture of

relationships and such a picture can benefit from visualisation” (p. 106).

Hoyles and Noss (1992) argue that the computer opens up a whole range
of possible alternatives, or ‘strategic apertures’, through which students
can gain access to approaches and solutions that are simply out of reach

when using pencil and paper. Similarly, Pea (1987) postulates that
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because the use of computers is dynamic, it allows student interaction
with mathematics in ways that would not be possible in non-computer
environments. He maintains that through the use of technology “students
can test out hypotheses, immediately see their effects, and shape their next
hypotheses accordingly through many cycles, perhaps through many more
cycles than they would with non-computer technologies” (p. 111). Thus
technological forms are recognised as being mediums in which students
can make and test predictions. The teachers interviewed by Furinghetti
and Bottino (1996) were clearly aware of the potential of technology in
this area, as one member of staff commented: “software is useful to enrich
students’ experience with mathematical concepts, especially students'
capacity of visualisation” (p. 132). Thus, it was found (ibid) that
technology was utilised in the majority of cases with the expectation that
this would assist students in developing their visualisation skills.
According to another of the teachers interviewed by Furinghetti and
Bottino (1996), the success of technology in furthering the learning of
individual students depends on the type of reasoning methods that
students use (e.g. visualisation, abstract reasoning). In particular, ‘good’
students appeared to benefit from the technology and were able to exploit
the capacity of using computers.

Tall (1989) suggests that “suitably programmed software can provide a
tool which compensates for the human deficiency in visual

communication” (p. 42). He also insists that:

generic organisers (environments that enable the learner to manipulate examples
and non-examples of a specific mathematical concept or a related system of
concepts) may be used to give a more overall holistic grasp of concepts, linking
them together in a global, often visual way, as distinct from the accent on learning
sequential processes of mathematics in the traditional curriculum. (Tall, 1989, p.
41).
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In such environments meaningful learning can be achieved by active
participation of the learner during the reception of knowledge. However,
he recognises that without some external organising agent, such as a

teacher’s guidance or textbook, cognitive obstacles could arise (Tall,
1986).

Technology makes external the intermediate products of thinking, which
can then be analysed, reflected upon and discussed (Pea, 1987). In this
way, technology externalises visual images and concurrently allows them
to be manipulated, thus facilitating abstraction (Noss et al, 1997). On
screen representations of visual objects and relationships can be acted on
directly, enabling the user to observe the resulting changes in the
represented relationships. Even more importantly, it becomes possible to
investigate which actions will lead to a given change in the existing
relationships, so that the situation can be inverted (ibid). Mason (1995b)
proposes that the most productive and desirable use of electronic screens
“requires exploiting not replacing the mental screen, which in turn
involves seeing screens as things to look through rather than at, in order to
contact potential generality through the particular screen images” (p. 119).
The purpose of looking through a screen is to begin to see the screen
image as an instance of a more general phenomenon, rather than merely
seeing the particular in the image. He also stresses that screen images tend
to require more work on the part of the student to be able to see through
the particulars to the general, so that whilst these may enhance learning,
they may not necessarily make this less time consuming. The very
richness and complexity of diagrams increase the potential for ambiguity
and multiplicity of interpretation, which means that it becomes important
to “work at flexibility and multiple representations, so as not to be trapped
in a single interpretation” (ibid, p. 129). He contends that with technology,

the “notions of symbolic and imagistic begin to intertwine”:
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sometimes it is hard to distinguish between the mental experience and the
physical screen; the latter acts as a window, and the mental screen becomes

the world experienced through the window (Mason, 1995b, p. 130).

The “dynamic and interactive media provided by computer software make
gaining an intuitive understanding of the interrelationships among graphic,
equational and pictorial representations (traditionally the province of the
professional mathematician) more accessible to the software user” (Pea,
1987, p. 96). Hoyles and Healy (1996) similarly argue that the fusion of
action, visualisation and representation made possible in computer
environments can provoke cognitive reorganisation. In recognition of this
potential, Guin and Trouche (1999) advise that the teacher should present
situations that lead to reflection on the various results arising from

different calculation modes.

Tall (1987) envisages that the distinction between numerical, graphical
and symbolic forms of representation will become ‘more diffuse’ as multi-
representational software is developed. Confrey (1994) argues for a
‘epistemology of multiple representations’, in which the contrast between
representations is recognised as significant in achieving the convergence
of ideas necessary in establishing meaning. By identifying multiple
representations, we can encourage students to find multiple ways to make
sense of their results and to develop their sense of flexibility and elegance.
Multiple approaches support the “diversity in students’ preferences and
provide alternative approaches to use when faced with cognitive
obstacles” (p. 218). She, also, advises (Confrey, 1993) that “in a multi-
representational tool, no representation should dominate others, and, in

every representation there is both a loss and a gain” (p. 66).

Kaput (1992) identifies two key purposes of multiple linked notations:
firstly, “to expose different aspects of a complex idea” and secondly, “to
illuminate the meanings of actions in one notation by exhibiting their

consequences in another notation” (p. 542). He contends that since “all
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aspects of a complex idea cannot be adequately represented within a
single notation system”, multiple systems are required for their full
expression (p. 530). Multi-representational software, however, could
contribute towards misunderstanding and confusion amongst students.
According to O'Reilly et al (1997), “multiple representation software runs
the risk that the difficulties of reading a representation are simply
multiplied up by the number of modalities represented on the screen
simultaneously. The student has to make sense of each modality in turn
and the links between them” (p. 88).

3.2.2 The Use of Technology and Students’ Understanding of
Functions

The topic chosen for this investigation has been functions in recognition
of the fact that this is a key area of the secondary mathematics curriculum,
especially in relation to GCE Advanced level mathematics. Indeed,
Confrey and Smith (1992) argue that the importance of the function
concept in the secondary curriculum is virtually undisputed. They assert
that calls for reform of mathematics place the function concept at the
centre of the curriculum as an integrating concept and that its importance
is located in its capacity for modelling. Wazir (1993) also comments on
the significance of the function concept, suggesting similarly that
functions are the centrepiece of mathematics instruction right across the
curriculum. Wazir stresses the fact that “the function concept is one of the
most important unifying concepts for arithmetic, algebra, transformational
geometry, and calculus” (p. 475).

In the same vein Cuoco (1991) argues that the construction and use of
functions is a central feature of most mathematical investigations. Yet, he
also acknowledges that the function concept is notoriously difficult for
students. He claims that thinking about functions requires students to
reason about methods rather than about the particular objects themselves.
Another problem arises from the fact that even when using the function

concept for a specific purpose, people employ many different levels of
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abstraction when they define, describe and use functions. Thus, whilst the
function concept is seen to be of central importance in students’ learning
of mathematics, it is also seen as an area that causes students considerable
difficulties and is therefore an important research issue, especially in
relation to new technologies. Leinhardt et al. (1990) suggest that the use
of technology dramatically affects the teaching and learning of functions -

perhaps more so than any other early mathematics topic.

In investigating the topic of functions, some researchers have chosen to
adopt fairly broad definitions of functional thinking, whilst others have
considered a much more limited concept of functions, as is the case in this
thesis. Indeed, by focusing on fairly narrow definitions of functional
thinking, as in this thesis, several researchers have found that by utilising
graphical software that facilitates visualisation in the graphical context, a
deeper understanding of functions, equations and inequalities can be
fostered. For example, Confrey (1994) found that when students are given
the opportunity to approach functions in a visual manner through the use
of technology, they are more likely to develop an intuitive understanding
of translations. Similarly, Bloom et al (1986) reported that students who
were taught to recognise the graphs of functions as compositions of
certain transformations of standard functions, using computer software,
developed a greater understanding of functions and their graphs and in

less time than those taught in the traditional manner.

Meissner and Mueller-Philipp (1993) also reported that students who had
access to computer technology were able to develop better solution
strategies for more problems in less time than traditionally taught students.
This resulted in better overall performances and an improved
understanding of functions in the computer students, who were seen to
develop a relational, as opposed to a merely instrumental understanding
for the concept of function. Fey (1989) suggests that “computer graphic

tools can be used to revise the balance between conceptual and procedural
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knowledge in mathematics or create entirely new graphical orientated

presentations of traditional mathematical topics” (p. 250).

Sivasubramaniam (2000) is another researcher who has found that
students who explored graphs with computers performed significantly
better than those using pencil and paper, suggesting that this was a
consequence of the difference in the distribution of cognition over the tool
and the individual. As the computer took over a large portion of the
cognitive process for construction, students were freed to focus their
attention on interpretation and the development of these skills, rather than
viewing the construction process as an end in itself, as was a characteristic
of the paper medium. Sivasubramaniam (ibid) points out that when
students are confronted by a graphical situation, there are four possible

alternatives with respect to their existing and possible schema:

the situation may reinforce their existing schema;

e the situation may cause an alteration of their existing schema to
accommodate new information;

o the information provided by the situation is rejected and the old schema is

retained;

o if'a pupil does not have a schema then they construct a schema (p. 180).

She proposes that the computer medium provides a means by which each
of these possible actions can be realised, therefore providing the
appropriate scaffolding for the development of a schema for graph
interpretation. In contrast, the pencil and paper medium only supports the
reinforcement of students’ existing strategies, without direct interaction

with the teacher or peers.

Hershkowitz and Schwarz (1997) similarly found that the cognitive
development of students who were given access to technology whilst
learning about function concepts was greatly enhanced. In particular they

were enabled to (a) use many examples, (b) provide rich justifications of
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their answers, (c) show more flexibility within and among representations,
(d) consider the acceptability of answers in light of the context and (e)
better integrate prototypical elements of their function concept image with
other examples. Furthermore, the process by which this conceptual change
occurred was seen to be a product of social interaction and practices as
well as individual activity. Computer transformations were internalised by
students and argumentation played an important role in this
internalisation. As Hoyles and Noss (1992) assert, the process by which
pieces of mathematical knowledge are appropriated depends on the
students’ individual agendas, how they feel about their participation, the
type of teacher intervention, and most significantly, on the setting in

which the activities are undertaken.

