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ABSTRACT

Daring the past two decades, the dual development of the
Generalised Discrete Methods of numerical analysis and the electronic
digital computer has had an enormous impact on the field of |
engineering analysis, Its influence has been particulaily evident in
the field of linear structural analysis. The success of these
methods, particularly that of the Ritz Finite Element Method, has
aroused growing interest in their utilisation in the field of fluid
mechanics, The proposed study is concerned with the gpplication of
a Generalised Discrete,kor Finite Element, method of analysis to
free turbulent jet flows, ..

This prpblem was considered to be appropriate for several
reasons, Firsty, a jet of fluid entrains and mixes with another fluid
in a number of important engineering applications, Examples of these
are legion and include their utilisation in the combustion chamber
and other components of the reaction engines; the control of boundary
layer seperation, film cooling in rocket and jel engines, various
fluidic devices, ejector pumps and gas burners, Second, besides
being of practical engineering significance; the free turbulent jet .
- represents the simplest form of turbulence in which the effects of
viscosity due to the presence of a solid wall have no influence.
Third, the assumpitions of modest non-homogeneity and high Reynolds
number made in the proposed model of turbulence aré satisfied,
Finally, there is considerable data, both theoretical and
experimental, with which to compare numerical resulis.

_ The proposed study entails the developﬁent of a standardised
nunerical approach to the solution of free turbulent jet flow
problems. Particular emphasis is placed on the free plane turbulent?d
jet from which further free jet studies may be extrapolated. Also
included are corroborative experimemntal data and results obtained

from alterngtive approaches to the problem,
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CHAPTER 1
' THE TURBULENT PLANE JET

1.1 Jet Flows

The jet has been classically defined as 'a stream of fluid
shot forward or thrown upwards (either in a spurt or continuously),
egpeciglly from a small orifice! 1”~ e This definition alone embraces
many different flow configurations. Classgification of jet flows with
. regard to four basic parameters allows for & precise definition of
spec:.f:.c types of jet flow, |

Firstly, the geometrical shape of a:jet commonly falls into
one of three catagories. The plane, or two-d1mens:monal, Jjet has an
efflux section which is effectively a long thin slot extending to
infinity in a direction orthogonal to the axis of jet flow. The
axisymmetric, or radial, jet flows from & circular orifice. The
third geometrical configuration i‘s of a three-dimensional mode and
includes those cases. which do not fall into the previous catagories.

Secondly, the boundaries of the jet flow may also be
classified in three ways. In a free, or unbounded, ;;et the boundaries
are assumed to be infinitely distant. The wall jet has one solid
boundary, all others being infinitely distant, and the bounded jet
is completely bounded in a manner commensgurate with its '
dimensionglitye.

Thirdly; the jet may be mixing mth a fluid that is stagnant,
flowing in the same direction, or flowing in an adverse direction.

Finally, the basic properties of the fluid flow, such as
whether ox not the jet is turbulent, compressible.or-heated , may
be delineateds , _

The jet flow to be considered in this study is the plane,
unbounded, incompressible, iso-thermal turbulent jet exhausting into
stagnvant: surroundings. For convenience this case will be simply
referred to in the remainder of the study as the jfurbunleat plane jet.

1.2 “The Plane Jet Topology
' The processes involved when a jet exhausts into stagnant
surroundings may be most easily understood when considered in terms



(2)

oncoming flow is steadily converted into the kinetic energy of

of the conversion of kinetic energy o The kinetic energy of the
turbulence, which in turn decays through the action of viscous
shear. A similtaneous acceleration of the surrounding fluid is
brought about by the deceleration of the jet. Thus the process
continues as the distance from the jet inoreases and, due to the
entrainment, the total rate of flow past successive sections becomes
correspondingly larger.

The process is illustrated in Figure (1) in which the
profiles represent the lateral distribution of *u?, ghg._éagn veloocity
in the X-direction. An initial gone of establishment exisits beyond
the efflux section. Due to the pronounced velocity discontinuity
between the'jet, vhich issues with uniform velocity, and the stagnant
surrounding fluid, a lateral mixing process occurs in this zZone of
high shear. As a result the fluid within the jet is gradually
decelerated and the surrounding fluid is entrained. Accordingly, the
potential core of the jet steadily decreases in lateral extent |
whilst the breadth of the jet, 'b',; incressges with the distance from
the efflux section. The structure of the potential core was ¢.imr:x: '

(3)

mixture of iodine and starch flowed into a region of sodium -7:lc.:nl

demonstrated by Binnie whp set up an experiment in which a jet
thiosulphate. The desp blue colour of the jef mixture was instantly

" ennihilated on contaoct with the sodium thiosulphate.leaving the
coloured zone clearly visible, The limit of the zone of establishment
occurs when the mixing rogion has penetrated to the centre~line of
the Jjet. - )

The fully established gone of flow ocours when the
turbulent regime extends ecross the full breadth of the jet. Further
entrainment of the surrounding fluid is balanced inertially by a
continuous reduction in the velocity of the 'jet. This region was
also demonstrated by Binnie by the introduction of black dye into
the jet fluid 3 o This zone approaches, but never actuzlly attainss
a limit as the centre~line velocity becomes of negligible magnitude
at g very great distance from the: original efflux section of the Jjet.
The process of entrainment is illustrated schematically in Figure (1)
in which the streamlines represent the mean motion of the fluid.( G ).‘
It should be noted that although the direction of entrainment is
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conventionally accepted to be an angle of 90° to the jet axis,
it has been obsgerved to vary from this i’igureM).'

. Between these two well-defined flow regimes there is a
transition zone. It owes its Being Yo the faot that there is no
precise point at which the mixing regions from opposite sides of .-
the jet can be sald to meets for the statistical natlure of %he ‘
process makes it impossible to place more than an arbitary limid on
its lateral range. . .

Similarly, the free boundaries, like the boundaries between
the two gonesy, must be acoepted as merely convenient nominations(Z) o
Whilst there is general agreement that the spread of the jet may be
represented by a curve increasing linearly with distance from the
efflux section, there is some disagreement relating to {the angle af
' spread, '®', A literature survey(z)( s )(:6 )( 7)( 8 )(» )(m) of
those publications from which it is possible té extract a value for
the angle of spread from either experimental results; thooretical

derivations or from their interpretation, yields a value of j
og n g ° )
12.50\ 3.6013 ecsecte (101,

The angle of spread given in Figure (1) and later adopted for the
numerical work is 14.04°, which gives ;

i = arcta.n(l/4) A seeccec (102)

end is in good agreement with the géneral conceneug, The rate of
spread of the jet is more commonly given in terms of 'ﬁ', the
half=angle,  where }

| B.= arctan(Y]y o/X) ceerece (1s3)

vhere 'Y| ' is the ordinate at which the velooity is half the
mavimun velocity for any given valus of X, ‘The range of vslues to

(4)01)02)03)04)05)06), ,

be found in the literature iis g
SOOOOéB \<.'a‘60280 ©eoovececse (104)

the mean value being in the region of 5. 700.,



1.3 The Turbulent Plsae Jet Flow Characteristios
In the mathematlcal deseription of furbulent flows,it ie
" convenient to assume that the motion consists of a mesan flow and a

(17). Let the mean velocity componants

fluctuation about the mean flow
rolative tc the Cartosien axes '%,Y,2' be denoted by 'U0,V,W , the
fluctuating velocity components by ;u,v,v{ and the total veloclity

~components by U,V ;W' respectively. Thus 3

(oY)

e U =Ue T eecoees  (305)
1  _ﬁ~3 :" Q'f._. \f, =V 4 v 7,‘,.  ? aoooc;ov {(106)
. ] o . - ;ijtu. - W.# - . X

.o;;cuoo : (107)

The tempora) mean of any quantity f(X,Y,Z,i) at timo 1,0

' denone&. bv I‘, may be def:med as 3

f.:f J‘. r at - ' : etevcece - (198)
| tg - NUFR SRR

o
g ol

- whore 'T'4s the nvriod oi‘ samnlinrr ‘whioch is sui’fv wn-tﬂy large to

include an adequate number of fluctuations but is shert compared

with ome period representitive of long term variations '
Consider now an olementary arca co—planar with ihe Y-z plane

of a turbulent fluid whose velocity compononts aro U,V ,U.’ Tho

: wperposi'cion of the fluciuations on.the mesn motion gives rise to

$hroe additional stressos ; '

.. vqrxx?? -fnz- o . 'foéocce (109)

TV EPE e (120)

T:XZ = -r>uw , B 4 ececcee (1011)
(18 ). The over=bar denoteé theo

ac%mg on the elcmentary surface
temporal mean of the relevgnt quantity a.nd'f?lis the density of the
fluid, Corresponding expressions apply in the case of elementary
arecas normal to the two remsining axes to provide a complete mtress
tensor for iturbulent flow, ' |
The siress components ‘arising through the superposition of
the fluctuations are kmom om eddy stresses. They are additional

SNl e L



tobthe viscous stresses ﬁhich arise from the much smaller scale of
random molecular movement. In two-dimensional turbulent shoar flow
in the 'X-Y' plane, the stress 'T‘ t (4he Reynolds stress) is of major
“dmportance and its magnitude is far greater than the viscous st*ese
%BU/%Y‘ - ‘At ig the fluid viscosity — or the other eddy stresses ]9)
"~ If the lateral distribution of the mean velocityy 'U'; is
‘.measured_at a number of stations along the X-axis of the joet and
:éegults are plotted together, the diagram shovn in Figure 4(2.3) is
’obtained(é’). The mean velccities deorease as the distance from the
- offlux section increases. If the same resulis are plotted ;
non-dimensionally, as in Figure (2.b), ‘they collapse onto 2 eingle
curvo(G'). The lateral dlstrlbutlon of 'U' retains the same iantlona«.
form at all downsiream locations while changing only in scale,

- ie; | . A o . o U= Umf(Y/b) 000"0000; (lng)
~—mmere 'U T is the maXimum mean velocity at gny one station and cccurs
on tho get axise. This phenomenon is knowm as 31mllar1+y(2o)a The plane

~free jet belongs to a class of flows, desoribed as selfhpreserviﬁg
flows(el), in which the whole sitruciure of the flow is similar at all

22)

streamwise staiions. The necessary conditions(f- of self-pressrvation

in the plane free jot are,

( v

o . v' ax constant : | eevsccce (1,13)
Dﬁ = constant.xfl. ' cececeo (2.14)

The decay of the cenire~line velocity ié illustrated in Figure (2.c).
t . - . :..The mermer in which the fluctna ing components are
diptributed across the jet is illustrated in Figures (3)(4) and (5).
~-fhe turbulent intensity (ie: the ratio of -the fluctuating-to -the mean
velocity) increares significantly towards the edges of the jet, as
showa in Figure (3)(15). For this reason,inaccuracies inevitably .-
ocour in measurencnts taken in this region of the jei. The lateral
digtiribution of tho non~dimensionalised fluctuating veiocity
components is illustrated in Figures (4) and (5.a) 22). The
development of similar profiles.is demonsirated in Figuré (4.8) ana

. ‘.
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it is interesting to note that 'partial self»preservation'\":“ is
exhibited in the outer region of the jet well before a complete
gimilarity of profiles is obtained.

The lateral distribution of the Reynolds stresses, -ﬁ?;', is
given in Figure (5.b )(22) , which illustrates the manner in which the
shéar stresses disappear along the symmetry boundary at the contre
of the jet. The development of the turbulent intensities along the
axis of the jet is shown in Figure (6. ) 15). Similarity of jrofiles
is attained some forty nozzle~widths down sitream of the efflux -
section, this result being slightly at variance with other
investlgatlons(l6)(22). The magnitude of the turbulent intensities
may be seen to approach the same value as the distance from the
efflui section increases, thus giving credence to the theoretical
assumptions of isotropic turbulence. '

With the occurrence of shearing and tensile or compressive
stresses, kinetic energy is withdrawn from the basic flow end
partly reappears as kinetic energy of the disordered turbuleace
motion 24 . The time average of the kinetic energy of turbulence;
k!, referred to the unit mass, may be defined as,

k = 502 + v° 4 W) cveeers  (1.15)

The lateral distribution of 'k! is illustrated non-dimensionally in

e (7)(16). The minimum at the centre is characteristic of the
plane jet and is largely due to the absence of shear stress at this
point. ) _ , A
A further characteristic exhibited by turbulent jet flows
is the phenomenon known as intermittency. Intermittancy may best be
described by postulating a flow field in which an outer region of
jirrotational flow is seperated from an inner core of fully developed
turbulence by an :irregular boundary. Thus at points approaching the
outer region of the jet, the irrotational flow is interupted by
bursts of turbulence as the irregularities of the core boundary are
carried downstream. 'A point of interest is whether the essentially
irrotational flow that exists between the turbulent bursts has a -
mean velocity equal to the free sitream wvelocity, or whether it is
accelerated by pressure forces to have a mean velocity equal to t}'aa.t
of the turbulent filuig! 16). 'Bra_dbury tends to the view expressed by

11
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Townsendy namely that the irrotational flow has the same mean
veloocity as the turbulent fluid. |

The intermittency factor at a point may be defined as the
fraction of the total time the point is immersed in the turbulent
fluid, The lateral distribution of the intermittency factor is
illustrated in PFigure (8)(16);and it may be seen to decrease rapidly
in the outer half of the jet. That is, the flow becomes‘increasingly
intermittant as the jet boundaries are approached. It is necessary,
therefore, to make allowahce for the intermittency factor when
taking measurcmenis of properties associated with turbulent flow.
For example,'quantities such as the turbulent emergy and the
turbulent shear stress are small or zero in the irrotational flow
occurring between the turbulent bursts, The measurement of these
quantities; therefore, must be divided by the intermittency factor
in order to obtain the average values within the turbulent field.

1.4 Mechanisms of Turbulence in the Plane Jet

Having established the basic properties of the jet flow, it
is necessary to account for the mechenisms from which they stem.
Many attempts have been made to provide a satisfactory explanation
of the structure of shear flow turbulence and a number of different
approaches have been proposed. The ideas currently in favour have
(25)

The basic structure of the flow may be thought of as a
develbpment of that propoéed by TOWBSGnd(IB)o This stated that it

been clearly and succinctly described by Bradshaw

congisted of a series of large eddies; whose lateral dimensions are
comparable to the width:of the flow, with the remaining flow
containing most of the turbulent motion and having g scale which is
an order of magnitude smaller than the large eddies, Energy is
passed from the mean flow to the large eddies from whence it is
passed on again to the smaller eddies by a process known as vortex
stretching(w) (27) o For a significant part of their existence the ..
large eddies dominating the flow are in emergy equilibrium, gaining
energy from the mean flow whilst losing it at an equal rate to the
remaining turbulent motion. Inergy enters the turbulence if the
vortex elements are mainly orientated in the right sense to be
-stretched by the mean velocity gradients. The part of the motion <.

