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ABSTRACT

During th e p ast two decades, the dual development o f  the  
G eneralised  D iscre te  Methods o f  numerical a n a ly sis  and the e lec tr o n ic  
d ig i t a l  computer has had an enormous impact on the f i e l d  o f  
eng in eerin g  a n a ly s is . I t s  in flu en c e  has been p a r t ic u la r ly  ev ident in  
the f i e l d  o f  lin e a r  stru ctu ra l a n a ly s is . The su ccess o f  th ese  
methods, p a r t ic u la r ly  that o f  the B itz  F in ite  Element Method, has 
aroused growing in te r e s t  in  th e ir  u t i l i s a t io n  in  the f i e l d  o f  f lu id  
m echanics. The proposed study i s  concerned w ith the a p p lica tio n  o f  
a G eneralised D iscr e te , or F in ite  Element, method o f  a n a ly s is  to  
fr e e  turbulent j e t  flow s.

This problem was considered  to be appropriate for severa l 
rea so n s. F ir s t ,  a j e t  o f  f lu id  en tra in s and mixes w ith  another f lu id  
in  a nuinber o f  important engineering a p p lica tio n s . Examples o f  th ese  
are le g io n  and in c lu d e  th e ir  u t i l i s a t io n  in  the combustion chamber 
and oth er components o f  the rea ctio n  engine, the con tro l o f  boundary 
la y er  sep eration , f ilm  co o lin g  in  rocket and j e t  en gin es, variou s  
f lu id ic  d ev ices , e jec to r  pumps and gas burners. Second, b e s id es  
b ein g  o f  p r a c t ic a l engineering s ig n if ic a n c e , the free  tu rb ulen t j e t  . 
rep resen ts  the sim p lest form o f  turbulence in  which the e f f e c t s  o f  
v is c o s i t y  due to the presence o f  a s o lid  w all have no in flu e n c e .  
Third, the assum ptions o f  modest non-homogeneity and high Reynolds 
number made in  the proposed model o f  turbulence are s a t i s f ie d .  
F in a lly ,  there i s  con sid erab le data, both th e o r e tic a l and 
experim ental, w ith  which to compare numerical r e s u lt s .

The proposed study e n ta ils  the development o f  a standard ised  
num erical approach to the so lu tio n  o f  fr e e  turbulent j e t  flow  
problems* P articu lar  emphasis i s  placed, on the fr ee  p lane tu rb u len t  
j e t  from which further free  j e t  s tu d ie s  may be extrap o la ted . Also 
in c lu d ed  are corroborative experim ental data and r e s u lt s  obta in ed  
from a lte r n a tiv e  approaches to the problem.
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CHAPTER 1

THE TURBULENT PLANE JET

1 .1  J e t Flows
The j e t  has Been c la s s ic a l ly  defined  as *a stream o f  f lu id  

shot forward or thrown upwards (e ith e r  in  a spurt or co n tin u o u sly ), 
e s p e c ia lly  from a small o r i f i c e 1̂ * \  This d e f in it io n  alone embraces 
many d iffe r e n t  flow  co n fig u ra tio n s. C la s s if ic a t io n  o f  j e t  flow s w ith  
regard to four B asic parameters a llow s for a p r e c ise  d e f in it io n  o f  
s p e c if ic  types o f  j e t  flow .

F ir s t ly ,  the geom etrical shape o f  a - j e t  commonly f a l l s  in to  
one o f  three ca ta g o r ie s . The p lan e , or tw o-dim ensional, j e t  has an 
e f f lu x  sectio n  which i s  e f f e c t iv e ly  a long th in  s lo t  extending to  
in f in i t y  in  a d irec tio n  orthogonal to the a x is  o f  j e t  flow . The 
axisym m etric, or r a d ia l ,  j e t  flow s from a c ir c u la r  o r i f ic e .  The 
th ird  geom etrical con figu ration  i s  o f  a three-d im ensional mode and 
in c lu d es those cases, whioh do not f a l l  in to  the p rev iou s c a ta g o r ie s .

Secondly, the boundaries o f  the j e t  flow  may a lso  be 
c la s s i f i e d  in  three ways. In a fr e e , or unbounded, j e t  the boundaries 
are assumed to be in f in i t e ly  d is ta n t. The w all j e t  has one s o lid  
boundary, a l l  o th ers being i n f in i t e ly  d is ta n t , and the bounded j e t  
i s  com pletely bounded in  a manner commensurate w ith i t s  

dim ensionality .
Thirdly, the j e t  may be m ixing w ith  a f lu id  th at i s  stagn an t, 

flow in g  in  the same d ir e c t io n , or flow ing in  an adverse d ir e c t io n .
F in a lly , the b asic  p ro p er tie s  o f  the f lu id  flow , such as  

whether or n o t. the j e t  i s  tu rb u len t, com p ressib le;or heated  , may 
be delineated*

The j e t  flow  to be considered  in  t h is  study i s  the p la n e , 
unbounded, incom pressib le, iso -th erm al turbulent j e t  exhausting in to  
stagnant surroundings. For convenience t h is  case w i l l  be sim ply  
re ferred  to in  th e remainder o f  the study as the ^nrbuleu.t p lane j e t .

1 .2  ^The Plane J e t  Topology
The p ro cesses involved  when a j e t  exhausts in to  stagnant 

surroundings may be most e a s i ly  understood when considered  in  terms

1



( 2  )o f  the conversion o f  k in e t ic  energy' . The k in e t ic  energy o f  the
oncoming flow  i s  s te a d ily  converted in to  the k in e t ic  energy o f
turbulence, which in  turn decays through the action  o f  v isco u s
shear. A sim ultaneous a cce lera tio n  o f  the surrounding f lu id  i s
brought about by the d eceleration  o f  the j e t .  Thus the p rocess
con tin u es as the d istan ce from the j e t  in crea ses  and, due to the
entrainm ent, the to ta l  r a te  o f  flow  p a st su ccess iv e  se c tio n s  becomes
correspondingly la rg er .

The p rocess i s  i l lu s t r a t e d  in  Figure ( l )  in  which the
p r o f i le s  rep resen t the la te r a l  d is tr ib u tio n  o f  th© isean v e lo c i t y
in  the X -d irectio n . An i n i t i a l  zone o f  establishm ent e x is t s  beyond
the e f f lu x  sec tio n . Due to the pronounced v e lo c ity  d isc o n tin u ity
between the j e t ,  which is s u e s  w ith uniform v e lo c ity ,  and the stagnant
surrounding f lu id ,  a la te r a l  m ixing p rocess occurs in  t h is  zone o f
high shear. As a r e s u lt  the f lu id  w ith in  the j e t  i s  gradually
d ecelera ted  and the surrounding f lu id  i s  entrained. A ccordingly, the
p o te n tia l core o f  the j e t  s te a d ily  decreases in  la t e r a l  ex ten t
w h ils t  the breadth o f  the j e t ,  •b*, in crea ses  w ith  the d ista n ce  from
the e f f lu x  sec tio n . The stru ctu re o f  the p o te n tia l core was

(  Z  )demonstrated by B in n ie' ' who se t  up an esqperiment in  which a j e t  
m ixture o f  iod in e  and starch  flow ed in to  a region  o f  sodium 
th io su lp h a te . The deep b lue colour o f  the j e t  mixture was in s ta n t ly  
a n n ih ila ted  on oontact w ith the sodium th io  sulphate le a v in g  the  
coloured zone c le a r ly  v i s ib l e .  The l im it  o f  the zone o f  estab lishm ent 
occurs when the m ixing region  has p enetrated  to  the c e n tr e - l in e  o f  
the j e t .

The f u l ly  e s ta b lish ed  zone o f  flow  occurs when the
turbulent regime extends across the f u l l  breadth o f  the j e t .  Further
entrainment o f  the surrounding f lu id  i s  balanced in e r t ia l l y  by a
continuous reduction in  the v e lo c ity  o f  the j e t .  This reg ion  was
a lso  demonstrated by Binnie by the in trod u ction  o f  b lack  dye in to  

( 7* )the j e t  f lu id '  ' • This zone approaches, but never a c tu a lly  a t ta in s ,
a l im it  as the c e n tr e - lin e  v e lo c ity  becomes o f  n e g l ig ib le  magnitude
a t a very great d istan ce from th e  o r ig in a l e f f lu x  sec tio n  o f  the j e t .
The p rocess o f  entrainment i s  i l lu s t r a te d  sch em atica lly  in  Figure ( l )

( 2 )in  which the stream lines rep resen t the mean motion o f  the f lu id '  .
I t  should be noted that although the d irec tio n  o f  entrainment i s

2
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con ven tion a lly  accepted to be an angle o f  90° to the j e t  a x is ,  
i t  has been observed to vary ftom th is  f i g u r e ^ .

Between th ese  two w e ll-d e fin ed  flow  regim es there i s  a 
tr a n s it io n  zone. I t  owes i t s  being to the fa c t  th at there i s  no 
p r e c ise  p o in t a t  which the mixing reg ion s from o p p osite  s id e s  o f  ■ 
the j e t  can be sa id  to meet, for the s t a t i s t i c a l  nature o f  the  
p rocess makes i t  im possib le to p la ce  more than an arb itary  l im it  on 
i t s  la te r a l  range.

S im ila r ly , the fr e e  boundaries, l ik e  the boundaries between
fe )the two zones, must be acoepted as merely convenient nom inations . 

W hilst there i s  general agreement that the spread o f  the j e t  may b© 
rep resented  by a curve in crea s in g  l in e a r ly  w ith d istan ce  from th© 
e f f lu x  se c tio n , there i s  some disagreement r e la t in g  to the angle o f  
spread, ' A l i t e r a tu r e  su rvey^  ^  0 ( G ) ( 7 ) ( 8 ) ( 3 ) ( 10) 0£ 

those p u b lica tio n s  from which i t  i s  p o ss ib le  to ex tra ct a va lu e for  
the angle o f  spread from e ith e r  experim ental r e s u lt s ,  th e o r e t ic a l  
d er iv a tio n s  or from th e ir  in te r p r e ta t io n , y ie ld s  a va lu e  o f  5

1 2 .5 0 % ^  < .1 6 .1 3 °    (1 .1 )

The angle o f  spread given in  Figure ( l )  and la te r  adopted for the  
numerical work i s  14. 04°> which g iv es  $

^  “  a r c t a n ( l /4 )  ( l « 2)

and i s  in  good agreement w ith  the general concensus. The r a te  o f  
spread o f  the j e t  i s  more commonly given in  terms o f  ’p ’, th© 
h a lf-a n g le ,\  where 5

ft = arctan(Y | 0 ^ /x )    ( 1. 3 )

where *Yjn * i s  "the ord inate a t which the v e lo c ity  i s  h a lf  the  
maximum v e lo c ity  for any given value o f  X. The range o f  v a lu es  to  
he found in  the lite r a tu re ^  4 ) Ch4 )(l5  )CL6 ),; i s  .

5 .0 0 °  4 /3  <  -. 6 .2 8 °    ( 1 .4 )

the mean value being in  the reg ion  o f  5. 70° .
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1*3 The Turbulent Plane J e t  Plow C h a ra c ter istic s
In the m athematical d escr ip tio n  o f  turbulent flow s, i t  i s

conven ient to assume th a t the motion c o n s is t s  o f  a moan flow  and a
(17)f lu c tu a t io n  about the mean flow ' . Let the mean v e lo c i ty  components

r e la t iv e  to the C artesian axes Y5Zl b6 denoted by f (JjYyW', the
f lu c tu a t in g  v e lo c i t y  components by ;u*v*w. and the t o t a l  v e lo c ity  

components by 'U SV  ,VJ' r esp ec tiv e ly *  Thus %

U  = rtTVU . e « c o o e . (l«*5 )
V  •- V + v  C ( l .6 )

VJ -  W+ W * e o e e © c 0 - 7 )

The temporal mean o f  any q u an tity  f(X ?Y,Z*t) a t  timo *tj f
i

denoted by f . s may be d efin ed  as j

T
2
ip f  d t  . . * o e . e  - ( l « 3 )

*0

where •T’i s  tk@ p e r io d -o f  sampling which i s  s u f f ic ie n t ly  la rg e  to  
in c lu d e an adequate number o f  f lu c tu a t io n s  but i s  short compared

i —i
w ith  some p eriod  re p resen ta tiv e  o f  lon g  term v a r ia t io n s  in  f*

Consider now an elementary area co~planar w ith  t h e ’T-Z*plane 
o f  a turbulent f lu id  whose v e lo c ity  components are *01 9Ul * Tho 
sup erp osition  o f  the f lu c tu a t io n s  on -th e mean motion g iv e s  r i s e  to  
th ree  a d d itio n a l s tr e s s e s  ;

^ X X '”  U «(»««• o ( h 9 )
^  j Q '  ”  n . V  c  e o c e e e  ( h  1 0 )

r B  = - p i 5  ( i d i )

a c t in g  on th e elementary s u r f a c e ^ ^ .  The over-bar denotes tho  
temporal mean o f  the re lev a n t quantity  and*pl i s  the d en sity  o f  the  
flu id *  Corresponding exp ression s apply in  the caso o f  elem entary  
areas normal to the two rem aining axes to provide a com plete s t r e s s  
tensor for  turbulent flow .

T h e .str e ss  components a r is in g  through the su p erp o sitio n  o f  
tho f lu c tu a t io n s  are known as eddy s tr e s s e s .  They are a d d itio n a l

5



to  tho v isc o u s  s tr e s s e s  which a r is e  from the much sm aller s c a le  o f
random m olecular movement# In two-dim ensional turbulent shoar flow
In the ’X-Y1 plane* th e s tr e s s  (the.R eynolds s tr e s s )  i s  o f  major
importance and i t s  magnitude i s  far greater than the v isc o u s  s tr e s s
^U/fcY* -  Y** i s  the f lu id  v is c o s i t y  -  or the other eddy stresses^'*^®

I f  the la t e r a l  d is tr ib u tio n  o f  the mean v e lo c ity *  *U! , i s
measured .a t a number o f  s ta t io n s  along tho X -axis o f  the j e t  and th e
r e s u lt s  are p lo t te d  together* the diagram shov/n in  Figure (2 . a) i s  

(  C» )obtained  » The mean v e l o c i t i e s  decrease as the d ista n ce  from th e  
e f f lu x  sec tio n  in c r e a se s . I f  the same r e s u lt s  are p lo t te d  
non-dimen s io n a lly *  a s in  Figure (2*b)* they co lla p se  onto a s in g le  

c u r v o ^  The la t e r a l  d is tr ib u tio n  o f  , UI r e ta in s  th e same fu n c tio n a l 
form at. a l l  downstream lo c a t io n s 'w h ile  changing on ly  in  scale*

i e . }  U = . U f ( Y / b )  (1 .1 2 )

where ‘IF-,1 i s  th e  maximum mean v e lo c i t y  a t  any one s ta t io n  and occurs
(20 )on tho j e t  a x is .  This phenomenon i s  known a s s im ila r ity  . The p lane

■free j e t  “b elon gs f o  a c la s s  o f  flow s* described  a s  s e lf -p r e s e r v in g  
(21)flow s 9 in  which th e  whole stru ctu re  o f  the flow  i s  s im ila r  a t  a l l

(2 2 )stream wise s ta t io n s . The n ecessary  co n d itio n s' ' o f  self-preserva*cion  

in  the plane fr e e  j e t  are*

~|j~ -  con stan t . . . . . . .  (1 .1 3 )

-  co n sta n t. X~  ̂ . . . . . . .  ( l d 4 )jjj

The decay o f  th e  c e n tr e - lin e  v e lo c i ty  i s  i l lu s t r a t e d  in  F igure ( 2. c ) .
' ; * . L\The manner in  which the f lu c tu a t in g  components are  

d is tr ib u te d  a cross the j e t  i s  i l lu s t r a t e d  in  F igures (3 ) ( 4 ) and. ( 5 ) .  
The turbul ent in t  en s i t y  ( i e : the r a t io  o f  -the f lu e  tu a tin  g to th e mean 
v e lo c ity .)  in c r e a se s  s ig n if ic a n t ly  towards the edges o f  the je t*  a s/*| c \
shown in  Figure ( 3 ) '  For t h is  reasoUj in a ccu ra c ies  in e v ita b ly  r- 
occur in  measurements taken in  t h is  reg ion  o f  the j e t .  The la t e r a l  
d is tr ib u tio n  o f  tho non-d im ensionalised  f lu c tu a t in g  v e lo c i t y  

components i s  i l lu s t r a t e d  in  F igures (4 ) and (5# &)( 2 2 )' Tbe

development o f  s im ila r  p r o f i l e s  . i s  demonstrated in  Figure (4*a )  and

/
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i t  i s  in te r e s t in g  to n ote th at p a r t ia l  se lf-p reserv a tio n *  i s  
ex h ib ited  in  th e  outer region  o f  the j e t  w ell b efore a complete 
s im ila r ity  o f  p r o f i l e s  i s  obtained*

The la t e r a l  d is tr ib u tio n  o f  the Reynolds s t r e s s e s ,  !uv*, i s  
given in  Figure w h ic h 'i l lu s tr a te s  the manner in  which the
shear s tr e s s e s  disappear a lon g:th e symmetry boundary a t the cen tre  
o f  th e  jet*. The development o f  the turbulent in t e n s i t ie s  a long the
a x is  o f  the j e t  i s  shown in  Figure ( 6 1 ) ^ ^ *  S im ila r ity  o f  p r o f i l e s
i s  a tta in ed  some fo r ty  n ozzle-w id th s down stream o f  the e f f lu x  
s e c t io n , t h i s  r e s u lt  being s l ig h t ly  at variance w ith other  
in v e s t ig a t io n s ^ ^  ̂ ^ *  The magnitude o f  the turbulent in t e n s i t i e s  
may be seen to approach the same va lu e as the d istan ce  from the  
e f f lu x  sec tio n  in c r e a se s , thus g iv in g  credence to the th e o r e t ic a l  
assum ptions o f  iso tr o p ic  turbulence.

With th e  occurrence o f  shearing and t e n s i le  or com pressive 
s tr e s s e s ,  k in e t ic  energy i s  withdrawn from the, b a sic  flow  and 
p a r t ly  reappears as k in e t ic  energy o f  the disordered turbulence  
m o t i o n T h e  tim e average o f  the k in e t ic  energy o f  turbulence,
*k*, r e fe r r e d  to  the u n it  mass, may be defined  a s ,

k = | ( u 2 + v2 + w2 ).................................  (1 . 15)

The la t e r a l  d is tr ib u tio n  o f  *k* i s  i l lu s t r a te d  non-dimension a l ly  in
(X6  }Figure (7 ) ♦ Th© minimum at the cen tre  i s  c h a r a c te r is t ic  o f  the

plane j e t  and i s  la r g e ly  due to the absence o f  shear s tr e s s  a t t h is  

point*
A fu rth er  c h a r a c te r is t ic  ex h ib ited  by turbulent j e t  flow s  

i s  the phenomenon known as in term itten cy . Interm ittancy may b e s t  be 
described  by p o stu la tin g  a flow  f i e ld  in  which an outer region  o f  
ir r o ta t io n a l  f lo w  i s  separated from an inner core o f  f u l ly  developed  
turbulence by an irreg u la r  boundary* Thus a t p o in ts  approaohing the  
outer reg ion  o f  th e  j e t ,  the ir r o ta t io n a l flow  i s  in teru p ted  by 
b u rsts  o f  turbulence as the ir r e g u la r it ie s  o f  the core boundary are  
ca rr ied  downstream. *A p o in t o f  in te r e s t  i s  whether the e s s e n t ia l ly  
ir r o ta t io n a l  f lo w  th at e x is t s  between the turbulent b u rsts  has a 
mean v e lo c i ty  equal to the free  stream v e lo c ity ,  or whether i t  i s  
a cce lera ted  by p ressu re fo rces  to have a mean v e lo c ity  equal to th a t  
o f  the tu rb u len t flu id *  Bradbury tends to the view  expressed  by

11
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Townsend, namely th at the ir r o ta t io n a l flow  has the same mean
v e lo c ity  a s the turbulent f lu id .