Use of technology can also facilitate the process of generalisation and
abstraction. Hoyles et al (1991) considered a fairly broad definition of
functional thinking and found that students are more likely to formalise
their arguments when working in technology environments, using
theoretical descriptions, rather than empirical ones, which are much more
characteristic of pencil and paper environments. Furthermore, in their
study, the students’ interaction with the computer was used as a means of
checking relationships after they had been formalised. In contrast, students
working in the pencil and paper environment tested their generalisation
with a number of specific cases as a means of convincing themselves
before any attempt to formalise. Whilst students need to deal with
particular functions, Goldenberg (1991) proposes that most of the
educational value is gained from the generalisations they abstract from the

particulars.

The use of technology also has significant implications for the teaching
and learning of calculus. Ubuz (1:994) believes that visualisation in the
graphical context can help students to understand the relationship between
differentiation and integration. In general, students have “very weak

visualisation skills in calculus” which subsequently results in “lack of
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meaning in the formalities of mathematical analysis” (Tall, 1991b, p.
105). Tall’s (1986) findings indicated that students who used the
programme, ‘Graphic Calculus’, were much more successful in

visualising the derivative of a graph as a global function.

Technology is also seen by Smart (1995a) as a means of furthering
students’ understanding of functions and she stresses that as the advent of
graphical calculators has made technology more widely available in the
mathematics classroom, more students are now able to explore functions
using technological tools. The following section will now focus primarily

on research that has been carried out with graphical calculators.

3.2.2.1 The Use of Graphical Calculators and Students’
Understanding of Functions

An important aspect of developing a robust understanding of the notion of
function means not only knowing which representation is the most
appropriate to use in different contexts but also to be able to move flexibly
between different representations (Knuth, 2000). Use of the graphical
calculator empowers students to explore, estimate, make discoveries
graphically and approach problem from a multi-representational
perspective (Hollar and Norwood, 1999). This in turn allows the student to
progress from an operational to a structural understanding of function
concepts (ibid). Technology enables the teacher to-demonstrate effectively
numerous functions and their graphs in a manner which could not possibly
be achieved using relatively unsophisticated resources such as the
blackboard and consequently gives the students a deeper insight into the
relationship between functions and their graphs (Chola Nyondo, 1993).
Technology therefore provides students with the opportunity to view
many graphs alongside their corresponding equations, which allows them
to begin to examine the relationship between graphical entailments and
algebraic parameters (Leinhardt et al, 1990).
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The ability of a student to recognise a given graph as belonging to, or
resembling some member of a family of functions is a fundamental stage
in the development of a solution (Ruthven, 1990). For, only when a
student has been able to identify successfully the family of functions to
which the graph belongs can the correct symbolisation be constructed
(referred to as the ‘process of refinement’). Goldenberg (1991) suggests
that graphical exploration “provides valuable scaffolding for the required
symbolic manipulations” (p. 85). Students must be visually aware of the
effects of particular transformations and of the corresponding symbolic
modifications. In this respect, graphical calculators could be utilised in
enabling students to experiment with and investigate various graphs of
functions prior to a more formal teaching approach (Cunningham, 1994).
Students using graphical calculators are able to access and compare the
graphs of many functions belonging to the same family, quickly and
relatively easily, allowing them to see relationships between the graphs for
themselves and to draw their own generalisations (Ruthven, 1990). In this
way, graphs of a greater complexity could be explored, exposing students
to more advanced and more chalienging mathematics, perhaps beyond

their current level, thus amplifying the zone of proximal development.

The graphical calculator can thus enable students to learn and understand
function concepts at a higher level than previously available in the
traditionally taught classroom (Shoaf, 1996). This occurs as conceptual
understanding takes the place of rote understanding (ibid). Students who
are normally passive become “actively involved in the discovery and
understanding process, no longer viewing mathematics as simply the
receiving and remembering of algorithms and methods of solution”
(Shoaf-Grubbs, 1995, p. 227). Moreover, when students are more actively
involved in the learning process through the use of technology, concepts
that have been acquired are likely to be retained over a longer period of
time (Guttenberger, 1992; Shoaf, 1996). A lack of familiarity or
competence with algebraic techniques does not stop a student from

exploring complicated graphical representations of functions generated by
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technology (Leinhardt et al, 1990). On the contrary, through the use of
technology, it is possible to explore ideas of functionality independently
of manipulative algebra (Ruthven, 1996).

Selinger and Pratt (1997) propose that the use of graphical calculators can
support and develop students’ mental images by making them more
robust, suggesting that an experienced user is likely to form some sense of
the characteristics of functions, through contrasting their images with the
feedback provided on the screen. They suggest that technology can
become a “vital medium for validating students’ naive attempts at
expressing their mathematical ideas” (ibid, p. 39). As the student is the
one who controls and formulates the input and then makes sense of the
output, the graphical calculator can be used as a tool for mediating
mathematical meaning. In addition, “the teacher can enter the world of a
student’s thinking through the screen as if it were a window on the
students’ mind, using this insight as a means to help scaffold the students’
understanding” (ibid, p. 40). Noss et al (1997) also maintain that
technology environments provide windows into students’ meaning

making.

Mesa (1997) found that the graphical calculator supported her students’
abilities to solve problems involving functions in two distinctive ways,
which differed depending on the students’ prior experiences of functions.
Firstly, the graphical calculator was used as a verification tool whenever
the problems to be investigated by the students related to their prior
knowledge of functions. In this way, the technology proved to be crucial
for enabling students to detect any mismatches in their approaches. On the
occasions where the problems posed did not relate to the students’
previous knowledge of functions, however, the graphical calculator was

alternatively used as a tool for exploration.

Doerr and Zangor (2000) also found that students used the graphical

calculator in different ways. They reported the emergence of five rich
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patterns and modes of graphical calculator use in the classroom, which
were influenced by the nature of the mathematical tasks and the role,
knowledge and beliefs of the teacher. The graphical calculator was seen to
take on the role of (i) a computational tool; (ii) a data collection and
analysis tool; (iii) a visualising tool (iv) a tool for checking conjectures
and (v) most significantly as a transformation tool, whereby tedious
computational tasks were transformed into interpretation tasks. These
patterns of graphical calculator use were not mutually exclusive and as the
students’ understanding grew certain modes were replaced by others. For
example, the graphical calculator shifted from that of a visualising or
graphing tool to a visual checking tool as the students grasped the ideas of
transformations. This transformation in the way in which the graphical
calculator was used supported students’ thinking about the idea of the
non-uniqueness of the algebraic representations for exponential or
trigonometric graphs (Doerr and Zangor, 1999). However, Doerr and
Zangor (2000) stress that it is important to make students aware that the
graphical calculator cannot provide the authority for a mathematical
argument by itself. The students in their study thus came to realise that
there was also a need to check the absolute reliability of results produced
by the graphical calculator based on their own mathematical

understanding.

Shumway (1990) insists that the availability of graphical calculators
trivialise mathematical computations, rather than the mathematical
problems to be explored. As a consequence emphasis should be placed on
developing conceptual understanding through technology, focusing on:

o The meaning of a representational graph;

o The relationship between the function graphed and the actual problem;

e What to do when such methods produce erroneous solutions or no solutions
at all;

o The proof that the result is correct (Shumway, 1990, p. 3).
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However, Ruthven (1996) points out that computation with the graphical
calculator is not a completely trivial and automatic process. For example,
to sketch the graph of some specified expression, the student must first
translate this into a suitable format for entering into the machine and then
choose an appropriate range and scale for the axes. Furthermore, using the
technology does not imply that the students’ own computational skills will
be adversely affected (Hollar and Norwood, 1999).

In a review of research into the impact of graphical calculators on the
teaching of functions, Dunham and Dick (1994) report that use of this
technology can empower students to become better problem solvers,
through:

(i) freeing time for instruction by reducing attention to algebraic
manipulation;

(i)  supplying more tools for problem solving, especially for students with
weaker algebraic skills, and serving as a monitoring aid during the
problem solving process,

(ii)  enabling students to perceive problem solving differently as they are
freed from computational burdens, allowing them to concentrate on

setting up the problem and analysing the solution (p. 442).

They conclude that graphical calculators can facilitate changes in the roles
of students and teachers in the classroom, resulting in the creation of more
interactive and exploratory learning environments, where the technology
is a catalyst rather than an obstacle to mathematics learning. Mesa (1997)
recognises a need for teachers to provide students with “problems that can
be solved either with or without the use of the graphical calculator, but
such that if the graphical calculator is used the student can pursue
different approaches, do more exploration and make more generalisations”
(p. 246). She also emphasises the need for developing classroom
environments where exploration is important, in which the teacher’s role
is to provide limits to that exploration. Selinger and Pratt (1997) recognise
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the need for mediation between the student, teacher and screen. They
propose that there is an important role for the teacher in a graphical
calculator environment in acting as an arbitrator in deciding whether a
student’s way of expressing mathematical thinking is valid. This role
involves intervening where appropriate and pointing out the correct usage
of acceptable mathematical notation, especially where graphical
calculators or computers are directly involved. This thesis aims to build on
the existing body of literature concerning the relationship between
students’ learning of functions, the teaching they experience and their use

of graphical calculators.