13



that might be expected 10 inveract With TLE mean ILOW CONSLBLE VI
those eddies ﬁhich are not tco small in comparison with the mean

| flow width. . Thus,the larger scale_motioh carries most of the ancrgy
and the Reynolds stresses in tho turbulence. This contradicts
Townsend's original hypothesis but has been re-affirmed by Bradbury(ls)o
‘The latter ncticed a close relationship between these eddies and the
| ,intermitténcv The motion of the large oddies 3.8 such that not only
do they migrite across the flow, but they 'bravel oovmstreqm a
distance eg.u.avalent to many times its width, For this reason
transport equations are required for en adequate description of the
furbulent motion,; since the ‘Rey,nolds stress at any given position
depends significantly upon the upstream history(25 ). o '

_ By relating the terms in the transport equations to the
 processes they represent (eg; energy dissipation), and the mechsnisms
‘asso¢iated with them (eg; the transfer of _ener@f to viscosity-
dependant eddies by vorkex stre’cching), a more detailed picture of

the flow mzy be gained. The transport equatién for +the Reynolds

shear stress for steady :anomp‘r'ess:.ble flow in the b plana may he

written (352

L

D v - g (ES) 2V - F 4T 4 F, -
(be + Vi yaz)( uv.) ?’1 o+ ¥3+ ¥y = Tg oe (1.16)
wvhere "E'l represen’ts generation"by inferaotion ivith the mean flow,

e 3 V2HI + uz?-‘lf

N | RS
oY + (b}’. )" : z

-bZ"l U bé bl _.'00 (1‘17>
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{vhere 'p' is.the:fluctuation in pressure corregponding to u,v and w)
represents transport by velocity fluctuations,
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Ry F =73, | C eeeeeee (3.20)

and 8'5 represents transport and destruction by viscous forces,
V(UV2V+VV2II):?5 ssccove (1¢21)

(where '"Wis the kinematic viscosity (/V‘/fo) and V is a differential
operator ).

In a two-dimensiongl thin shear layer (eg; a plane jet)}
only the under-lined terms of 'xi' (i = 1,5) remain, Clarification
of the related assumptions is given in Chapter III,

The left-hand side of the equation (1.16) and '21’3 are
straightiforwm:d in mathematical content and physical meaning. The
term ’32' is the rate at which 'uv' is destroyed by the interactibn
of the pressure fluctuations and the fluctuating rate of strain. The
net rate of spatial transport of v by the turbulence is denoted by
x and ‘g ', the latter usuallv 'belng ignored since it is much the
ame.ller of the two. The term ‘7' is the sum of the net spatial transport
and destruction of the Reynolds stresses by viscous effects, The presence
of the second derivatives indicates that the process is associated
with the smallest eddies. Thus the viscous transport of the Reynolds
stress is negligible since these eddies contribute little to ths
Reynolds stress. The rate at which energy is dissipated by .the small
eddies ié dependent on the rate at which it is supplied by the large
eddies andy again, is independent of viscosity.

The transport egquation for any other individual Reymolds .

. stress has & similar structure to equation (1. 16)(?‘.".). The transport-
equation for half the sum of the Reynolds normal " stresses, '_k: s is
known as the turbulent energy equa'!;::.on. It :is. the- transport equation
whose terms have 'been measured most extensively-end, since it
describes the balance of the kinetic energy contained in the velocity
fluctuations, is physically the most graphic one(24). The term in

- this equation analagous to the redistribution term '?2" in equation
(1.16) sums to zero. The left-hand side of the equation is termed
advection and 'Zfl ’ 33 + 54 and '55 are termed production
diffusion and dissipation respectively. The equation may thus be

v2itten in the form (1'6_) $
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advection production - production diffusion dissipgtion

from shear  from normal

-stresses . stresses
If the distribution of the advection, productibn and dissipation
terms are known, the diffusion term cen readily be obtained by the
inherent difference. By plotting the lateral distribution of each
term, their relative contributions, or the ‘'energy balance'y, may be
easily apprecisted. The energ;;§:2g§;ed by Bradbury(IG) is shown in
Figure (9.a), the axial development along the centre-line of the jet
from HeSkestad's,4M;study is shown in Figure (9.b). |

The energy balance shows clearly ihat 'in the fully

turbulent region, the rate of energy production by the action of
Reynolds stresses, is greatest near the inflection points of the
mean velocity profile; the energy dissipation isy, on the other hand,
more diffuse, being surprisingly uniform throughout the turbulent
region’(gs). That the viscous dissipation. and production terms are
the most significant in the energy balance, has been shown

quantitatively by Bradbury(15)

who compared the integral values of
the various terms over the jet width. He found the magnitudes of the
~integrals of the production, dissipation and the advection terms to
be -0.0169, 0.0207 and ~0.0038 respectively, the integral of the
diffusion term being zero by definition. The relatively low valueg
of advection, along with the absence of shear stress at the centre,
are responsible for the characteristic minimum exhibited by 'k' on

~ at the centre of the Jjot. ’

The chronological development of investigations leading fo

the discovery of the Jjet features described above is now considereds

1.5 A Review of Jets in their Historical Context

The jet has been employed in Variogs forms as an
engineering device throughout the history of civilised man. £s long
ago as 1000 B.C. it was used by the Egyptians in the form of bellows
for primitive fbrges(29).v0tesibius, a contemporary of Archimedes
(287-212 B.C.), and who studied at Alexandria under the disciples
of Buclid, is credited with the invention of a two-piston positive
displacement pump which was eventuaily applied to the production of
a water jet for fighting‘fires(so). Hero (circz 100 A.D.) constructed

16
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a rudimentary steam engine working on a Jjet reaction principle and:
congisting of a rotating steam driven device operating on the same

(31). It was regarded by

basis as many present-day lawn sprinklers
Hero as a:curious- toy rather than a useful machine(29)o In the twelth
or thirteenth century an improvement of the foot-~driven bellows of
the Egytians appeared in Europe (probably imported by returning
Crusaders), in the shape of furnace bellows driven by water wheels.

During the fifteenth century, the Rennaissance brought with
it a gradual change in thought from the purely philosophical to
observational science. Perhaps the most impressive of the early
‘proponents of this approach was Leonardo da Vinci (1452—1519)(30)0
Amongst his many achievements, he made a significant contribution
to the development of hydraulics in bhis collected writings 'Del moto
e misura dell'acqua'(29). Included in the phenomena of which he was
the first to sketch or describe, is that of the profiles of free
. jetbs. ‘ |

Early in the seventeenth century, Evangelista Torricelli,
iﬁ his work 'de moto gravium'<30) proposed a hypothysis relating to
the efflux of a fluid from an orifice., In an attempt to prove bis
hypothesis, he conducted several experiments using water jets.
In 1686, Marriotte's work 'Traite du movement des eaux et des autres
corps fluidesﬁ(3o)_ was published. It included in the section
dealing with the 'equilibrium of fluid bodies by weight', a series
of rules describing the deflection of a jet by a.normal surface. He
also produced analyses of the parabolic trajectories of jets
dischérged at different inclinations, | ,

Isaac Newton (1642-1727) was also interested in the problem
of effiux from an orifice. In his hypothysis postulated in his 1687
edition of 'Principia Mathematica Philosophiae Naturalis' 33),-his
. computed rate of efflux differed from that actually measured by a
factor approximately equal to the square root of two., In {he second
-edition, published in 1713, he attributed the error to the
contraction of the jet. ' ‘

' The treatise 'Hydrodynamica', by Daniel Bernoulli, was
published in 1738; a section was devoted to *'the velocity of efflux
and efflux under constant head'(3?). He originatoed the idea of jet
propulsion for ships, although he wes thinking only in terms of the

18



reaction produced by the efflux of water from a tank. Fifty years
later this idea was to be improved upon by an American named James
Rumsey. He employed the\newly-developed stegm engine to propel a
boat on the Potomac River by utilising the reaction of g jet of
water produced by a steam driven piston pumpe.

In 1766 Borda published a treatise entitled 'Memoire sur
1l'ecoulement des fluids par les orifices des vases'(30 s in which
he sought to remove certain discrepancies in Bernoulli's and
d'Alembertts analyses of the efflux problem, Begides introducing
the conoept of elementary stream tubes, he also showed that not only
the contraction of the jet, but also a loss of energy, must usually
be taken into account in formulating the discharge rate.

The year 1854 saw the publication of a paper by G.H.L. Hagen
'Uebei- den Einfluss der Temperatur auf die Bewegung des Wassers in
Rohren!. (30), in which he dealt with the effect of temperature upon
the resistance to flow through pipes. In the course of his
experimental work he noticed that the appearance of an efflux jet
varied with temperature, remaining 'immovable as though it were &
solid glass rod', at low temperature and exhibiting 'very noticable
fluctuations of short period'y; as the temperature ro se(29 ). He went
on to introduce sawdust into water flowing through glass tubes and
observed similar phenomena to those described by Osborne Reynolds
in the latter's famous paper of 1883(33). The laws of instability of
streamline motion and the fundamental facts of turbulent flow(3o) ’
as pfoposed by Reynolds, have provided one of the major contributions
to contcomporsry fluid mechanics, Cne of the earliest papers
published by Reynolds was concerned with the suspension of a ball by
a jet of Water(33)

The early part of t‘hei twentieth century saw the beginning of
increasingly systematic and detailed investigations into jet flows.
Interest in the field was heightened by a growing awareness of the
potential of jet propulsion particularly with regard to aircraft(34)
The development of the jet engine, and related research into jet
flows, was accelerated by the military implications. The extent of
research in this field is such as to go beyond the scope of this
study. The enéuing account will now be mainly confined to describing

-investigations relating to plane jet flows.
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jet was carried out by Forthmann(c;) in 1934 when he made a number
of measurcments of the mean velocity of a jet issuing into still
air. Over the next two decades other similar investigations were
made — Kuethel 77 in 1935, Albertson ot al.' %) in 1948, and
Abramovi&bGS) in 1957 - most of them being concerned with the
development of phenomenoclogical expressions for the prediction of
the mean velocity distribution and the spread of the jet, A number
.6f theorelical models were proposed over this period, ranging from
Schlichting's approximate soiution of a laminar jet(lgg, to be
"later developed by Bickley(36), to various analyses of the turbulent
jets Prominent amongst the latter were those of Tollmien and Gortler,
émploying'different approaches utilising Prandtl's momentum transfer
theoriesy Howarth, using Taylor's vorticity-iransfer theory, and
Reichardt, employing a molecular analogy theory. Detailed descriptions
of these studies can be found in standard textseug(lo)(lg). In the
late fifties, a fu;ther advance in the knowledge in the nature of -
the turbulent jet was made by Miller and Comings(zz)
investigated its static pressure distribution, and B.G. van der Hegge
Zijnen(l4_$15;, Wwho investigated:both.the mean:and the fluctuating

3 who

velocity distributions.

The last decade has seen research directed towards the
establishment of the actual structure of the '-jet(ﬁs)(37>(38)(39) and
investigation of such phenomena as intermittancy, éelf—preserVation
and the behaviour ofvthe,jet in a co~flowing stream(é')(lé). The
investigations have been very much associated with the large eddy
hypothesis proposed by Townsend(zo and 1ts ensuing developments

. The analytical work that has been carried out over thie period has
mainly been concerned withvthe solution of diffefential transport
equations of various turbulent quantities, Such solutions have
employeﬁ approximate numerical methods, notably the Finite Difference
mefhod; in conjunction with the electronic digital oomputer(4o).

Thig topic is discussed further in Chapter Four,. |

’ The aim of this chapter has been three-fold; firstly, to
delineate clearly and logically the problem to be considered in

20
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this study:.and, secondly, to introduce, and where necessary define,

. the basic parameters to be encountered in the succeeding chapters.

To this end, the classification of jet flows has been discussed, the
topology of the problem domain has been outlined, and the mechanisms
and corresponding flow characteristics have been considered. Finally,
a revicw of the history of jots, and a chronological account of t{heir
more recent investigation have been given, The qualitative element

in this chapter is to be sub'stantiated more quantitatively, albeit

in a somewhat simplified manner; in Chapter Two which contains the
results of an exploratory experixhental investigation of the plaune jet,
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CHAPTER 2
AN EXPERIMENTAL STUDY

2.1 Introduction

The experimental work in this chapter should be viewed in
the light of the scope and the objectives of this study. The sfudy
is essentially concerned with the development of a numerical
predictive technique for jet flows. A full experimental investigation
involving, for.example, the measurement of the distribution of the
fluctuating components of velocity, is not proposed. Established data
(4)(24)(15)(38)_
The principal objective of this investigation was to familiarise the
author with the physical characteristics of the plane jet. The
experimental work was conducted in the Fluid Hechanics Laboratory at

of this nature may be found in the relevant literature

the City University employing the air jet apparatus belonging to the

Department of Civil Engineering.

2.2 Experimental Apparatus

The apparatus used in the investigation was an adaptation
of a standard piece of equipment designed and built by Plini and
Partners Ltd,(‘u) Yo demonstrate the main air jet characteristics.
It is illustrated in Figure (10) and basically consists of a nozzle
mounted horigzontally on a horizontal plate., The air was supplied o
the nogzzle by a centrifugal fan which discharged into a Plenum
chamber containing a smoothing gauge. The discharge velociiy was
controlled by a throttle valve and the pressure in the plenum

chamber was indicated by a sensitive manometer. The velocity

distribution in the jet was measured by a total head tube carried on
a graduated slide capable of traversing across.any section of the
jet. .