The in term itton cy  fa cto r  at a p o in t may be d efin ed  as the
fra c tio n  o f  the t o ta l  time the p o in t i s  immersed in  the turbulent
f lu id .  The la te r a l  d is tr ib u tio n  o f  the in term itten oy  fa c to r  i s

( l 6 )i l lu s t r a t e d  in  Figure ( 8) '  , and i t  may be seen to decrease r a p id ly
in  the outer h a lf  o f  the j e t .  That i s ,  the flow  becomes in c r e a s in g ly  
in term itta n t as the j e t  boundaries are approached. I t  i s  n ecessa ry , 
th ere fo re , to make allowan.ce for  the in term itten oy  fa c to r  when 
tak in g  measurements o f  p ro p er tie s  a sso c ia ted  w ith turbulent flow ,
For example, q u a n tit ie s  such as the turbulent energy and the  
turbulent shear s tr e s s  are sm all or zero in  the ir r o ta t io n a l flow  

occurring between the turbulent b u rsts . The measurement o f  th ese  
q u a n tit ie s , th ere fo re , must be d ivided  by the in term itten oy  fa c to r  
in  order to obtain  the average v a lu es  w ith in  the turbulent f i e ld ,

1 ,4  Mechanisms o f  Turbulence in  the Plane J e t
Having e s ta b lish e d  the b a sic  p ro p er tie s  o f  the j e t  flow , i t

i s  necessary  to account for the mechanisms from which they stem.
Many attem pts have been made to provide a s a t is fa c to r y  explanation
o f  the struoture o f  shear flow  turbulence and a number o f  d iffe r e n t
approaches have been proposed. The id ea s  cu rren tly  in  favour have

(2 5 )been c le a r ly  and su c c in c tly  described  by Bradshaw' ,
The b a sic  stru ctu re o f  the flow  may be thought o f  as a

(18 )development o f  th at proposed by Townsend' , This s ta te d  th a t i t  
c o n s is ted  o f  a s e r ie s  o f  la rg e  ed d ies, whose la te r a l  dim ensions are 
comparable to the w id th .o f the flow , w ith  the rem aining flo w  
con ta in in g  most o f  the turbulent motion and having a s c a le  which i s  
an order o f  magnitude sm aller than the la rg e  ed d ies. Energy i s  
passed  from the mean flow  to the la rg e  edd ies from whence i t  i s  
passed  on again to the sm aller edd ies by a process known as v o rtex  
s tr e tc h in g ^ F o r  a s ig n if ic a n t  part o f  th e ir  e x is te n c e  the  
la rg e  eddies dominating the flow  are in  energy equ ilibrium , ga in in g  
energy from the mean flow  w h ils t  lo s in g  i t  at an equal r a te  to  the  
rem aining turbulent motion. Energy en ters the turbulence i f  the  
v o rtex  elem ents are m ainly o r ien ta ted  in  the r ig h t  sense to  be 

^stretched by the mean v e lo c ity  grad ien ts . The part o f  the motion
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t h a t  m ight he e j e c t e d ,  to  i n t e r a c t  v a tn  xne mean i j .ow consiBi.w u i
th ose  eddies which are not too sm all in  comparison w ith  the mean
flo w  width* .T hus,the larger  s c a le  motion c a r r ie s  most o f  the energy
and the Reynolds s tr e s s e s  in  the turhulencec This co n tra d ic ts
Townsend* s o r ig in a l h yp oth esis hut has been re-a ffirm ed  by Bradbury
•The la t t e r  n o tic e d  a c lo s e  r e la t io n sh ip  between th ese  ed d ies and the
interm ittancy* The motion o f  the la rg e  edd ies i s  such th a t n ot on ly
do they m igrate across the flow* but they tra v e l downstream a
d ista n ce  eq u iva len t to many tim es i t s  w idth. For t h is  reason
tran sp ort equations are required  for an adequate d escr ip tio n  o f  the
tu rb u len t m otion, s in ce  the Reynolds s t r e s s  a t any given  p o s it io n

(25)depends s ig n if ic a n t ly  upon the upstream h is to r y ' ♦
3$y r e la t in g  the terms in  the transport equations to the  

p ro cesses  they rep resen t (eg; energy d is s ip a t io n ) ,  and the mechanisms 
a sso c ia te d  with them (eg; the tra n sfer  o f  energy to v i s c o s i t y -  
dependant ed d ies by vortex  s tr e tc h in g ) , a more d e ta ile d  p ic tu r e  o f  
the flow  may be gained. The transport equation for the Reynolds 
shear s tr e s s  for steady incom pressib le flo w  in  the p lane may be 
w ritten^ 25]

+ '̂2% ~ ^2j)(_uv) “ Jf 3̂ + ^4 ~ 5̂ '* (1.16)

where rep resen ts  generation by in te r a c tio n  w ith  the mean flow , 

i o  J + u2| |  + ot( |2  + | | )  + ^  . , . . ( 1 . 1 7 )

rep resen ts  r e d is tr ib u tio n  by pressure f lu c tu a t io n s’2

i e  j S ( | |  + | | )  =  ^2 . . . . . . .  (1 .1 8 )

(where ;!pf is_ .the f lu c tu a tio n  in  pressure corresponding to u ,v  and w) 
rep resen ts  transport by v e lo c ity  f lu c tu a t io n s ,

“ >    ' ( 1 . W )

rep resen ts  transport by pressure f lu c tu a t io n s ,
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and S,- rep resen ts  transport and d estru ction  by v isco u s  fo r c e s ,

V ( u \ J 2v + v V 2u) =• f    (1 ,21)

(where V i s  the kinem atic v is c o s i ty  ) and V* i s  a d i f f e r e n t ia l
operator)*

In a two-dim ensional th in  shear layer (egj a p lane j e t )  
on ly  the u n d er-lin ed  terms o f  * ( i  » 1 , 5 ) remain® C la r if ic a t io n  
o f  the r e la te d  assumptions i s  given in  Chapter I I I .'

The le ft-h a n d  sid e  o f  the equation (1 .1 6 ) and are
straightforward- in  mathematical content and p h y sica l meaning. The 
term i s  the ra te  a t which *uv* i s  destroyed by the in te r a c tio n
o f  the pressure f lu c tu a tio n s  and the f lu c tu a tin g  r a te  o f  s tr a in . The 
n et r a te  o f  s p a t ia l tra n sp o r t,o f  *uv* by the turbulence i s  denoted by 

and ^  , the la t t e r  u su a lly  being ignored sin ce i t  i s  much the  
sm aller o f  the two. The term i s  the sum o f  the n e t  s p a t ia l  transport 
and d estru ction  o f  the Reynolds s tr e s s e s  by v isco u s  e f f e c t s .  The presence  
o f  the second d er iv a tiv e s  in d ic a te s  that  the p rocess i s  a sso c ia te d  
w ith  the sm allest edd ies. Thus the v isco u s  transport o f  the Reynolds 
s tr e s s  i s  n e g lig ib le  s in ce  th ese  eddies con trib u te  l i t t l e  to  the  
Reynolds s tr e s s .  The r a te  a t which energy i s  d iss ip a ted  b y-th e  sm all 
ed d ies i s  dependent on the r a te  a t which i t  i s  supplied  by the la rg e  
edd ies and, again , i s  independent o f  v is c o s i ty .

The transport equation for any other in d iv id u a l Reynolds
s tr e s s  has a s im ilar  stru ctu re to equation ( l . l 6) ^ ^ .  The tran sp ort
equation for h a lf  the sum o f  the Reynolds normal s tr e s s e s ,  *k*, i s  .
known as the turbulent energy equation. I t  i s  the transport equation
whose terms have been measured most ex ten siv e ly -a n d , s in ce  i t
d escr ib es the balance o f  the k in e t ic  energy contained in  the v e lo c i t y
f lu c tu a t io n s , i s  p h y s ic a lly  the most graphic o n e ^ ^ .  The term in
t h is  equation analagous to the r e d is tr ib u tio n  term 1 in  equation
( l . l 6 ) sums to zero . The le ft-h a n d  s id e  o f  the equation i s  termed

advection and + ^4 * *05' 8X0 ^erme -̂ Pr o duction
d iffu s io n  and d iss ip a tio n  r e s p e c t iv e ly . The equation may thus be

(1 6 )
Y ^itten in  the form 5



ad vection  production production d iffu s io n  d iss ip a tio n
from shear from normal
s tr e s s e s  s tr e s s e s

I f  th e  d is tr ib u tio n  o f  the ad vection , productibn and d iss ip a tio n
terms are known, the d iffu s io n  term can r e a d ily  he obtained  by the
in h eren t d iffe re n c e . By p lo t t in g  the la te r a l  d is tr ib u tio n  o f  each
term, th e ir  r e la t iv e  co n tr ib u tio n s, or the ‘energy b a la n ce1, may be

( l6 )e a s i ly  appreciated . The energy^obtained by Bradbury' ' i s  shown in
Pigure (9 *a ) ,  the a x ia l development along the c e n tr e - l in e  o f  the j e t
from H e s k e s t a d 's ^  study i s  shorn in  Figure (9*b).

The energy balance shows c le a r ly  th at *in the f u l ly
tu rb u len t reg io n , the r a te  o f  energy production by the a ctio n  o f
Reynolds s tr e s s e s ,  i s  g r e a te st  near the in f le c t io n  p o in ts  o f  the
mean v e lo c i t y  p r o f ile ;  the energy d iss ip a tio n  i s ,  on the other hand,
more d if fu s e ,  b ein g  su r p r is in g ly  uniform throughout the turbulent
r e g io n ’ 2h at  the v isc o u s  d iss ip a tio n  and production terms are
the most s ig n if ic a n t  in  the energy balan ce, has been shown

(1 6 )q u a n tita t iv e ly  by Bradbury ' who compared the in te g r a l v a lu es  o f  
the v a r io u s  terms over the j e t  width. He found the magnitudes o f  the  
in te g r a ls  o f  the production, d iss ip a tio n  and the advection terms to  
be -0*0169 , 0 ,0207 and -0 ,0 0 3 8  r e s p e c t iv e ly , the in te g r a l o f  the  
d iffu s io n  term b ein g  zero by d e f in it io n . (The r e la t iv e ly  low  v a lu e s  
o f  a d vection , along w ith  the absence o f  shear s tr e s s  a t the ce n tr e , 
are resp o n sib le  for the c h a r a c te r is t ic  minimum ex h ib ited  by fk* on 
at th e  cen tre o f  the jo t .

The ch ron olog ica l development o f  in v e s t ig a t io n s  lea d in g  to  
the d iscovery  o f  the jo t  fea tu res  described  above i s  now considered©

J.,.5 A Review o f  J e ts  in  th e ir  H is to r ic a l Context
The j e t  has been employed in  variou s forms as an

en gin eerin g  device throughout the h isto r y  o f  c iv i l i s e d  man, AsMong
ago a s  1000 B.C. i t  was used by the Egyptians in  the form o f  b ellow s

(29)for p r im itiv e  fo rg es' 1. C te s ib iu s , a contemporary o f  Archimedes 
(287-212 B .C .) , and who stu d ied  a t Alexandria under the d is c ip le s  
o f  E u clid , i s  cred ited  w ith  the in ven tion  o f  a tw o-p iston  p o s i t iv e  
displacem ent pump which was ev en tu a lly  ap p lied  to the production o f  
a water j e t  for f ig h t in g  f ir e s  Hero (c ir c a  100 A*D.) co n stru cted
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a rudimentary steam engine working on a j e t  rea ctio n  p r in c ip le  andl
c o n s is t in g  o f  a r o ta t in g  steam driven device operating  on the same
"basis a s  many present-day lawn sprink ler s^*^# I t  was regarded by

(29)Hero a s a curious toy  rather than a u se fu l machinev  ̂ « In the tw elth
or th ir te e n th  century an improvement o f  the foo t-d riven  b ellow s o f
the Egytians appeared in  Europe (probably imported by retu rn in g
C rusaders), in  the shape o f  furnace bellow s driven by water wheels#

During the f i f t e e n th  century, the Rennaissance brought w ith
i t  a gradual change in  thought from the purely  p h ilo so p h ica l to
ob servation a l science# Perhaps the most im pressive o f  the ea r ly
proponents o f  t h is  approach was Leonardo da V inci (1452-1519
Amongst h is  many achievem ents, he made a s ig n if ic a n t  con tribu tion
to  th e development o f  h yd rau lics in  h is  c o l le c te d  w r itin g s  fDel moto

(29)e misura d e l l facqua* • Included in  the phenomena o f  which he was 
the f i r s t  to sketch or d escr ib e , i s  th at o f  the p r o f i le s  o f  fr e e  
je ts#

Early in  the seventeenth  century, E vangelista  T o r r ic e l l i ,
in  h is  work * de moto gravium* proposed a hypothysis r e la t in g  to
the e f f lu x  o f  a f lu id  from an o r if ic e #  In an attempt to prove b is
h y p o th esis , he conducted severa l experim ents u sin g  water je ts#
In 1686, M arriotte*s work 1 T raite  du movement des eaux e t  des au tres
corps f l u i d e s * w a s  published . I t  included  in  the sec tio n
d ea lin g  w ith  the * equilibrium  o f  f lu id  b od ies by w eig h t1, a s e r ie s
o f  r u le s  d escrib in g  the d e f le c t io n  o f  a j e t  by a.normal surface# He
a lso  produced an a lyses o f  the parabolic tr a je c to r ie s  o f  j e t s
discharged a t d if fe r e n t  in c lin a tio n s#

Isaao Newton (1642-172?) was a lso  in te r e s te d  in  the pi'oblem
o f  e f f lu x  from an o r i f ic e . '  In h is  hypothysis p o stu la ted  in  h is  I 687

( Yi)e d it io n  o f  ‘P r in cip ia  Mathematica P h ilosop h ise  H a tu ra lis ' ,.ih io
. computed r a te  o f  e f f lu x  d iffe r e d  from th at a c tu a lly  measured by a

fa cto r  approximately equal to  the square ro o t o f  two# In the second
e d it io n , published  in  1713, he a ttr ib u te d  the error to the
con traction  o f  the jet#

The t r e a t is e  1 Hydro dynamics1, by Daniel B er n o u lli, was
p ublished  in  17385 a sec tio n  was devoted to Vthe v e lo c i ty  o f  e f f lu x

( ^2 )and e f f lu x  under constant headtv . He o r ig in a ted  the id ea  o f  j e t  
p rop u lsion  for sh ip s , although he was th in k in g  on ly  in  terms o f  the
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rea ctio n  produced by the e f f lu x  o f  water from a tank* F if ty  years  
la t e r  t h is  id ea  was to be improved upon by an American named James
fiumsey. He employed the newly-developed steam engine to propel a
boat on the Potomac River by u t i l i s i n g  the rea ctio n  o f  a j©  ̂ o f
water produced by a steam driven p isto n  pump*

In 1766 Borda published  a t r e a t is e  e n t it le d  'Memoire sur 
1* ecoulement des f lu id s  par l e s  o r i f ic e s  des v a s e s ' i n  which 
he sought to remove cer ta in  d iscrep an cies in  B e r n o u lli's  and 
d'A lem bert's an a lyses o f  the e f f lu x  problem. B esid es in trod u cin g  
the conoept o f  elementary stream tu bes, he a lso  showed th at not on ly  
the con traction  o f  the j e t ,  but a lso  a lo s s  o f  energy, must u su a lly  
be taken in to  account in  form ulating the discharge rate*

The year 1854 ©aw the p u b lica tio n  o f  a paper by G.H.L. Hagen
'Ueber den E in flu ss  der Temper a tur auf d ie  Bewegung des Wassers in
R o h r e n ';^ ^ , ^  which he d ea lt w ith the e f f e c t  o f  temperature upon
the r e s is ta n c e  to flow  through pipes* In the course o f  h is
experim ental work he n o ticed  that the appearance o f  an e f f lu x  j e t
v a r ied  w ith tem perature, remaining 'immovable as though i t  were a
s o l id  g la s s  rod*, a t  low temperature and ex h ib itin g  'very  n o tic a b le

( 2 g )f lu c tu a tio n s  o f  short period*, as the temperature r o se '  ̂ . He went 
on to introduce sawdust in to  water flow ing  through g la s s  tubes and 
observed sim ilar  phenomena to those described  by Osborne Reynolds 
in  the l a t t e r ' s  famous paper o f  1 8 8 3 ^ ^ . The laws o f  in s t a b i l i t y  o f  
stream line motion and the fundamental f a c t s  o f  turbulent f l o w ^ ^ ,  
as proposed by Reynolds, have provided one o f  the major co n tr ib u tio n s  
to  contemporary f lu id  mechanics*"One o f  the e a r l ie s t  papers 
published  by Reynolds was concerned w ith the suspension o f  a b a l l  by 
a j e t  o f  water

The early  part o f  the tw en tieth  century saw the beginn ing o f  
in c r e a s in g ly  system atic and d e ta ile d  in v e s t ig a t io n s  in to  j e t  flo w s. 
In te r e s t  in  the f i e ld  was heightened by a growing awareness o f  the  
p o te n tia l o f  j e t  propulsion p a r t ic u la r ly  w ith regard to a ir c r a f t  
The development o f  the j e t  engine, and r e la te d  research  in to  j e t  
flo w s, was a cce lera ted  by the m ilita r y  im plications*  The ex ten t o f  
research  in  t h is  f i e ld  i s  such as to go beyond the scope o f  t h is  
study. The ensuing account w i l l  now be m ainly con fin ed  to d escr ib in g  

- in v e s t ig a t io n s  r e la t in g  to p lane j e t  flow s.
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(  0  )j e t  was ca rr ied  out 1)7 Forthmann' ' in  1934 when he made a number 
o f  measurements o f  the mean v e lo c ity  o f  a j e t  is s u in g  in to  s t i l l  
air* Over the next two decades other s im ilar  in v e s t ig a t io n s  were 
made -  Kuethe^ 7  ̂ in  1935$ A lbertson e t  a l.^  ^  in  1948, and 
A bram ovich^ in  1957 -* most o f  them b eing concerned w ith  the  
development o f  phenomenological expressions for the p red ic tio n  o f  
the mean v e lo c ity  d is tr ib u tio n  and the spread o f  the jet*  A number 
o f  th e o r e t ic a l models were proposed over t h is  p er iod , ranging from 
Schlichting* s approximate so lu tio n  o f  a laminar j e t ^ ^ ,  to be 
la te r  developed by B ick ley ' , to variou s an a lyses o f  the turbulent 
j e t .  Prominent amongst the la t t e r  were those o f  fo llm ien  and G ortler, 
employing d iffe r e n t  approaches u t i l i s i n g  Prandtl*s momentum tra n sfer  
th eories^  Howarth, u sin g  Taylor1 s v o r t ic ity - tr a n s fe r  th eory , and 
K eichardt, employing a m olecular analogy theory. D eta iled  d escr ip tio n s  
o f  th ese  s tu d ie s  can be found in  standard t e x t s ^ ^ ^ ^ ^  In the

o
la t e  f i f t i e s ,  a further advance in  the knowledge in  the nature o f  '

(22)the turbulent j e t  was made by M iller  and Comings' , who
in v e s t ig a te d  i t s  s ta t ic  pressure d is tr ib u tio n , and B.Ge van dor Hegge
Z ij n e n ^ ^ ^ * ^ $ who in v e s t ig a te d  both-the.m ean-and the f lu c tu a t in g

v e lo c ity  d is tr ib u tio n s .
The la s t  decade has seen research  d irected  towards the

establishm ent o f  the actu al stru ctu re o f  the j e t ^ (38) (39 )
in v e s t ig a tio n  o f  such phenomena as in term ittan cy , se lf -p r e se r v a tio n
and the behaviour o f  the j e t  in  a co -flo w in g  s tr ea m ^  yhe
in v e s t ig a t io n s  have been very much a sso c ia ted  w ith the la rg e  eddy

f PO )h yp oth esis proposed by Townsend v a l i d  i t s  ensuing development.
The a n a ly tic a l work that has been ca rried  out over t h is  p er iod  has 

m ainly been concerned w ith the so lu tio n  o f  d if f e r e n t ia l  transport  
equations o f  variou s turbulent q u a n tit ie s . Such so lu t io n s  have 

employed approximate numerical methods, n otab ly  the F in ite  D ifferen ce  
method, in  conjunction w ith the e le c tr o n ic  d ig i ta l  o o m p u ter^ ^ .
This to p ic  i s  d iscu ssed  further in  Chapter Four.