3.2.3 Problems Associated with the Use of Technology

Carulla and Gomez (1997) appreciate that whilst the use of graphic
calculators can enhance the learning of functions and graphing concepts,
there may be associated problems. Their findings indicate that in certain
circumstances students might misunderstand, misinterpret and, thus,
misuse information provided by the graphic calculators. Similarly,
Goldenberg (1987) found that students often misinterpreted what they saw
in the graphical representations of functions that had been produced using
technology. Moreover, he noted that when these students were left alone
to experiment, without the input from a teacher, they could induce rules
that were incorrect. Different students bring a variety of general strategies
to their interpretations of graphs (Goldenberg, 1991). Interpretation is
especially important when emphasis is placed on abstracting and relating
features of several graphs, rather than on reading specific values off of the
graph. However, for graphs to be interpreted correctly, specific
mathematical knowledge and expectations are required. Students who lack
this knowledge are likely to misinterpret graphical information and invent
complex and misleading explanations of the inter-relatedness of graphs
(ibid). Goldenberg proposes that mathematically rich problem situations
that derive from ambiguities in graphical representations of functions can
be generated and overcome by identifying patterns in students’
misinterpretations. Chola Nyondo (1993) also stresses that the teacher
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plays a vital role in developing the background theory that is necessary for
students’ learning to be successful with technology.

The absence of a clearly labelled scale on the co-ordinate axes of graphs
produced by the graphical calculator can also cause difficulties for
students when trying to identify what part of a graph is being displayed
(Doerr and Zangor, 1999; Ruthven, 1996). Doerr and Zangor (2000) found
that this limitation increased the difficulties that students had in
interpreting periodic graphs in particular. Leinhardt et al. (1990), with
findings similar to Goldenberg (1987), stress that the issue of scale
becomes much more fundamental when technology is used, especially as a
graph cannot be interpreted fully without taking into account its scales.
This makes it even more important for students to develop strategies to
determine whether or not the portion of a graph visible on screen is
reliable and representative of the behaviour of the graph as a whole.
Leinhardt et al. (ibid) warn that if gone unchecked, incorrect images
produced by technology may be remembered by students, which can cause

misunderstandings to be perpetuated in future work.

Carulla and Gomez (1997) also reported that the use of graphical
calculators could encourage students to concentrate on graphical
representation systems at the expense of verbal and symbolic
representations. In contrast, Penglase and Arnold (1996) found that
graphic calculators could promote the transition between symbolic
rnahipulation and graphical investigation and exploration of the different
modes of representation associated with particular concepts. Ruthven’s
study (1990), also, supported the view that regular use of graphic
calculators would probably ‘strengthen’ and ‘rehearse’ relationships

between certain symbolic and graphic forms (p. 447).

Another potential problem associated with the use of graphical calculators
or computers is the possibility that students might regard the solutions

provided by the technology as irrefutable, and thus become too heavily
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reliant on the machines (Smart, 1995b, Guin and Trouche, 1999). Students
using graphical calculators regularly should ideally be able to recognise
when, due to scale factors, a particular portion of a given graph is not
visible on the screen. However, a lack of understanding of the principles
underlying graphing, facilitated and reinforced by over-reliance and blind
faith in technology, can lead students into believing that the image on the
screen represents the whole graph, rather than merely a window
displaying part of the graph. Smart (ibid) and Leinhardt et al. (1990) refer
to this as the ‘magic’ element of the technology, and insist that the teacher
needs to be wary of this effect. Similarly, Doerr and Zangor (2000) claim
that one of the major constraints and limitations of the graphical calculator
resides in students’ attempts to use it as a ‘black box’, without having a
meaningful strategy for its use. Guin and Trouche (1999) found that the
students’ dependency on the graphical calculator was gradually eroded
through co-ordinating the use of this technology with other media in the
classroom, such as pencil and paper. This resulted in a decreasing trust of
the results produced by the technology. In addressing the issue of
dependency, Guin and Trouche (ibid) see a crucial role for the teacher,
suggesting that an unaccompanied acquisition of the use of the graphical

calculator may be dangerous to the conceptualisation process.

Zimmerman (1991) emphasises that if technology is used appropriately in
the classroom, so that it is not merely used as a ‘crutch’, students can be
given the power to master visual thinking skills, such as those associated
with elementary function sketching. He proposes that students should be
encouraged to work out the geometrical properties of a function by
themselves before using the technology, wherever this is possible. In this
way, the role of the technology is to verify calculations and conjectures
about functions, to fill in quantitative details, and/or to plot functions of
higher order complexity. Alternatively, computers or graphical calculators
could be used to enable students to explore and experiment with the
properties of graphs. However, Zimmerman (ibid) stresses that guidance,

feedback and eventually a synthesis of important results must be built into
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the process. Zimmerman (ibid) further emphasises that the use of
technology does not remove the need for the students to understand the
properties of functions in order to graph them. Indeed, he sees the ability
of students to recognise incorrect or misleading graphs produced by the
technology, and then to make an appropriate interpretation as a component
of visual thinking.

One should not assume that access to technology will automatically
improve students’ abilities to comprehend new concepts, to visualise, to
learn more effectively or to retain knowledge. Simply interacting with
technology is not sufficient to ensure that students will ‘acquire’ specified
mathematical ideas (Hoyles and Noss, 1992). Zimmerman and
Cunningham (1991) assert that without certain fundamental visualisation
skills (such as the ability to construct, interpret, and use simple figures as
aids to problem solving) it is doubtful that computer-based visualisation
can be used efficiently or even meaningfully. Similarly, in the absence of
a set of guiding principles to relate visualisation to the content and
learning objectives of the course, any use of computer generated imagery
is likely to be ineffective (Zimmerman, 1991). It is not sufficient merely
to have access to technology, for sense-making does not follow
automatically from direct manipulation, just as articulation does not
necessarily arise from sense-making (Mason, 1995a). The awareness of an
expert, a teacher, is required to encourage and support these transitions.
The presence of teachers who are aware of their own awareness and can

direct and stimulate students in sense making and articulating that sense is
crucial (ibid).

Research suggests that students tend to find moving from a graph to an
equation more difficult than moving from equation to graph, as there are
different psychological processes involved (Leinhardt et al, 1990). Kaput
(1992) suggests that it might be productive for the students to establish
some idea of the links between different representation systems before

technology is used, allowing them to gain some appreciation of the need
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for such connections to be made. Eisenberg and Dreyfus (1987) argue that
students’ tend to view graphs as being peripheral to the function itself, as
an “additional load”; and as a consequence will avoid dealing with them

wherever possible. They believe that teachers are responsible for:

e Transmitting to the students a more well-rounded concept of what a function is,
namely an abstract mathematical object having any of several concrete

representations; one of the most useful of which is a graph,

e Teaching students to recognise those situations where graphical processing of

Sfunctional relationships is more efficient than algebraic processing (Eisenberg
and Dreyfus, 1987, p. 191).

In their study the more able students were unexpectedly reluctant to
experiment with unfamiliar functions using the technology, whilst the
weaker students tended to experiment more with new formulae. However,
the weaker students did not attempt to think them through beforehand
(ibid).

Laridon’s (1996) study also provides some interesting and yet rather
unexpected results. His research concerns the effectiveness of the
graphing calculator in the teaching and learning of function transformation
concepts. As part of the teaching-learning process, particular emphasis
was placed on enabling the learner to make generalisations, in view of the
students being able to elicit a global view of common behaviour. Post-
tests revealed that the group of students working with pencil and paper
and ordinary scientific calculators, on average, outperformed those who
used the graphing calculators. Moreover, the retention of the point-
plotting group was higher. However, a “finer analysis which provided
scores on specific conceptual elements within the test did not detect any
qualitative differences across the two groups” (p. 182). This may have
been a consequence of how the graphical calculator was used in this

classroom. Many researchers (Berger, 1998; Gomez and Fernandez, 1997;
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Penglase and Arnold, 1996) emphasise that the way in which new
technology is integrated into the curriculum affects the learning outcomes.

Hewitt (1992) stresses that mathematical exploration in the classroom is
often reduced to obtaining numerical results, finding patterns and
generalising, rather than investigating particular situations in depth, which
leads to more meaningful discovery. He questions whether “the diversity
and richness of the mathematics curriculum is being reduced to a series of
spotting number patterns from tables” (ibid, p. 7). Noss et al (1997) also
recognise this as an undesirable, but common characteristic of school
mathematics, especially in the UK, where students happily search for
relationships by constructing tables of numerical data, without
appreciating the need to understand the structures underpinning them.
Cunningham (1991) argues that in order for visualisation to be introduced
satisfactorily in the curriculum, the number of topics covered must
necessarily be curtailed. He suggests that since manual symbolic
manipulation and rote number crunching are “becoming less productive
and appropriate” they are thus, reasonable choices to be replaced by
visualisation in the curriculum (p. 72). However, to maintain
mathematical rigour, some symbolic manipulation needs to be approached
by hand. In other words, in keeping with the traditional view of learning
mathematics and in preparing students for examinations, as well as
enabling them to make sense of each representation system through
exploring the links between them, there is a need for some symbolic
manipulation to be attempted on paper. If students were completely reliant
on technology to perform all symbolic operations, there is a possibility
that these processes would become less understood, especially as there
would no longer be the need for students to necessarily apply any in-depth
thought to the algebraic problem solving process. The technology could
possibly supply students with an answer to a given problem, without
detailing the way in which this solution was derived. In this manner
students miss out on seeing, following and reproducing the individual

steps in the process for themselves. Moreover, these students would be
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denied the opportunity to explore an equally important area of
mathematics. Hughes Hallett (1991), on the other hand, advocates
replacing only the particularly “torturous analytical procedures with more
graphical and numerical work”, thus “emphasising the interpretation of

results as well as computation”, and instigating student thinking (p. 125).

3.2.4 Technology, Collaboration and Confidence

Several researchers have found that the use of technology can encourage
collaborative learning (Hudson, 1996; Smart, 1992; Olive, 1992) and
promote equal opportunities (Smart, 1992). Indeed, “introducing the
graphic calculator as a tool for collaborative and investigative
mathematics is the way forward to empowering all pupils” (ibid, p. 14). In
particular, female students, especially, have welcomed and benefited from
the opportunity to use graphic calculators, as they feel more comfortable
using such personal and private forms of technology (ibid). Furthermore,
Smart’s study (1995b) of thirteen year old girls suggested that graphic
calculators enabled these girls to “develop strong visual representations of
functions given in the symbolic form” and in addition “allowed them to
become unusually confident in talking about mathematics” (p. 195).
Because of the ease with which the graphical calculator produces visual
images of functions and the need for students to retain these pictures,
Smart (1995a) found that these girls were prompted into talking about and
describing their mathematics using more ‘appropriate’ mathematical
language. In other words the graphical calculator provided an additional
stimulus for meaningful talk (ibid).