The use of a total head tube implies that the static
pressure is constant throughout the jet. Whilst this is not strictly
true,it may be argued that it is a valid assumption for experimental
pUrposes 14 « The subject was invesiigated in some detail by Miller
and Comingé(222 who concluded that although a small negative static
pressure fieldrexists throughout the turbulent region, it plays a

minor role in the X~Reynolds cquation and may be considered negligible,
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The nozxle was designed DY GLe autnOr and COMBLLUL Lww Ll
the Polytechnic workshep. Iis puicpoae_ was 1o provide a smooth
transition from an orifice of circuler cross—-section tc & slot of
- oufficiently h:.gh length to breadth ratio to epproximate the two=
dimensional flow of the plane jet. The working drawing for the
nogzle cons‘hmc‘tion'is shown in Figare (11), The nozzle dimensions'-
had to be chosen not only to fit the existing apparatus, dbut also to
| satisfy criteria of two-dimensionality. Various length to breadth
ratios have been employed in prévi_ous investi‘ga’tiqns;, F«‘Jrfhmann
states that the condition of two~dimensionality may be closely
approached by a slot whose length is twenty vimes its breadth, The
length to breadth 'I‘a:fiiio used z.n this etudy was just over twén’oy~eight

to oneé. This is in excess of the ratios employed by We:’.nsi;e},ll(;?)

and Van der Hegge Zijnen(.14)

~out along the Z—axlis; as shown in Figuare 4(12),_of the jet to easure

e A preliminary traverse was carried

that the velocity was rezsonably uniform over the middle gection of
the nozzle. This was found to be the case and the conditions fox
two-dimenglonal flow were assumed to exist along the X-axis of the

jats

2.3 Experimental Procedure ; ,
The transverse distribution of the mean velocity, 'U’,; was

investigated at a Reynolds number, ‘Re'; of 1.2 x Z!.O4 whero §

Yoo

e

Re = 7 sececoe  (261)
is based on the exit velocity, 'UO', and the slot breadthg "t?o‘.‘
Traverses in the X-Y plane of the jet were carried out at seven
different stations along iis ceix'tre-mline, as devicted in Figure (12).
The complete set of data obtained in the oxperiment is given in
. Tables (1) to (5) and is represented graphically in Figure (13).
Corrections for the displacement of the effective centre |
of the totsl head tube, .'.6.', were not made. It has been found (42)
that in a pure shear flow, the ratio 'd/D' (v)here D is the external
diameter of the tube) is independant of Reynolds number and has a
constant value of the order of 0.15. Correci:ions‘ of thié magnitude
were nol warranted by the accuracy of the experimental apparatus. .

24



— .

S
Nw

P

I
ﬁ )

& e

SA

—emand

ey

€0
}

V3

% 4

o m/ 1
(i) ;

<09

.- NOILWAZT3 3ais

o€l

,.w>

S T spmmesnevy SON B4 B <3 o

S quaewn)

-0@

DT Ly TZZoN 13f 3NV

'
o

Q8 NY¥HL NOILD3S

Lo (wee)

€0 b




SUO0I}D)S BulNSDSl P  UOIIDIUSMQD 18T

®. @ .@ : @.cozsm,

S9l1304d >.:oo~w> ubep |

Figure 12

26



X Y % U %
(m) (m) (n/s) o

0.050 0.000 0.000 33.732 1,000

0,002 0,040 29, 627 0,878

C.004 0.080 21,712 0. 644

C.006 10,120 13,966 0.414

0.008 0.160 6,983 0.207

0.010 0. 200, 0.000 0.000

-0.002 -0.,040 32.001 0.949

-0.004 -0.080 25,178 0.746

~0,006 ~0,120 16. 623 0. 493

-0,008 -0.160 9.876 0.293

-0.010 -0. 200 4,032 0.119

-0.012 | =0.240 0.000 0.000

0,100 0,000 0.000 24,854 1,000

0.002 0.020 23.853 0,960

0.004 0.040 21.712 0.874

0,006 0,060 19.336 0.778

0.008 0.080 16. 624 0. 669

0,010 0.100 14.537 0.585

0.012 0.120 11,404 0.459

0.014 0.140 9.016 0.363

0.016 0,160 - 6.983 0.281

- 0,018 0.180 4,032 0.162

0.020 0. 200 0.000 0.000

.=0.002 -0,020 24. 525 0.987

-0.004 -0.040 23.162 0.932

-0.006 -0,060 20,950 ~0.843

-0.008 -0.080 18.031 0.726

-0,010 -0.100 15,086 0. 607

-0.120 12,750 0.513

MEAN VEIOCITY MEASUREMINTS

PABLE 1
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X Y % U g

(m) (m) (n/s) "
0.100 -0.014 -0,140 10,667 0. 429
-0.016 -0,1.60 8.064 ' 0.324

-0,018 ~0,180 5,702 0.229

-0.020 -0, 200 4,032 0,162

-0.022 ~0,220 0.000 0.000
0,150 0.000 0,000 20.950 1,000 -
0.002 0.013 20. 559 0.981

0.004 0.026 19.752 0.943

© 0.006 0.040 19.336 0.923

0.008 0,053 18,031 0.861

0,010 0.067 16. 624 0.794

0.012 0.080 15.086 0. 720

0.014 0.093 13,967 0. 667

0,016 0.107 12,096 0.577

0.018 0.120 10, 667 0. 509

0.020 0.133 9.876 0.471

© 0,022 0.147 9.016 0. 430

0,024 0.160 8.064 0.385

0,026 0.173 6.983 0.333

0.028. 0.187 5.702 0.272

0.030 0.200 4.032 0.193

0,032 0.213 4.032 0.193

0.034 0.227 0.000 0,000

-0,004 -0.027 20.1.60 0.962

~0,008 ~0,053 18. 477 0.882

-0.012 -0.080 15. 615 0.745

-0,016 -0.107 12,750 0. 609

-0,020 -0.133 © 9.876 0.472

-0,024 -0.160 8.064 0.385

MEAN VELOCITY MEASUREMENTS

TABLE 2
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X Y . % U :
(m) (m) (m/s) "
0.150 -0.028 -0.187 5.702 0.272

-0.032 -0.213 4.032 0.192
-0.034 -0.227 0.000 0.000

0.200 0.000 0.000 18. 477 1.000
0,004 | 0.020 18. 447 1,000
0.008 0,040 17.106 0.926
0.012 0,060 16,128 0.873
0.016 0.080 13.967 0.756
0.020 0.100 12.096 0. 655
0.024 0,120 10, 667 0.577
0.028 0.140 6.983 0.378
0.032 0.160 . 6,983 0.378
0.036 0.180 5.702 0.309
0.038 0.190 4.032 0.218
0.040 0,200 0.000 0.000
-0.004 -0.,020 18.031 0.976
-0.008 ~0.040 17.575 0.951
-0,012 -0.060 16.128 0.873
-0.016 -0.080 13.967 0,756
-0.020 -0.100 12,096 0. 655
-0.024 -0.,120 9.876 0.535
~0.028 -0.140 8.064 0,436
-0.032 -0.160 6.983 0.378
-0.036 -0:180. 5.702 04309
=0.040 -0.200 4.032 0.218
-0,044 -0.220 0.000 0,000
0.250 0,000 0.000 17.106 1.000
0.004 0,016 16. 624 0.972

MEAN VELOCITY MEASUREMENTS

"TABLE 3
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X Y % U g
(m) (m) (m/s) "
0.250 0.008 0.032 16.128 0,943

0.012 .0.048 15.086 0.882
0.016 0.064 13.967 0.816
0.020 0.080 12,096 0.707
0.024 0.096 11.404 0.667
0.028 . 0.112 9.876 0.577
0.032 0.128 8.064 0.471
0.036 0.144 6.983 0.408
0.040 0.160 5.702 0.333
0.044 0.176 5. 702 0.333
0.048 0.192 4,032 0.236
0.052 0.208 0.000 0.000
0.300 0.000 0.000 15,086 1.000
0.005 0,017 15,086 1.000
0.010 0.033 14.537 0.964
0.015 0.050 13.372 0.886
0.020 0.067 12.096 0.802
0.025 0.083 10. 667 0.707
0.030 0. 100 9.876 0.655
0.035. 0.117 8.064 0.535
0.040 0.133 6.983 0.463
0.045 0.150 5.702 0.378
0.050 0.167 4,032 0.267
0.055 0.183 4.032 0.267
" 0,060 0.200 0.000 0.000
0. 400 0.000 0.000 12,750 1.000
0.010 0.025 12.096 0.949
0.020 0.050 11,404 0.894

MEAN VELOCITY MEASUREMENTS

TABLE 4
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X Y % W B g
(m) (m) (m/s) =
0. 400 0.030 0.075 92.876 0.775
0.040 0.100 8.064 0.633
0.050 0.125 54702 0. 447
0.060 0.150 4,032 0.316
0.070 0.175 4.032 0.316
0.080 0.200 0.000 0.000

MEAN VEIOCITY MEASUREMEVTS

TABLE 5
» 4
X Um ;1192' YiO. 5
m
(m) (m/s) | (%) (m)
0.050 33.70 8.81 0.0038
0,100 24.90 16,13 0.0079
0.150 21.00 22.68 0.0128
0. 200 18. 50 294 22" 0.0180
0.250 17.10 34.20 0.0210
0.300 15,10 43.86 0.0260
0,400 12.80 61.04 0.0350

THE DECAY OF THE CENTRE-LINE

VELOCITY AND THE JET SPREAD.

TABLE 6
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Figure 13

32



2.4 Laser Study
The feasibility of measuring the fluctuating components

- of velocity, by a method commensurate with the scope of this study,
was also investigated. To this end some exploratory work was carried
out using a Laser Doppler anemometer in a pipe flow experiment.
Detiils of the technique and the results obtained have been included
in Appendix (I). The implications of this work was that the problems
likoly to be encountered in ‘the application of this method to the
meawurement of turbulent gquantities in the plane jet were such as to
render it unsuitable for the purposes of this study. The main reasons
for this conclusion were as follows, Whilst water was the most
convenient fluid medium to use from the point of view of laser
measurements, it was inpracticgble wi th regard to achieving the
desired flow conditions with the apparatus available, Alsos the
seeding of the flow of é'jet of air, a prerequisite of measurements
in air with a laser, made this approach equally inpractable., A
further objection to the use of an air jet was the necessiiy of
designing, cohstructing and tuning a new wind tunnel, there not
being a:suitable existing one available. The use of a hot-wire
anemometer was also discounted on these grounds.

2.5 Experimental Results

‘ The non-dimensionalised profiles are plotted in Figure (1.4).
They may be seen fo conform closely to ‘those produced by
Heskastad(q'). The values of the mean velocities, 'Um', and the
reciprocals of their squares at different stations along the
X-axis of the jet, are given in Table (6). The decay of ' ' as 'X!
increases is illustrated in Figure (15). The relationship between
'Uhfz' and 'X' may be seen to be linear (the correlation coefficient
is equal to 0.99), demonstrating that the decay of the cemtre-line
velocity is proportional to the square root of the distance from the
efflux section, or, '

Um2 = constant.X T cecesee (2.2)

Also given in Table (6) is the value of Y| 5 at different

values of 'X', The variation of 'Y|, 5' is shown in Figure (16) and
it may be seen to be linear with 'X', the correlation coefficient
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being equal to O,Yy. Thus, the gpread OI The JeT may aLsSO De seen

to be linear, that is

ab _ A .
-éi- constant . ‘ . evcecoo (203)
The gradient of the line,' 'm', has a value of 8,906% 10”2, The
half-angle 'S ' is given by the relationship j
S | | -
ﬁ = tan (m) : eevecco (204)

and has a value of 5.09o which falls within +the range quoted in

gection 1.2,

2., 6 Summary

The chapter deals with thé exploratory investigation of the

plane turbulent jet. The design and construction of an adaptor
nozgle, for the purpose of producing a plane jet using existing
spparatus, was described..The jet produced by the nozzle: exbibited
the 'mean' characteristics of the required flow., The mean velocity
profiles, the decay of the centre~line velocity and the spread of
the jet were consistant with the results of previous investigations.
The detailed investigation of the jet (ie; of turbulent qua.n'bit:‘.es)
was found to be beyond the scope of this study,

The remaining chapters of this study are concerned with en
account of turbulence models designed to describe the physical
properties as previousely delineated, and the development of an
appropriate discrete numerical method for their solution.
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CHAPTER 3

THE TURBULENCE MODEL

- 2.1 Introduction _

Prior to the application of a Finite Difference/Finite
Element technique to the jet problem, the governing continuum field
equations must be delineated. The essential feature of turbulent
flows is that the velocity and the pressure at any point in the
fluid contain components that are randem funciions of time( 9)
Although these flows may be expressed by the Navier—Stokes
equa'l;:i.onts(l8 ) , the small-scale nature of the detailed turbulent
motion denies the poésibility of a general time-dependant
solution(ag. Faced with this problem, it is customary to split the
velocities gnd the pressures into their mean and fluctuating parts
and develop equations based on the time averaged properties of
turbulence only(37) o

The Navier~Stokes equation for the acceleration of a fluid
element in the X-direction of an iso-thermal, incompressible flow

in three dimensions may be wrltten(w)

%%'l-u%%*v%“g"‘[u%g: - "'v.v DC eeccceoec (3-1) ‘

12k
l’
Decomposing the components of instantaneous velocity and pressure

into time-averaged and fluctuating components, that is;
Usvtu "3 P=rs+p ceesese  (3.2)

respectively, and time-averaging, gives 3

kY Y U _ o u . du
bt+U + 5Y+“é—+ubX+vaY wz

Liev ... (3.3)

where 3

(3.4)

eo o000

[
+
e
H
il
+
=1
n
cil
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The absence of solid boundaries to the flow, and
consequently a laminar sublayer, means that the viscosity term
may be neglected.(d’3 ). The pressure gfadient, as mentioned in
Chapter 1, may be considered to be negligible. If the flow is
congsidered to be stationary with respect to the mean velocities.,
the acceleration term disappears and the equaticn may be re-written

for two=dimensionsl flow as.g

W, 20, S, S 3.5
UaX?VaY 't‘uax'{" vbY 0 . .._..‘o. (J,OJ)

o

The equation of continuity for the ‘(bm-;dimmsional flow of an
27), '
H

incompressible fluid may be writtenm

%%*‘%%‘0 | . ceeceon (3.6)

Whereupon 3

%%*-?-%4-%%-&3% = 0 . covenes (3.7)
aia;  HePF=o  eeeees (3.8)
since 3 g—%—f- %.g =0 S ' ....’... (3.9)
thus § %% + g-}-{,: 0 vecocac (3.10)
since.} g—g&%—%-&-%%-‘-g%z 0 | eeosocs (3.11)
Therefore 3

;g‘[-z- ;%:-2: 0 cesesee (3.12)
Since j 7§"' ;%:% + ;%% ‘. C eeeeees (3013)
and 3 %‘Y’.= u%y-i-v%% - ceceece (3.14)
then ; };’%54- LS u%%-&- v%% - SXRLEY (3"1.5)
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Substituting equation (3.15) into equation (3.5) gives 3

.-——
e

bU uv
U ﬁ + aY eececce (3016)
Since the velocities and their fluctuations change much more slowly
along the axis of the flow than in the transverse dlrectlon(44), the

third term of the equation may be neglec teds Since the magnitudes
of ' and vl are of the same order, however, the last term must dbe

retained. The equation becomes, therefore 3

.é._...