1 .6  Summary
The aim o f  t h is  chapter has been th ree -fo ld j f i r s t l y ,  to  

d e lin ea te  c le a r ly  and lo g ic a l ly  the problem to be considered  in

20



t h is  study, and, secondly^ to in troduce, and where n ecessary  d efin e , 
the “basic param eters to he encountered in  the succeeding chapters*
To t h is  end, the c la s s i f ic a t io n  o f  Jet flow s has “been d iscu ssed , the 
topology o f  the problem domain has been o u tlin e d , and the mechanisms 
and corresponding flow  c h a r a c te r is t ic s  have been considered# f in a l ly ,  
a rev iew  o f  the h is to r y  o f  J e ts , and a ch ron olog ica l account o f  th e ir  
more recen t in v e s t ig a t io n  have been given# The q u a lita t iv e  element 
in  t h is  chapter i s  to be su b stan tia ted  more q u a n tita tiv e ly , a lb e it  
in  a somewhat s im p lif ie d  manner, in  Chapter Two which con ta in s the  
r e s u lt s  o f  an exploratory experim ental in v e s t ig a tio n  o f  the plane Jet#
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CHAPTER 2

AH EXPERIMENTAL STUDY

2*1 Introd u ction
The experim ental work in  th is  chapter should be viewed in  

the l i g h t  o f  the scope and the o b je c tiv e s  o f  t h is  study. The study 
i s  e s s e n t ia l ly  concerned w ith the development o f  a numerical 
p r e d ic t iv e  technique for j e t  flow s, A f u l l  experim ental in v e s t ig a t io n  
in v o lv in g , for example, the measurement o f  the d is tr ib u tio n  o f  the  
f lu c tu a t in g  components o f  v e lo c i ty ,  i s  not proposed* E stab lish ed  data 
o f  t h i s  nature may be found in  the re lev a n t l i t e r a t u r e ^ ^ ’̂ ^ ' ^ ^ ^ *  
The p r in c ip a l o b je c tiv e  o f  t h is  in v e s t ig a tio n  was to fa m ilia r is e  the  
author w ith  the p h y sica l c h a r a c te r is t ic s  o f  the plane j e t .  The 
experim ental work was conducted in  the F lu id  Mechanics Laboratory a t  
the C ity  U n iv ersity  employing the a ir  j e t  apparatus b elonging to the  
Department o f  C iv il IShgineoring*

2 ,2  Experimental Apparatus
The apparatus used in  the in v e s t ig a tio n  was an adaptation  

o f  a standard p ie c e  o f  equipment designed and b u i l t  by P l in t  and 
Partners Ltd,^^*^ to demonstrate the main a ir  j e t  c h a r a c te r is t ic s*
I t  i s  i l lu s t r a t e d  in  Figure (10) and b a s ic a lly  c o n s is t s  o f  a n o zz le  
mounted h o r iz o n ta lly  on a h orizon ta l p la te .  The a ir  was sup p lied  to  
the n o zz le  by a cen tr ifu g a l fan which discharged in to  a plenum 
chamber con ta in in g  a smoothing gauge. The discharge v e lo c i t y  was 
c o n tr o lle d  by a th r o tt le  v a lv e  and the pressure in  the plenum 
chamber was in d ica ted  by a s e n s it iv e  manometer. The v e lo c ity

t *
d is tr ib u tio n  in  the j e t  was measured by a to ta l  head tube cai’r ie d  on 
a graduated s l id e  capable o f  tra v ersin g  across any sec tio n  o f  the  
j e t .

The use o f  a t o ta l  head tube im p lies  th at the s ta t ic
p ressu re i s  constant throughout the j e t ,  W hilst t h is  i s  n ot s t r i c t l y
true; i t  may be argued th at i t  i s  a v a lid  assumption for experim ental
p u r p o s e s ^ ^ . The subject was in v e st ig a te d  in some d e ta il  by M iller  

(22)and Comings , who concluded th at although a small n eg a tiv e  s t a t ic  
p ressu re f ie ld ? e x is t s  throughout the turbulent r eg io n , i t  p la y s  a 
minor r o le  in  the X-Reynolds equation and may be considered  n e g l ig ib le .
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The n o zz le  v/as designea oy 'cne au'cnor ana coxmu-uu tuu 

the Polytechn ic workshop. I t s  purpose was to provide a smooth 
tr a n s it io n  from an o r i f i c e  o f  c ircu la r  c r o s s -se c t io n  to a s lo t  o f  
s u f f ic ie n t ly  high len g th  to breadth r a t io  to approximate the two- 

dim ensional flow  o f  the p lane j e t .  The working drawing fo r  the  
n o zz le  con stru ction  i s  shown in  Figure ( n ) .  The n o zz le  dimensions 
had to he chosen n ot on ly  to f i t  the e x is t in g  apparatus, hut a lso  to
s a t i s f y  c r i t e r ia  o f  tw o-dim ensionality* Various len g th  to breadth
‘ ‘ ( 6 ) 

r a t io s  have been employed in  previous in v estig a tio n s*  Ftfrthmann
s ta te s  th at the con d ition  o f  tw o-d im ensionality  may be c lo s e ly
approached by a s lo t  whose len gth  i s  twenty tim es i t s  breadth* The
len g th  to breadth r a t io  used in  t h is  study was ju s t  over tw en ty-eigh t

(12 )to one* M s  i s  in  excess  o f  the r a t io s  employed by W einstein  
and Van der Heggo Z ij n e n ^ ^ .  A prelim inary traverse  was ca rr ied  
out along the Z -ax is, as shown in  Figure (12 ), o f  the j e t  to ensure 
th a t the v e lo c i t y  was reasonably uniform over the middle se c tio n  o f  
the nozzle* This, was found to be the case  and the co n d itio n s  for  
two-dim ensional flov/ were assumed to e x is t  along the X -ax is o f  the  

j e t .  • ■ ■ •

2 .3  Experimental Procedure
The tran sverse  d is tr ib u tio n  o f  the mean v e lo c i t y ,  ‘IF , was 

in v e s t ig a te d  a t a Reynolds number, *Re! , o f  1*2 x 10^ where ,

T)0  -  V O  (2 1 )XlO — • . . < ■ * . ©  c \ c c X /

i s  based on the e x it  v e lo c i t y ,  f^Qf > s lo t  breadth,
Traverses in  the X-Y plane o f  the j e t  were ca rr ied  out a t seven  
d iffe r e n t  s ta t io n s  along i t s  c e n tr e - l in e , as dep icted  in  F igure (1 2 ).  
The complete s e t  o f  data obtained  in  the experiment i s  given  in  
Tables ( l )  to ( 5 ) and i s  rep resen ted  g ra p h ica lly  in  Figure (1 3 ) .

C orrections fo r  the displacem ent o f  the e f f e c t iv e  cen tre  
o f  the to ta l  head tube, fd‘ , were not made. I t  has been found 
th a t in  a pure shear flow , the r a t io  f d/Df (ydiere D i s  the ex tern a l 
diameter o f  the tube) i s  in  dependant o f  Reynolds number and has a 
constant value o f  the order o f  0*15* C orrections o f  t h is  magnitude 
were n ot warranted by the accuracy o f  the experim ental apparatus. .
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X
(m)

T
(m)

Y
X U

(m/s)

u
um

0.050 0 ,000 0.000 33.732 1.000

0 ,002 0.040 29.627 0.878

0 .004 0.080 21.712 0 .644
C.006 0.120 13.966 0 .414
0.008 0.160 6.983 0.207

0.010 0.200 0.000 0.000

-0 .0 0 2 -0 .0 4 0 32.001 0.949

-O.OO4 -0 .0 8 0 25.178 0 .746

- 0 .006 -0 .1 2 0 16.623 0.493
-0 .0 0 8 -0 .1 6 0 9.876 0.293
-0 .0 1 0 -0 .2 0 0 4.032 0.119

-0 .0 1 2 - 0.240 0.000 0.000

O.lOO 0.000 0.000 24.854 1.000

0.002 0.020 23.853 O.96O

0 .004 0 .040 21.712 0 .8 7 4
0 .006 0.060 19.336 0.778
0.008 0.080 16.624 O.669
0.010 0.100 14.537 0 .585
0 .012 0.120 11.404 0.459
0 .014 0.140 9.016 0.363
0.016 0.160 6.983 0.281
0.018 0.180 4.032 0 .162
0.020 0.200 0.000 0.000

-0 .0 0 2 -0 .0 2 0 24. 525 " 0.987
-0 .0 0 4 -0 .0 4 0 23.162 0 .932
- 0.006 -0 .0 6 0 20.950 ^ 0.843
-0 .0 0 8 -0 .0 8 0 18.031 0 .726

-0 .0 1 0 -0 .1 0 0 15.086 0.607
-0 .0 1 2 -0 .1 2 0 12.750

■

0.513

MEAN VELOCITY MEASUREMENTTS

TABLE 1
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X
(m)

y
(m)

HIM U
(m /s)

U
Um

0,100 - 0 .014 - 0.140 10.667 0.429
- 0.016 -0 .1 6 0 8 .O64 0 .324
- 0.018 -0 .1 8 0 5.702 0.229
-0 .0 2 0 -0 .2 0 0 4.032 0.162

-0 .0 2 2 -0 .2 2 0 0.000 0.000

0.150 0.000 0.000 20.950 1.000

0.002 0.013 20.559 0.981

0 .004 0 .026 19.752 0.943
0 .006 0.040 19.336 0.923
0.008 0.053 18.031 0 .861

0.010 0.067 16.624 0 .7 9 4
0.012 0 .080 13.086 0.720

0 .0 1 4 0.093 13.967 0.667

0.016 0.107 12.096 0.577
0.018 0.120 10.6 6  7 0.509
0.020 0.133 9 .876 0.471
0.022 0 .147 9.016 0.430

0 .024 0.160 8 .064 0 .385
0 .026 0.173 6.983 0.333
0.028 0.187 5.702 0.272
0.030 0.200 4.032 0.193

• 0.032 0.213 4.032 0 .193

0 .034 0.227 0.000 0.000

-0 .0 0 4 -0 .0 2 7 20.160 0 .962
*-0.008 -0 .0 5 3 18.477 0 .882

-0 .0 1 2 -0 .0 8 0 15.615 0 .745
- 0.016 -0 .1 0 7 12.750 0.609
-0 .0 2 0 -0 .1 3 3 9 .876 0 .472

-0 .0 2 4 -0 .1 6 0 8 .064 0 .385

MEAN VELOCITY MEASUREMENTS

TABLE 2
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X
(m)

Y

(m)

j U
(m /s)

u
um

0.150 - 0.028 -0 .1 8 7 5.702 0 .272

-0 .0 3 2 - 0 .213 4.032 0.192

-0 .0 3 4 - 0 .227 0.000 0.000

0.200 0.000 0.000 18.477 1.000

0 .004 0.020 18.447 1.000

0.008 0 .0 4 0 17.106 0 .9 2 6

0.012 0.060 16.128 0 .8 7 3
0 .016 0.080 13.967 0 .7 5 6
0.020 0.100 12.096 0 .6 5 5

0 .024 0.120 10.667 0*577
0 .028 0.140 6.983 0 .3 7 8

0.032 0.160 6.983 0 .3 7 8

0.036 0.180 5.702 0 .309
0.038 0.190 4.032 0.218

0 .040 0.200 0.000 0.000

-O.OO4 -0 .0 2 0 18.031 0 .976
- 0 .008 -0 .0 4 0 17.575 0.951
-0 .0 1 2 -0 .0 6 0 16.128 0.873
-0 .0 1 6 -0 .0 8 0 13.967 0 .756

-0 .0 2 0 -0 .1 0 0 12.096 0 .655

-0 .0 2 4 -0 .1 2 0 9.876 0*535
- 0.028 - 0 .140 8 .O64 0 .436

-0 .0 3 2 -0 .1 6 0 6.983 0.378

-0 .0 3 6 -0*180. 5.702 0.309
- 0 .040 -0 .2 0 0 4.032 0.218

-0 .0 4 4 -0 .2 2 0 0.000 0.000

O .25O 0.000 0.000 17 .106 1.000

0 .004 0.016 16 .624 0 .9 7 2

m m  VELOCITY MEASOREMTTS

TABLE 3

29



X
(m)

Y

■(»)

Y
X U

(m /s)

0 .250 0.008 0 .032 16.128 0.943

0.012 O.O48 15.086 0 .882

0.016 O.O64 13.967 0 .816

p. 020 0.080 12.096 0.707

0 .024 0 .096 11.404 0.667

0.028 . 0 .112 9.876 0.577
0.032 0.128 8 .O64 0.471
0 .036 0 .144 6.983 0 .408

0.040 0.160 5.702 0 .333

0 .0 4 4 0 .176 5.702 0.333

O.O48 0.192 4.032 0 .236

0.052 0.208 0.000 0.000

0.300 0.000 0.000 15.086 1.000

0.005 0.017 15.086 1.000

0.010 0.033 14.537 0 .9 6 4

0 .015 0.050 13.372 0 .886

0.020 O.O67 12.096 0 .802

0.025 0.083 10.667 0.707
0.030 0.100 9.876 O.655

0.035 0.117 8 .O64 0 .535
0.040 0.133 6.983 0 .463

0 .045 0.150 5.702 0.378

0.050 0.167 4.032 0.267

0 .055 0.183 4.032 0.267
0.060 0.200 0.000 0.000

0.400 0.000 0.000 12.750 1.000

0 .010 0 .025 12.096 0.949
0.020 0.050 11.404 0 .8 9 4

m m  VELOCITY MEASUREMENTS

TABLE 4
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X

(m)

Y
(m)

Y
X u

(m /s)

r  u  «.« «•»
T.I:, m

0 .4 0 0 0 .030 0 .075 9.876 0 .775
0.040 0 .1 0 0 8 .O64 0.633

0 .0 5 0 0 .125 5.702 0.447
0 .0 6 0 0 .1 5 0 4.032 0 .316
0.070 0 .175 4.032 0 .316
0.080 0.200 0.000 0.000

m m  VELOCITY MEASUBMMTS 
TABLE 5

X

(m)

Um

(m /s)

104
U2m

(m~2s2 )

Ylo . 5

(m)

0 .0 5 0 33.70 8 .81 0.0038
0.100 24.90 16.13 0.0079
0.150 21.00 22.68 0 .0128

0 .200 18.50 29:. 22; 0.0180

0.250 17.10 34.20 0.0210
0.300 15.10 43.86 0.0260
0 .4 0 0 12.80 61.04 0.0350

THE PECAY OF THE CMTRE-LHTE 

VELOCITY MB THE JET SPREAD# 
TABLE 6
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2 .4  Laser Study
The f e a s i b i l i t y  o f  measuring the f lu c tu a tin g  components 

o f  v e lo c i t y ,  by a method commensurate w ith  the scope o f  t h is  study, 
was a lso  in vestiga ted *  To t h is  end some exploratory work was ca rr ied  
out u sin g  a Laser Doppler anemometer in  a p ipe flow  experiment* 
Dett'dls o f  the technique and the r e s u lt s  obtained have been in clu d ed  
in  Appendix ( i ) .  The im p lica tio n s  o f  t h is  work was th a t the problems 
l ik o ly  to be encountered in  ;the a p p lica tio n  o f  t h is  method to the  
measurement o f  turbulent q u a n tit ie s  in  the plane j e t  were such as to  
render i t  u n su ita b le  for the purposes o f  t h is  study* The main reasons  
for t h is  conclusion  were as fo llo w s . Y /hilst water was the most 
convenient f lu id  medium to u se  from the p o in t o f  v iew  o f  la se r  
measurements, i t  was inpr’a c t ic ib le  w ith regard to a ch iev in g  the  
d esired  flow  co n d itio n s w ith the apparatus a v a ila b le . A lso , the  
seeding o f  the flow  o f  a j e t  o f  a ir ,  a p r er eq u is ite  o f  measurements 
in  a ir  w ith  a la s e r ,  made t h is  approach equally  in p ra cta b le . A 
further o b jectio n  to the use o f  an a ir  j e t  was the n e c e s s ity  o f  
d esign in g , con stru ctin g  and tuning a new wind tu n n el, th ere  n ot 
b ein g  a .s u ita b le  e x is t in g  one availab le*  The use o f  a h ot-w ire  
anemometer was a lso  discounted on th ese  grounds.