Ruthven (1990) proposes that regular use of a graphic calculator can
reduce student uncertainty and anxiety, and hence improve the confidence,
competence and performance of all students. He argues that the graphical
calculator provides the student with the facility to experiment with
different ideas and methods, which leaves the student feeling more
confident with complex and unfamiliar problems. Significantly, though,

the relative attainment of the female students in his project group was
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greatly enhanced through the more extensive and accurate exposure to
symbolised graphical images that the graphic calculator provided. The
graphical calculator allows learning to occur on a more informal, as well
as private basis, which can be an important factor in building confidence
(Ruthven, 1996). Guin and Trouche (1999) also found that using the
graphical calculator improved the self-confidence of students. Pea (1987)
recognises the significance of collaboration with peers in helping to build
individual students’ confidence, suggesting that self-esteem can grow in
collaborative computer environments where students view one of their

peers as an expert.

Smart (1995b) began her study with the belief that the “presence of a
visual image on the calculator screen pushes the learner into further
investigations, enabling them to talk with confidence about mathematics”
(p. 196). Her findings indicated that graphic calculators enabled these
particular students to construct a “more fundamental visual image of
equations given in the symbolic form” (p. 202). Consequently, these
students chose to use visual reasoning when generalising and problem
solving, rather than symbolic manipulations. Thus, her students became
less reliant on symbolic manipulation as the predominant technique in
problem solving. Indeed, students who are given the opportunity to
develop graphical and numerical algorithms for understanding functions
and are able to use these effectively could legitimately question the need
for symbolic skills (O'Reilly et al, 1997).

Undoubtedly, the introduction of the graphical calculator into the
classroom significantly changes the climate of the classroom (Dunham
and Dick, 1994). This in turn however can, initially at least, lead to
uncertainty. Gage (1999) argues that there is a disturbance to the normal
social order in the classroom when students first use graphical calculators
and that this may initially cause anxiety amongst students, “because
nobody knows where they are in the ‘pecking order’ anymore” (p. 16).
Students who are normally seen to be ‘good at maths’ can find themselves
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disadvantaged because they now need to work at their understanding of
mathematical concepts, whereas this may not have been needed
previously. Paradoxically, those students who have had to learn to “work
at new things” can find themselves suddenly elevated to a position of
much greater competence than they are used to. In Gage’s study some of
the students who would normally be expected to achieve very highly were
either intimidated by the task or thought it was a waste of their time.
However, the anxieties experienced by students were gradually overcome
as their confidence in and experience of using the technology grew, along
with the support of the teacher. The graphical calculator can ultimately
empower students by giving them a private space in which to experiment
and gain confidence (ibid).

Fey (1989) also acknowledges that there is a notable change in the roles
and interactions of teachers and students accompanying the use of
computer generated graphs as the focus of classroom discussion. Many
students perceive traditional mathematics as a “formal game played
according to arbitrary rules — a contest between teacher and student in
which the challenge is to figure out secrets that the teacher keeps hidden”
(ibid, p. 250). Within a computer environment, however, the classroom
becomes a setting for student and teacher collaboration in which they
attempt to make sense of the mathematics that is displayed before them.
The teacher’s role necessarily shifts from giving demonstrations of “how
to” produce graphs, to providing explanations and asking questions of
“what the graph is saying” about an algebraic expression or a situation it
represents. In the same vein, the students’ task is transformed from the
plotting of points and drawing curves to developing explanations of key
graph points and/or global features (ibid). Sutherland (1991) also
emphasises that, through interacting with the computer, students are able
to refine their own constructions, which contrasts with the traditional
classroom situation in which students have to be told by a teacher that
their constructions are incorrect. The computer provides an alternative

source of explanation and validation (Hoyles and Noss, 1992). Moreover,
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as the students’ sense-making occurs primarily as a result of the
interaction between the student and the screen, rather than between the
student and the teacher, the negotiation of meaning between the student

and teacher becomes more equal (Selinger and Pratt, 1997).

The implementation of new technology also has implications with respect
to the issue of control, as well as the social structure of classrooms (Kaput,
1992). Pea (1987) sees a technology as a means by which students can
gain power and suggests that:

by infusing life into learning tools for mathematics, by integrating supports for
the personal side of mathematical thinking with supports for knowledge, we
can perhaps help each child realise how the powerful abstractions of

mathematics confer personal power (Pea, 1987, p. 116).

However, this source of power is not always exploited. Students can be
reluctant to use the graphical calculator because they feel that doing so
would sacrifice their intellectual autonomy, and ultimately they would be
surrendering control of a mathematical argument (Ruthven, 1996). Povey
and Ransom (2000) found that there was definite resistance, as well as
enthusiasm, for the use of technology amongst the students in their study.
In particular, many students were vehemently opposed to the idea of being
taught to press buttons without sufficient understanding of the
mathematical processes used by the technology to generate the output.
There was a sense that these students associated conceptual
‘understanding’ with the ability to perform pen and paper algorithms and
consequently, they assigned importance to the learning of equivalent pen
and paper methods before technology is introduced. In their desire for
understanding, the speed and opacity of the technology were seen to
deprive them of their sense of control. Not knowing how the technology
produces its results made the students feel out of control of their learning
and they subsequently saw a need for these results to be checked by hand
in order to regain control. Fears of dependency on the technology were
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expressed by several students, which they felt could result in lack of
motivation for understanding and individual laziness. Thus, Povey and
Ransom (ibid) conclude that for some students a strong sense of self can
be placed in jeopardy by the use of technology. However, this does not
mean that technology should not be used, rather they argue that teachers
should “heed and work with students’ concerns in ways which respect
their roots in issues of personal worth and identity” (p. 61). Students’
reluctance to use technology, however, can have beneficial consequences.
Guin and Trouche (1999) propose that students who are more unwilling to
use the graphical calculator can construct a more efficient relationship
with the technology, whilst retaining a certain objectivity.

Technology is increasingly seen as a tool to support both the learning and
teaching process and to foster interaction in the classroom (Furinghetti
and Bottino, 1996). The computer draws the attention of the students and
becomes a focus for discussion (Hoyles et al, 1991). Carulla and Gomez
(1996) found that following the introduction of graphic calculators in a
university course, mathematical knowledge appeared to be constructed
socially rather than individually. Indeed, as discussed previously,
technology mediates both teacher-student relationships and interactions
between students, thus initiating some form of classroom re-organisation,
the nature of which is dependant on the type of technology in use (Borba,
1996). Consequently, the computer and graphics calculator are recognised
as mediums that promote communication (Hudson, 1997; Valero and
Gomez, 1996). Pozzi et al (1993) maintain that introducing the computer
into group settings changes particular aspects of the interaction, bringing a
new dimension to group work, that is qualitatively different from group
work occurring without technology. Working with the computer reduces
the cognitive distance between students, creating the opportunity for all of
the participants to gain a new perspective on the problem, or to co-
ordinate different perspectives. In their study, there was found to be a high
association between students who dominated the resulting interaction and

those of high mathematical ability. They propose a scenario for optimal
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learning that arose from their research in which students first engage in
mutual discussion with peers in the context of construction with the
computer, then they come across the perspectives of others in whole class
discussions. This allows students to develop understanding and strategies
for solving problems in their small group discussions and explorations, so
that they can make sense of any possible conflicting strategies from their
peers. It also prevents students from remaining centred on their own way
of understanding the problem, which might inhibit further learning,
through discussion in the whole class context. However, whilst
Furinghetti and Bottino's study (1996) showed that “software favours the
communication between the students and the teacher” (p. 134),
surprisingly few teachers assigned importance to the interactions between
students.

Chronaki and Kynigos (1999) argue that collaboration in computer based
learning environments can be used to augment ways of acting which
generate common meanings with respect to activity. Indeed, Hoyles et al
(1991) found that students were actively involved in negotiating goals and
processes, brainstorming solution strategies, justifying ideas and actions,
and developing a shared language for communicating actions, when

collaborating within a computer environment.

Teasley and Roschelle (1993) also see technology as a resource that
mediates collaboration, by providing an enriched background for students’
talk and action. Through the use of computers students are enabled to “use
the powerful resources of everyday conversation to converge on robust
shared meanings for technical concepts” (ibid, p. 255). However,
individuals must make a conscious, continuous effort to co-ordinate their
language and activity with respect to shared knowledge. Collaboration
does not necessarily happen because individuals are co-present (ibid).
Indeed, Doerr and Zangor (2000) found that personal use of the graphical
calculator served to break down group communications. In their study,

whilst the use of the technology as a shared device supported
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mathematical learning in the whole class setting, the use of the graphical
calculator as a personal device was seen to inhibit communication in a
small group setting. This was particularly apparent when students that had
individual difficulties would seek help from the teacher rather than peers.

Doerr and Zangor (2000) following Penglase and Arnold (1996) suggest
that research into students’ learning with graphical calculator should take
account of the social context of the learning environment. Kaput (1992)
argues that computers fundamentally alter the nature of work in the
classroom, not merely its efficiency, accessibility or scope. Besides work
being finished more quickly, the actions necessary to accomplish tasks
change (Pea, 1987). Whilst the introduction of technology encourages
innovation, the important changes that occur are a result of the
corresponding changes in teachers’ beliefs about mathematics, teaching,
learning, students and appropriate use of classroom time (Kaput, 1992).
Using technology therefore enables some students to challenge their
existing understanding of the nature of mathematics and of mathematical
knowledge, as their experience of mathematics changes (Povey, 1995).
Knowledge and authority are shared (ibid).