.4

ﬁ ..5«..:0 o : T eecveee (3.17)

and is known as the momentum equa'tionq

' Arnaturgl consequence of time-averaging the equations is the
pregence of more unknowns than equationse The terms introduced into
the equations by this method include statistical correlations whose
magnitude are difficult, if not impossible, %o determine directly AO)O
Further equations may be generated from the Navier—-Stokes equations,-
but no matter how large the set becomes, the number of eguatlions is
alweys less than the number of dependént variables, Consequently,

any theory based on mean equations must, at some stage, truncate -
the set, This objective may be achieved by approximating to, or
modelling, the effects of the quantities that are unknown in terms
of those which can be determined, Different approaches to médell:’mg

these quantities are discussed in the following section.

3.2 Turbulence Kodels

Perhaps a first move towards a model of turbulence can be
attributed to Boussinesq(45) o In"the last century he suggested that
the stresse-strain law for time.averaged turbulent flows could be
represented in the same form as that for a Newtonian fluid in
laminar motion. In this manner the effective turbulent shear—stress, -
arising from the cross-correlation of fluctuating velocities, may %
be replaced by the product of the mean velocity gradient and a
quantity termed the !'turbulent viscosity', "b;L_b', ies

-piE = /Mtgg veevees (3.18)
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This suggestion in itself is not a turbulence model, but by .
expressing the turbulent viscosity in terms which are knovm, or
quantities that may be calculated, this end may be attained.

Models bascd on this approach may be divided into two
groups; Firstly there is a gifoup in which the turbulent viscosity is
modelled by an algebraic formula whose unknowns represent properties
of the mean velocity profile only, Secondly, there is a group in
which the turbulent viscosity is determined by the solution of
differential oquaticns for one property, or more, of the turbulent
motion, Examples of the first group include Prandtlis well-lmown
mixing-length hypothysis(ls) (proposed in 1925), von Kerman'® s
similarity hypothesis 19 s and various models of the 'Eddy-Viscosity!
type. In 1945 Prandtl proposed another model, on this occasion of )
the type represented by the second group., He proposed that the
_turbulent viscosity should be defined by the expression 3

-_=/)k§L _ ' V " ecececs (3-19)

where 'k' is the klnetlc energy of turbulence, determined from the
solution of a differential equation expressing the processes by
which it is transported, and 'L' is an algebraically prescribed
length scale. Various other models of the type represented by the
second group have been developed and may be found described in
standard texts(4o). o

There is a further group of turbulence models in which, in
the mean momentum equation'at least (ie; equation (3.17)), the
notion of effective turbulence transport properties is dispensed
with and differential transport equations for the turbulent fluzes
themselves. are provided., One of the earlier models of this type was
proposed and developed by Bradshaw, Ferris and Atwell(4 ). Deterred
from simulating the Tﬁequatlon itself by the lack of experimental
data, they solved a differential equation for 'k' and then determined
the shear~stress from the assumption of its proportionality to 'k’'.
The length scale of this model was presoribed algebraically. A later
‘model, developed by Hanjalic in 1970(47)
differential equations of transport, the first for the shear-stress
itself and the other two for 'k' and 'L' which appear as unknowns

s consisted of three
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in this equation. Even more recently; Rotia proposed a similar .-
: .model(48), which was essentilelly a simplification of & proposal of
~ his made in 1951(43). One of the drawbacks of his provious methcod

was the assumpiion that g

Bate of d1f£u81on of L o g? - : ‘ .;J.;?e (3.20)
‘a process that is not reflectod by reality. Rotta atteapied to
 overcome this deficiency by producing an equétion for the product
of the kinetic energy of turbulence and the length scale. This model
- was essentlally adopted by Rodi and Spalding(4}2,vwho used it in the

" investigation of a number of free turbulent flows, It is also the =

:.'model that has been adopced in this stuay and its derivation is now

~ considereds T TR
.. 3.3 Transport Equations for Turbulent Quantities 4

’ ' The turbulence model employed in this study consistes of

" tho momentum equation (equation (3.17)) and three differential
transport equations for the turbulent quantities 'uv', 'k' and 'kIL!

- respectively. For Lomogeneous turbulence at high Reynolds Humbers;

E the transport equation for 'uv! cen be taken as j
' L 1 . :z5~A-> S |
' uv "'—C‘Akg LX"‘ ; .' ’ oecocese (3:21)

vhere Cr. i3 & conetent. I+ way be noted that Squatién (3.21) is
analagous to tho combination of cquations (3.18) and (3.19). This
model; thereforey; may be considered 1o be one of the group in ﬁhich
o' is determined by the solution of a differential emuatien, that
is the second group.

The {ransport equations for 'k! and *kL® may be derived
by the appropriafo manipulation of the Navier~Stokes equations, The
Navier-Stokes equations, expresscd in terms of the mesn and the
fluctuating components of velocity and pressure, may Be vritten in

(43);

standard tensor notation as

2 B > |
3e(0; + ) + Zkal(vk + sk (T +uy)
& (P« p) - YV E(y,

-g.

ui) - 'nvonoo:co (3022)

-1
po
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J

TR A
| .m * Z gy 3 kaz Z kel J%S"xh Zm a“h'Sxk

, Interchanging 'i' and *j' and adding the i;esulting
eguation to cquation (3.23) gives 3 o

WG, G G = G G R Ceeeeees  (3.24)

8 4= G

L 2 3

' h ' ‘ Ay %‘ui : B T (3.25)
SRETre ¢ G, & u = W, : . R ecorece e <25

.h}u U T SR f,»'”;“e; (3;25)
G =Z ‘"?:U' E...“'.}E uU-vv-J ._Vtevobfoﬂ (3027)
I -y -LIIK"S-X;:] | . s B 4,’c4-x.o.eoool (3028)
o QU — :
.= \ o 273
3 22*’ Yhex, ¥ EL i35 T 1¥?f??)
GRS TR e TR,
ﬁ, - 1:.1115“3{\55-( zd{zluivl:-s-i‘ . .ovo.oco‘o . (303 )
S W | - ' B

= 2&‘;"‘%"&1‘2 . - oL ¢eocoooe (3&31)

(3.32)

mﬂs %’5:“;‘ ibxi _y ' og.oooee -



WU-?*-‘“‘ b "5 o ‘g_xk \ v,jk-ui o Dik-wjlis 8 p\bxi ¢ bxjj cece AN T e 4

‘S ' $5 the Kronecker--delta, whore g

ik
gll’.'. 19 i L : . ) ) - _ ‘ .ﬁi..e. | (3 37)
S =0 3%k e (3035)
Plnallyy C6 \f/u V U. + \% Vz A : -. o ¢>eeo.oco‘ - (3935) .

Jpxk bxk
Thus eguation (3;&2,4) may now be written in the fdjrm

-\Q[V%u - 22‘ 11 Eu | | ooeccct “.(3.;'3.»7)

:
CEE, 8 TSEE, TR, =3 TS,
LT PN L R
ot wel K 0%« Liemy B 9Ky | Ly K oAOK,

tk=l

U =3 b]: puou. -
}) u:-zui aners < Mv—j-:--g- - e Y . . o
r_f)(b"* *5x) lk.ﬂaxk s Rt

% 3 SU bu .  ’_ :
(g_x_k J g'll" 1) o+ 2\ X E_TXL =0 gcc.o‘f \3:38)

k‘“l

- Rotta's equation (2. 11)&4'3) in his derivation'ofthe
transgport equation for *k' may now be obiained by con.ylac::mg the -

case when 'i = j' in eguation (3.38) and multiplying by . ‘Pl

PRt ~3 TR -3 30, TS,
Lii,t Uor + W s - Dy
2V T Ly BN P Lo ™55h, 7 TS,
N ——— L,.\,—
- Total change York of Fnergy exchange with
of kinetio Reynold's other fluctuating .
enexgy stresses components .

(continued)
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/

— .
Diffusion of /)ﬁi/z

3 3l B
Zk_l(;-i) = 0 cecceoe (3.39)

Dissipation
‘ 1 3 _2( , S
By substituting 'k' for 1/2 }—k_ uf 5 and adding the three equations
(ie; for i = 1,3), a total ene;é'y balance for the the turbulent
- motion is obtained. Rewriting this equation for two-dimensional

time-steady flow gives 3

(JE%‘IJ% ] [PuZan() uvﬁ+()quY /; ?2-3%’: &
[3%-{(-,0\/% ﬁ(-(»\f B L ST+ 3 «
—_—

Viscous diffusion

2 p7E + e b =) = |
Y[/)v + v /Qv- 123 Xl\- 0 secocce (3.40)
Also s /}-2‘1{ "{’ 72§% . : oooooo.c (3041)

from continuity considerations. As before, the viscous diffusion
terms may be ncglected and the terms containing transverse gradientis
disdppear, The result may be seen to be equivalent to equation (1. '22)
in Chapter One and is in fact identical to the 'k-equaticn' of Rodi
and Spalchng(44) when boundary layer assumptions are adopted and the
fourth term is neglected. That is §

U§§+ Vi & uv-- o+ (“2 )3}—(-(- -sf(kv +-pv) + € =0 (3.42)

where = is the dissipation term., 'The diffusive action of turbulence
is presumed similar to molecular diffusion processes. Thus the rate

of- transport of turbulent energy is taken as the product of the
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spatial gradient of 'k' and the turbulent viscosity divided by the

effective Prandtl number for the difﬂ:.sion of turbulent energy'(‘w) H
(PVk + pV) constant. k 1/2% XXX Ex (30 43)

/‘t . ;

6Y '  eeeseece (304—4)

The production term is replaced by the product of '\ft' and the mean
velocity gradient. The dissipation of the turbulent kinetic energy
occurs by way 6f the cascade process described in Chapter One., Thus,
since the dissipation is con'i:rolled, not by dissipative motions
themselves, but by the processes which transfer energy from larger
to successively smaller eddies; this process may be supposed to
dépend only on '/)', 'k' and 'L', For dimensional consistency, it

-. follows that the dissipative rate is of the form j

hui 2 = 3/2 .
Z,_alzk-l )" E Op /I‘ : - cecevee (345)

whereupon the ‘k-equation'~ may be written(A'o),

crbY

'b (/lt Ak) * /«t(%g)z - C_‘D k3/2/1" ecceece (3.46)

where 'D' is a differential operator and the effective Prandtl
number, 'a'k s-and 'CD' are constants, The equation is suitable for
numerical treatment with the appropriate values assigned to ’c'lé and’CI;..
The derivation of the 'k~aquation' was lengthy and rather
involved. The same end result could have been more essily achieved
by suitable manlpulatlon of the 'z~equation' of Lagunder and
Spaldlng<4o). This equation is a lengih=scale~determining
generalisation in which 'z' represents some product of 'k' and 'Lf.
It is derived using a similar technique to that used for the
'k~equation'., As before, the Navier-Stokes equations roequire
manipulation such that the chosen variable is brought into prominence.
Approximations for the various correlations may then be made by
calculable flow properties. A consistency with the previous
assumptions may be maintained by representing the diffusive flux
of '2' as being proportional to the spatial gradient of the variable
in question times the local turbulent viscosity 40 « That is 3
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The 'z equation' may then be written, -

2',’ ,
.J]_; = %({:@%;) 4 z(Cl/l-;t(%g)z - 02%] tos, e (3.48)

vhere '“é" 'Cl', and 'Cz'represent appropriate constants, as before,
and 'sz' represents secondary source terms, It may be noted that by
replacing *z' with 'k', egiation (3.46) is obtained. If 'z' is now
replaced with the product 'kL' and approximations consistent with o
the previous assumptions are made, the equation for the transport of

the term 'kL' is obtaineds ies

P_I]%f_;.g:_ { (bm_ kLh;)]

.a.cB/{\tL(W)z c {)k3/2 ceveece (3.49)

where !0, 1 'CkL', 'CB‘ and 'GS' are appropriate constants. This
is a reasonable approach towards consiruciving an equation forx

the dotermination of the length scale since the 'ziequation' -simply
expresses the processes whereby the change in 'z!' along a streamline
is broughﬁ about by the influence of dififusive transport, the
inter—action of turbulence and the ?Zg? flow and through the

gelf-inter-action of the turbulence o The momentum equation and

the differential transport equations for 'ﬁ;', k! and 'kIt!

coﬁstitute a,turbulence model only requiring further the assignation

of values to the constants to be fully defined and suitable for
numerical treatment.

3¢4 Evaluation of the Gonstante Appearing in the Transport Egquations
Since the model is equally valid for a range of flow
configurations, information concerning the magnitude of some of the
constants may be gained from the consideration of come simpler
flows, The magnitude of the constant effective Prandtl numbers
(ok ), by viriue of their very nature, may be expected to be of
the order of Lnlty(40), Rotta? s(43) length scele was chosen to
represent a measure of the time-averaged diameter of the energy-

-containing eddies and may be defined as §.
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192 &
- ! .y dn .
L-}}E F(n) -ﬁ 0eo0scee (3'50)

where 'n' is the wave number of the -turbulence spectrum snd ‘F(n)'
is the spectral distribution of the turbulent kinetic energy(M)o
The value assigned to 'CIV\' depends upon the definition of !'L?',
noting equation (3.21). Since 'L! cannot as yet be determined
experimentally, its absolute magnitude is of academic interes? only
and ‘ZC‘.&’_ may be put equal to unity with ro loss of generality.

o Ha.ving established a value for 'Crf', an estimate of the
magnitude of’Cl; may be made by considering the behaviour of flows .
in the vicinity of solid boundaries., It is characteristic of flows
such as‘these, that convection and diffusion of energy are negligible
with the consequence that the production of 'k!' is balanced by the
dissipation(44), mat 16 5 |

3/2 |
/‘/-(t(gq%)z = CD :’Ilsl ceceovec (3'51)

Incorporation of equation (3.21) and multiplication by ‘A gives ;

(P3P = oy k1/2 ké/e C eeeeeee (3.52)

Re-arranging the equation and incorporating equation (3,18) gives ;

P2:(-1;7"2 2. chllfzkz | ) eseccco (3'53)
thus s (\]_{1:_?') = (CDCIA)I/Z ) sccecee (30 54)

In an experimental investigation into pipe flow, Laufer(49 ) found
the same ratio to have a magnitude of approximately 0.3. Since a =
value of unity has been assigned to 'C,A', it is reasonable to expect
'CJ; to have a value of about 0,09. The value of C_ in equation (3.49)
may be found by consideration of the decay of turbulence behind a
grid., Experimental data indicates that the ratio of'CE'; to'C. !