2*5 Experimental R esu lts
The non-dim ensionalised  p r o f i le s  are p lo tte d  in  Figure (14)*

They may be seen to conform c lo s e ly  to those produced by
H esk a sta d ^  \  The v a lu es o f  the mean v e lo c i t i e s ,  *U *, and them
r e c ip r o c a ls  o f  th e ir  squares a t d iffe r e n t  s ta t io n s  along the
X -axis o f  the j e t ,  are given in  Table (6 ) .  The decay o f  *IT * as *X!
in crea ses  i s  i l lu s t r a te d  in  Figure (1 5 ). The r e la t io n sh ip  between
*U and fX* may be seen to be lin e a r  (th e  c o rre la tio n  c o e f f ic ie n t  m
i s  equal to 0 .99)*  dem onstrating that the decay o f  the c e n tr e - l in e  
v e lo c i t y  i s  proportional to the square ro o t o f  the d ista n ce  from the  
e f f lu x  se c tio n , o r ,

U -  constant.X ~ • # • • • • •  ( 2 . 2 )m

Also given in  Table (6 ) i s  the value o f  Y|^  ̂ a t d if fe r e n t  
v a lu es  o f  , XI. The v a r ia tio n  o f  fY|g i s  shown in  Figure ( l 6 )  and 
i t  may be seen to be lin e a r  w ith  'X1, the c o rre la tio n  c o e f f ic ie n t
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b ein g  equal to U*99* Tnus, une spreaa 01 xne j e t  may a-Lso do seen 
to be l in e a r ,  th a t i s  5

db . .~  = constant dX

The grad ient o f  the l in e , '  ‘m*, has a va lu e o f  8*906#1CT^. The 
h a lf-a n g le  * £? 1 i s  given by the r e la tio n sh ip  5

P> — tan"^(m) •••*««« ( 2. 4 )

and has a va lu e o f  5*09° which f a l l s  w ith in  the range quoted in  
sec tio n  1*2*

2# 6 Summary
The chapter d ea ls  w ith the exploratory in v e s t ig a t io n  o f  the  

plane turbulent jet*  The design and con stru ction  o f  an adaptor 
nozzle* for  the purpose o f  producing a plane j e t  u sin g  e x is t in g  
apparatus, was described.^The j e t  produced by the n o z z le -e x h ib ite d  
the ‘mean* c h a r a c te r is t ic s  o f  the required  flow* The mean v e lo c i ty  
p r o f i l e s ,  the decay o f  the c e n tr e - lin e  v e lo c ity  and the spread o f  
the j e t  were co n s is ta n t w ith  the r e s u lt s  o f  previous in v e stig a tio n s*  
The d e ta ile d  in v e s t ig a tio n  o f  the j e t  (ie$ o f  turbulent q u a n tit ie s )  
was found to be beyond the scope o f  t h is  study*

The rem aining chapters o f  t h is  study are concerned w ith  an 
account o f  turbulence models designed to describe the p h y sica l 
p ro p er tie s  as p rev io u sely  d e lin ea ted , and the development o f  an 
appropriate d isc r e te  numerical method for th e ir  solution®

( 2. 3 )
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CHAPTER 3

THE TURBULENCE W  BEL

2*1 Introduction
Prior to the ap p lica tio n  o f  a F in ite  D if fe r e n c e /f in ite

Element technique to the j e t  problem, the governing continuum f i e l d
equations must be delineated# The e s s e n t ia l  fea tu re o f  turbulent
flow s i s  th a t the velocity* and the pressure at any p o in t in  the

(19 )f lu id  contain  components that are random fu n ction s o f  tim ev # 
Although th ese  flow s may be espressed  by the N avier-Stokes  
e q u a t io n s ^  the sm a ll-sca le  nature o f  the d e ta ile d  turbulent 
motion den ies the p o s s ib i l i t y  o f  a general time-dependant 
so lu tio n  * Paced w ith  t h is  problem, i t  i s  customary to s p l i t  the  
v e lo c i t i e s  and the pressu res in to  th e ir  mean and f lu c tu a t in g  p a r ts  
and develop equations based on the time averaged p ro p er tie s  o f

(37)turbulence only *
The N avier-Stokes equation for the a cce lera tio n  o f  a f lu id  

element in  the X -d irection  o f  an iso -th erm a l, incom pressib le flo w  
in  three dimensions may be w ritten  ;

+ _ i . a P + v ^ c c  . . . . . . .  o . i )2>X Si  f  fcX V ^  • • • • • • •  AO.a;

Decomposing the components o f  instantaneous v e lo c ity  and p ressu re  
in to  tim e-averaged and f lu c tu a tin g  components, th at i s f

t t » U  + u 5 P - P  + p ( 3 . 2 )

r e s p e c t iv e ly ,  and tim e-averaging, g iv e s  5

12 4. u-2 * y!2 + + ulH .+ vlH
b t  * bX ^ 2  3X * bY r  ™az

= -  p | |+ V * -  V 2U . . .  (3 .3 )

where 5

(3 . 4 )
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The absence o f  s o l id  boundaries to the flow , and
consequently a laminar sublayer, means th at the v is c o s i ty  term 

(43)may be n eg lec ted  • The pressure grad ien t, as mentioned in  
Chapter 1 , may be considered  to be n e g l ig ib le .  I f  the flow  i s  
considered  to be s ta tio n a ry  w ith resp ect to the mean v e lo c i t i e s ,  
the a cce lera tio n  term disappears and the equation may be r e w r it t e n  
for two-dim ensional flow  as,?

TjiS? 4. vJ'H + 4. = -0  • ( 3 . 5 )I X  . I T  bX V  . . • • • • •

The equation o f  co n tin u ity  fo r  the two-dim ensional flo w  o f  an
(27)incom pressib le f lu id  may be w r itten ' ‘ 5

§ + # = 0  . . . . . . .  (3 . 6 )

Whereupon 5

h  + + H  a 0  ( 3, 7 )bx n  H u  u   u

hiid 5 ~  4.  | I  =■ 0 (3 . 6 )

s in ce  5 ~  ~ 0    ( 3 . 9 )

thus £ 41 "~0 • • e • e o c (3 «10)

since... 5 *4* 4* 4- *~ 0 ««««««<> ( 3# l l )

Therefore ;

u | |  4- u ^  “  0 •»••»«« ( 3*1 2 )

Since $ ^  4- u—̂  (3*13)

and 5 ~ u| f  +*  *• (3 .1 4 )

then . 4. 2J5 = u | |  + v | |    (3 .1 5 )
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S u b stitu tin g  equation (3 .1 5 ) in to  equation (3-5)  g iv e s  $

 ( 3 a 6 )

Since the v e lo c i t ie s  and th e ir  f lu c tu a tio n s  change much more slow ly  
along the a x is  o f  the flow  than in  the tran sverse d i r e c t io n ^ ^ ,  the  
th ir d  term o f  the equation may he n eg lec ted . Since the magnitudes 
o f ;u‘ and M a r e  o f  the same order, however, the l a s t  term must be 
re ta in ed . The equation becomes, th erefore  5

n*u * ~  n ( i  17^qT u . . . . . . .  ^3.JL/y

and i s  known as the momentum equation.
A n atural consequence o f  tim e-aver aging the eauations i s  the  

presence o f  more unknowns than equations. The terms introduced in to  
the equations by t h is  method in clu d e s t a t i s t i c a l  c o r r e la t io n s  whose 
magnitude are d i f f i c u l t ,  i f  not im p o ssib le , to determine d irectly^  
Further equations may be generated from the N avier-S tokes eq u ation s,-  
but no matter ho?/ la rg e  the s e t  becomes, the number o f .e q u a tio n s  i s  
always l e s s  than the number o f  depend&nt v a r ia b le s . Consequently, 
any theory based on mean equations must, a t some sta g e , truncate  
the s e t .  This o b je c tiv e  may be achieved by approximating t o ,  or 
m odelling, the e f f e c t s  o f  the q u a n tit ie s  th a t are unknown in  terms 
o f  th ose which can be determined. D ifferen t approaches to m odelling  
th ese  q u a n tit ie s  are d iscu ssed  in  the fo llo w in g  s e c tio n .

3 ,2  Turbulence Models
Perhaps a f i r s t  move towards a model o f  turbulence can be

(45)a ttr ib u ted  to Boussinesqv . In- the l a s t  century he suggested  th a t  
the s tr e s s - s t r a in  law for time..averaged turbulent flow s cou ld  be 
represented  in  the same form as th at  for a Newtonian f lu id  in  
laminar motion. In t h is  manner the e f f e c t iv e  turbulent s h e a r -s tr e s s , - 
a r is in g  from the c r o ss -c o r r e la tio n  o f  f lu c tu a t in g  v e l o c i t i e s ,  may '% 
be rep laced  by the product o f  the mean v e lo c ity  grad ient and a 
quantity  termed the 1 turbulent v is c o s ity * ,  * ^ * , i e j

-fu v- ='■/*t| j    (3.18)
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This suggestion  in  i t s e l f  i s  not a turbulence model, hut by 
exp ressin g  the turbulent v i s c o s i t y  in  terms which are known, or 
q u a n tit ie s  th a t may be c a lc u la te d , t h is  end may be attained*

Models based on t h is  approach may be d iv ided  in to  two 
groups. F ir s t ly  th e r e ‘i s  a group in  which the turbulent v is c o s i t y  i s  
m odelled by an a lg eb ra ic  formula whose unknowns rep resen t p ro p er tie s  
o f  the mean v e lo c i t y  p r o f i le  only* Secondly, there i s  a group in  
which the tu rb ulen t v is c o s i t y  i s  determined by the so lu tio n  o f  
d if f e r e n t ia l  equations for one-property, or more, o f  the tu rb ulen t . 
motion* Examples o f  the f i r s t  group in clu d e Prandtl^s well-known( TO \
m ix in g-len gth  h yp oth ysis' ' ' (proposed in  1925)? von Karman*s

(19)s im ila r ity  h y p o th esis' , and variou s models o f  the ^ d d y -V isc o s ity 1 
type. In 1945 Prandtl proposed another model, on t h is  occasion  o f  
the type rep resen ted  by the second group* He proposed th a t the  
turbulent v i s c o s i t y  should be defined  by the expression 5

1
/ ^ • = / > k 2 L    (3 .1 9 )

where fk* i s  the k in e t ic  energy o f  turbulence, determined from the  
so lu tio n  o f  a d i f f e r e n t ia l  equation expressing the p ro cesses  by 
which i t  i s  transported , and *L* i s  an a lg e b r a ic a lly  p rescr ib ed  
len g th  scale* V arious other models o f  the type rep resen ted  by the
second group have been developed and may be found described  in

(40) standard t e x t s '
There i s  a further group o f  turbulence models in  which, in

the mean momentum equation a t le a s t  ( ie ;  equation ( 3. 17))? the
n otion  o f  e f f e c t iv e  turbulence transport p ro p erties  i s  d ispensed
w ith and d if f e r e n t ia l  transport equations for the turbulent f lu x e s
th em selves are provided* One o f  the e a r lie r  models o f  t h is  type was

/  i / - \

proposed and developed by Bradshaw, F err is  and Atwell^ Deterred
from sim u latin g  the 'P-equation i t s e l f  by the lack  o f  experim ental
data, they  so lved  a d if f e r e n t ia l  equation for  fk f and then determined
the sh e a r -s tr e s s  from the assumption o f  i t s  p r o p o rtio n a lity  to  ‘k 1*
The len g th  sc a le  o f  t h is  model was p rescrib ed  a lg eb ra ica lly *  A la te r

(47)model, developed by H anjalic in  1970 ? c o n s is te d  o f  three
d if f e r e n t ia l  equations o f  transport? t h e . f i r s t  for the sh e a r -s tr e s s  
i t s e l f  and the other two fo r  *k* and *L* which appear as unknowns
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in  t h is  equation. Even more recen tly*  R otta proposed a s im ila r  u. 
model^ 4 8 y^Qb was e s s e n t ia l ly  a s im p lif ic a t io n  o f  a proposal o f  

h is  made in  1951^ ^ .  One o f  the drawbacks o f  h is  p rev iou s method 
was th e  assumption th a t ;

*'~Y . * '
A T /  v

Hate o f  d iffu s io n  o f  L oc ^  . ie  (3 .20)

a p ro cess  th a t i s  n ot r e f le c te d  by r e a l i t y .  R otta attem pted to  
overcome t h is  d e fic ie n c y  hy producing an equation for the product 

o f  th e k in e t ic  energy o f  turbulence and the len g th  s c a le . This model 
was e s s e n t ia l ly  adopted hy Rodi and S p a ld in g ^ ^ ., who used  i t  in  the 
in v e s t ig a t io n  o f  a number o f  fr e e  turbulent flow s. I t  i s  a lso  the  ̂
model th a t has been adopted in  t h is  study and i t s  d er iv a tio n  i s  now 

considered®

' 3 .3  Transport Equations for  .Turbulent Q u an tities
The turbulence model employed in  t h is  study c o n s is t s  o f  

the momentum equation (equation ( 3 . 1 7 ) )  and three d i f f e r e n t ia l  
tran sp ort equations for the turbulent q u a n tit ie s  ,uv*,  ,3EI and 
r e s p e c t iv e ly .  For homogeneous turbulence a t high Reynolds numbers* 

the tran sp ort equation for ’uv* can be taken as f

■ ■ 1 ' ■ •
- uv I'jy . . . . . . .  (3« 21)

vzhere i s  a con stan t. I t  may be noted th at equation (3»2l )  i s  

analagous to the combination o f  equations (3 .1 8 ) and (3 .1 9 ) .  This 
model* therefore* may be considered  to bo one o f  the group in  which 

7 V  i s  d-etermined by the so lu tio n  o f  a d if f e r e n t ia l  equation* th at  
i s  the second group.

The transport equations for *k* and *kLc may bo derived  
by the appropriate m anipulation o f  the IT av ier-S tok es equations. The 
H avier-Stokes equations, expressed in  terms o f  the mean and tho  
f lu c tu a tin g  components o f  v e lo c ity  and p ressu re , may be w ritten  in  
standard tensor n ota tion  a s ^ ^ j

*  Q i) + + ui )

= -  jj 3^  0? .  P) -  W 2(Vt *  u±)    (3 .2 2 )
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in terch a n g in g  * i f and •j* and adding -the r e s u lt in g  

equation to  equation (3*23) g iv e s  5

G1 + G2 'i' °3 :*• °4 s  °5  *  G6

o j Ga. B njvt t

_ ̂ V . i  
“  *Tt

.. .  3  ~  
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c~ l lz

0
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(3 .3 1 )
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J 5 v jk i  * > ik j 'p  1 ' bX..' ecc*

*^ ik  ^roneclcer‘"̂ o l '*'a ? wkere 5

^••jr *“ l j  i  ** k ««»*««« (3*34)’i l

ik *® 0 , 1 ,*f~ k »««»«*« (3*35)

F in a l ly ,  G, = ^ u  . V 2u. 4- . ^ 2u .  «*««»*« (3*36)v J •*• J

; . » [ v ^ „ . - £ 3 & § > ]
1 0 k“ l  ^  k.

Thus equation (3224) may now he w ritten  in  the form j

c « * e (3* 37 )

>u u ri3 >>u.u r-i3 r -3  p . .
 ^  )  t t  4. \  n n  —• *4 > u. u —  -

<>* ^<k~l k ^ \  ^ k ~ l  ^  — k=l 3,̂ k

e £ j  + Lui )  + y 3 ±  L \ ^ $ L .  u u. ,/> V .  bX.^ Z k.= id 4  V ^  V - 5 U'- ■*

_ _  -   ̂ ;)uT5vi

( C i ^  f  + z ' Z j ss lX ^ 5 j  =  0 • • • • • •  3̂*38)

* Rotta* s equation ( 2«l l )^ ' in  h is  d erivation  o f  the  
transport equation for *k* ■ may now he obtained hy con sid erin g  the - 
case when *i ~ J* in  equation (3*33) and m u ltip ly in g  by P/2 \

(.> bu-2 t> r 3 ~~v\ r 3 "
i l l ! *  j j g ^  * f f a - i V l ^ " 3 . * ^

Total change Y/ork o f  Ihergy exchange w ith
o f  k in e t io  Reynold’ s other f lu c tu a t in g  ,
energy s tr e s s e s  components

(con tin u ed )
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D iffu sion  o f

0 (3 .3 9 )

D issip a tio n

By su b s titu tin g  fk f for , and adding the th ree equations
(ie$ for i  -  1 , 3 ) ,  a t o ta l  energy balance for the the turbulent 
motion i s  obtained. R ew riting t h is  equation for two-dim ensional 
tim e-steady flow  g iv e s  $

from co n tin u ity  co n sid era tio n s. As b efo re , the v isco u s  d iffu s io n
terms may be n eg lec ted  and the terms con ta in in g  tran sverse  grad ien ts
disappear. The r e s u lt  may be seen to be equivalent to equation (1 .2 2 )
in  Chapter One and i s  in  fa c t  id e n t ic a l  to the ^ -eq u ation *  o f  Rod! 

(44)and Spaldingv / when boundary layer assumptions are adopted and the  
fourth  term i s  neg lected . That i s  ;

V iscous d iffu sio n

(3 .4 0 )

(3 .4 1 )

2  -  v2 ) !?)j^  + ^ ( ^  +^pj'r) + £ - ~ o (3 .42 )

where £ . i s  the d iss ip a tio n  term. 'The d if fu s iv e  action  o f  turbulence  
i s  presumed sim ilar  to molecular d iffu s io n  p ro cesses . Thus the r a te

o f  transport o f  turbulent energy i s  taken as the product o f  the



E

s p a t ia l  gradient o f  *k! and the turbulent v is c o s i ty  d iv id ed  by tho 
e f f e c t iv e  Prandtl number for the d iffu s io n  o f  turbulent energy1̂ ;

(pvk + pv) -  constant* k ^ ^ L ^  . . . . . . .  (3 .4 3 )

= v S  ................

The production term i s  rep laced  by the product o f  and th e mean
v e lo c i t y  grad ien t. The d iss ip a tio n  o f  the turbulent k in e t ic  energy 
occurs by way o f  the cascade p rocess described  in  Chapter One. Thus, 
s in ce  the d iss ip a tio n  i s  c o n tr o lle d , n ot by d is s ip a t iv e  m otions 
th em selves, but by the p ro cesses  which tra n sfer  energy from la rg er  
to  su c c e ss iv e ly  sm aller ed d ies, t h is  p rocess may be supposed to 
depend on ly  on *j)1, 'k* and *1*. For dimensional co n s is ten cy , i t  
fo llo w s  th a t the d is s ip a t iv e  r a te  i s  o f  the form 5

3 r  3 ( S 1) 2 = c^ 2/ l   ( 3 . 45)
ia lL k ^ l  dAk 

whereupon the *k~equation•» may be written^

/’s i= HP /V$P2 “ S k3//2/L ....... ( 3 . 46 )

where *3)* i s  a d if f e r e n t ia l  operator and the e f f e c t iv e  Prandtl 
number, *0^.*, and 1Ĉ * are con stan ts. The equation i s  su ita b le  for  
num erical treatm ent w ith the appropriate v a lu es a ssign ed  to 'cr̂  and ;c j .