Guin and Trouche (1999) stress that the teaching process needs to take
account of the fact that the transformation of the graphical calculator into
an efficient mathematical instrument varies from student to student,
especially amongst their abilities to interpret and co-ordinate the results
produced by the technology. They maintain that the “instrumentation
process is slow and complex, because it requires sufficient time to achieve
a reorganisation of procedures” (p. 223). In their view, the introduction of
technology leads to renewal of teaching practices through taking over
technical computations, which potentially promotes more conceptual
understanding. In this context they see the new role of the teacher as one
which involves organising and encouraging interaction within the
computational environment and is essential in shaping the relationship
between the computational media and mathematical knowledge (ibid).
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Hoyles and Noss (1992) propose that a “combination of both on-computer
activities and off-computer negotiation and discussion are critical in
bridging the discursive disjuncture between the two practices — helping
students to link intuitions derived from the computational interactions and
their formal mathematics” (p. 54).

There has, however, been relatively little research carried out to date on
visualising functions in a collaborative setting using graphical calculators
and on the complex set of factors that are involved in enabling students to
derive meaning in such an environment. In particular, as Hershkowitz
(1999) suggests the role of the individual student in the collective
construction of shared knowledge has been largely neglected. It is in
seeking to explore these areas that it is hoped this thesis is distinguished

from previous work.
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CHAPTER 4
RESEARCH METHODOLOGY

4.0 Overview

This chapter initially describes the methodological approaches that have
been influential in developing the overall research methodology in this
study. These approaches are subsequently considered in relation to the
aims and objectives of the research and the theoretical perspective that has
been adopted. The corresponding methods of enquiry are then discussed
and the distinct phases of the research outlined. The chapter is concluded

with a discussion of data analysis.

4.1 Introduction

This research has consisted of three distinct phases, each of which could
be characterised as a ‘study of singularities’, following Bassey (1995).
The process of investigating a singularity involves describing, analysing,
explaining, interpreting and possibly justifying, something which occurred
at a particular place and at a particular time. According to Bassey at the
point where it becomes the subject of study, “a singularity is a set of
anecdotes about particular events occurring within a stated boundary,
which are subjected to systematic and critical search for some truth” (p.
111). Furthermore, “this truth while pertaining to the inside of the

boundary, may stimulate thinking about similar situations elsewhere”

(p.111).

Bassey (ibid) proposes that the term study of a singularity embraces
virtually every kind of empirical study and is preferable to the phrase
‘case study’ because this is often associated with generalisation. The
findings of singularity studies are merely related to populations outside
the boundary in space and time. As such studies of singularities tend to be
undertaken on a small scale and are consequently very detailed. This
approach is seen to be consistent with the objectives and theoretical
perspective of the study. As such, the three distinct phases of this study
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have involved small scale and detailed enquiries surrounding singularities.
In each case, the findings of the study that would be of interest to the
mathematics educator community have been identified and consideration
has been given to how the findings might be related to situations outside
the immediate context of the research. Any further generalisations that
could be drawn from these results lie in the readers’ interpretations of the

text in relation to their own experiences.

In conducting these studies of singularities, a qualitative interpretivist
methodology has been adopted, which has governed the collection,
analysis and interpretation of all data. The interpretivist perspective was
considered to be the most appropriate philosophical position in relation to
the goals of this thesis, since it is based on the assumption that "all human
activity is fundamentally a social and meaning-making experience"
(Eisenhart, 1988, p. 102). From the interpretivist perspective “meaning
and action, context and situation are inextricably linked” and consequently
make no sense when considered separately (p. 103). The main aim of
interpretivist research is to enable the researcher to ‘make sense’ of the
participants’ world from their perspectives which resonates with the
objectives of this research. To allow the interpretivist researcher to
achieve this aim, ethnographic research methods were developed and have

been used in this study to the same end.

4.2 Ethnography

The tenets of ethnography are derived from an interpretivist perspective
(Hammersley and Atkinson, 1983; Eisenhart, 1988; Cohen and Manion,
1994; Woods, 1996). Goetz and LeCompte (1984) regard educational
ethnography as an investigative means by which to study human
behaviour. They argue that “broadly conceptualised” educational
ethnography “includes studies of enculturation and acculturation from
anthropology, studies of socialisation and institutionalised education from
sociology and studies of sociocultural learning and cognition, of child and

adult development from psychology” (p.13). The latter of these types of
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study encompassed by educational ethnography considers aspects of
students’ learning that reflect the objectives of this thesis. The purpose of
educational ethnography is described as being “to provide rich, descriptive
data about the contexts, activities, and beliefs of participants in
educational settings”, which can be used for evaluative studies, purely
descriptive studies or for theoretical enquiries such as in this research
(Goetz and LeCompte, 1984, p. 17). In conducting an ethnographic
theoretical enquiry, the researcher repeatedly ‘tests’ an emergent theory of
culture or social organisation by evaluating various questions, methods
and interpretations. The ultimate goal of this critical analysis is to provide
a theoretical explanation that encompasses all of the data and provides a
comprehensive picture of the complex meanings and social activity
(Eisenhart, 1988). The findings of such ethnographical studies may thus
shed light on ways to improve practice (ibid).

Educational ethnographers are interested in the processes of teaching and
learning; the intended and unintended outcomes of observed patterns of
interaction; the relationship between certain educational actors, such as
parents, teachers, and learners; and the sociocultural contexts within
which ‘nurturing’, teaching and learning occur (Goetz and LeCompte,
1984). These areas of interest certainly resonate with the focal points of
this research. In essence, the worlds of individual teachers, students and
administrators are documented for “unique and common patterns of
experience, outlook, and response” (p.31). Ball (1993) argues that the
tradition of ethnographic research implies a need for the researcher to
search consciously for meaning, to suspend any preconceptions and to be
oriented towards discovery. The researcher has to interpret the situation
and then vary his or her action accordingly. Ball believes that the process
of ethnography is thus defined by the self-conscious engagement of the
researcher within the world that is being studied. In the following
diagram, figure 4.1, he offers a heuristic representation of the

ethnographic research process:
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Figure 4.1: A Heuristic Representation of the Ethnographic Research
Process (Ball, 1993, p. 34)

Goetz and LeCompte (1984) suggest that the results of educational
ethnography contribute to the improvement in educational and school
practice in several ways. In particular, ethnographical research can enable
connections to be made between research activity, educational theory and
pragmatic concerns. This occurs through the ethnographer’s focus on the
life world and perspective of those involved, which can confirm the reality
experienced by educators and demonstrate concretely any relationship
between theory and practice. Indeed, Hammersley and Atkinson (1983)
suggest that “the value of ethnography is perhaps most obvious in relation
to the development of theory” (p. 23). The flexibility of ethnographical
research means that “the strategy and even directions of the research can
be changed relatively easily, in line with changing assessments of what is
required by the process of theory construction”, leading to effective and

economic development of emergent theories (p. 24).

Eisenhart (1988) argues that the ethnographic researcher does not merely
adopt the views of those being studied. On the contrary, the researcher
must also “be able to step back from the immediate scenes of activity and
to reflect on what is occurring from the perspective of someone who is
aware of other systems and of theoretical perspectives on socio-cultural

systems” (p. 105). In general, the data obtained represent educational
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processes as they happen and the outcomes of these processes are
reviewed within the “whole phenomenon” (ibid). Events are not isolated
from one another. The ethnographer is seen as the “essential research
instrument” (Wolcott, 1975, cited in Goetz and LeCompte, 1984, p.101)
and his or her role as a data collector must ‘mediate’ all the other roles
that are undertaken (ibid).

Doerr and Zangor (1999) propose that most of the existing studies on
graphical calculators are quasi-experimental in design and give little
insight into how and why students use graphical calculators. They believe,
as is the view taken in this thesis, that the “psychological and sociological
aspects of learning are co-ordinated as an active process in which students
reorganise their thinking through their interactions in the social context”
(p- 266). This social context includés the tools and repfesentation systems
that are shared amongst the students and teacher. Both the teacher and the
students are seen to construct the meaning and the role of the graphing
calculator as a tool for mathematics learning. This occurs through their
“interactions, communications and shared use of the tool” (p. 266).
Consequently in seeking to study the role of the teacher and the patterns
and modes of graphing calculator use in the classroom, Doerr and Zangor
advocate the use of qualitative research methods, which would certainly
seem to fit within a socio-cultural framework. Ethnographic methods in
particular were chosen in this thesis with the aim of illuminating the
mediational role of graphical calculators in students’ learning and to
gradually develop a theoretical interpretation that accounts for all of the
data.

Ethnographic methodology has produced some influential studies.
However, there are potential weaknesses that have to be considered and
addressed by the researcher when choosing to undertake any particular
type of research. When compared with the results of scientific enquiries
the findings of ethnographic studies have been considered by many

researchers as unreliable, as lacking in validity and generalisability (Goetz
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and LeCompte, 1984). To counteract this criticism, some advocates of
ethnography claim that such measures are irrelevant, since the goals of
ethnographical research are essentially descriptive and generative, rather
than concerned with verification and generalisation (ibid). Yet the fact
remains that internal and external reliability and hence credibility can
cause problems for ethnographers. Ethnographers are interested in the
search for locally and personally relevant meaning and organisation within
the settings and situations of the study and from its participants. In this
way, they regard social scenes as being located in a particular time and
space and their task is thus to communicate the specific characteristics of
the scene being studied (Eisenhart, 1988). As a consequence,
ethnographical studies “do not lend themselves easily to replication in
other settings or by other researchers” (p. 108). However, Eisenhart
(following Goetz and LeCompte, 1984) insists that “ethnography can and
should be made replicable” (p. 108). She proposes that this could be
achieved through researchers providing careful and thorough descriptions
of:

1. the choice and use of settings and the people in the study;

2. the social conditions under which the study takes place;

3. the role and status of the researcher in the study;

4. the theoretical or analytical constructs used to guide data collection
and analysis;

5. the data collection and analysis procedures.