D
value lying somewhere between 0.5 and 0.8, depending on the turbulence

has a

intensity. Thus it is reasonable to expect the value of'C’ to be in
the range- 0.045 ~ 0,072 (40), | |
It should be strongly emphasised that” the values obtained



in this manner only represent an estimate of the magnitude of the
constants, In the final analysis, the overiding criterion in
selecting the constants to be adopted by the model must be that its
- predictions conform closely with established experimental data.
"Rodi anvd. Spalding(40) carried out many calculations,; systematically
varying the constants. They found that the rate of spread and the
level of turbulence was strongly influenced by 'CD", sz' aﬁ‘d ,'03'
and that the profiles of 'Ut, 'k', fuv' and 'L' were influenced by
!g-k', 'crkL', and 'CkL’. They determined the final values by a
computer-optimisation technique, in which the weighting was biased
towards the rate of spread, the velocity profile and the profile for

k' and 'uv', in that order. The same values were:initially adopied

in this study.

3.5 Summary
The underlying principles of turbulence models in general,

and their historical background, have been discussed, The model of
turbulence to be adopted in this study has been introduced and the
more important steps in the derivation of the equations have been
detailed. Complete definition of the classical/phenomenological
equations now allows for their numerical treatment. This is the
primary concern of the present study. The basic principles of the
numerical technique to be employed are described in the following

chapter,
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CHAPTER 4
GENERALISED COLLOCATION

4.1 The Discrete Methods

The turbulence model described in the previous chapter 1s
constructed of a set of partial differential equations of a parabolic
nature with the initial conditions and the boundary conditions for
an 'open' domgin of solution being known(So). For equations of this
type, for which no classical solution can be found, approximation
methods, whether algebraic or numerical in charactery provide the
only meang of solution apart from the use of analogue devicesgsl).
Perhaps the most important group of approximate numericagl methods in
the field of engineering science is the 'Discrete Methods'(sz)(53)e

Ciassically, the domain of solution is regarded as being a
macro-continuum, The implication of this is that there exists an
infinite number of degrees of freedom, an infinite series relating
to these, and an infinite number of points adjacent to each point
within the continuum, The Discrete Methods exist primarily due to .
the inability of classical mathematics to solve the classical |
expreséions of continuum mechanics except in relatively simple
cases., In these methods the mgcro~continuum is idealised as a set of
generalised co—~ordinates which are prominent variagbles dependent
upon the space-time co-ordinates, interconnected by a series of
curve functions(52). Thusy the number of degrees of freedom is
reproesented as being finite, the infinite series is truncatsd, and
there is a finite distance between co-ordinate points, Such
approximgte models, by their wvery natﬁre, pre—-suppose inherent
errors., Solution by these methods entails the minimisation of such

errors according to some valid method criterion.

4.2 Historical Development of the Discrete Methods
By the end of the nineteenth century only the simplest of

problems of continuum mechanics were capable of solution. There were,
however, due to the problems posed by technological advances brought
about by the industrial revolution, increasing pressures to obtain

- practical results., These pressures were particularly significant in



the field of structural mechanics and it was in this area that the
first steps towards the development of present—day discrete
techniques were made.

The first two decades of the twentieth century saw the
introduction firstly of the Ritz method, in 1908, and then the
Galerkin method in 1915(52). The nineteen-twenties and early
nineteen—thirties saw the introduction of variants of these methods;
that is, the methods of Polhausen (1921), Bienzemo-koch (1926),
Kravehuk (1932), and Kantorovich (1933). Also during this period, an
an approach baéed on the theory of statistics, the Least Squares
method, was developed by Picone(54):

The year 1937 was a significant one in fhe development of
the Discrete Methods. The Collocation method was postulated by
Frazer, Jones and Scan. The same authors also attempted the first
assessmenf of the relative merits of the Discrete Methods seen as a |
unified groups although the study was limited %o the Galerking
Collocation and Least Squares methods(SS). Concurrently the method -
of Finite Differences was 1ntroduced(54)
improvement over the previous methods and it quickly became the most

o This represented a major

widely used numerical method in field mechanics. The Finite Difference
- method was the first practical localised technique; that isy, shape
functions are set up locally and solution over the problem domain is
obtained through co-ordinate transformation of the local field analogue.
Previously, laborious overall functions had been employed. |
‘It was not until the mid-nineteen-fifties that the newly-
developed technologies were provided with g method suliied to their
requirements, namely the Ritz Finite Element me'bhod(5 ). It was
initially derived from a standard stiffness method of structural
analysis and, for this reason perhaps, the mathqmatical‘implications
of the method were not immediately appreciatéd(sz). The introduction
of this method, coupled with the accelerating development of the
electronic digital computer, provided a powerful tool for structural
analysis which rapidly supplanted all rivals. Again, local functions
were employed and the organisation and solution of the resulting set
of equations, which had hitherto presented such difficulties; was
greatly facilitated by the computer, For some conéiderable time the
other Discrete Methods were largely ignored, although the Finite
Difference method was still widely used in other fields of engineering.
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It took until the mid=-nineteen-sixties for it to be finally
app:_recia‘bed that the Direct Stiffness Finite Element method was in
fact a generalisation of the original Ritz method, Thus, the Ritz
Finite Element method is a more rigorous description of the
technique92)(5T), Similarly, it was realised that the Finite
Difference method was a degenerate generalisation of the Collocation
method(58 ) .

‘Generalisation is implied by the employment of localised
functions, as opposed to overall functions, global definition being
obtained by the requisite co-ordinate transformation. These
*discoveries! brought about a drastic re-appraisal of the Discrete
Methods, . particularly in the field of advanced structural analysis
where well-defined potential functions are readily available, An
appreciation of the wider implications of the Ritz Finite Element
method led not only to increasing interest in the mathematical .
aspects of the method, but also its .application to other branche
of science and mgineering(53). »

Another comparative investigation of the Discrete Methods
as a group was carried out in 1966, this time by Finlayson and
Scriven(54) o A study of the localised; or generalised, forms of these
methods was made by Taylor(Bz)'-:.who was principally concerned with
the concept of localisation and its application to the generalisation
of the remaining Discrete Methods, which had been largely ignored.
This enlightened trend is reflected by Croll's use of the Generalised
Collocation (or Hypar Finite Difference) method(58)(59). ‘This method
could be described as the Collocation Finite Elemcnt method aud is
the technique to be adopted in this study.

4.3 The Discrete Methods and Fluid Flows

Since their introduction to the field of fluid dynamics,
there has been a scarcity of solutions of the Navier-Stokes
equationsy; mainly because of their degree of high order and their

(60),. Some solutions of the limiting cases of gero

non-linearity
and infinitely large Reynolds numbers were obiained, but it took
the advent of the electronic digital computer to bring about

significant progress(ZS). Prior to this, solutions of the full

50



Navier—-Stokes equations required such an immense ammount of -
computation as to be impossible for practical purposes.

Probably the first attempt to integrate the Navier—Stokes
equations wes made by Thom(s;). As early as 1933, he managed to
obtain a numerical solution for the wake behind a cylinder in a
uniform strecam. The exhaustive computation, which he performed by
hand, proved to be the forerunner of a number of later studies
conducted a'ong the same lines. These were made by such authors as
Kawaguti and Allen and Soutbwell(®2)., They aid not appear until the
midrnineteen~fifties, when the Finite Difference method coupled with
the use of the elecronic digital computer were becoming establisheds

' The Finite Difference method hés been the most widely used
numerlcal technique employed for the treatment of the Navier-~Stokes

(63)

A wide variety of flow configurations have been tackled by a number

equations since its introduction into the field of fluid mechanics

of different authors, prominent amongst these being Kawaguti (1961),
Sinuni (1964) and Burggraf (1966)(647,

The obstacle of numerical divergence, which had previousely
prevented the solution of high Reynolds number flows, was overcome
by Runchal and VWolfstein in 1966(6°). Since that time a number of
authors associated with Impérial College have contributed towards
the development of this approach regarding g number of associated
problems. The development of a group of solution schemess; based on
the Patankar~Spalding Finite Difference roﬁtine enabled the
investigation of a number of flow configurations(GS).

The replacement of the Finite Difference method by the & .
Finite Element as the most widely used numerical technique has not
yoet occurred in the field of fluid mechanicsy as it did in the
field of structural mechanics., A contributory factor to this
situation is that the method of adaptation of a technique i
principally developed for the solution of problems in the field of
structural analysis (essentially a Langrangian method) to the
solution of problems in fluid mechanics (naturally described by a
Eulerian approach) is not immediately obvious(66 o More important,

however, is the fact that for the Navier—-Stokes equations for
viscous flow there is no simple variational principle. The Ritz

"Finite Element method was employed in the solution of problems for
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for which there were potential functions available (ie; the - '
variational formulation was possible) notably by Zienklewmoz(sg),
"Martln( 61) and dg Vries and Norrn.e(68)c _ '

_ ' . Recently, with the continuing development of alternétive
Diécrete methods, a growing number of problems in fluid mechanics
‘have been treated with Finite Element Type methods, A Least. Squares
Finite Element technique was employed by Huiton(69) in 1974.

Galerkin Finite Element techniques were employed by Oden(ss)
_in 1974 and Cooke and Blanchara{™), surpny (™) ana 1uons (72) an 1977,
B Thggmethod to be adopted in this study is the Generalised Collocation
method, which may be regarde as a Hypar Finite Difference method in
which cerfain Finite Element type concepts are included. '

Hi;n4.4 The Gensrallsed Collocatlon Method

- , The Discrete Ekthods provide a means of obtawnlng
approx1mate solutions to the partlal d;fferentlal equations which
govern a given physical problem, Any spproximate discrete technique
.for the solution of partial equations consists of the determination
of the unknoﬁn functions at a finite number of discrete points

. distributed throughout the domain of the problem. The values of the

. functions at these points are obtained from the solution of a system

" of algebraic équatjons determined from a discrete representation of

;f :the governing differential equations.

The manner in which this is accompllshed by the Gerera71 sed
*'Qoilooa tion method may be broadly ocutlined in the following stages
‘First, a topological idealisation of the domain of the problem iz
obtained by defining a number of discrete pointsy; or nocdes, in g

. global mesh, Each node has a set of generalised co-ordinates
associated with it relating to the unknowm parameters of the problem.
Seconds; the nodal mesh is considered to consist of seis of locally
-related nodes., Each set has an independent approximate local function,
or functions,; appertaining to the eleméntar& nodal set and the
associated generalised co-ordinafes. These sets end their immediate
environs are termed Tinite elements,the elements being inter-
connected as required by .the particular problem definition. Third.
‘the approximating functions, in terms of the local generalised
i*éo~ordinates, are subjected‘to the Collocation method criterion,



which incorporates the governing field equations and the discrete
px;inciple, to produce an algebraic local field analoguc or analogues.
Fihally; the smet of global algebraic equations is obtained by the
appropriate co~ordinate trensformation and the application of
boundary conditions. ' ‘ _ _

_ The mathematics of the process may be delineé.ted by
Vcon'sidering the governing fileld _equatic;ng or eguations, to he of
the form 3

Lu = f : . R : .' o . , e.vai:oojc;‘-(zl'."l)

together with the kinematic boundary conditions g

D=0 o ) L eesceeo (4.2)

P

- and the siress boundary conditions, which may or mey not exist

:Dnu = gll _ - 4 '- b B .‘ . e-ococeo (4°3)
" where 'L! snd 'D' are difforential operators and *i’ll‘ and 'gn'-are
prescribed spatial functions with ™! and 'e! as setb subscripte. .
' An approximate discrete function; in the form of a
truncated series; may be postulated for the generalised

co-ordinates §

'v'.:-.z

with respect to two~dimensional problems, where ’aj' are 'mtl!
unknown co-efficients,. ‘xankyk' is one of the "mél!' linearly
sndependant terms in 'x' and 'y® with '0<k<j' and 'm' finite. .

- Initially, 'x' and 'y' can be tazken as valid through the entire

il . . .
&'.xa-.l{}'k . .‘ ) . evCIovO (4& 4}

j:

field (ie; overall functions). _ o
The transformed version of equation (4.4) may be writton ;
T T 7
u = Z u f.\xy E L 4.5

g=1 VAT | Lo

-where W' is the 1y ¥h generalised co-ordinate, and "'fi(x,y)' is
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the corresponding 'shape function''”"’, The object of . the. Discrete
Methods is to approximats the solution of 'ﬁ' by means of the
.éubstitution of équation (4.5) into the respective method criterion,
the latter involving the classical definition and the discrete:
principle. The method criterion adopted by Collocation is that the
inherent error is set to zero at a finite number of pointe throughout
the domain, as opposed to being zero over the whole domain as in tho

classical approach. That 1s j

Ij.lli:lf | . | - . ., (:’F‘Or ui) ” ‘ _-';.aoo-..e (406)
- Dnulj = %} : . (.for uj) : o ) ; ;o.o'ooo (407)

vhere 'it and 'j! fypiﬁy internal and boundary nodes respectivel
‘Generalisation, or localisationy tzkes the form 3
: Iﬁ\llik = (for ui‘): ; o 9s0cece (498) :
DnU.Ijh gn ‘ | (for‘ uj) | | oc¢c¢¢¢. (40/)

whore set notational subscripts imply that ii"aﬁd 'j' aré in
- gub-regions 'k! and ‘h!' respectively, The terms 'x' and 'y! which
-appear in the associated cxpressions (renreéented by equations
{4.4) and (4.5)) -now relates %o .the appropriate slement sub-field,
- {lobal definition is now achieved by the co-ordinate transformation
of the local elements with respect to the domain of the soluiion.
Although the pointwise manner of dealing with the inherent
“error is somewhat crudes; the method has the dual adventage of
relatively straight forward formulation and the obviation of non-ncdal
riecewise inter-element continuity requirements as such(52} The techn 1guc
"may be further refined by incorporating Hermitian, as opposed 9058)

Lagrangian, functions within the Generalised Collocatién method

4.5 Sumnary
The proposed numerical treatment of the field~aquations
and appropriate boundary conditions have been described, It may be

noted that exprossions of the form (4.2) are generally classically
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(o)

dofined when this approach is adopted.
Having described the numerical technique to be employed

and delineated the physical probleﬁ to be treatsd, consider now the

spplication of the Generalised Collocation Method to the problem of

the tuwrbulent plane jete .