The d erivation  o f  th e  ■k-equation* was len gth y  and rath er  
in vo lved . The same end r e s u lt  could  have been more e a s i ly  ach ieved  
by su ita b le  manipulation o f  the ‘z -eq u a tio n 1 o f  Launder and 
Spalding^^^. This equation i s  a len g th -sca le -d eterm in in g  
g en era lisa tio n  in  which *z‘ rep resen ts  some product o f  ’k* and fL*.
I t  i s  derived u sin g  a s im ilar  technique to th at used for the  
'k -equation*. As b efo re , the H avier-Stokes equations req u ire  
m anipulation such th a t the chosen v a r ia b le  i s  brought in to  prominence. 
Approximations for the variou s c o r r e la t io n s  may then be made by 
c a lc u la b le  flow  p ro p ertie s . A co n sisten cy  w ith the p rev iou s  
assum ptions may be m aintained by rep resen tin g  the d if fu s iv e  f lu x  
o f  ' z 1 as being p roportional to the s p a t ia l  gradient o f  the v a r ia b le  
in  question  tim es the lo c a l  turbulent v is c o s ity ^ ^ ^ . That i s  5
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The *s equation* may then be w r itte n , -

I f = + z ĉiE t ( n )2  _  c2 7 i ; l  + v  •*• (3 - 4S)

where 'o ^ S  fcq*J and ‘(^ r e p r e s e n t  appropriate co n sta n ts , as b e fo re , 
and *s * rep resen ts  secondary source terms. I t  may be noted th a t by 
rep la c in g  tz* w ith *k' , equation (3 ,4 6 )  i s  obtained. I f  *z! i s  now 
rep laced  with the product ’kl* and approximations c o n s is te n t  w ith  
the p rev iou s assumptions are made, the equation for the transport o f  
the term fkL* i s  obtained^ ie f

DkL _ > [At /^M. , „ J k ff w ~ "? i s - . (r r  *  ckLLi x ^kL

*  CB A tL^ |i^ 2 “ ° s f  k3/2  . ( 3 . 4 9 )

where 9 * \ i / ? tCBf '^s* appropriate co n sta n ts , This
i s  a reasonable approach towards con stru ctin g  an equation for  
the determ ination o f  the len gth  sc a le  s in ce  the *z^equation* simply 
expresses the p ro cesses whereby the change in  *z* along a stream line  
i s  brought about by the in flu en ce  o f  d if fu s iv e  tran sp ort, the  
in te r -a c t io n  o f  turbulence and the mean flow  and through the  
s e lf - in te r -a c t io n  o f  the t u r b u l e n c e ^ T h e  momentum equation and 
the d if f e r e n t ia l  transport equations for  luv*, *k* and fkL* 
c o n s t itu te  a .tu rb u len ce model o n ly .req u ir in g  further the a ss ig n a tio n  
o f  v a lu es to the con stan ts to be f u l ly  defined  and su ita b le  for  
numerical treatm ent,

3*4 Evaluation o f  the Constants Appearing in  the Transport Equations
Since the model i s  equally  v a l id  for a range o f  flow

co n fig u ra tio n s, inform ation concerning the magnitude o f  some o f  the
con stan ts may be gained from the con sid eration  o f  some sim pler
flow s. The magnitude o f  the constant e f f e c t iv e  Prandtl numbers
(<£ , crt ,  ) ,  by v ir tu e  o f  th e ir  very n ature, may be expected to be o f  

Iv KLL1 /  \  /  a  ̂ \
the order o f  u n ity ' ' 4  R otta ’ s'^  y len g th  sca le  was chosen to 
represent a measure o f  the tim e-averaged diameter o f  the energy- 
con ta in in g  eddies and may be defined  as f .
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P(n) ^    (3 . 50)n

where fn f i s  the wave number o f  the ‘turbulence spectrum and !F (n) 1 
i s  the sp ectra l d is tr ib u tio n  o f  the turbulent k in e t ic  e n e r g y ^ ^ \
The va lu e assign ed  to *0^* depends upon the d e f in it io n  o f  •L* * 
n o tin g  equation ( 3*2l ) .  Since , LI cannot as y e t  be determined  
023)er im en ta lly , i t s  ab so lu te  magnitude i s  o f  academic in te r e s t  on ly  
and Ĉĵ * may be put equal to u n ity  w ith ro lo s s  o f  gen era lity*

Having e s ta b lish ed  a value for  1 Cj4f , an estim ate o f  the  
magnitude o f  may be made by con sid erin g  the behaviour o f  flow s  
in  the v ic in i t y  o f  s o l id  boundaries;* I t  i s  c h a r a c te r is t ic  o f  flow s  
such a s th e se , th at convection and d iffu s io n  o f  energy are n e g l ig ib le  
w ith  the consequence th at the production o f  *k* i s  balanced by the
d i s s i p a t i o n i g  .

^ Z s o v t l / 2     <3 *5D

Incorporation  o f  equation ( 3 . 2 l )  and m u ltip lica tio n  by g iv e s  f

f A i ? ) 2 =   ( 3. 52)

R e-arranging the equation and in corp oratin g  equation (3*18) g iv e s  f

f>2uv2 ~ C ^ C ^k2 . . * . . * *  (3 .53)

thus 5 = (CjjCym)1/ 2 ******* (3*54)

In an experim ental in v e s t ig a tio n  in to  p ipe flow , L au fer^ ^ ) found 
the same r a t io  to have a magnitude o f  approximately 0*3* Since a re
va lu e o f  u n ity  has been assign ed  to i t  i s  reasonable to expect 

to have a value o f  about 0*09* The va lu e o f  Cg in  equation (3*49) 
may be found by con sid eration  o f  the decay o f  turbulence behind a
grid* Experimental data in d ic a te s  th at the r a t io  o f 1*?1 to fC ' has as D
va lu e  ly in g  somewhere between 0*5 and 0 *8 , depending on th e turbulence  
in ten s ity *  Thus i t  i s  reasonable to expect the va lu e o f  *CJ to be in  

the range 0 .045  -  0 .072 ( 4 0 ' .
I t  should be stron g ly  emphasised that" the v a lu es  obtained
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in  t h is  manner on ly  rep resen t an estim ate o f  the magnitude o f  the  
con stan ts. In the f in a l  a n a ly s is , the overid in g  c r ite r io n  in  
s e le c t in g  the con stan ts  to he adopted hy the model must he th at i t s  

• p red ic tio n s  conform c lo s e ly  -with estab lish ed 'exp erim en ta l data*
Rodi and S p a ld in g ^   ̂ ca rr ied  out many c a lc u la t io n s , sy stem a tica lly  
varying the constants*. They found th at the ra te  o f  spread and the  
l e v e l  o f  turbulence was stron g ly  in flu en ced  hy 'C^1 j JO 1 and *0^* 
and th a t the p r o f i le s  o f  *11*, , k t , ‘u v 1 and 'L* were in flu en ced  hy

’CkL’- They determined the f in a l  v a lu es  hy a 
com puter-optim isation technique, in  which the w eighting was b ia sed  
towards the r a te  o f  spread, the v e lo c ity  p r o f i le  and the p r o f i le  for  
,k* and fuv*, in  th at order. The same va lu es, were i n i t i a l l y  adopted 

in  t h is  study,

3 ,5  Summary
The underlying p r in c ip le s  o f  turbulence models in  gen era l, 

and th e ir  h is to r ic a l  background, have been discussed* The model o f  
turbulence to be adopted in  t h is  study has been introduced and the  
more important step s in  the d erivation  o f  the equations have been 
detailed* Complete d e f in it io n  o f  the c la ssica l/p h en om en o log ica l 

equations now a llow s for th e ir  numerical' treatm ent. This i s  the  
primary concern o f  the p resen t study. The b a sic  p r in c ip le s  o f  the  
numerical technique to be employed are described in  the fo llo w in g  
chapter*
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chapter 4

generalised  collocation

4*1 The D iscrete  Methods
The turbulence model described  in  the p rev iou s chapter i s

con stru cted  o f  a se t  o f  p a r t ia l  d if f e r e n t ia l  equations o f  a parab olic
nature -with the i n i t i a l  co n d itio n s and the boundary co n d itio n s  for
an *open! domain o f  so lu tio n  b ein g  knovm^*^. For equations o f  t h is
typ e , for which no c la s s ic a l  so lu tio n  can be found, approximation
methods, whether a lgeb raic  or numerical in  ch aracter, provide the

(51)on ly  means o f  so lu tio n  apart from the use o f  analogue d ev ice s ' •
Perhaps the most important group o f  approximate numerical methods in

( 52) (53)the f i e ld  o f  engineering sc ien ce  i s  the *D iscrete Methods1'"; .
C la s s ic a lly ,  the domain o f  so lu tio n  i s  regarded as b ein g  a

macro-continuum. The im p lica tion  o f  t h is  i s  that there e x i s t s  an
in f in i t e  number o f  degrees o f  freedom, an in f in i t e  s e r ie s  r e la t in g
to th e se , and an in f in i t e  number o f  p o in ts  adjacent to each p o in t
w ith in  the continuum. The D iscrete  Methods e x is t  p rim arily  due to
the in a b i l i t y  o f  c la s s ic a l  mathematics to so lve  the c la s s i c a l
exp ression s o f  continuum mechanics except in  r e la t iv e ly  sim ple
c a se s . In th ese  methods the macro~continuum i s  id e a l is e d  as a s e t  o f
g en era lised  co -ord in ates which are prominent v a r ia b le s  dependant
upon the space-tim e co -o rd in a tes , in terconnected  by a s e r ie s  o f  

(52)curve functions'*^ Thus, the number o f  degrees o f  freedom i s  
represented  as being f i n i t e ,  the in f in i t e  s e r ie s  i s  truncated , and 
there i s  a f in i t e  d istan ce between co -ord in ate  p o in ts . Such 
approximate models, by th e ir  very nature, pre-suppose inherent  
errors. Solution by th ese methods e n ta ils  the m inim isation o f  such 
errors according to some v a l id  method c r ite r io n .

4*2 H isto r ic a l Development o f  the D iscrete  Methods
Ity the end o f  the n in eteen th  century only the sim p lest o f  

problems o f  continuum mechanics were capable o f  so lu t io n . There were^ 

however, due to the problems posed by tech n o lo g ica l advances brought 
about by the in d u str ia l r e v o lu tio n , in crea s in g  p ressu res to obtain  
p r a c t ic a l r e s u lt s .  These p ressu res were p a r t ic u la r ly  s ig n if ic a n t  in
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the f i e l d  o f  stru ctu ra l mechanics and i t  was in  t h is  area th at the
f i r s t  s tep s  towards the development o f  present-day d isc r e te
techniques were made#

The f i r s t  two decades o f  the tw en tieth  century saw the
in trod u ction  f i r s t l y  o f  the R itz  method, in  1908, and then the

( 52)
Galerkin method in  1915 • The n in eteen -tw en ties  and ea r ly
n in e te e n - th ir t ie s  saw the in trod u ction  o f  v a r ia n ts  o f  th ese  methods;
th at i s ,  the methods o f  Polhausen (1921), Bienzeno-koch (1926) ,
Kravchuk (1932), and Kantorovich (1933)* Also during t h is  p er io d , an
an approach hased on the theory o f  s t a t i s t i c s ,  the Least Squares
method, was developed "by P ic o n e ^ ^ *

The y e a r  1937 a s ig n i f i c a n t  one in  th e  developm ent o f
the D iscrete  Methods. The C ollocation  method was p o stu la te d  hy
Frazer, Jones and Scan. The same authors a lso  attem pted the f i r s t
assessm ent o f  the r e la t iv e  m erits  o f  the D iscrete  Methods seen a s a
u n if ie d  group, although the study was lim ite d  to the G alerkin,

(55)C ollocation  and Least Squares methods . Concurrently the method(CA \
o f  F in ite  D ifferen ces was introduced . This rep resen ted  a major
improvement over the previous methods and i t  qu ick ly  became the most
w idely  used numerical method in  f i e ld  mechanics. The F in ite  D ifferen ce
method was the f i r s t  p r a c t ic a l lo c a l is e d  technique; th a t i s ,  shape
fu n otion s are se t  up lo c a l ly  and so lu tio n  over the problem domain i s
obtained through co-ord inate transform ation o f  the lo c a l  f i e l d  analogue.
P rev iou sly , lab oriou s o v e r a ll fu n ctio n s had been employed.

I t  was not u n t i l  the m id -n in e te e n -f if t ie s  th a t the new ly-
developed tech n o lo g ies  were provided w ith a method su ite d  to th e ir

(56)requirem ents, namely the R itz  F in ite  Element method' * I t  was
i n i t i a l l y  derived from a standard s t i f f n e s s  method o f  s tru c tu ra l
a n a ly s is  and, for t h is  reason perhaps, the mathematical im p lica tio n s

(52)o f  the method were not imm ediately appreciated'^  . The in tro d u ctio n  
o f  t h is  method, coupled w ith  the a cc e ler a tin g  development o f  the  
e le c tro n ic  d ig i ta l  computer, provided a powerful to o l fo r  s tru ctu ra l 
a n a ly s is  which ra p id ly  supplanted a l l  r iv a ls .  Again, lo c a l  fu n ctio n s  
were employed and the organ isa tion  and so lu tio n  o f  the r e s u lt in g  s e t  
o f  equations, which had h ith erto  presented  such d i f f i c u l t i e s ,  was 
g rea tly  f a c i l i t a t e d  by the computer. For some con sid erab le tim e the  
other D iscrete  Methods were la r g e ly  ignored , although the F in ite  
D ifferen ce method was s t i l l  w idely  used in  other f ie ld s  o f  en gin eerin g .
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I t  took u n t i l  the ra id -n in eteen -s ix tie s  for i t  to be f in a l ly
ap p reciated  th a t the D irect S t if fn e s s  F in ite  Element method was in
fa c t  a g en era lisa tio n  o f  the o r ig in a l R itz  method* Thus, the R itz
F in ite  Element method i s  a more r igorou s d escr ip tion  o f  the  

( s o ) ( 5 7 )technique'*^ S im ila r ly , i t  was r e a l is e d  th at the F in ite
D ifferen ce  method was a degenerate g en era lisa tio n  o f  the C o lloca tion  
m ethod^"^.

G en eralisation  i s  im plied  by the employment o f  lo c a l is e d
fu n c tio n s , as opposed to  o v e r a ll fu n c tio n s, g lob al d e f in it io n  b ein g
ob ta in ed  by the r e q u is it e  co-ord in ate  transform ation. These
* d is c o v e r ie s 1 brought about a d ra stic  re -a p p ra isa l o f  the D iscrete
Methods, p a r t ic u la r ly  in  the f i e ld  o f  advanced stru ctu ra l a n a ly s is
where w e ll-d e fin e d  p o te n tia l fu n ction s are r e a d ily  a v a ila b le . An
ap p reciation  o f  the wider im p lica tio n s o f  the R itz  F in ite  Element
method le d  not on ly  to in crea s in g  in te r e s t  in  the mathematical _
a sp e c ts  o f  the method, but a lso  i t s  ap p lica tion  to  other branches

. (53)o f  sc ie n c e  and engineering
Another comparative in v e s t ig a tio n  o f  the D iscre te  Methods 

as a group was ca rr ied  out in  1966, t h is  time by F in lay  son and/ f - , \
S criven ' « A study o f  the lo c a l is e d ,  or g en era lised , forms o f  th ese

(52)methods was made by Taylorv /v.who was p r in c ip a lly  concerned w ith  
th e concept o f  lo c a l is a t io n  and i t s  a p p lica tio n  to the g en er a lisa tio n  
o f  th e  rem aining D iscrete  Methods, which had been la r g e ly  ignored . 
This en ligh ten ed  trend i s  r e f le c te d  by C ro ll*s u se o f  the G eneralised  
C olloca tion  (or Hypar F in ite  D ifferen ce) method^58^(59)^ 93^3 method 

cou ld  be described  as the C ollocation  F in ite  Element method and i s  
the technique to  be adopted in  t h is  study.

4 .3  The D iscrete  Methods and F lu id  Flows
Since th e ir  in trod u ction  to the f i e ld  o f  f lu id  dynamics,

there has been a sc a r c ity  o f  so lu tio n s  o f  the R avier-S tokes
eq u ation s, m ainly because o f  th e ir  degree o f  high order and th e ir
n o n - l i n e a r i t y ^ S o m e  so lu tio n s  o f  the l im it in g  ca se s  o f  zero
and in f in i t e ly  la rg e  Reynolds numbers were obtained , but i t  took
the advent o f  the e le c tr o n ic  d ig i ta l  computer to b rin g  about

(25)s ig n if ic a n t  p rogress' . Prior to  t h is ,  so lu tio n s  o f  the f u l l
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Favier—Stokes equations required  such an immense ammount o f  
computation as to he im p ossib le  for p r a c t ic a l purposes.

Probably the f i r s t  attempt to in te g r a te  the K avier-Stokes
(61}equations -was made hy Thom' \  As early  as 1933 , he managed to  

obtain  a numerical so lu tio n  for the wake behind a cy lin d er  in  a 
uniform stream. The exhaustive computation, which he performed by 
hand, proved to be th e  forerunner o f  a number o f  la te r  s tu d ie s  

conducted a3ong the same l in e s .  These were made by such authors as
( 62 )Kawaguti and A llen and Southw ell' • They did n ot appear u n t i l  the  

m id -n in e te e n ~ f if t ie s , when the F in ite  D ifferen ce method coupled w ith  
the u se  o f  the e lec ro n ic  d ig i ta l  computer were becoming e s ta b lish e d .

The U n it e  D ifferen ce method has been the most w idely  used  
num erical technique employed for the treatm ent o f  the N avier-S tokes  
equations s in ce  i t s  in trod u ction  in to  the f i e ld  o f  f lu id  m echanics^^^  
A wide v a r ie ty  o f  flo w  co n fig u ra tio n s have been tack led  by a number 
o f  d iffe r e n t  authors, prominent amongst th ese  being Kawaguti (1961 ) ,  

Sinuni (1964 ) and Burggraf (1966 ) ^  .
The o b sta c le  o f  numerical d ivergence, which had p rev io u se ly  

prevented the so lu tio n  o f  high Reynolds number flo w s, was overcome 
by Runchal and Wolf s te in  in  1966^ ^  \  Since th at time a number o f  
authors a sso c ia ted  w ith  Im perial C ollege have con tribu ted  towards 
the development o f  t h is  approach regarding a number o f  a sso c ia te d  
problems. The development o f  a group o f  so lu tio n  schemes, based on 
the Patankar-Spalding F in ite  D ifferen ce ro u tin e  enabled the

( 6 5 )in v e s t ig a tio n  o f  a number o f  flow  co n fig u ra tio n s' .
The replacem ent o f  the F in ite  D ifference method by the 7-Ll 

F in ite  Element as the most w idely  used numerical technique has n ot  
y e t  occurred in  the f i e l d  o f  f lu id  m echanics, as i t  did in  the  
f i e ld  o f  stru ctu ra l mechanics. A contributory  fa c to r  to t h is  
s itu a tio n  i s  th at the method o f  adaptation o f  a technique i
p r in c ip a lly  developed for the so lu tio n  o f  problems in  the f i e l d  o f  
stru ctu ra l a n a ly s is  ( e s s e n t ia l ly  a Langrangian method) to the  
so lu tio n  o f  problems in  f lu id  mechanics (n a tu ra lly  described  by a 
Eulerian approach) i s  not im m ediately ob v iou s^ *^ . More im portant,

however, i s  the fa c t  th at for the Navi er-S tok es equations for  
v isc o u s  flo w  there i s  no sim ple v a r ia t io n a l p r in c ip le . The R itz  
F in ite  Element method was employed in  the so lu tio n  o f  problems for



for  which there wore p o te n tia l fu n ction s a v a ila b le  ^ie; the
v a r ia t io n a l form ulation was p o s s ib le )  n o tab ly  by Z ien k iew icz^ " ^ ,
Martin and dp V ries and N orrie^ ^ ^ e

. E ecen tly , w ith  the continu ing development o f  a lte r n a tiv e
d is c r e te  methods, a.vgrowing number o f  problems in  f lu id  mechanics
have been trea ted  w ith  F in ite  Element type methods* A Least Squares
U n i t e  Element technique was employed by H u t t o n i n  1974*

( 66)Galerkin F in ite  Element techniques were employed by Oden'1 ' . 
in  1974 and Cooke and B la n c h a r d ^ ° \ Murphy and I u c h i^ 2 \ i n  1977* 
The.method to be adopted in  t h is  study i s  the G eneralised C ollocation  
method, which may be regarde as a Eypar F in ite  D ifferen ce  method in  
which cer ta in  F in ite  Element type concepts are included*