In this manner, Eisenhart suggests that problems with external validity
through comparability across groups can also be overcome by facilitating
these comparisons to be made by other researchers. However, whilst every
effort has been made to include such details in this thesis to enable other
researchers to derive particular insights and transfer ideas from the context
of this research, it is doubtful as to whether replication could actually be

achieved and whether in fact this would be desirable.

80



On the other hand, internal validity is seen as a strong point of
ethnographical research, since the researcher is thoroughly engaged in the
world of the participants. In addifion, ethnographers “carefully describe
and account for factors that may affect the internal validity of their
information” (Eisenhart, p. 109). These factors include the historical
context, the selection of settings and people, the maturation and morality
of informants, and observer reactive effects, which accounts for any
personal bias. A particular area of concern is the “possibility of drawing
erroneous conclusions from spurious relationships in the data” (p. 109).
The ethnographer addresses this concern, as has been undertaken in this
thesis, by attempting to trace all possible relationships within the data
until he or she is satisfied that the conclusions are internally valid.

4.3 Methods for Data Collection

Eisenhart (1988) outlines four main methods of data collection that are
used in ethnographic studies: participant observation, ethnographic
interviewing, searching for artifacts and researcher introspection, each of
which have been adopted in this research. Of these techniques, Eisenhart
regards participant observation as the most important, as ethnographic
research depends upon the active and personal involvement of the
researcher in the collection and analysis of data. Distinct social groups are
believed to “construct coherent systems of beliefs and actions from
intersubjective meanings” (p. 103). This implies that outsiders may not be
able to access the ways in which beliefs and actions make sense to
insiders, since intersubjective meanings are implicit. As a consequence, in
order for a researcher to understand human activity, he or she must firstly
make a commitment to enter actively into the worlds of interacting
individuals. In effect, the researcher needs to be involved in the activity as
an insider and to be able to reflect on the observations as an outsider
(ibid). The degree of participation and observation is dependent on the
context of the research and the researcher’s aims. Figure 4.2 shows the
different roles that the researchers can adopt (Junker, 1960 from
Hammersley and Atkinson, 1983, p. 93).
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Fieldwork

Comparative involvement: Comparative detachment:
subjectivity and sympathy objectivity and sympathy
Participant as I III Observer as
Observer Participant
Complete I IV Complete
Participant Observer

Figure 4.2: The Theoretical Social Roles for Fieldwork.

The principles of ethnography have governed the whole approach to
carrying out the classroom-based research, from the choice of methods of
enquiry, to the way in which each episode has been interpreted within the
world of the participants. In this research, the role of participant as
observer (type 2 in figure 4.2) or ‘teacher-researcher’ was assumed. This
entailed outlining a plan of action for each lesson, teaching the students
how to use the graphical calculators, helping the students with any
problems that they experienced whilst using them, dealing with any
conceptual difficulties, giving feedback to the students and general
management of the classroom. In addition, time was spent recording field
notes, administering the questionnaires, discussing the use of the
technology informally with both staff and students, interviewing students

and audio/video taping student interaction.

In addition to the four key means of obtaining primary data in
ethnographic research, other research methods are often used, such as
surveys, observation schedules, etc and these techniques provide a basis
for triangulation. Previous studies indicate that research that combines
qualitative interpretation with the quantitative experimental approach can
make effective use of the most valuable features of each. For example,
Cohen and Manion (1994) argue that by studying a social setting from
more than one stand point, using both quantitative and qualitative data, the

complexity and richness of human behaviour can be more fully explained.
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Heid (quoted in Olive, 1992) suggests that such a combination is needed
to characterise the changes in the delivery of school mathematics in a
technology rich environment. Similarly, Kynigos and Argyris (1999)
employed an ethnographic approach, combined with quantitative methods
to trace the variety of roles and activities undertaken by teachers and
students when using computers. In their study, the types of roles and
interventions were allowed to emerge from the data. In other words, their
data was not used to test a pre-determined hypothesis. With this in mind,
quantitative methods have been adopted as appropriate and have been
used to inform and support qualitative interpretations. These have
consisted of simple quantitative analysis of the students’ questionnaire

responses and their work.

Denzin (1988) contends that since the social world is socially constructed,
and its meanings are constantly changing, to both the observer and those
observed, “no single research method will ever capture all of the changing
features of the social world under study” (p. 512). Consequently, he
recognises a need for triangulation and distinguishes between four basic
types: data triangulation, investigator triangulation, theory triangulation

and methodological triangulation.

Data triangulation encompasses three sub-categories of triangulation: time
triangulation consisting of cross-sectional and longitudinal designs, space
triangulation involving cross-cultural techniques and combined levels of
triangulation which deal with the individual, the interactive (groups) and
the collectives (organisational, cultural or societal). Investigator
triangulation involves multiple, as opposed to single observers. Theory
triangulation incorporates different theoretical perspectives in the
interpretation of a set of data. Methodological triangulation consists of a
combination of multiple observers, theoretical perspectives, sources of
data and methodologies within a single investigation. This study has made
use of theoretical triangulation and data triangulation in dealing with

individual, interactive and cultural aspects. Throughout the whole process
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of data collection, emphasis was placed on achieving the triangulation of
results through employing different methods of data collection and

analysis and in gaining the perspectives of both the students and teachers.

Goetz and LeCompte (1984) argue that the choice of techniques used for
ethnographic data collection involves the consideration of available
alternatives, with continual re-examination and modification of decisions.
Ethnographic data can be recorded through the use of tape recorders, film
or videotapes, photographs, field notes, written records, questionnaires
and diaries (ibid). Hammersley and Atkinson (1983) stress that the
methods of enquiry must be selected according to the purposes of the
research. Furthermore, Eisenhart (1988) proposes that the methods used to
investigate social and meaning-making experience “must be modelled
after or approximate it” (p. 102). The ongoing process of data collection
and analysis may significantly influence the direction of the research and
the future data collection procedures. The course of ethnography cannot
be predetermined and the research design should be a reflexive process
operating throughout every stage of a project (Hammersley and Atkinson,
1983). The design of ethnographic research is strengthened by the number
of perspectives that are represented (Eisenhart, 1988).

The ethnographic methods used for data collection in this thesis are

summarised in figure 4.3.

Data Collection Techniques

Participant as observer
Researcher introspection

Audio recordings and transcripts
Video recordings and transcripts
Assessment of students’ work
Interviews

Questionnaires

Triangulation

Figure 4.3 Data Collection Techniques

84



The use of these research methods, however, varied from one phase of the
research to the next. The data collection techniques used in phase one
consisted of: '

e participant as observer

e researcher introspection

¢ audio recordings and transcripts
e assessment of students’ work

e questionnaires

e triangulation

In addition to these techniques that were developed during the first phase,
phases two and three also made use of:

e video recordings and transcripts

e interviews

The first phase of the research consisted of the exploratory study and the
initial development of the core classroom materials and approaches, which
were designed to promote students’ understanding of functions using
graphical calculators. These materials were then trialled at Ashby school
and feedback was obtained from the students via post-trial questionnaires,
informal discussions, audio recording, and through the assessment of their-
written work. Members of staff were given the opportunity to offer their
perspectives by means of post-trial questionnaires and informal
discussions. This feedback from the students and staff and the
observations made by myself during the lessons contributed towards
achieving triangulation. The findings from phase one of the research are

presented in chapter five.

Following preliminary analysis and interpretation of the data collected
during the first phase and a period of reflection on the initial findings, the
second phase began with refinement and further development of the

85



classroom materials. Data was then collected from Anderson College and
subsequently analysed and interpreted. During the second phase some
additional techniques for data collection were used. Feedback was
obtained from the students by means of a pre-trial assessment, pre-trial as
well as post-trial questionnaires, semi-structured interviews and video
recording. In addition audio recording focused on whole class rather than
small group work. Feedback was obtained from staff using the same
techniques as in the first phase. Chapter 6 details this phase of the study.

The third and most substantial phase of the research involved returning to
Ashby school and was concerned with introducing the concept of
functions to a new group of year twelve students, using the graphical
calculator. This phase of the research led to further development of the
theoretical framework adopted in this study and consequently, a greater
emphasis was given to the theoretical implications of the findings than in
the previous two phases. This third phase of data collection also involved
more intensive use of video and audio recording of whole class and small
group interaction, in addition to the continued use of the other data
collection techniques developed in phase two. As in the previous trial the
student interviews were audio taped and these along with all other audio
and video recordings were consequently fully transcribed. In both of these
phases, where appropriate, video and audio transcripts included
descriptions of what was happening during the discourse in terms of
accompanying student or teacher actions and their intended meanings.
Chapters 7 and 8 represent the findings from this phase. Data collection
and analysis proceeded together throughout these periods of study, as
outlined by Eisenhart (1988). Table 4.1 summarises the background
details of each phase.
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Table 4.1 Background to the Three Phases of the Research

Background Phase 1 Phase 2 Phase 3
Data collection period February June 1998 October-
1998 November 1998