CHAPTER 5
THE DISCRETE MODELLING OF THE TURBULENT PLANE JET

5.1 The Generalised Co-—ordinates

In order to employ a Finite Element type model, the

essentizl continuum parameters must first be identified in a

convenient form, These parameters will then be subject to the

respective discretisation procedure, First, the momentum equation
“and the transport equations for 'uv', 'k' and 'kL' (equations
(3.17), (3.18), (3.46) and (3.49) respectively) may be written as j

UU’x"' W!Y"’ (a;)$Y=O eecocee
uv + \FtU’Y_O . eecevce
1372

Ukyy + Vieay = %Ik’Y)’Y B V“t(U’Y)Z +Ey =0,
‘ VL
U(kL)QX + V(kL),Y - ( 1'23((1‘1')’1' + K4Lk’Y))’Y -
2 3/2 - '
K5 \;’tL(U’Y) + K6k =0 sceceee

where the differential notation employed is typified by 3

U, 5K | ereeee

and the constants Ki (i = 1,6) reprgSent"ak', '05‘,:'okL';

'CB'-and 'Cs' respectively.
Int:odné%ion of the stream function W' .where 3

‘{I,Y~= U ceeccco
Lo ‘{j’X"_::‘-:V - ' o . eececes

and the relationship from equation (3.19)

&t =.K7k1/211 v so0evece

- . © Net s amnemeronna sy e ——— e an s - o €

(5.1)
(5.2)

(5.3)
(5.4)

(5.5)

!CkLl s

(5#6)

(5.7)

(5.8)



where X, represents Cix, allows the momentum equation to be written j
CoyWayg = Wog¥oyy = L0 LWy +
éL,ng,YY;% OLWyyyy) =0 % coceece (5.9)
and the k-equation (the transport eqﬁation for 'k') as
‘P’Y@z)’x - %x@?)’x = 2,05 (8%)yy + 0Ly (¢ +
PL(6%) yyy) —EHL( y )2+ M0 e (5.10)
and the kl-equation (the transpoét equation for 'kL') as 3
By (82,0 & W, 020, = ¥, (0),0 - ¥, 035 -
D, (055(0%),51% #-0(4%),y1? . 3(¢2)54(12)5y) -
D,((63)5yboy + 6°Lyylsy + §710531) = DT2(V 0 )% +
kg’ =0 | veeeers (5.11)

The kinetic energy of turbulence,’''k', has been wriiten as

K = ¢2 ., C eeeeene (5.12)
and D --:K7/K1 : ceveese (5.13)
]?2 = K7/K3 | cecssss (5.14)
1)3 = K5K7 | | ....f.. (5.15)
D, = 132(1‘:-%{4) ,‘...... (5.16)

, The turbulence model developed in Chapter Three may now be
expressed in the form of the three equations (5.9)y (5.10) and (5.11).
There are three basic unknown quantitiesy, '¢ ', 'k' and 'L', These
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three continuous parametric functions are to be represented by
discrete generalised co-ordinates associated with with each nodal
point throughout the domain of the problem. Having identified the
basic continuum parameters and their field relabionship, it remains
to define the boundary conditions appertaining to ihe Turbulent
Plane Jet case. The domain of the problem is illustrated in.

Figure (17). A suitable global discrete mesh is superimposed for

. clarity. The depicted nodes give a balanced topology through the

‘field and on the boundaries.

The boundary conditions should be chosen so as to be
consistent with the known distribution of the relevant quantities.
The form of the profiles of the quantities 'U', 'k', and 'uv' have
“been established experimentally(4)(14); note Figures (18.a) to0 "(18.c).
The form of the 'Y —profile' and the 'U,Y@profile' may be deducedv
from the 'U-profile'; note Figures (18.d) and (18.e). The 'I~profile!
may be determined qualitatively from the consideration of the
profiles of the quantities 'k', 'uv!' and_'U,Y' employing the

relationship §
{1—V'= C/uéLU,Y v so0eccec (5-17)

In order %o be consistent with these factors, it is necessary for -
the 'I~profile! %o be both symmetric and positive; note Figure (18.%).
A further property possessed by the 'I-profile' is that its |
derivative with respect to Y is zero at the free boundaryg44).
Consideration of the profiles demonstrates that the boundary
conditions, relating to the basic pargmeters, that must be observed

are as follows 3}

\P,Y|fb'=v=o o veoeass (5.18)
bl =0 - e (5.29)
L,?[fb=o coreses (5.20)
‘{’:xl'éb?“’:‘) | ceceves (5.21)4
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(¢2),Y|sb =0 ] ' XXX X RN (5.22)

where the subscripts 'fb! an&.'sb' refer to the free and the symmetry
(ie; the centre line) boundaries respectively. It should be noted
further that the 'U', 'k! and 'L' profiles are symmetrical and the
Y ', 'uv' and 'Uyy' profiles anti-symmetrical about the centre line-

of the jet.
Having set up the classical=-phenomenological equations and

delineated the boundary conditions in terms of the basic parameters,
consider now the development of a suitable local Generalised

Collocation Finlite Element.

5.2 The local Model Topology ‘ ,

‘ The topology and the approximating functions of any Finite
Element are intimately connected, as discussed previously. In the
interest.of clarity, however, consider initially the former aspect.
The most suitable scheme is that shown in Figure (19.a), with
Figure (19.b) demonstrating how it should be employed in the global
sense, having been subjected to the appropriate co-ordinate
transformation,

The element possesses two definite attributes. First, the
necessary linear translational transformation is of a regular form,
Second, no external nodes should be required, noting of covurse, the
symmetry limitation,; since the element is chosen to fit the field
and boundaries from the outset., This is most important and is one -
of the advantages of the Generalised Collocation Finite Element
approach to the localised discretisation procedure. over that
generally associated with the (lagrangian) Finite Difference
technique.( 52).

At each node there are to be discrete generalised
co-ordinates, These are denoted in Figure.(19.Q) by the symbols
'T;" (3 = 1,4) and will be considered in further detail in the

following section. The geometric parameter is denoted by 'h',

5.3 The Postulated Approximating Functions and Generalised Co-ordinates
The choice of the approximating functions is dictated by a

nunber of considerations. It is beyond the scope of this study to
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enter into a detailed examination of so complex a subject. However;
in view of the emphasis on the numerical aspects of this study, it
is appropriate to indicate the importance of achieving a suitable
function and to consider some of the more significant factors which
influence its seleot10n<52)(53)

There are thres basic considerations of fundemental
importance 1nvolved in the selection of the approximating elementary
or localised functions inherent in the Discrete Methods., First, the
number of terms in the polynomial must be commensurate with the |
number of local unknovns or generalised co-ordinates involved,
Second, the resulting coefficient matrix must be capable of
inversion in order to obtain the local interpolatory function. -
Mathematical singularities must be avoided, Third, the polynomial
must be suited to any required co-ordinate transformation. The
number of unknowns involved is dependent upon the topology of the
local model. Thué a choice of the approximating function is generally
‘made in conjunction with the choice of the element geometfy as a
result of their close inter-relationship. )

The choice of the approximating function is 6ften made with
reference to Pascal's triangle; note Figure (20.a). A series that
gives a multi-apex pattern is generally suitable for problems whose
co-ordinate transformatlon only involves linear translatlon(sz)
Further if the problem is such that there is no spatial bias ¢n the
parameters, a symmetrical polynomial is generally chosen. In the
case of the jet there is a distinoct spatial orientation and this is
reflected in the choice of the'approximating function or series.
The same general function is employed for all three parameters, as
depicted in Figure (20.b), and takes the form; |

“ = >\0 4 A]-X‘i' )\ey + A3y2 . eeeecece (5023)

where 1T represents each of the three parametric generalised
‘co~ordinates 'W'y; 'P! and 'L' in turn end 'Ajf represents the
corresponding polynomial coefficients 'ai',"bi' and 'ci'
respectively. Lagrangian funotions were therefore employed.

It is important to note that the production of this twelve

degree~of-freedom modol took considerable effort. Various alternative

configurations were attempted in order to optimise the problem =
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b) Local Lagrangian Functions.

Figure 20.
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orientation characteristics of the element; note Figure (21),

)°4 Elementary JInterpolatory Ihnctlons ,
The 'Ai‘-tcrm are initially convenwent gencral polynomnial
wlknown coofficicnts which are to be related to the appropriate
(A ' discrete genoralised co-ordinates. Consider now the derivation
of the elementar” interpolating function. The general anprox;matlng
polynomial, equaulon (5.23)s may be written as -

Tfr_ E;Y )\ B o '. . - 7  . .b;e..ve-ca. (5024)
where 5w =1 x ¥ ¥ Ceevcese (5.25)
arld ; )‘ T = I}‘O )\1)\2 }‘BI ' -' : ) 905!500 (50?6)

Re-vwriting the approximaiing Functlons in terms of the loca¢¢sea
generaliised co—-ordinates, that is vith respect to the loczl element,

gives the following set of eguations, expressed in matrix format;

Woayg |7 [ -8 0 0 %
. N . - I'- ‘ 2
W sa |2 o IR | IR
Us,; 11 o o o /\é
IT . ) » T2 >\ A NV TA
i,j“‘l 1 0 h h 3 | ‘ooo‘ \JoC?}
" ie; n = c)\ o’e.eocoo (5c28)

The polynomial coefficients may be expressed in terms ol the lOv&l
generalised co—-ordinates by the inversion of the 'C-matrix';

N o 0 0 | 10 Hi__lzj

4)‘1 "74}'3 0 74'113 O [ Myy5-1

Ao . 0. "'é% 0 'élll “i,é

ST e gk e [Tl - o
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oIy >\= C—.lﬁe : ' eececce (5030)

This elucidates the essential inversion and numericgl term
equivalence requirements noted in section 5,3. Equation (5.24)

may now be written
“ - Xy Cc -1 “e . XYY Y] (5031)
- 1 1 _2 .
2 1 2 ;
(l + "_x h —2y )Tl J + (Zhy + - 2h )Ti J+l . (5032)
As ' Tt represents 'W', 'd! and 'L' in furn equation (5,32) relates
to their assumed local nature. ; .
Consider now the formulation of the local field analogues

in terms of the the discrete generalised co-ordinates as represented

in the above., For convenience the following notation is adopted

"‘1-1,3 L
T 5,5 [P
L ST,
I 1,51 T, ceeroce (5.33)

5.5 The Local Field Analogues

The discretised or localised field equations or analogues
are obtained by subjecting the elementary interpolatary functions
%o the appropriate Discrete Method Criterion. Noting the element
topology and the form of the general approximating functiong it
follows that; :

(l/’x‘:: al ) ' ) ececece (5034)

Q’,y:az-l- 233y . _ : o;ooooa (5035)
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=0 cece
q”’xy. oee
ql’w_za.g ’ ececeoc
.;.0 cc o600 0O0QO

Yoy

= b . evscece
¢,y b2+ 23.'Y
42),. = 2(» tbox+ by + by )b

’x 0 l 2y l eeecceoe

. 2 _ . 2
(6%)ry = 2(bg + Byx + 7 + by )(by + 2ogy) oo

(0%),, = 2((by + Byx + by + b33°) +

e (b, + 2b3y)(b2 + 2b3y)) - cocence

@) = (b + byx + by 4 b3y2)3

o006 oo

A3y 2,2
(¢ ),y = 3(by + byx 4 by + by ) (b, 4 2b3y) coe

L’x=°1 ‘ eeecoec

L,y:-cz-*- 203y . evececo

L = 2c ¢eececo
vy~ 2%

1 = (c0 + 01X ey +rc3y )

[ 2 BN Y ¥ J

2 — 2 ) :
and 3 (L )’y.- 2(00 b o)X+ o7 + o5y }(cz + 2033') cer

Substitution of these terms into equation (5.9) gives;

(5.36)
(5.37)
(5.38)
(5.39)
(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
(5.46)
(5.47)
(5.48)

(5.49)

(c0 + 0 + 0y + c3y2)(2a3) + v(bo * DX + by b3y2)

\.' ’ 2
A (92 + 2033’)(2&3) + (bo + blx + 'bzy -+ b3y )
(co + c,x + ey + csy‘?)(o)) = residual orror ...
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Collocation is made at each field and boundary node. In local terms,;
generélised field collocation is made at node (i,j) and boundary
collocation at nodes (i=l,3j), (i,j=-1) and (i,j+1) respectively. Thus,
collocating at node (1,j)s when 'x' and 'y' are zero, the residual

error becomes equal to zero and equation (5.50) becomes;
(a;)(2a;) + K ((b,)(cy)(2a3) + (b,)(c,)(2a3)) =0 . (5.52)

ie§ - 2a + 2b002) =0 ' eceseec (5052)

1 +.K7(2b

2%

Substituting into equation (5.10) and collocating at node (i,j) gives 3

(a,)(2bsb ) = (a))(2bgby ) = Dy ((b,)(c, )(2b5b,) +
(o) (e,)(25b,) + () (e0) (g0 + 20,2)) -
K, (b, ) (cy)(285)% + Kby /oy = 0 vereens (5.53)

ie; 232b0bl - 231b0b2 - Iﬁ(2bob2b2co + 2bobob203 &

'a 3 = {
4bboby + 2bgb,b,0)) = Ko(4asasbocy) + Kpby®/ey = 0 7 (5,54)

As 'by' and 'c,' are both non-zero quantities, equation (5.54)
may be divided by 'bo' and multiplied by 'co' to gives