4*4 The G eneralised C o llocation  Method
The D iscrete  Methods provide a means o f  obta5.ning 

approximate so lu tio n s  to the p a r t ia l  d if f e r e n t ia l  equations which 

govern a given p h y sica l problem* Any approximate d is c r e te  technique  
for th e  so lu tio n  o f  p a r t ia l  equations c o n s is t s  o f  the determ ination  
o f  the unknown fu n ctio n s a t a f in i t e  number o f  d is c r e te  p o in ts  
d is tr ib u te d  throughout the domain o f  the problem* The v a lu es  o f  the  
fu n c tio n s a t th ese  p o in ts  are obtained  from the so lu tio n  o f  a system  
o f  a lg eb ra ic  equations determined from a d isc r e te  rep resen ta tio n  o f  

. t h e  governing d if f e r e n t ia l  equations*
The manner in  which t h is  i s  accom plished by the G eneralised  

• C ollocation  method may be broadly o u tlin ed  in  the fo llo w in g  s ta g es  
F ir s t ,  a to p o lo g ica l id e a lis a t io n  o f  the domain o f  the problem i s .  
obtained  by d efin in g  a number o f  d isc r e te  p o in ts , or n od es, in  a 
g lo b a l mesh* Each node has a s e t  o f  g en era lised  c o -o rd in a tes  
a sso c ia te d  w ith i t  r e la t in g  to the unknown param eters o f  th e  problem* 
Second, the nodal mesh i s  considered  to c o n s is t  o f  s e t s  o f  l o c a l ly  
r e la te d  nodes* Each se t  has an independent approximate lo c a l  fu n c tio n ,  
or fu n c tio n s , appertain ing to the elementary nodal s e t  and th e  
a sso c ia te d  g en era lised  co-ord inates* These s e t s  and th e ir  immediate 
environs are termed f in i t e  e lem en ts,th e elem ents b ein g  in te r 
connected as required  by ..the p a r ticu la r  problem d e fin it io n *  Third, 

the approximating fu n c tio n s, in  terms o f  the lo c a l  g e n e ra lise d  
•-co -ord in ates, are subjected  to the C ollocation  method c r i t e r io n ,

54



which in corp orates the governing f i e l d  equations and the d isc r e te  
p r in c ip le ,  to produce an a lgeb ra ic  lo c a l  f i e ld  analogue or analogues* 

F in a lly ;  the s e t  o f  g lob a l a lgeb ra ic  equations i s  obtained  by the . 
appropriate co -ord in ate  transform ation and the a p p lica tio n  o f  

boundary conditions,, •
The mathematics o f  the p rocess may be d e lin ea ted  by 

co n sid er in g  the governing f i e ld  equationj or equations* to be o f  

the form ;

Iiu f  c *«<•«. (4® 1)

togeth er  w ith the kinem atic boundary co n d itio n s  $

3) u = 0 ( 4 . 2 )o

and the s tr e s s  boundary conditions*  which may or may n ot e x is t  •

3>nU ” o o . o c o o  ( 4« 3)

where *L* end. *£* are d i f f e r e n t ia l  operators and , f^* and , ^ i f are  
p rescr ib ed  s p a t ia l fu n c tio n s w ith hi* and * e ! as se t  su b scr ip ts .

An approximate d isc r e te  function* in  the form o f  a 
truncated  ser ies*  may be p o stu la ted  for the g en era lise d  

co -o rd in a tes  ;

-  _ r M i-k k f, ,\u -  > y  . . . . . . .  ( 4 . 4 ;
j=0 J

w ith  re sp ec t  to two-dim ensional problem s, where * a . f are *aH-l*
k kunknown c o - e f f i c i e n t s ,  *xJ "y * i s  one o f  the 'nrf-11 l in e a r ly  

independant terms in  *x! and *y* v?ith k ^  j* and im* f i n i t e .  : ,
• I n i t i a l l y ,  *x* and *y! can be taken as v a l id  through the e n t ir e  

f i e ld  ( ie ;  o v e r a ll fu n c tio n s) .
The transformed version  o f  equation (4*4) may be w r itten  $

Zm-fl
u . f .  (x ,y )  . . . . . . .  ( 4 . 5 )

i= l
1j3i•where fu^* i s  the *i * g en era lise d  c o -o rd in a te , and * f ; (x ,y ) *  i s
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the corresponding 1 shape fu n ctio n * v''"‘V* The o b ject o f  . the.  D iscrete  
Methods i s  to  approximate the so lu tio n  o f  'u* by means o f  the  
su b s titu tio n  o f  equation ( 4*5 ) in to  the r e sp e c tiv e  method c r ite r io n  $ 
th e la t t e r  in v o lv in g  the c la s s ic a l  d e f in it io n  and the d isc r e te  
p r in c ip le . The method c r ite r io n  adopted by C ollocation  i s  th a t the  
in h eren t error i s  s e t  to zero a t a f i n i t e  number o f  p o in ts  throughout 
th e domain, as opposed to  b ein g  zero over the whole domain as in  th e  
c la s s i c a l  approach. That i s  $

h i \ ± ~ f  (fo r  u^) . . . . . . .  ( 4*6)

Jbuj.. — g^ (fo r  u ..) . . . . . . .  ( 4»7 )

where *i* and *3 * ty p ify  in te r n a l and boundary nodes r e s p e c t iv e ly .  
G en era lisa tio n , or lo c a l i s a t io n ,  takes the form %

JjuJ. = f  (fo r  u^) . . . . . . .  (4*8)

^  (fo r  (4«9)

whore s e t  n o ta tio n a l su b scr ip ts  imply th a t *i* and * jT are in  
sub-regions ’k 1 and *h* r e s p e c t iv e ly . The terms and *y* which 
appear in  the a sso c ia ted  exp ression s (rep resen ted  by equations  

—(4 , 4 ) -and (4 *5))  now r e la t e s  to  the appropriate element s u b - f ie ld .
■Global d e f in it io n  i s  now ach ieved  by the co -ord in ate  transform ation  
o f  the lo c a l  elem ents w ith resp e c t  to the domain o f  the so lu tion *

Although the p o in tw ise  manner o f  d ea lin g  w ith , the in h eren t
error i s  somewhat crude, the method has the dual advantago o f
r e la t iv e ly  s tr a ig h t forward form ulation and the o b v ia tio n  o f  non-no dal

( 5 2 ;p iecew ise  in ter -e lem en t co n tin u ity  requirem ents a s  suchv .The technique

may be fu rth er r e f in e d  by in corp oratin g  Herm itian, as opposed to
(58)Lagrangian, fu n c tio n s w ith in  the G eneralised  C o lloca tion  method .

4 .5  Summary

The proposed numerical treatm ent o f  the f i e l d  equations  

and appropriate boundary co n d itio n s have been described . I t  may be 
noted  th at expressions o f  the form (4. 2 ) are gen era lly  c la s s i c a l ly
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defined  when t h is  approach i s  adopted.
Having described the numerical technique to be employed 

and d e lin ea ted  the p h y sica l problem to be trea ted , consider now the  
a p p lica tio n  o f  the G eneralised C ollocation  Method to the problem o f  
the turbulent p lane j e t .  ,



CHAPTER 5

THE DISCRETE MODELLING OP THE TORBULEHT PLAITE JET

5 .1  The G eneralised C o-ordinates
In order to employ a F in ite  Element type model, the  

e s s e n t ia l  continuum parameters must f i r s t  he id e n t i f ie d  in  a 
convenient form* These parameters w i l l  then be su b ject to the 
r e sp e c tiv e  d is c r e t is a t io n  procedure# F ir s t ,  the momentum equation  
and the transport equations for fuv*, , k l and fkL* (equations  
(3#17) ,  ( 3*18) ,  (3*46) and ( 3 .49)  r e s p e c t iv e ly )  may be w ritten  as •

mr,x + w ,Y 4  (^ ),Y = 0    (5 . 1 )

UV 4  = 0 . . . . . . .  ( 5 . 2 )

3 /2
Uk,x  4 Vk,x  -  ( ;P k ,y ) , Y “ \At (U>Y) 2 4  K j  = 0 .  ( 5 . 3 )

U(kL),x  + V(kL),r  -  ( ^ ( ( k L ) , ^ .  4  K4Lk,y ) ) , Y -  

K5 \f t L(U, T) 2 + Kgk3/ 2 = 0 . . . . . . .  ( 5 . 4 )

where the d if f e r e n t ia l  n o ta tio n  employed i s  ty p if ie d  by 5

UJx = MJ/iX . . . . . . .  ( 5 . 5 )

and the  con stan ts ( i  -  1 >6) rep resen t 'Gjjj/V '®kl/ ’
*C * and 1C * resp ectiv e ly #  s

Introduction  o f  the stream function  V*; where 5

— U • • « • « # • ( 5* 6)

—1'- • (5®7)

and the re la tio n sh ip  from equation (3. 19)

P  = K7kl / 2L   ( 5. 8 )
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where IĈ  rep resen ts  Ĉv. , a llow s the momentum equation to he w ritten  5

^ » y  ^ ~  JYY *" K7 ^ , TL^ , YY ^

4L,y ^ JYY_+ < (11^ ,^ .) = OCv ..............  ( 5 . 9 )

and th e  k-equation (th e  transport equation for *k*) as 5

V , y ((i>2 ) , z  -  V , X ( * 2 ) , J  -  V V ( ^ 2 ) ’ y  +  f r » T < 4 2 > » x  +

£l(<!>2 ) >yy) -i:K7<j>L( if  5yy) 2 + k J 3/ l  = 0  .............. (5. 1 0 )

and th e  kL-equation (th e  transport equation for *kLf ) as ;

f ,r((f'2),xi' + IV > j $ % x  ~ ^  • x ^ Z)>yL ~ Y ’x ^ ’r  ~ 

B4 (^»y (0 2)>yi'2 ^ ( ( l 2 ) , ^ 2 t  0 ( 02 ) . t (l2 ) , y ) -

. D2( (^3 ) , TLL*X + ♦3j,»jL»y + ♦3tL»Ty) ■ » iy ) 2 +

K̂ 3 = 0............................................................................. ..............  (5 .1 1 )

The k in e t ic  energy o f  turbulence, •'Tk *, has been w ritten  as 5

k =........................................................................................ ..............  (5 .1 2 )

and l^srKL/iCj......................................................................... ..............  ( 5. 1 3 )

B2 ~ V K3 . . . . . . .  (5 .1 4 )

1>3 = KJC_........................................................................... ..............  (5 .1 5 )

B4 = B 2 (1 + K4 ).............................................................. ..............  (5 .1 6 )

The turbulence model developed in  Chapter Three may now be
expressed in  the form o f  the three equations ( 5*9 )* ( 5*10) attcL. (5* l l )*  
There are three b a sic  unknown q u a n tit ie s , 1 9 f , fk ‘ and !Lf . These



three continuous parametric fu n ction s are to he rep resen ted  by 
d isc r e te  g en era lise d  co -o rd in a tes  a sso c ia ted  vdth w ith each nodal 
p o in t throughout the domain o f  the problem® Having id e n t i f ie d  the  
b a sic  continuum parameters and th e ir  f i e ld  r e la t io n sh ip , i t  remains 
to d efin e  the boundary co n d itio n s  appertaining to the Turbulent 
Plane J e t  case* The domain o f  the problem i s  i l lu s t r a t e d  in  
f ig u re  (17)• A su ita b le  g lob al d isc r e te  mesh i s  superimposed fo r  
c la r ity #  The dep icted  nodes g ive  a balanced topology through the  
f i e ld  and on the boundaries.

The boundary co n d itio n s should be chosen so as to  be 
c o n s is te n t  vdth the known d istr ib u tio n  o f  the re lev a n t q u a n tit ie s .
The form o f  the p r o f i le s  o f  the q u a n tit ie s  .’U1, *k*, and *uv* have 
been e s ta b lish ed  exp erimen t a l l y  n o te  f ig u r e s  ( l 8 .a )  to  ( l 8. c )
The form o f  the - p r o f i l e 1 and the ^ j^ r-profile*  may  &e<iUced  
from the ^U -profile*; note Figures ( l 8 .d )  and ( l8 .e)«  The fL -p ro file*  

may be determined q u a lita t iv e ly  from the con sid eration  o f  the  
p r o f i le s  o f  the q u a n tit ie s  fk f , *uv! and^Ujy1 employing the  
r e la t io n sh ip  $

the *L-profile* to be both symmetric and p o s it iv e ;  n ote  Figure ( l 8 . f ) »
A further property p ossessed  by the , L ~ p ro file ’ i s  th at i t s

(44)d er iv a tiv e  vdth resp ect to I  i s  zero a t the free  boundary' . 
Consideration o f  the p r o f i le s  demonstrates th at the boundary 
co n d itio n s , r e la t in g  to the b a sic  param eters, th at must be observed  
are as fo llo w s 5

(5 .17 )

In order to be c o n s is ten t w ith th ese  fa c to r s , i t  i s  n ecessary  foi*

^ ’ t L  =  u  =  0
(5.18)

'fb

(5 .1 9 )

1 ,T = 0 
'fb

(5-20)

(5 .2 1 )
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((f)2) , Y, = 0    (5.22)
Isb

where the su b scrip ts  ’ fb* and / sb*  r e fe r  to the fr ee  and the symmetry 
( ie ;  the centre l i n e )  boundaries resp ectiv e ly *  I t  should be noted  
further th at the *Uf , *kf and ’L* p r o f i le s  are symmetrical and the  
1 *, *uv* and 'U,yf p r o f i le s  anti-sym m etrical about the cen tre  l in e ,
o f  the j e t .

Having se t  up the classica l-p h en om en ologica l equations and 
d elin ea ted  the boundary co n d itio n s  in  terras o f  the b a sic  parameters* 
consider now the development o f  a su ita b le  lo c a l G eneralised  
C ollocation  U n it e  Element.

5*2 The Local Model Topology
The topology and the approximating fu n ction s o f  any U n i t e  

Element are in tim a te ly  connected, as d iscu ssed  p rev io u sly . In the  
in te r e s t ,  o f  c la r i t y ,  however, consider i n i t i a l l y  the former aspect*
The most su ita b le  scheme i s  th a t shown in  Figure (19*a ) ,  w ith  
Figure ( l9*b)  dem onstrating how i t  should be employed in  the g lo b a l 
sens©, having been subjected  to the appropriate co -ord in ate  
transform ation.

The element p o sse sse s  two d e f in ite  a ttr ib u te s . F ir s t ,  the  
n ecessary  lin e a r  tr a n s la t io n a l transform ation i s  o f  a regu lar form. 
Second, no external nodes should be requ ired , n o tin g  o f  cou rse , the  
symmetry l im ita t io n , s in ce  the element i s  chosen to f i t  the f i e l d  
and boundaries from the o u tse t . This i s  most important and i s  one 
o f  the advantages o f  the G eneralised C ollocation  F in ite  Element 
approach to the lo c a l is e d  d is c r e t is a t io n  procedure over th at  
g en era lly  a sso c ia ted  w ith the (Lagrangian) F in ite  D ifferen ce  
te c h n iq u e ^ ^ .

At each node there are to be d isc r e te  g en era lised  
co -o rd in a tes. These are denoted in  F ig u re /(l9 * a ) by the symbols 
• I T'  ( i  « 1 , 4 )  and w i l l  be considered in  further d e ta il  in  the  
fo llo w in g  sec tio n . The geom etric parameter i s  denoted by 'h*.

5 .3  The P ostu lated  Approximating U n c tio n s  and G eneralised C o-ordinates  
The ch oice o f  the approximating fu n ction s i s  d ic ta te d  by a 

number o f  co n sid era tio n s. I t  i s  beyond the scope o f  t h is  study to
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enter in to  a d e ta ile d  examination o f  so complex a subject* However*
in  view  o f  the emphasis on the numerical aspects o f  t h is  study* i t
i s  appropriate to in d ic a te  the importance o f  ach iev in g  a su ita b le
function  and to consider some o f  the more s ig n if ic a n t  fa c to r s  which

(52)(53 )in flu en ce  i t s  s e le c t io n  •
There are three b a sic  co n sid eration s o f  fundamental

importance in vo lved  in  the se le c t io n  o f  the approximating elem entary
or lo c a l is e d  fu n ction s inherent in  the D iscrete  Methods. F irst*  the
number o f  terms in  the polynomial must be commensurate w ith  the
number o f  lo c a l  unknowns or gen era lised  co -ord in ates involved*
Second* the r e s u lt in g  c o e f f ic ie n t  m atrix must be capable o f
in version  in  order to obtain  the lo c a l  in terp o la to ry  fu n ction .
Mathematical s in g u la r it ie s  must be avoided. Third* the polynomial
must be su ited  to any required co-ord inate transform ation. The
number o f  unknowns in vo lved  i s  dependent upon the topology o f  the
lo c a l  model. Thus a choice o f  the approximating function  i s  g en era lly
made in  conjunction w ith the choice o f  the element geometry as a
r e s u lt  o f  th e ir  c lo se  in te r -r e la t io n sh ip .

The choice o f  the approximating function i s  o ften  made w ith
referen ce  to P a sca l1s tr ia n g le ; n ote Figure (20 .a) .  A s e r ie s  th at
g iv e s  a m ulti-apex pattern  i s  gen era lly  su ita b le  for problems whose

( 52)co-ord in ate  transform ation on ly  in v o lv es  lin e a r  tr a n s la t io n v • 
Further i f  the problem i s  such th at there i s  no sp a t ia l b ia s  in  the  
parameters* a symmetrical polynomial i s  gen era lly  chosen. In the  
case  o f  the j e t  there i s  a d is t in c t  sp a tia l o r ien ta tio n  and t h is  i s  
r e f le c te d  in  the ch o ice  o f  the approximating function  or s e r ie s .
The same general function  i s  employed for a l l  three parameters* as  
dep icted  in  Figure ( 20 . b) ,  and takes the form;

\\ s  Xq * X ^  ^  + \ ^ y 2    (5 .23)

where 1 ^ 1 rep resen ts  each o f  the three parametric g en era lised  
co -o rd in a tes  t 'V** f<f>f and fLf in  turn and 1 A ^1 rep resen ts  the  
corresponding polynomial c o e f f ic ie n t s  011(1 *0jLf
r e s p e c t iv e ly . Lagrangian funotions were th erefore employed.

It: i s  important to note th at the production o f  t h is  tw elve  
degree—of—freedom model took considerable e f fo r t .  Various a lte r n a tiv e  

co n fig u ra tio n s were attempted in  order to optim ise the problem -
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o r ie n ta tio n  c h a r a c te r is t ic s  o f  the element; note Figure (21 )•

5c4 Elementary In terp o la to ry  Functions
The fA^' terms are i n i t i a l l y  convenient general polynom ial 

unknown c o e f f ic ie n t s  which are to he r e la te d  to the appropriate  
*Ai f d isc r e te  g en era lised  co-ordinates® Consider nov/ the d erivation  
o f  th e elementary in te r p o la t in g  function® The general approximating 

polynomial* equation (5*23)* may ho -written as ;

sy  A

f O
where 5 xy ~ 11 x  y  y  {

«<>**•  ® * (5*24)

(5*25)

( 5*26)

H e-w ritin g  the approximating fu n ctio n s in  terms o f  the lo c a l is e d  
g e n e ra lise d  co -ord inates*  th at i s  w ith resp e c t  to the lo c a l  element* 
g iv e s  the fo llo w in g  se t  o f  equations* expressed  in  m atrix format;

ie ;

« . a

^  i ,  J

IT
i,;B -l

IT -  c A  
o

1 -4 h  0

1 0 -h

0

h

h

0

0

A1

A.