School/College Ashby Anderson College Ashby

School School
Number of students 13 6 17
Mathematics level GCE GCE Advanced GCE
studied Advanced Further Advanced
Graphical calculator TI-92 TI-92 TI-82
used
Prior experience of Only 1 All 6 students Only 2 students
graphical calculators student regularly used

graphical calculators

4.4 Data Analysis

4.4.1 Overall Approach to Data Analysis

Eisenhart (1988) describes various systematic procedures that are
available for analysing ethnographic data, which are each designed to
identify the meanings held by the participants and researcher and to
organise these meanings so that they make sense both internally and
externally. In essence, ethnographic analysis consists of text-based
procedures for assuring that the views of the participants and researcher
remain distinct and that all aspects of material are accounted for. In
general, these procedures involve defining ‘meaningful’ units of material
which are either meaningful to the participants and/or researcher and
comparing units with other units. Units that are alike are then grouped
together in categories and these categories are compared with each other
and the relationships between them espoused. The various categories and
their interrelationships are then considered and reconsidered in light of old
material and as new material is collected. As such, at each trial the focus
of data collection and analysis is shifted slightly to allow different features
to be addressed and different possible explanations to be considered.
These themes are then considered in light of existing socio-cultural
theories. This occurs once all the components of the data have been
organised into plausible categories, or ‘constitutive rules’, that if used by
an outsider would allow him or her to make sense of the participants’

world in the same way they do.
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The overall approach to data analysis in this study has followed the
systematic procedures outlined above and as a consequence various
categories have emerged from the data which are firmly grounded in the
research. For example consideration of the data from all three phases of
the research highlighted the fact that in each case there were some
students who appeared to be overly reliant on the results produced by the
technology. Thus, ‘dependency’ on the graphical calculators became a
major category of analysis, which was further refined as the study
progressed. The on-going process of defining and re-defining categories
has subsequently formed an important part of the methodological
approach to analysing data adopted in this study, which has also been
influenced by the work of Erickson reported by Eisenhart (1988).
Erickson describes a procedure for developing assertions about “what’s
going on”. This is a process that involves searching the data for
confirming and disproving evidence, thereby producing an ‘evidentiary
record’ to warrant the acceptance of certain assertions. Assertions that are
substantiated are then interpreted in relation to existing and emergent
theories. Following Erickson, this research has involved the systematic
search for an accumulation of evidence to support assertions that have
been made and theories that have emerged.

4.4.2 Specific Data Analysis Techniques

4.4.2.1 Analysis of the Individual Aspects of Graphical Calculator Use
Berger (1998) recognises that despite the potential and importance of the
graphical calculator, there is insufficient literature devoted to explaining
and/or understanding how this tool functions in relation to the learner. To
address this imbalance, she puts forward an interpretative framework for
analysing the relationship between the learner and the graphical calculator
based on Vygotskian psychology. The study that she reports has clear
parallels with the research objectives of this thesis and is primarily
concerned with interpreting how the graphical calculator and its sign
systems mediate the learning process of a mathematics student. Of

particular significance is Berger’s interpretation of the notions of
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‘amplification’ and ‘cognitive reorganisation’ effects arising from the use
of technology. Within a Vygotskian framework, the amplification effects
of the graphical calculator are seen to ‘amplify’ the zone of proximal
development by removing cumbersome and time-consuming tasks from
this zone, thereby creating more space for the user to perform
conceptually demanding tasks with greater effectiveness and -ease.
Cognitive reorganisation effects are interpreted as systematic changes in
the consciousness of the learner, which occur as a result of interaction
with a new and alternate semiotic system. These ideas have been used to
interpret individual aspects of the use of graphical calculators in this study
and the results of this part of the analysis are presented in sections 5.2.1,
6.2.1, and 7.2.1 of chapters 5, 6 and 7 respectively. The analysis of data in
this thesis has thus involved identifying and explaining evidence for
amplification and cognitive reorganisation effects occurring and
postulating possible relationships between the two. This has been
undertaken in each phase in an attempt to ascertain, like Berger, how the
graphical calculator might function in relation to a specific learner. For
example, Robert’s learning with the graphical calculator in relation to the
amplification and cognitive reorganisation effects will be considered in
depth in section 6.2.1 of chapter 6.

A complementary framework that has provided an additional means of
focusing on the individual student’s use of graphical calculators within the
whole classroom community is the notion of local communities of
practice developed by Winbourne and Watson (1998). Winbourne and
Watson identify six necessary features of a local community of
mathematical practice, which were outlined in chapter 3, section 3.1.3.
These key features have been used to identify the existence of local
communities of practice in the data from this thesis, which are regarded as
environments that are conducive to learning mathematics with graphical
calculators. According to Winbourne and Watson, individual students
derive meaning from the positions that they occupy within the local

community of practice and this in turn determines their success as learners
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and contributes towards the creation of shared knowledge. Their
framework has thus been applied to the transcript data from the second
and third phases to shed light on the way in which the behaviour of
individual students may affect the shared construction of meaning and
how their roles develop through use of technology. This is discussed in
sections 6.3.2, 8.1.4 and 8.1.5 of chapters 6 and 8.

4.4.2.2 Analysis of the Social Aspects of Graphical Calculator Use

Notions developed by Teasley and Roschelle (1993) were used to analyse
the interaction between the students and the teacher-researcher in phases
two and three, the results of which are discussed in sections 6.3 and 8.1 of
- chapters 6 and 8. These ideas were developed in relation to a Vygotskian
framework and their study was concerned with exemplifying the use of
the computer as a cognitive tool for learning that occurs socially. They
maintain that “cognitive representations are built through social

interaction and activity, in addition to individual cognition” (ibid, p. 230).

Teasley and Roschelle propose that social interactions in the context of
problem solving activity occur in relation to a Joint Problem Space (JPS).
They maintain that the JPS is a shared knowledge structure that supports
problem solving activity by integrating (a) goals, (b) descriptions of the
current problem state, (c) awareness of available problem solving actions,
and (d) associations that relate goals, features of the current problem state

and available actions.

In their model collaborative problem solving consists of two concurrent
activities, solving the problem together and building a JPS:

Conversation in the context of problem solving activity is the process by which
collaborators construct and maintain a JPS. Simultaneously, the JPS is the
structure that enables meaningful conversation about problem solving to
occur. Students can use the structure of conversation to continually build,

monitor and repair a JPS. (Teasley and Roschelle, 1993, p. 236)
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They do acknowledge, however, that the overlap of meaning in the
collaborators’ common conception of a problem is not necessarily
complete or absolutely certain. Yet, this overlap is sufficient to allow
students to gradually accumulate shared concepts and to permit
convergence on certainty of meaning (ibid).

The analysis of the transcript data thus involved finding evidence for the
construction and maintenance of a JPS as well as identifying certain
‘categories of discourse events’ that Teasley and Roschelle have outlined.
These include ‘turn taking’, °‘collaborative completions’, ‘repairs’,
‘narrations’ and the combined use of language and action (see sections 6.3
and 8.1, chapters 6 and 8). These represent strategies that collaborators
have for: (i) introducing and accepting knowledge into the JPS, (ii)
monitoring ongoing activity to recognise any divergence in shared
meaning, and (iii) rectifying misunderstandings that impede the process of
collaboration.

Communication between individuals follows a well-specified form of
‘turn taking’, which is generally comprised of discourse units such as
questions, acceptances, disagreements, and repairs. The flow, content and
structure of turns provide an indication of whether the participants in a
conversation understand each other. Teasley and Roschelle propose that
during periods of successful activity, students’ conversational turns build
on each other and that the content of these turns contributes to the joint
problem solving activity. Looking for evidence of successful collaboration
between students using graphical calculators in this thesis therefore
involved close examination of the quality of individual students’ turns in
the discourse. This in turn involved identifying instances of student
initiation of the discourse, student acceptance of arguments and cases of

students performing ‘repairs’.

Teasley and Roschelle describe ‘repairs’ as strategies used by students in
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an attempt to reduce conflict by resolving misunderstandings. This
conflict arises because the process of collaboration also involves periods
of individual activity and consequently there are periods of conflict where
individual ideas are negotiated with respect to shared work. Repairs are
seen to be the main means of achieving and consolidating understanding
and managing the mutual intelligibility of the collaborative problem
solving activity. Without successful repairs, breakdowns in mutual
intelligibility continue for longer periods.

Evidence was also sought for instances that involved ‘collaborative
completions’ between students, where one partner’s turn would begin a
sentence and the other partner would use their turn to complete it. Teasley
and Roschelle identify one particularly effective form of collaborative
completion, which they refer to as a ‘socially distributed production’. This
consists of a compound sentence of the ‘if-then’ form, where the
antecedent and consequent are produced in separate conversational turns,
providing the opportunity for partibipants to accept and repair conditional
knowledge. By collaborating in this way, multiple opportunities arise for
partners to contribute towards the construction and verification of a new

piece of shared knowledge.

A further category of discourse event that was identified by Teasley and
Roschelle and was similarly used to classify interaction in this thesis is
‘narration’. Narration serves as a verbal strategy that enables discourse
partners to monitor each other’s actions and interpretations. In this way
narration informs one’s partner of intentions which correspond to actions,
which in turn enhances the partner’s opportunities to recognise differences
in shared understanding. Continued attention to narration and
accompanying action can signal acceptances and shared understandings,
whereas interruptions to narratives create an immediate opportunity to

rectify misunderstandings.

Whilst there are numerous examples of narratives in collaborative activity,
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students are not wholly dependent on language to maintain shared
understanding. Teasley and Roschelle propose that there is a major role
for the computer in providing a context for the production of action and
gesture, which in turn supports collaborative learning. Action and gestures
can both serve as presentations and acceptances and their simultaneous
production by separate partners can produce an effective division of
labour. Analysis of the video recorded data in this thesis thus paid
particular attention to the combined production of narrations, actions and
gestures.

4.5 Summary

The aim of this study has been to identify and examine how the use of
graphical calculators mediate student’s learning of functions. In order to
achieve this aim, the research has considered three inter-related aspects of
this research question. Firstly, to investigate how students acquire
meaning within a graphical calculator environment. Secondly, to examine
the ways in which the visual representations provided by the graphical
calculator acts as a tool in mediating the development of students'
understanding of functions. Thirdly, to investigate how the teacher can
effectively mediate the students’ use of graphical calculators. The purpose
of this chapter has been to outline and justify the methodological

approaches and research methods that were chosen to carry out this study.