2a b.c_ ~ 2a.b.c. ~ Iﬁ(2bob

2°1% 1850 c. +* 4bob c.c

2%°2 3%% ¥
4b,b,0000) = K (4a3a:000,) + biobo‘; 0  eeecens (5.55)
Substituting into equation (5.11) and collocating at node (i,j) gives 3
(a,) (20 )(og) + (ay) by )by ) ey ) - (al‘}(zbobz)(qo) -
(o) (g2 ) (o) = 2,((8,)(hgh,)(o45) o
(by) (450, + 2,2)(eg)(eg) + (b5)(20b,) (2000,)) =

(continued)
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ieg

Dividing

D,((305°p,) (05 ) (e,) + (bgbyby)(e,)(e,) # (byboby) (cg)(2e,)) =

32

Dy (b, ) (e ) () (28,)% + Keb? = 0 cereens (5.56)

2a2bo'blco + a2b0b001 - 2a.l’b0'b200 - albobObZ -

b b b b
D, (26,00, + Abobobyce, + 2Bgbob oy +

4v, o'2°o°2) D,(3bybob e, + Bybobyc, o, + 2boboboc003)

D, (4a,2,b0,0) + Kb boby = 0 cecesss (5.57)
equation (5.57) by 'D,'s & non-zero quantity, gives j

«" + - - -
2a2'b1c0 . az'bocl 2alb200 al'boc2

b o
])4(4‘00 3%% * 4b2b20000 + 4bob20002)

Ib(3?ob2coc2 + bybyo,0, + 2bobococ3) -

D;(4a3a3040,) + K¢boby = 0 . ceeoess (5.58)

Equations (5,52), (5.55) and (5.58) represent the local field
analogue for' ‘the momentum, the 'k' and the 'kL' equations
respectively, expressed in terms of the coefficients of the
;(Langrengian) interpolatory functions. Re-writing the coefficients
in terms of the generalised co-ordinates (nb; equation (5.29)) and
substituting into equation (5,52) gives;

1 1 1 1
(- 55 Yy * 55 V3) + (= g1y + §Ry1s) +

(- %¢3L2 + %¢3L4)) =0 cececes (5.59)

For convenience in the manipulation a second notational

transformation is made as expressed by j;
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Y1 || ™
& Y2
L u3
e %4
¢2 ug
Ly Ys
oo U
4’3v ‘'8
I3 %
Yq “10
0, Y11
L, a, vereees (5.60)

Re-writing equation (5.59) in this.notation gives;
1 1 1 1
(- T T 55?7) + K7((— st + Eggull) +
1 1 - ' ,
("" 'ﬁu6u8 '§' ‘Eu8u12)) - 0 0oesocescoe (5061)

Re-writing equation (5.55) in terms of the generalised co-ordinates

givess

1 " " . -
(4h2“2“499 4h2“498u9 4h2“2“9“10 + 4]12‘18“9“10)
(_i L u.u, u, - A -

4h2ulu5u9 - 4h2 sl 4h2ulu9ull + 4h2u7u9u11) -

. e



1 1 1
D ((—=umuu, = = uu . + ==_uu W . u.)+
12h25599~'h259911 2h299llll

1
(=,uu uqu, -
op2 D 689 oy oh

1 1
---2u5u8u9u12 - ---2u6u8u9u11 +

o 2 4 2
“Aieiotirtip) ¢ (Cotgigig - Toigigioty + Spglighuy )

(tamuu, - o v -2 uuu u o)) -
2h2559 h259911 2h2991111 :
1 4 Wl _ 4
K (Cppgigng + SRPrighy * CaRgti0t0 T LA *

2 4 -
S0 T AR g o)) + Kolugig) T O eene (5.62)

Re=writing equation (5.58) in terms of the generalised co~ordinates

gives;

1 1 1 1
(= uuu, = == u U, = == _u U U, + == o u ) +
4h2»2 49 4112 4879 4h2 29710 4h2 879710
1 1 1 1
(== uu v, = == uun, = —=_uU == 0u ) e
a2 348 T 52ia8"9 T gro"tsti0 T a0l T
1l 1 1 1
(2;2u1u5u9 4h2ulu9ull 4h2u5u7u9 + 4h2u7u9ull) -
(--l WUy = 2 U U, = =S uuu, + - ugu ) -
an2 168 T grotietie T gotetrts T g7 e e

1 1 1
D4((;;2u5u5u9u? vh2u5u9u9ull + 2h2u9u9ullun) +

2 -4 2 L -
(h2u5u8u9u9 h2u8u8u9u9 + h2g8u9u9u11) + (2h2L5u5u9u9

1 ! 1
R259% M ;;2u9“9“11“11) * (;2“5“6u8“9 -

1 1 1 '
;2u5“8“9“12 - ;2“6“8“9“11 * ;2u8u9u11“12)) -

3 :
u._u,u_u wg6u8u E S

3 3
D, ((-=2,uuuu - = - a
2 ;]25689 “258912 4h2 9711

3 ' 1 1
=2 uou.u . ,.) + (== uuuu, - == uwuuLu, .. +
i I el EUR R o i B T
1 . 1 2 1
z;2u8u8u12u12) + (Sougigighy = Spugighgty + ;2“8“8“9“12)) -

(continued)
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l u,uuu. <4 ﬁ'u w, a u,. l u.u u _u

DylCRLL0 *+ T g% * %% 100 ~

4 2 4
SRR TSR0 T Retgto)) 4
K6u8u8=0 : eececos (5063)

The equations (5.61)y (5.62) and (5.63) may be expressed
more conveniently in matrix form. The respective matrices are
depicted in Figures (22) to (25). The extra constants appearing in
"~ the equations arise through the grouping of like terms-j that is 3

- - [ ’ | ‘- eceescc 06
D, ,3“'1)2 40, | (5. 64)
D6= 21)2 < 4])4 | esecoee (5065)

5,6 The Local Boundary Analogues

The éolutignaaf field problems requires not only -the -
delineation of field equafionshbut;also of the gppropriate boundary
conditions. Baving considered the discretised form of the former,
consider now the local boundery conditions..The topological
relationship between the local element and the global field is
illustrated in Figure (26). The global conditions appertaining to
the centre-line have been disoussed in sectitn (5.1). The 'Q)-profile'
exhibits skew-~symmetry and the '6~profile' and the 'I~profile’

exhibit symmetry on the centre-line. The value of '{{/* is constant
along'the cenlre-line., The corresponding boundary conditions may be

expressed;mathematically, in localised terms; as follows 3

Yi-1,3 B tpi;j
Yi,g0 | =Yi,561
b, 51 05,541
i, -1 Ly, 542 veveees (5.66)
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The quantities '¢' and 'L' on the centre-line appear as unknowns in

the final equations.

The global conditions to be satisfied on the free boundary
are given by equations (5.18), (5.19) and (5.20). Substituting
equation (5.35) into equation (5.18) and collocating at node (i,j+l)
(where 'x' is zero and 'y! is equal to 'h' with respect to the

loczl co-ordinate system) gives;

Uy, = oy + 20yn = 0 coeere (5261

Re-~writing equatioh (5.67) in terms of the generaglised co—ordinates,

1 Y
CATIERE L R,
' 1 1
2( ‘V. . e q/ ‘P ) =0 ¢evvcoece (5068)
2h i1 h2 i,g 2h2 1,541
1 @ - g' ) -.-3. J = )
1e; EWi,jnl hq)i’j + Zh\i,j'}'l 0 etecsvoe (5.69)
. ) | N |
thuss q)i,j‘{'l L jk[)i,j - :’;q)i,j-l e0ecs0o (5070)

The derivative of 'L' with respect to 'y' is similarly equal - to
gzero on the free boundary. It follows, “therefore, that since the
interpolatory function is of the same form for both 'y ! and ‘LY,

L veseees (5a71)

=4, -1
i,#1  37i,J 371,51

The local boundary conditions on the free boundary may now be

written asj

Y1, 541 $-5 o o ¥i,3
¢i,j+1 -l o o o o 5;{’3;3-1
Ly a1 °© o0 %"% Li, g
5,5-1] (5-72)
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The co~ordinate transformation is such that the initial
boundary conditions have to be satisfied locally at only two nodes,
one occurring at the free boundary and the other on the symmetry

boundary. The value of '@' is zero on the free boundary. The remaining

parameters associated with the two nodes {alling on the initial
boundary mast have:values assigned to them, The initial conditions
may be of an arbitary choice., 'Owing to the tendency to similarityz
the initial conditions have no influence on the final solution'(44)o
In the event, the Vaiues assigned to the parameters were chosen so
that thelr relationship to one another reflected the physical
reality of the flow configuration.

5.7 Global Transformation of the Local Analogues

| As previously stated in Chapter Four, the macro~continuum
enclosed by the domain of the problem may be idealised into a finite
number of discrete points located at the nodes of a mesh generated
with respect to a global co-ordinate system. The proposed global

mesh is illustrated in Figure (27.a). Arglobal field analogue of the

governing equations may be constructed by the incorporation of the
appropriate repetitive application of the local field analogue
throughout the domain of the problem, together with the application
of the requisite boundary conditions., The local generalised
co-ordinates are therefore transformed with respect to the global
mesh system, with the local functions inherently linearly translated,
The local function is of the neccessary form %o permit this as it
satisfies the transformation requirements as discussed previously in
section 5.3.

The requirements of the transformation routine itself may
be more clearly appreciated by consideration of the overall method
of solution. Due to the parsbolic nature of the probiem, the global
field extends to infinity in the 'Xidirection's Solution of the
problem over the whole field, however; is rendered unnecessary by

(44)

the phenomenon of similarity o Therefore the sclution must
necessarily be of a step-wise nature,
The first translation step is shown in Figure (27.b). Two

olements, with their associated field analogues and initial,free and

-gymmetrical boundary conditions, span the breadth of the jet,
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producing a set of 'm' non-linear algebraic discrete equations in
'n' unknowns, In further transformations, the initial conditions for
the next step downstream are obtained from the solution of the ‘
previous equations. Full solution is achieved when similarity
profiles are obtained(44)e The overall solution of the problem,
therefore, entails a step-wise procedure in which co-ordinate
translation of the element across the jet and the intermedigie
solution of the resulting equations occur at each step.

The co-ordinate transformation procedure involves
considerable computational effort, due to the high degree of
non-linearity in the equations, and requires the employment of an
electronic digital computer, In order to facilitate the computer
programming as far as possible, emphasis was placed on specific
applicability rather than considerations of algebraic generality.
Thus, the transformation routine, listed in Appendix II; was written
specifically with regard to the elomeﬁt employed and the rectangular
global topology illustrated in Figure (19). In gencral, terms however,
a two-dimensional linear translation for gquartic functions, or
matrices, was derived. The program language was Fortran IV and an
IBM 370/135 electronic digital computer was employed.

If the global field analogue component at any step in the
solution is constructed of the equations formed by a co-ordinate
transformation entailing 'n' translations, there are '(n-1)' overlaps
with two nodes being duplicated at esach one., This is denoted in
Figure (28). Since the element has four nodes,; the number of global
nodal points, 'P', is '4&' less the rumber of duplicationse. That iss

P=4n - 2(n-1) | cececes (5.73)

Further, since there are three generalised co-ordinates associated
with each node of the element, the number of global unknowms, 'N',
is '3P', That is; '

N = 3(41'1— 2(!1—1)) - evcecee (5074)

= 6(n+1) seceese (5.75)
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Any given generalised co—ordinate appearing in the local field
analogue will appear 'n' times in the global field analogue, that
is, once for each translation. For example, the co-ordinate 'ulz-.‘
clearly corresponds to the term 'U(6n - 6)" generated by the final
translation. Each local generalised co—ordinate may be treated in a
1iko manner. Global co-ordinates are denoted by (i)' (1= 1,0W).
The procedure may be explicitly demonstrated with reference
to the transformation of the ge;neralised co—ordinates represented by
the first equation of the matrices 'ul' and 'ucl' of Figure (23).
On transformation, !ul' will appear in the global anglogue in 'n!
locations, that is; . ‘

2

uy - U(l), U(4)y-eeeeee T(3n=2) cesceee (5.76)

‘and similarly, 'u7’ will appear in 'n' locations corrésponding o
u.i > U(3n + 4), U(3G0 + T) eeeeoe U(bn + 1) .oo (5.77)

occuring in the first, second and 'nth' equations respectively. For

example, if 'n' is equ_al to two,

1 1 : 1 1
-5 milm| -z © % °|] va)
-
1 1
u7 0O - EE 0 EH U(4)v

U(20)

U(18) ' (5.78)

The procedure may.equally well be carried out on the higher
order terms although it is complicated slightly by the occurrence of
overlaps from equation to equation., Suppose, for the sake of
simplicity,. that the matrices 'u2' and 'uc2' were j

u-u

59

b s

u9u11
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On transformation the first‘term will correspend to the tverms
- U(3n~é)ﬁ(3n;65su(3n;5)u(3n—9),.f.§,U(énul)u(6n~3)

dnd the sacond t$ ;; |
- 158(3n~5)n(3n-9),Uk3n;8)t(3n~12),... U(sn—é)u(enms)

~ 4n the global field analogue. Therefore, ifj

-.n=2
!1 1] ugg 11 1 ollud)uaz)
o e | |
sagyl 0 o 1 1} T()uas)
U(14)u(28) | (5.79)

~A-final illustrétion~6f.the procedure, including.lerms of
up to the fourth order, is given by the transfcrmation of an example
‘of a simple local field snalogue with } -

n=z ol (5.00)

and is showm in Figure (29).

Thusy on transformation each term in the local Tield

analogue corresponds to a specific global unknown which is defined
by the local and global topologies and the number of iranslations
dnvolved. Since the relationship between the global unknowms znd ths
local generalised co—ordinates is not only specific but also
-gystematic, a general transformation routine may be waritien.
Comparison of the local field analogues in Figures (22)
gnd (29) shows clearly that the transformation of the former is
considerably more complex than that o¢f the latter, Not only does the
. analogue consists of three equations, as compared with one, but each .
~ one contains many more terms., Further, in ordor to provide enough

information to be useful; co-ordinate transformations in which 'n!
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is at least three are required. The situation is complicated still
further by the restrictions on the presentation of the equations
imposed by the non-linear solution routine, Thus it was found to be
expeditous to write the transformation program so as to achieve the
dual purpose of producing the final system of equations and at the
same tire to set them up in the requisite format for solution.