A

The polynom ial c o e f f ic ie n t s  may he expressed  in  terms o f  the lo c a l  
g en era lise d  co -o rd in a tes  hy the in v ersio n  o f  the T0 -m atrix! 5

^ 0 0 • 0 1 0

-  J t
~  4h 0 1

4h 0
T’i . W

* 2 0 1
~  2h 0 1

2h H i  11*0

X
3 * 0 J i

2h2

6-7

i
~ h 2

JL
2h2 i , d + i . ‘(5 .2 9 )
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or, X -  c-1 TT ( 5 . 3 0 )

This e lu c id a te s  the e s s e n t ia l  in version  and numerical term 
equivalence requirem ents noted in  sectio n  5*3* Equation (5*24)  
may now he w ritten  $

Ti =  sy  c -1  |T e   (5*31)

ie ;  TC = ( -  45f s ) 1Ti _1>;j + ( -  ggsr t  ■*

( 1  +  4hx ~ i,  j  +  % y  +  ^ i , j + l  • ( 5 . 3 2 )

As * IT* rep resen ts  * {\ / 1 , and fL* in  turn equation (5 .32)  r e la t e s  
to  th e ir  assumed lo c a l  nature*

Consider now the form ulation o f  the lo c a l f i e l d  analogues 
in  terms o f  the the d isc r e te  g en era lised  co -o rd in a tes as rep resen ted  
in  the above. For convenience the fo llo w in g  n ota tion  i s  adopted 5

*  M . i *1

 ̂ i » 3 - l tt2

*3

" i , j - l * 4 ( 5. 3 3 )

5*5 Local F ie ld  Analogues
The d is c r e t is e d  or lo c a l is e d  f i e l d  equations or analogues  

are obtained by su b jectin g  the elementary in ter p o la ta ry  fu n ctio n s  
to the appropriate D iscrete  Method C riter ion . D oting the element 
topology and the form o f  the general approximating function* i t  

fo llo w s  th a t5

* V  =  a 2  +  2 a 3 y

( 5 . 3 4 )

( 5 . 3 5 )
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\\/ ,  as 0
’xy

* -  2a^T *yy 3

v p ,  -  0  ................T «yyy

+ V a t 2 + Z b 3sr ..............

(^2 ^ I  ”  2 <*0 + bl X + b2y + by2^ l

(<i>2 )» =  2(t>0 + b-jX 4 1>2y  4  t^y2 ) ( t 2 + 2t 3y )  . . .

(62 ) >yy = 2 ((b 0 f  bl2  t b j j t  b3y 2 ) 4

0>2 + 2fc3y)0b 2 f  S t^ y)) . . . . . . .

($3 ) a  (bQ 4 + bgy 4  l>3y2 )3.......................... ............ ..

(<&3 ) ,  ■= 3(t>0 4  4  bgy 4  t 3y2 )2 (b2 4 2b3y )  . . .

L« — c_ « •» « •t «7x  1

V  c2 4  2o3y

L, = 2o , 
yy 3

L2 -  (o0 4  o1x  4 cgy 4  o3y 2 )2

5.36)

5. 37)

5. 38)

5.39)

5.40)

5. 41)

5. 42)

5. 43)

5. 44)

5.45)

5. 46)

5. 47)

5. 48)

5. 49)and 5 (L2 ) ,  =  2 (oQ 4 4 0 ^ +  o3y  ) (o 2 + 2 0 ^ )

S u b stitu tio n  o f  th ese  terms in to  equation ( 5*9 ) g iv es;

(a2 4 2a3y ) (0 )  -  ( a ^ ^ )  -  ^ ( ( b , ,  4  2 ^ )

2 2 \(o0 +  4  o^r 4  c^y )(2a^) +  ( b Q -t- b . j X  4 - b ^  4  b^y )

(?2 + 2c^y)(2a^) 4  ( b Q +  b - j X  +  b g y  4  b ^ y 2 )

p

(°o 4  oxx  4  o^y f  c^y ) ( o ) )  -  r e s id u a l error . . .  (5«50)
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C o llo ca tio n  i s  mad© a t each f i e ld  and boundary node. In lo c a l  terms*.- 
g en era lised  f i e ld  c o llo c a t io n  i s  made a t node ( i , j )  and boundary 
c o llo c a t io n  at nodes ( i - l , j ) ,  ( i , j - l )  and ( i , j 4 l )  r e s p e c t iv e ly . Thus, 
c o llo c a t in g  a t node ( i* j )*  \vh£n ‘x 1 and *y* are zero* the re s id u a l  
error becomes equal to zero and equation (5*50) becomes;

( ^ > ( 2 ^ )  4  K7 ( (b 2 ) (o 0 )(2a3 ) 4  (b0 ) ( c 2 )(2a3 ) )  ■= 0 . (5. 51.)

ie j  2a3 4  K (,2b^Cq 4  2bQc2 ) = 0   (5 .5 2 )

S u b stitu tin g  in to  equation (5 .1 0 ) and c o llo c a t in g  a t node ( i> j )  g iv e s  j 

(a2 )(2b0b1 ) -  (a1 )(2b0b1 ) -  ^ ( ( b g H c ^ ^ b , , )  4 

(b0) ( o 2 ) ( 2b0b2 ) 4  (b0 )(o0 ) ( 4b0b3 4  2b22 ) )  -

K7 (bo ) (° o J(2a3 )2 + K2bo 3/° o  = 0 ..............  (5 *53'

ie j  2a2bQb1 -  2a1bQb2 -  I)1 (2b0b2b2o0 4 S t ^ b ^  4

4b0b0b3 4  2b0b2b2o0 ) -  K7 (4a3a3b0 o0 ) 4 *J>03/o 0  = 0 ( 5. 54)

As ‘b^* and fc^* are both non-zero q u a n tit ie s , equation (5*54) 
may be d iv ided  by fb0 f and m u ltip lied  by *Cq ! to g ive;

2a2V o  " 2alV 0  “ \ {2W C0C2 4 4V3°0°0 +

4V2°0°0) " K7(4a3a3°0°0) 4 K2V o = 0   (5' 55)

S u b stitu tin g  in to  equation (5*ll) and c o llo c a t in g  a t node ( i } j )  g iv e s  ;

(a2 )(2b0b1 )(o0 ) 4 (a2 )(b0 )(b0 ) ( c 1 ) -  (^ J (2 b Qb2 ) (c Q) -

(al> (V o )(°2 ) ’  V (l>2)(Zb01,2)(o0o0) +

(b o )(4b0b3 4 2b22 ) (c 0 ) (c 0 ) 4 (b0 )(2b0b2 )(2o0 c2 ) )  -

(continued)
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d iv id in g  equation ( 5*57) *̂ 0 % a non“ zero q u an tity , g iv e s  >

Equations (5*52), (5*55) and (5*58) rep resen t the lo c a l  f i e ld  
analogue for" the momentum, the fk' and the fkLf equations  
r e s p e c t iv e ly , expressed in  terms o f  the c o e f f ic ie n t s  o f  the  

.^ (l^grangian) in terp o la to ry  functions* R e -w it in g  the c o e f f ic ie n t s  

in  terms o f  the g en era lised  co -o rd in a tes  (nb; equation (5*29)) and 
su b s titu tin g  in to  equation ( 5*52) g iv es;

B„ (4 V b 5cncn + 4K 'b„cn + 4 K K c „ o J  -4 0 3 0 0 2 2 0 0 0 2 0 2

(5 -5 8 )

( - ^ A  + ^ A ) )  = o (5 .5 9 )

For convenience in  the m anipulation a second n o ta tio n a l 
transform ation i s  made as expressed by ;



U1

U2

h U3

^2 U4

<»2 u5

L2 u6

^3 U7

^3 u8

L3 V

U10

♦4 U11

L . u ,rt12

R e-w riting  equation (5*59) in  t h is  n o ta tion  g ives;

(“  2Su i :  +  2 h u 7 ^  +  K7 ^ “  Eu 5u 9  t  h u 9 u i l ^  +  

( -  EU6U8 + 1U8U1 2 )} = 0 (5 .6 1 )

R e-w riting  equation (5«55) in  terms o f  the g en era lised  co -o rd in a tes  

g iv es;

(^ 2 U2U4U9 “  ^ 2 U4U8U9 " ^ 2 U2U9U10 + “ 2U8U9U10) “  

^ 2 ul u5u9 “  ^ 2 u5u7U9 “  ^ 2 U1U9U11 + ~ 2 U7U9UH ^ “
4 1 4 1 4h

n



K7 (( ; 4U4U4U9U9 4 f 4u7u7u9u9 4  ^ V W i L O  “ f 4u4U7U9U9 4

■JtfVWlO " J fV W lo ^  4 K2(u8u8) = 0 •••• (s*62 >

Re?-writing equation (5*58) in  terms o f  the g en era lised  co -o rd in a tes  
g ives;

(^ 2U2U4U9 -  ^ 2U4U8U9 " ~ 2U2U9U10 4 “ 2U8U9Ulo) +
/ I  1 1 1 \
(8h2U3U4U8 “ gh2U4U8U9 “ gh2u3U8U10 4 g ^ V lO ^  “ 

(̂ 2U1U5U9 “ ~ 2U1U9U11 “ ^ 2U5U7U9 4 ^ 2u7U9Ull) "

(^ 2 U1U6U8 ~ ^ 2 U1U8UX2 “ " 2 U6U7U8 4 ~ 2 U7U8U12) “

B4 ^ ^ 2 u5u5u9u9 ~ “ 2u5u9u9ui 1 + “ 2u9u9ul l ul l^  4

(f 2u5U8u9U9 ” ^2U8U8U9U9 4 f z V W l l *  + (~ 2 U5U5U9U9 ~

; 2U5U9U9UH  4 “ 2U9U9UH U11) 4  ("2u5u6u8u9 ~

“ 2u5u8U9u12 " "2U6U8U9U11 + ~2U8U9U11U1 2 ^  “

B2 ^ ^ 2 u5u6u8u9 “ “ 2U5U8U9U12 “  ~ 2 ui6u8u9u11 4

^ 2u8u9U11u12) 4  (“ 2U6U6U8U8 “  “ 2U6U8U8U12 4

^ 2 U8U8U12U12} + (; 2W 8 U9 “  f 2u8u8U9U9 4  ^ V s V l Z ^  '

(continued)



(5 .6 3 )

The equations (5«6 l)»  (5 .6 2 ) and (5 .6 3 )  may he expressed
more con ven ien tly  in  m atrix form. The re sp e c tiv e  m atrices are 
dep icted  in  F igures (22) to (25)* The extra  con stan ts appearing in  
the equations a r is e  through the grouping o f  l ik e  terms 5 th at i s  ;

5 .6  The Local Boundary Analogues
The so lu tio n  o f  f i e ld  problems req u ires n ot only th e  

d elin ea tio n  o f  f i e l d  equations, b u t: a lso  o f  the appropriate boundary 
co n d itio n s . Having considered  the d is c r e t is e d  form o f  the former, 
consider now the lo c a l  boundary c o n d it io n s .. The to p o lo g ica l 
r e la tio n sh ip  between the lo c a l  element and the g lob a l f i e l d  i s  
i l lu s t r a t e d  in  Figure ( 26) .  The g lob a l co n d itio n s appertain ing to ' 
the c e n tr e - l in e  have been d iscu ssed  in  sec tio n  (5* l)»  The ^ - p r o f i l e *  
e x h ib its  skew- symmetry and the 16-pro f i l e 1 and the *L-profile*  
ex h ib it  symmetry on the c e n tr e - lin e . The va lu e o f  1 t|/* i s  constant 
along the c e n tr e - lin e . The corresponding boundary co n d itio n s  may be 
expressed m athem atically, in  lo c a l is e d  term s, as fo llo w s  $

(5 .6 4 )

B6 = 2D2 + 4B4 (5 .6 5 )

H* 4 -1 ,3  ^ 4 ,3

I*. • ■) L (5* 66)
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The M atrices u c l ,  u l ,  uc2 and u2

Figure 23
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The q u a n tit ie s  f *̂ and *Lf on the c e n tr e - lin e  appear as unknowns in  
the f in a l  equations.

The g lob a l co n d itio n s  to he s a t i s f ie d  on the free  boundary 
are given by equations (5*18), (5*19) and (5*2O)0 S u b stitu tin g  
equation (5*35) in to  equation (5*18) and c o llo c a t in g  a t node (i,d * fl)  
(where .’z* i s  zero and fy f i s  equal to , h t w ith  resp ect to  the  
lo c a l  co-ord in ate  system) g ives;

4  2a->h = 0 (5 .6 7 )ry  ~*2 3

R e-w riting  equation (5*67) in  terms o f  the g en era lised  co-ord inates*

10!

thus;

(5. 68)

(5 .6 ? )

(5 .7 0 )

The d er iv a tiv e  o f  *L! w ith resp ect to  *yf i s  s im ila r ly  equal to  
zero on the fr ee  boundary* I t  follow s* therefore* th at s in ce  the  
in terp o la to ry  function  i s  o f  the same form for both * y  * and , L%

L. .  ̂ a  | l . ' . -  i l i .  . t i* 0 + l 3 1*0 3 i* 0 “l (5 .7 1 )

The lo c a l  boundary co n d itio n s on the fr ee  boundary may now be 
w ritten  as;

^ i* d - i

^i*d

4
3

l
~ 3 0 0

^ifd+1 - 0 0 0 0

L- • , -1 1,0+1 0 0 4
3

1
~ 3

L. . .
, 2.J0-1

(5 .7 2 )
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The co-ord in ate  transform ation i s  such th at the i n i t i a l  
boundary co n d itio n s  have to be s a t i s f ie d  lo c a l ly  a t on ly  two nodes* 
one occurring a t the free  boundary and the other on th e symmetry 
boundary. The va lu e o f  *<J)* i s  zero on the free  boundary. The remaining  
parameters a sso c ia te d  w ith the two nodes f a l l in g  on the i n i t i a l  
boundary must have v a lu es  assign ed  to them. The i n i t i a l  co n d itio n s  
may be o f  an arb itary  ch o ice . *Owing to the tendency to s im ila r ity ^  
the i n i t i a l  co n d itio n s  have no in flu en ce  on the f in a l  solution*
In the event* the v a lu es  assign ed  to the parameters were chosen so 
th at th e ir  r e la t io n sh ip  to one another r e f le c te d  the p h y sica l 
r e a l i t y  o f  the flow  co n fig u ra tio n .

5 .7  Global Transformation o f  the Local Analogues
As p rev io u sly  s ta ted  in  Chapter Pour* the macro-continuum  

enclosed  by the domain o f  the problem may be id e a lis e d  in to  a f i n i t e  
number o f  d isc r e te  p o in ts  lo ca ted  a t the nodes o f  a mesh generated  
w ith resp ec t  to a g lob a l co -ord in ate  system . The proposed g lob a l 
mesh i s  i l lu s t r a t e d  in  Figure (27*a ) . Agglobal f i e ld  analogue o f  the  
governing equations may be constructed  by the incorporation  o f  the  
appropriate r e p e t i t iv e  a p p lica tio n  o f  the lo c a l  f i e ld  analogue 
throughout the domain o f  the problem* together with the a p p lica tio n  
o f  the r e q u is it e  boundary co n d itio n s. The lo c a l  g en era lised  
co -o rd in a tes  are th erefo re  transformed w ith resp ect to the g lob a l 
mesh system* w ith the lo c a l  fu n ction s in h eren tly  l in e a r ly  tr a n s la te d .  
The lo c a l  function  i s  o f  the n eccessary  form to perm it t h is  as i t  
s a t i s f i e s  the -transformation requirem ents as d iscu ssed  p r ev io u sly  in  

sec tio n  5*3*
The requirem ents o f  the transform ation ro u tin e  i t s e l f  may 

be more c le a r ly  appreciated  by con sid era tion  o f  the o v e r a ll method 
o f  so lu t io n . Due to the parab olic  nature o f  the problem, the g lo b a l 
f i e l d  extends to in f in i t y  in  the 7 ̂ d ir e c t io n * .  Solution  o f  the  
problem over the whole f ie ld *  however* i s  rendered unnecessary by 
the phenomenon o f  s i m i l a r i t y ^ 4 ) # Therefore the so lu tio n  must 

n e c e s sa r ily  be o f  a step -w ise  nature.
The f i r s t  tr a n sla tio n  step i s  shown in  Figure (27*t>)* l*wo 

elements* w ith  th e ir  a sso c ia ted  f i e ld  analogues and in i t i a l* f r e e  and 
Symmetrical boundary conditions* span the breadth o f  the j e t ,



a) Proposed Global Mesh

b) Transformation : Step 1.

c) Transformation : Step 2.

C o-ordinate Transformation

Figure 27.
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producing a s e t  o f  fn* n on -lin ear a lgeb raic  d isc r e te  equations in  
*nf unknowns. In further transform ations, the i n i t i a l  co n d itio n s for  
the next step downstream are obtained from the so lu tio n  o f  the  
p revious equations. H il l  so lu tio n  i s  achieved when s im ila r ity  
p r o f i le s  are o b ta in e d ^ ^ . The o v e r a ll so lu tio n  o f  the problem, 
th ere fo re , e n ta ils  a step -w ise  procedure in  which co-ord in ate  
tr a n sla tio n  o f  the element across the j e t  and the in term ediate  
so lu tio n  o f  the r e su lt in g  equations occur a t each step .

The oo-ord inate transform ation procedure in v o lv es  
con siderab le com putational e f fo r t ,  due to the high degree o f  
n o n -lin e a r ity  in  the equations, and req u ires the employment o f  an 
e le c tr o n ic  d ig ita l  computer. In order to f a c i l i t a t e  the computer 
programming as fa r  as p o s s ib le , emphasis was p laced  on s p e c if ic  
a p p lic a b ility  rather than co n sid era tio n s o f  a lgeb ra ic  g en e r a lity .  
Thus, the transform ation ro u tin e , l i s t e d  in  Appendix I I ,  was w ritten  
s p e c if ic a l ly  w ith regard to the element employed and the rectangu lar  
g lob a l topology i l lu s t r a t e d  in  Figure (19 )• In g en era lterm s however, 
a two-dim ensional lin e a r  tra n sla tio n  for quartio fu n c tio n s , or 
m atrices, was derived . The program language was Fortran XV and an 
IBM 370/135 e le c tr o n ic  d ig i ta l  computer was employed.