The research conducted in this study has consisted of three distinct phases,
which have each entailed small scale (in terms of the number of students
involved and the time frame) and detailed ‘studies of singularities’
(Bassey, 1995). The first phase consisted of the exploratory study in
which inexperienced users’ initial experiences with graphical calculators
were explored. The aims of this phase were necessarily broad to allow
areas of particular interest to emerge from the data, which then provided
focal points for phase two. In addition, in order to extend, build on and
make contrasts with the findings of phase one the second phase involved

experienced graphical calculator users and the way in which they derived
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meaning for functions. In the final phase, the concept of functions was
introduced to a beginning group of year twelve students using the
graphical calculators and involved a microanalysis of the resulting
classroom interaction. This was intended to shed light on the personal and
social factors that contribute towards students’ understanding of functions

with graphical calculators.
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CHAPTER S
EXPLORING HOW GRAPHICAL CALCULATORS
MEDIATE INEXPERIENCED USERS’
UNDERSTANDING OF FUNCTIONS

5.0 Introduction

The main purpose of this research study has been to explore how
graphical calculators mediate students’ understanding of functions.
However, within this aim, there were other subsidiary concerns. Some of
these were related to cognitive factors such as the amplification and
cognitive reorganisation effects of the technology and its impact on
visualisation; others pertained to affective factors such as confidence and
collaborative problem solving. There were also further issues concerned
with the technology itself. The organisation of this chapter reflects these

concerns.
The purposes of the initial study were to:

o explore whether students with no previous experience of using
graphical calculators would be able to use this technology to further
their understanding of functions and how this might occur,

e assess the suitability of early materials and approaches, designed to
promote students’ understanding of functions,

¢ elicit preliminary reactions to the use of technology,

e establish a framework for further data collection.

This chapter reports the findings of this exploratory study and is structured

as follows:
e Background to the research (5.1).

e Cognitive factors in students’ use of graphical calculators to
understand functions (5.2).
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o Affective factors which contribute towards students’ learning of
functions (5.3).
e Conclusions (5.4).

e Implications for subsequent phases of the research (5.5).

5.1 Background to the Research

The initial classroom trials were carried out at Ashby school, a Roman
Catholic mixed comprehensive school in Sheffield educating
approximately 1000 pupils, in the 11-18 age range. The school is situated
in a socially advantaged area, but draws its pupils from a much wider
geographical area. Prior to this research study, the researcher had spent
two years teaching mathematics in this school. It was apparent that there
was a growing interest in developing the use of technology, and
particularly graphical calculators, within mathematics lessons. The
familiarity with students, staff, departmental policies, syllabuses and
existing technologies facilitated the integration of the researcher into the

school and classroom.

5.1.1 Structure of the Exploratory Study

The exploratory study took place over a period of six hours (three two-
hour sessions) during February 1998 and involved a Year 12 GCE
Advanced level mathematics group. Table 5.1 outlines the classroom

activities that took place during this trial and those who were involved.
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Table 5.1 Structure of the First Research Session

Research Activities Timing | Students | Staff
1. Teacher-researcher introducing the 1hr (n=13) | Teacher (Mr Doors)
graphical calculator to students. This | 15mins | Carl, Lea, | present as an
included how to graph and trace May, Jan, | observer.
individual functions and exploration Kurt, Guy, | Research Colleague
of the table menu, viewing window, Pat, Don, | (James Green)
zoom menu and maths menu. Sally, Sue, | audio recording
2. Students attempting the introductory | 45mins Diana, five pairs of
exercises in small groups. Emma, students as they
_ _ Betty. attempt the
3. Homework: introductory questions N/A introduct
not completed in class mrocuctory
p : exercises together.

Table 5.2 Structure of the Second Research Session

Research Activities Timing | Students | Staff
1. Further demonstration by the 35mins | (n=11) Teacher (Mr Irons)
teacher-researcher of particular uses Carl, Lea, | present as an
of the technology, namely graphing May, Jan, | observer.
families of curves, performing series Kurt, Guy,
of transformations and drawing the Pat, Sally,
inverses of functions. Diana,
2. Small group work on the main trial 1hr Emma,
exercises: graphing functions using | 25mins | Betty.
the TI-92.
3. Homework: questions from the main | N/A
exercises.
Table 5.3 Structure of the Third Research Session
Research Activities Timing | Students | Staff
1. Students continue working on the lhr (n=13) | Teacher (Mr Irons)
main trial exercises. 35mins | Carl, Lea, | present as an
May, Jan, | observer.
Kurt, Guy,
2. Post-trial questionnaires on the role | 25mins Pat, Don,
of the technology completed by the Sz}lly, Sue,
students and two members of staff. Diana,
Emma,
Betty.

5.1.2 Design of Research Materials

The classroom materials used in this phase were designed with the aim of
promoting the development of students’ understanding of functions using

graphical calculators in the GCE Advanced level mathematics classroom.
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These materials included an introduction to the graphical calculator and its
applications and questions intended to familiarise students with the
various functions of the calculator. These were followed by a sequence of
main exercises designed to draw out their visual abilities and to develop
key skills in understanding the concept of function (see appendix A).

These exercises featured questions that involved:

e graphing functions,

e exploring and identifying the effects of transformations,
¢ finding inverse functions,

¢ solving equations - graphically and algebraically,

e investigating trigonometric and logarithmic identities.

The structure of each research session was influenced by the view that
wherever possible different modes of representation should be combined
in order to allow a more holistic view of functions to be developed. The
majority of the questions required the students to use both visual and
symbolic representations. The post trial questionnaires were devised to
gauge preliminary reactions of both the students and the staff to the use of

the graphical calculator and can be found in appendix A.

5.1.3 The Participants

The group of students who participated in this trial consisted of thirteen
students, five male (Carl, Don, Kurt, Pat and Guy) and eight female
(Betty, Sally, Diana, Emma, May, Jan, Lea and Sue). All of these students
except one (Carl) had previous knowledge and experience of dealing with
functions at A level, although only one of them had used a graphical

calculator before (Emma).
Each student was given a graphical calculator, a Texas Instrument TI-92,

although generally, they worked together in pairs (of their own choosing)

sharing ideas during lesson time. Students were also regularly encouraged
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by the teacher-researcher to share their findings with the class by using the
overhead projector set-up. After the first two sessions, they were given
questions for homework and each took a graphical calculator home for

this purpose.

The two teachers who shared the responsibility for this group of students
observed each of the sessions in turn and frequently interjected with the
students, discussing both the mathematics and the use of technology. The
support of James Green, a research colleague was also gratefully received
and he assisted in the collection of data by audio taping student
interactions during the first lesson and in helping students to get to grips
with using the technology. Teacher intervention occurred whenever the
students experienced problems with the technology or in understanding
particular questions.

5.2 Cognitive Factors in Students’ Use of Graphical
Calculators to Understand Functions

In order to determine the influence of graphical calculators on cognitive
factors, data was analysed from three sources: (i) post-trial questionnaires
administered to the students, (ii) individual students’ work, and (iii) post-

trial questionnaires completed by the staff.

Utilisation of post-trial student questionnaires provided substantial insight
into the way in which use of the graphical calculator had influenced the
students’ thinking about functions. This was further elaborated through in-
depth analysis of the students’ work. In addition, the set of post-trial staff
questionnaires shed light on the teachers’ perceptions of how the graphical

calculator affected students’ thinking.

The findings that pertain to cognitive factors have been subdivided into

the following themes:
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e amplification and cognitive reorganisation,

e graphical calculators and dependency,

e graphical calculators and students’ understanding of functions,
e graphical calculators and visualisation,

e the relationship between symbolic and visual modes.

5.2.1 Amplification and Cognitive Reorganisation

Analysis of the students’ questionnaires revealed that ten of the students
considered the speed, ease and accuracy by which the graphs of functions
could be drawn as the main advantages of using the graphical calculator.
Typical responses to the question “how important, in your opinion, is
technology in the A level mathematics classroom?” were:

Guy: Technology is important because it saves time on menial tasks so more
time may be spent on other areas.

Lea: Technology is important as it allows you to investigate functions quickly
and correctly. It saves you wasting time that could be spent on harder tasks.

Similar responses were offered to the question “what do you consider to
be the main advantages of using the graphical calculator?” as typified by
Carl’s comments:

Carl: Having immediate graphs and being able to work out intersections,
along with maximum and minimum values with the press of a button.

These factors are examples of what are known as the amplification effects
of the technology (Berger, 1998) which are short-term consequences that
are directly and immediately experienced by the student whilst using the
technology. Thus, students who are using the technology for the first time
are extremely aware of the instant and very visible benefits of
amplification and consequently, as in this case, these are more likely to be
seen as major advantages. Guy, Lea and Carl all refer to the amplification
effects of the technology as factors that have contributed towards the

development of their understanding in this area.
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The staff questionnaires revealed that Mr Irons and Mr Doors also
recognised the tangible benefits of the amplification effects of the
technology. They regarded the main advantage of using the graphical
calculator as the tremendous variety of functions that could be explored.
In addition, Mr Doors also recognised the potential of using technology to
introduce more generality to the topic being considered. When asked if he
saw any potential for using the graphical calculator in his classroom, he

responded:

Yes. I would aim to use it to quickly produce calculation diagrams, graphs and
key features of functions, so that we could comment more generally on the
mathematical structure of the topic being looked at.

Berger (1998) interprets cognitive reorganisation effects as long term
changes in the consciousness of the student, which may result in the
student using mathematical concepts either more meaningfully or
differently due to the use of the technology. Only three of the students
referred to cognitive reorganisation effects in their questionnaire
responses as main advantages of using the technology. One student, May,
hinted that using the technology enabled her to look at mathematical
concepts in a different way. In response to the question “how important, in
your opinion, is technology in the A level mathematics classroom?” she

replied:

I think it is quite important to have access to technology as it gives another
way of seeing the ideas behind certain theories and rules in maths, some of
which can be quite hard to picture yourself.

However, the majority of these students appeared to be focusing on the
short-term gains that arise as a result of amplification, which are more

apparent, as the main benefits of using the technology.

In contrast, Mr Doors saw a connection between the amplification and

cognitive reorganisation effects. This was clearly illustrated in his
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