The program may be considered to proceed in four main
stages., The first stage is concerned with the formulation of the
global matrices of coefficients (labelled LINT, QUDT, CUBT and QURT)
built up‘through the transformation of the local matrices of
coefficients 'ucl', 'uc2'y 'uc3' and ‘uc4' respectively (depicted in
Figures (22) and (30)). As a consequence of the ordered and
systematic arrangement of the equations generated by the co~ordinate
transformation, the matrices of coefficients may be composed by.
employing a routine which defines the 'patiern' of coefficients,
appropriate to each particular global matrix, in generai'terms.

Each matrix in the local field analogue may be divided into
blocks as shown in Figure (30). The global matrices of coefficients
were constructed by allocating each block of local coefficients to
ite appropriate position within the globél'matrices. The iOcations
of the blocks in the global matrices arising from a transformation
for which 3

ns= 3 . | evcocee (5081)

is shown in Figures (31) to (33), ¥hich also show the dimensions of
the matrices involved. It may be seen that for the intermediate
equations the location of the blocks relative to each other are
repetitive, the first and last three equations being special cases.
,The programming of this part of the routine, then, consists of
determining thev!startigg positions' of the blocks and then
proceeding with a standard sequence,

The second stage of the program involves the generation
of the appropriate %ubsoripts'of the global parameters from the
transformation of the local generalised co-ordinates.in the mannex
previously discussed., The arrays of global parameters associated -
with the matrices of Figures (31) to (33) are illustrated in
Figures (35) and (36), Figure (34) being a general diagnostic
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| u(4)

u(7)
U(13)
U(16)
U(19)

|QUDco| =

U(11)T(15)
U(12)u(14)
U(14)u(14)
U(14)U(18)
U(15)u(17)
u(17)u(17)
U(17)u(21)
U(18)u(20)
U(20)u(20)
U(20)u(24)
U(21)u(23)

\THE MATRICES LINCO AND QUDCO

FIGURE 35
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diagram relating the various matrices,
The third stage is concerned with satisfying the boundary
conditions of equations (5.66) and (5.72) and defining the initial
conditions. A consequence of fully satisfying the boundary
" conditions in the manner desoribed is that the first of the '3n'
equations is rendered trivial, However, there remain only '3n--1'
globai unknowns and these may be determined from the simultannous
solution of the remaining set of '3n-1' non-linear algebraic
- equations, Thus in this stage of the program values are assigned to
the known global parameters through the application of equations
-(5.56) and (5.72) and the initial conditions are sets .
The fourth stage of the program entails the présentation
of the global equations in the manner required by the solution
routine, To this end, the remaining global unknowns are made

equivalent to 'xi' where
is= 1,31’1'“1 . eceecco (5«82)

Thug the parameter ‘xi' appearing in the non-linear solution routine
described in -the following chapter, represents the global unknowms,
'U(i)!, which are not eliminated through the application of boundary
conditions. ' ,

The equations are defined as the functiOns"fi(x)' through
the multiplication of the matrices of coefficients by the appropriate
colum vectors of generalised co-ordinates. The basic principle of
the operation is illustrated in the flow diagram in Figure (37).

The actual programming employed is rather more'complex. Further
details of the method are provided by the 'comment! statements
included in the program listing given in Appendix IT,

5.8 Summary

' In this chapter the classical differential continuous
field and boundary expressions have been converted into a global
set of discrete algebraic functions by the gpplication of the
Collocation Finite Element, or Hypar Finite Difference, method
Consider now the solution of these equations.

(59,
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CHAPTER 6

SOLUTION OF DISCRETE GIOBAL SYSTEHM

6.1 Introduction _

The global equations provided by the co—brdinate
transformation of the local field and boundary analogues consist of
a set of non-linear simultaneous algebraic equations including terms
of up to the fourth order., The algorithm chosen for their solution
is a hybrid of the Newton-Raphson end the Steepest Descent methods,
developed by Powe11(73)(74). Software details being ag.railable(‘_?ll),
the present study will content itself with a broad outline of the
method and a description of some of its more important features,

6,2 The Newton-Raphson Method.

The underlying principles of the Newbton-Raphson method may
be appreciated most easily by considering its application to a single
variable function, ff(x)'. This is a special case of the method which
is equivalent to Newton's technique for finding the root of tr(x)!.

The relationship 3 ' ‘

0y o)
f (x ) - I(k) - x(k+1) ececece (6,1)

is self-evident from Figure (38), Re-arranging the terms gives the
well known Newton-Raphson formula(75 ) 3

(o) | (k) _ _g(=)
x ;%;(l—{.)l) escoces (692)

A solution may be gainod by an iteration procedure in which the
estimate, 'x(k)', of the solution is replaced by 3

x(k+l) = I(k) + 5(k) eocceno (6.3)
where H :f’(x(k)) + £ (X(k)) S(k) =0 scoeece (604)
The procecure converges to the root of the equation anbd the solution

is obtained when the updated estimate agrees with the previous
estimate within an acceptable degree of accuracy.
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For the general case of a system of non-linear algebraic equations"'~7/;

f (X) f (x 2, coey xn) =0 (i = l,n) ece (695)
the estimate 'X5)1 of the solution is replaced by the estimate §

£B+1) o (k) g () vecesee (6.6)

where ! g(k')' solves the linear system
£ (x(k)) + Z 3, (k)sj(l‘) 20  (i=1,m) eor (6.7)
3-1

The Jacobian matrixz, '[J l'7is composed of first derivatives, that is ;

i;j(k) [a 3]x- (x) | coceces (6.8)

As before, an iterative process for the solution of 'f£(X)*' is achieved.

6.3 The Steepest Descent Method

| An alternative approach to the problem is the implementation
of a minimisation technique. The roois of the system (6.5) may.
clearly be obtained by minimisation of the function 'F(X)' with
respect to XY, where

F(X) = Z [f(x)]2 ceveees (£9)

since 'F(X)' is non-negative and so has the least possable value of
zero., Thus the solution of the equations is provided by the
particular value of 'X' for which the function is zero.

The Steepest Descent method is one of the step-by-step
multivariate minimisation procedures in which a univariate search
along a line from the current best point to a new point (which is a
minimum on that line) is carried out at each step. Thus if the
current point is 'X(5)1, then §

7= x84 & () (K) ceserer (6.10)
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defines a line through 1x45)1 in the direction .p\Kh’ where ' &\™/1
is an undetermined scalar, Minimisation of 1£(2)* with respect to

: "d(k)' s may be carried out by a univariate minimisation technique.
Assuming that 3

ﬂ\ = DL . coeveve (6'11)

at the minimum, the new point is taken as §

x(k1) ;X(k) 4 o (1) cereess (6.12)

A new direction is then determined and the procedure is repeated
-wntil an overall minimum is found., The procedure gpplied to a
function in two verisbles is illustrated in Figure (39).

The manner in which the direction is determined depends on
the particular method used, The Steepest Descent method, as its
name would imply, entails the determination of the steepest downhill
direction at some point X(i)'. The difference, 'A‘', between the
function at this point,’ 'f(X(l))‘ , and a neighbouring point,
."f(x(i)-&p(i))', where 'lpl' is constant, is a maximum along the line
of steepest descent5 as shown in Figure (39). The first term in the

Taylor expansion(76 gives j

Z& =~ ZPJbX ececeec (6-13)

.- Pg eocevee (6014)
where 'g! is the gradient. Thus 'A' is the scalar product §
E - .-"p““g“ cose i?o?ooooo (6'15)

where '# ' is the angle between the vectors 'p' and ‘g'. The
difference 'A! isg clearly a maximum when 'p! and 'g' are anti-
parallel. Thus the direction of the steepest descent is given by
'-g' and the estimate, 'X( )', of the solution is replaced by

x0et) o 5 (6) _ % (k) A(6.16)
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As in the previous case, the iteration procedure is continued until.
it converges to an estimate of the solution with an acceptable degree

of accuracy,

6.4 Powell's Algorithm . ,
The classical Newton-Raphson iteration often fails to . '
converge ii’,i'X(k)' is not a good estimate of the solution of the
| system (6.5)s A number of algorithms have been developed to try and
' provide reliable convergence even when a close initial estimate of
the solution is not available, One common strategy is to retain the
direction but to restrict the length of the step predicted by the
classical method. Thus equation (6.6) is replaced by the expfession 3
(k1) = £ (k) | A (k) (k) | C(6.17)

eo0ooeee

a

where the number '/\( )r‘ is calculated to prevemt the estimate
‘X(k+l)' from being worse than 'X(k)'. This condition may be tested
by evaluating the sum of the squares of the residuals (that is the

function of equation (6.9)) and ensuring that 3
r(x(:1)) £ p(xk)) e (6228)

The approach is not altogether satisfactory as it will fail in
certain situa.tions, one of them being when the Jacobian matrix
becomes singular,

A method for modlfy:mg the Newton-Raphson iteration still
further may be derived by introducing the parameter ! X into the
‘‘normal least squares' formulation of the equation (6, 7), that is g

Y AT =l a0 Geam @)

A correction vector, ! 5‘“', is obtained by solving the set of linear

equations

Z {*I +Ik_1klk3}g*‘ }:k_l (X) .e (6.é6>

where 'I' is & unit matriz., When ' X' is zero, the system (6,20) is
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equivalent to the classical iteration itself. When ' A'' becomes

large, the solution of the linear equations yields ;

SA; """'2 e k(x)/ﬁ‘ coneeer (6:21)
= ”%[Siip(x):]xzxtk)/X* - cevenes (6:22)

which shows that 'ﬁ?(k)’ tends to a small negative multiple of ihe
gradient of 'F(X)' at 'X(k)‘. Therefore, the large values of ' z\¥!
tend to make the iteration similar to the classical Steepest Descent
method applied to the function 'F(X)' and, unless Tx(k) ' ig a
stationary point of 'F(X)', a value of ! X" can be calculated 80 as
to satisfy the inequality (6.20).

Powell's method(73) is very similar to this approach,

. although it differs from previous algorithms of this type in a
number of ways. The classical iteration is medified in such a manner
that it is unnecessary to solve a linear system, such as (6.20), on
every iteration. Nor are explicit expressions for the derivatives
required as the Jacobian matrix is revised by a numerical
approximation technique. In this way, economies are made in
computational effort whilst retaining the main features of this type
of methods namely that if the full Newton-Raphson correction is too
rlarge, the displacement from 'X(k)' is biased towards the steepest
descent direction of 'F(X)'.

A general outline of one iteration of the method is
illustrated by the flow diagram of Figure (40). The algoritbm has
several initial requirements which are illustrated in the block
diagram of Figure (41). The iterative process begins by evaluating:
the full Newton—-Rephson correction, ! $(k)', by solving the system 3

£, (x(k)) +}_ R 13(k)sj(k) =0 (i =1,).. k6.23)
3=

The gradient is then found from the calculation j

g, = %F(Xﬂ cevreen (6:20)
".22 f(x)ax 1(X)] ceeonss (6.25)
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(k)

Vector of variables, 'X‘ /', which is
an estimate of the solution of the

equations

The function 'i‘i(X)' defining the

system of non-linear equations

Mn approximation to the Jacobian

metrix

4 rstep—-length /,‘3(1:)

Two numbers '}H' and 'E' which gevern
the conditions for finishing the

iterative process, see steps (4) & (12)

-8

The number 'D' which ig set o a
moderate step-length to use for
approximating the first derivatives

of the functions by difference

betwoen the function values

“HE INITIAL ALGORITHM REQUIREMENTS

Figure 41
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The number 'M' represents an over-estimate of the distance
grom Xt 4o tne solution., If the gradient of 'F(X)' is so small
that the distance from 'X(k)' to a solution is predicted to exceed
'M*, the presence of a nearby stationary point, usually a local
minimuam, 1s indicated. The fourth step of the algorithm institutes
the test 3

r(x)) >Jsallg(k)i|2 | O (15

If the inequality holds, the iteration is complete,
The next stage of the slgorithm is the calculation of the

displacement, ' S(k)', to add to the vector 'X(k)'. Providing the
inequality ; ' '
(k) !‘8(k)l| | 00’.0..‘ (6.27)

holds, the displacement, ' S( ) s is taken to be the classical
Newton“Raphson displacement, 'S(L) . If the inequality (6. 27) does -
not hold, 'g(k)' is taken as the step-length, 'A k ', along the

direction of steepest descent. That is

2K |
“g(‘Ej-l'— essscer

P
The step-length, 'A( ) s can be changed on each iteration, its
purpose being to restrict the length of the displacement between the
previous and the updated cstimates so that the iteration decreases
the value of 'F(X)'. Thig displacement is only adopted if it does
not exceed the predicted minimum along the path of steepest descent,

g (x) == (6.28)

which occurs at the point

(k)
x®) _ r&gﬁﬂ“ile (k) ceceeoe (6.29)

Equation (6.16) should be noted. Thus the inequality ;

1ff (k)2 :
Al g® e Ul ]g(” vevenes (6.30)
1 (1')“ \LHJU») (k)(l?.
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. k) 202 U2
iej A gmrﬁn-ﬁ ceevees (6.31)

is tested. If neither the inequality (6.27) nor (6.31) holds, the

new estimate is taken to lie on the straight line joining the points
predicted by the Steepest Descent and the full NewitonZRaphson methods
respectively. The actual components of the displacement are determined

from the copdition 3
15, = & e (632)

Thus the algorithm calculates a displacement ° 5(k)' which is of the

form;
50 2 p sl 4 k) e (633)

vhere '[!; ' and ' ¥ ! are scalars, such that it interpolates betweeh
the Steépest Descent and the olassical Newton-Raphson corrections,

The method for revising the Jacobian approximation, step (14)
in Figure (40), is such that linear dependence in the directions °
'S ! that are generated by successive iterations, should be avoided.
The calculations of the previous step oftean tend to provide
dependant directions, This condition is tested.and, if necessaryy
extra directions are introduced to ensure that independence is
maintained.

If the condition of linear independance is satisfied, the
values of the functions (based on .the updated estimate) and the sum
of the squares of the residuals are calculated. |

The revision of 'A' is aimed at making the step-length as N
large as possible, subject to the condition that each Jacobian
approximation proirides a good prediction of the differences of the
function values calculated at the previous and the updated estimates
of the solution. This is carried out in order:to decrease the sum of
squares, 'F(X)'; on every iteration without taking extravagantly
small steps, If this condition, tested at step (10) of Figure (40),
does not hold, the step~length is reduced. The magnitude of the
" step-length always lies between the upper and the lower bounds of
-the values of 'M' and 'D' respectively.
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