I f  the g lob al f i e ld  analogue component a t any step  in  the  
so lu tio n  i s  constructed  o f  the equations formed by a co -ord in ate  
transform ation e n ta il in g  !n f tr a n s la t io n s , there are *(n -l)*  overlap s  
w ith two nodes b eing dup licated  a t each one. This i s  denoted in  
Figure (2 8 ). Since the element has four nodes, the number o f  g lob a l 
nodal p o in ts , *Pf , i s  f4n* l e s s  the number o f  d u p lica tio n s . That i s ;

P = 4n -  2 (n -1 )

H irther, s in ce  there are three g en era lised  co -o rd in a tes  a sso c ia te d  
w ith each node o f  the elem ent, the number o f  g lob a l unknowns, !H*, 
i s  ’3P1. That i s ;

N =  3(4n -  

= 6(iw-l)

(5 .7 4 )

(5 .7 5 )

(5 .7 3 )
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b) Local Generalised Co-ordinates
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Any given  g en era lised  co-ord in ate  appearing in  the lo c a l  f i e ld  
analogue w i l l  appear fn* tim es in  the g lo b a l f i e ld  analogue, th at  
i s ,  onoe for each tran slation *  For example, the co -ord in ate  *^2 2 * 
c le a r ly  corresponds to the term ,U(6n -  6 ) 1 generated by the f in a l  
tran sla tion #  Each lo c a l  g en era lised  co-ord in ate  may be trea ted  in  a 
l ik o  manner# Global co -o rd in a tes  are denoted by • U (i)  * ( i  -  1 ,’ N)#

The procedure may be e x p l ic i t ly  demonstrated w ith referen ce  
to the transform ation o f  the g en era lised  co -ord in ates rep resen ted  by 
the f i r s t  equation o f  the m atrices *ul* and ‘u e l 1 o f  Figure (23)#
On transform ation, ,u^1 w i l l  appear in  the g lobal analogue in  ’n* 

lo c a t io n s , that i s j

u, —> U ( l ) ,  U ( 4 ) , . . . . . . .  U(3n-2) .............  (5 .76)

and s im ila r ly , fu^* w i l l  appear in  fn* lo c a t io n s  corresponding to

u„ —!► U(3n + 4 ) ,  u(3n + 7 )  U(6n + l )  . . .  (5 -7 7 )

tiloccuring in  the f i r s t ,  second and *n * equations resp ectiv e ly *  For 
example, i f  ‘n* i s  equal to two,

JL JL
2h 2h U1

1
~  2E 0 1

2h 0

1 0 1
U7 0 ' 2E 2h

U (l)

U(4) 

u(io)

TJ(X8 ) (5 .7 8 )

The procedure may eq u a lly  w e ll be ca rried  out on the h igher  
order terms although i t  i s  com plicated s l ig h t ly  by the occurrence of 
overlap s from equation to equation# Suppose, for the sake o f  
s im p lic ity , that the m atrices ^ 2 * and ^ 02* were $



On transform ation the f i r s t  term .w ill correspond to the terms

0 (3 n -2 )U (3 n -6 )sU (3n-5)U (3n-9), . . . .  U(6n - l)u (6 n -3 )  

end the sooond to 5

U (3 n -5 )U (3 n ~ 9 ),U (3 n -8 )u (3 n -1 2 ),... U(6n -2 )U (6n - 6) 

in  the g lob a l f i e l d  analogue*. Thereforo, i f 5

n -  2

1 1
V 9

1 1 0

U9 U1 1
/

0 1 1

U(8)U(12)

u(n)u(i5)

TJ(14)U(18) ( 5 . 1 9 )

-tA.--final i l lu s t r a t io n  o f  the procedure, in c lu d in g .term s o f  
up to the fourth  order, i s  given by the transform ation o f  an example 

o f  a sim ple lo c a l  f i e l d  analogue v/ith 5

n = 2 ( 5. 8.0 )

and i s  showi in  F igure (2 9 ).
Thus, on transform ation each term in  the lo c a l  f i e l d  

analogue corresponds to a s p e c if ic  g lob a l unknown which i s  d efin ed

by the lo c a l  and g lob a l to p o lo g ie s  and the number o f  tr a n s la t io n s  
involved# Since the re la t io n sh ip  between the g lob a l unknowns and the  
lo c a l  g en era lised  co -o rd in a tes  i s  not on ly  s p e c if ic  but a lso  
^systematic, a general transform ation ro u tin e  may be w ritten*

Comparison o f  the lo c a l  f i e l d  analogues in  F igures (22) 
and ( 29) shows c le a r ly  th at the transform ation o f  the former i s  
considerab ly  more complex than th at o f  the la tte r *  Not on ly  does th e  

analogue c o n s is t s  o f  three equations, as compared w ith  one, but each 
one con ta in s many more terms. Further, in  order to provide enough 
inform ation to be u s e fu l ,  co -ord in ate  transform ations in  which *n*
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i s  a t l e a s t  three are required . The s itu a tio n  i s  com plicated s t i l l  
fu rth er by the r e s tr ic t io n s  on the p resen tation  o f  the equations  
imposed by the n on -lin ear so lu tio n  ro u tin e . Thus i t  was found to be 
expeditous to w rite  the transform ation program so as to ach ieve the  
dual purpose o f  producing the f in a l  system o f  equations and a t the  
same time to s e t  them up in  the r e q u is ite  format for so lu t io n .

The program may be considered  to proceed in  four main 
s ta g es . The f i r s t  stage i s  concerned w ith the form ulation o f  the  
g lob a l m atrices o f  c o e f f ic ie n t s  ( la b e lle d  LINT, QUIT, CUBT and QURT) 
b u i l t  up through the transform ation o f  the lo c a l  m atrices o f  
c o e f f ic ie n t s  *ucl* , *uc2*, •uo3l and tuc4l r e s p e c t iv e ly  (d ep icted  in  
Figures (22) and (30))♦ As a consequence o f  the ordered and 
system atic arrangement o f  the equations generated by the co-ord in ate  
transform ation , the m atrices o f  c o e f f ic ie n t s  may be composed by 
employing a ro u tin e  which d efin es  the ‘pattern* o f  c o e f f ic ie n t s ,  
appropriate to each p a rticu la r  g lob al m atrix, in  general terms.

Each m atrix in  the lo c a l  f i e ld  analogue may be d iv id ed  in to  
b lock s as shown in  Figure (3 0 ). The g lob a l m atrices o f  c o e f f ic ie n t s  
were constructed  by a llo c a t in g  each block o f  lo c a l  c o e f f ic ie n t s  to  
i t s  appropriate p o s it io n  w ithin  the global* m atrices. The lo c a t io n s  
o f  the b lock s in  the global m atrices a r is in g  from a transform ation  
for which $

n = 3    (5 .8 1 )

i s  shorai in  F igures (31) to (33)» which a lso  show the dim ensions o f  
the m atrices in vo lved . I t  may be seen th at for the in term ediate  
equations the lo ca tio n  o f  the b lock s r e la t iv e  to each other are 
r e p e t i t iv e ,  the f i r s t  and la s t  three equations b eing sp e c ia l ca se s .  
The programming o f  t h is  part o f  the r o u tin e , then, c o n s is t s  o f  
determ ining the .* s ta r t in g  p osition s*  o f  the b locks and then  
proceeding w ith a standard sequence.

The second stage o f  the program in v o lv es  the generation  
o f  the appropriate 'subscripts1 o f  the g lob a l parameters from the  
transform ation o f  the lo c a l g en era lised  co-ordinates^ in  the manner 
p rev io u sly  d iscu ssed . The arrays o f  g lob a l parameters a sso c ia te d  
w ith the m atrices o f  Figures (31) to (33) are i l lu s t r a t e d  in  
Figures (35) and (3 6 ), Figure (34) being a general d ia g n o stic
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[ LIN CO | =

TJ(1) U(X1 )U(15)

U(4) 0 (1 2 )0 (1 4 )
U(7) 0 (1 4 )0 (1 4 )
U(13) 0 (1 4 )0 (1 8 )
0 ( l6 ) 0 ( 15)0 ( 17)
U(19) | q,ddco| = 0(1 7 )0 (1 7 )

0 (1 7 )0 (2 1 )
0 (1 8 )0 (2 0 )
0 (2 0 )0 (2 0 )

0 (2 0 )0 (2 4 )
0 (2 1 )0 (2 3 )

(THE MATRICES LINCO AND QULCO

FIGURE 35
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[COBCOj =

0(1)0(11)0(15) 
0(1)0(12)0(14' 
0(1)0(14)0(18, 
0(1)0(15)0(17
U(2 )U(10)U(15
0(2)0(15)0(16 
o(3)o(lo)o(l4, 
0(3)0(14)0(16, 
0(4)0(14)0(18 
0(4)0(15)0(17) 
0(4)0(17)0(21, 
0(4)0(18)0(20, 
0(5)0(13)0(18’ 
0(5)0(18)0(19 
0(6)0(13)0(17 
0(6)0(17)0(19
U(7)o 17)U(2l’ 
0(7)0(18)0(20
U(7 )U(2o )u (24)
u(7)u(21)0(23; 
0(8)0(16)0(21, 
0(8)0(21)0(22; 
0(9)0(16)0(20. 
0(9)0(20)0(22) 
0(10)0(14)0(15; 
0(11)0(13)0(15,
0(12)0(13)0(14;
0(13)0(14)0(18)
0(13)0(15)0(17;
0(13)0(17)0(18
0(14)0(15)0(16;
0(14)0(16)0(18'
0(15)0(16)0(17'
0(16)0(17)0(21
0(16)0(18)0(20
0(16)0(20)0(21)
0(17)0(18)0(19)
0(17)0(19)0(21)
0(18)0(19)0(20)
0(19)0(20)0(24)
0(19)0(21)0(23)
0(20)0(21)0(22)

[qurco] =

THE MATRICES CUBCO AHB QORCO

FIGURE 36

0(10)0(10)0(15)0(15;
O (lo )o (l3 ) o ( l5) o ( l5
0(10)0(15)0(15)0(16
o ( l l ) o ( l l ) o ( l5 ) o ( l5
O ( ll)o ( l2 )o ( l4 )o ( l5
0 ( l l ) 0 ( l 4 )0 ( l 5)0 ( l 5(
O ( ll)o ( l4 )o ( l5 )o ( l8
o ( l l ) o ( l5 )o ( l5 ) o ( l7
0(12)0(12)0(14)0(14)
0(12)0(14)0(14)0(15,
0(12)0(14)0(14)0(18
0(12)0(14)0(15)0(17'
0(13)0(13)0(15)0(15)
o ( l 3 ) o ( l3) o ( l8 )o ( l8
0(13)0(13)0(15)0(16)
o ( l3 )o ( l6 )o ( l6 )o ( l8
0(13)0(18)0(18)0(19)
0(14)0(14)0(15)0(15,
0(14)0(14)0(15)0(18
0(14)0(14)0(18)0(18’
0(14)0(15)0(15)0(17
0(14)0(15)0(17)0(18'
0 (14)0 ( 17)0 ( 18)0 ( 18)
0 ( l4 )o ( l7 )o ( l8 )o (2 i;
0(14)0(18)0(18)0(20
0(15)0(15)0(16)0(16,
0(15)0(15)0(17)0(17,
0 ( l 5)0 ( l 7 )0 ( l 7 )0 ( l 8
0 (15)0( 17)0 ( 17)0 ( 21,
0(15)0(17)0(18)0(20
O (l6) o ( l 6)o ( l8 )o ( l8
o ( l6 )o ( l6 )o (2 l)o (2 l'
o ( l6 )o ( l8 )o ( l8 M 1 9
o ( l6 )o ( l9 )o (2 l)o (2 l '
o ( l6 )o (2 l)o (2 l)o (2 2
0 ( l7 )o ( l7 )o ( l8 )o ( l8
O(l7 )0 ( l 7 )o ( l8 )o(21
o ( l7 )o ( l7 )o (2 l)o (2 1
O(l7 )o ( l8 )o ( l8 )o (20
0 (l7 )o (l8 )o (2 0 )o (2 1
o (l7 )o (2 0 )o (2 l)o (2 1
0(17)0(20)0(21)0(24)
o(l7)o(2l)o(2l)o (23
o ( l8 )o ( l8 )o ( l9 )o ( l9
0 (l8 )o (l8 )o (2 0 )o (2 0
0(18)0(20)0(20)0(21
0(18)0(20)0(20)0(24)
0 ( l 8 )o (20)o (2l ) o (23
0(19)0(19)0(21)0(21
0(19)0(21)0(21)0(22’
0(20)0(20)0(21)0(21,
0(20)0(20)0(21)0(24,
o (2 0 )o (2 0 )o (2 4 M 2 4 ,
O(20)o (2l ) o ( 2l ) o (23
0 (20)0 (21)0 (23)0 (24)
0 (2 l)0 (2 l)0 (2 2 )0 (2 2 ,
0 (21)0 (21)0 (23)0 (23,
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STOP

START

G3= CUBT e CUBCO

Solution routine

64 = QURT « QURCO

G2 = QUDTsQUDCO

F( 11 = G1+G2 + G3 + 64

G1 = LINT « LINCO

Definition of 
boundary 

generalised 
co-ordinates

Generation of 
subscripts for 

generalised  
co-ordinates

Formulation of 
matrices of 
coefficients  

LINT, QUDT, CUBT, QURT

Flow Chart Elucidating The 

Definition Of The Global Functions

Figure 37
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diagram r e la t in g  the variou s m atrices.

The th ird  stage i s  concerned w ith s a t is fy in g  the boundary 
co n d itio n s  o f  equations ( 5*66) and ( 5*72) and d efin in g  the i n i t i a l  
co n d itio n s . Av consequence o f  f u l ly  s a t is fy in g  the boundary 
co n d itio n s  in  the manner described  i s  th at the f i r s t  o f  the *3n* 
equations i s  rendered t r i v ia l .  However, there remain on ly  *3n—1* 
g lob a l unknowns and th ese  may be determined from the sim ultaneous 
so lu tio n  o f  the rem aining s e t  o f  *3n -l*  n on -lin ear a lgeb ra ic  
equations. Thus in  t h is  stage o f  the program v a lu es are assign ed  to  
the known g lobal parameters through the ap p lica tion  o f  equations  
(5*5^) a&d ( 5*72) and the i n i t i a l  co n d itio n s are s e t .

The fourth  stage o f  the program e n ta ils  the p resen ta tion  
o f  the global equations in  the manner required  by the so lu tio n  
r o u tin e . To t h is  end, the remaining g lob a l unknowns are made 
eq u ivalen t to *x^f where

i  = l ,3 n - l     (5 .8 2 )

Thus the parameter fx^f appearing in  the n on -lin ear so lu tio n  rou tin e  
described in  the fo llo w in g  chapter, rep resen ts the g lob a l unknowns, 
*U (i)* , which are not e lim inated  through the a p p lica tio n  o f  boundary 

co n d itio n s .
The equations are defined  as the fu n ction s * f^ (x )' through 

the m u ltip lic a tio n  o f  the m atrices o f  c o e f f ic ie n t s  by the appropriate  

column v ecto rs  o f  g en era lised  co -o rd in a tes . The b a sic  p r in c ip le  o f  
the operation i s  i l lu s t r a te d  in  the flow  diagram in  Figure (37)*
The actu al programming employed i s  rather more complex. SUrther 
d e ta ils  o f  the method are provided by the ’comment* statem ents  
included  in  the program l i s t i n g  given in  Appendix I I .

5.8 Summary
In t h is  chapter the c la s s ic a l  d if f e r e n t ia l  continuous  

f i e ld  and boundary expressions have been converted in to  a g lob a l 
se t  o f  d isc r e te  a lgeb raic fu n ction s by th e  a p p lica tio n  o f  the

(59)
C ollocation  U n it e  Element, or Bypar F in ite  D ifferen ce , method • 
Consider now the so lu tion  o f  th ese  equations.
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CHAPTER 6

SOLUTION OP DISCRETE GLOBAL SYSTEM

6 .1  Introduction
The g lob al equations provided by the co -ord in ate  

transform ation o f  the lo c a l  f i e ld  and boundary analogues c o n s is t  o f  
a s e t  o f  n on -lin ear  sim ultaneous a lgeb ra ic  equations in c lu d in g  terms 
o f  up to the fourth  order# The algorithm  chosen fo r  th e ir  so lu tio n  
i s  a hybrid o f  the Newton-Raphson and the S teepest Descent methods* 
developed by Pow ell(?3)(74)^  Software d e ta i ls  being a v a i la b l© ^ ^ ,  
the presen t study w i l l  content i t s e l f  w ith  a broad o u t lin e  o f  the  
method and a d escr ip tio n  o f  some o f  i t s  more important features#

6# 2 The Newton-Raphson Method#
The underlying p r in c ip le s  o f  th e  Newton-Raphson method may 

be appreciated  most e a s i ly  by con sid erin g  i t s  a p p lica tio n  to a s in g le  
v a r ia b le  fu n ction , * f(x )* . This i s  a sp e c ia l case o f  the method which, 
i s  equivalent to Newton1 s technique fo r  fin d in g  the roo t o f  * f ( x ) 1# 

The r e la tio n sh ip  ;

(h)
f ' ( x ^ )  = ..........

i s  s e lf -e v id e n t  from Figure (38)# Re-arranging the terms g iv e s  the  
w ell known Newton-Raphson formula^ 5

x (* » l)  .  x (k) .  _ £ ^  . . . . . . .  ( 6. 2 )
f » U w )

A so lu tio n  may bo gainod by an ite r a t io n  procedure in  which the  
( v )

estim ate , fi '  71, o f  the so lu tio n  i s  rep laced  by ;

x(k+l) = x(k) + h (k)   ( & 3 )

where j f ( x ^ )  4- f ’ ( x ^ )  S^k ) = 0 . . . . . . .  ( 6, 4 )

The procecure converges to the ro o t o f  the equation and the so lu tio n  
i s  obtained when the updated estim ate agrees w ith the prev iou s  
estim ate w ith in  an acceptable degree o f  accuracy#
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f(x)

CkK f(X )

The N e w t o n - R a p h s o n  Iteration 

For A Function In One Variable

Figure 38
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For the general case  o f  a system o f  n o n -lin ea r  a lgeb ra ic  equations '

f^ X )  = 22* •••»  xn) “ 0 s  1 >n ) • • •

(k)the estim ate *XV /f o f  the so lu tio n  i s  rep laced  by the estim ate $

9 • •  •  9

where 1 * o o .  so lv e s  the lin e a r  system f

The Jacobian m atrix, *Ij 1* " is  composed o f  f i r s t  d e r iv a t iv e s , th a t i s  ;

As b efo re , an i t e r a t iv e  p rocess fo r .th e  so lu tio n  o f  * f(x)*  i s  achieved.

6 .3  The S teep est Descent Method
An a lte r n a tiv e  approach to the problem i s  the implementation  

o f  a m inim isation technique. The ro o ts  o f  the system ( 6. 5 ) ®ay 
c le a r ly .b e  obtained by m inim isation o f  the function  *F(x)f w ith  
resp ect to ..’X?, where 5

zero. Thus the so lu tio n  o f  the equations i s  provided by the  
p a rtic u la r  va lu e o f  'X* for  whioh the fu nction  i s  zero .

The S teep est Descent method i s  one o f  the s tep -b y -step  
m u ltiv a r ia te  m inim isation procedures in  which a u n iv a r ia te  search

sin ce  fF(x)* i s  non-negative and so has the le a s t  p ossab le  va lu e o f

along a l in e  from the current b est p o in t to a new p o in t (which i s  a
minimum on that l in e )  i s  ca rr ied  out a t each s tep . Thus i f  the

(k)current p o in t i s  *XV then ;

Z =. 4  c t  (k ) p ( k ) (6.10)
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d efin es  a l in e  through ?X̂ K *̂ in  the d irec tio n  where 1
i s  an undetermined sca la r . M inim isation o f  ? f ( z ) f w ith resp ec t to  
trf(k)t  ̂ may  carrie ^  out  "by a u n iv a r ia te  m inim isation technique. 

Assuming th at f

^    (6. 11)

a t the minimum, the new p o in t i s  taken as $

x (k*a) _  x (k) + ^ p (k)    (6 .12 )

A new d irec tio n  i s  then determined and the procedure i s  rep eated
u n t i l  an o v e r a ll minimum i s  found. The procedure ap p lied  to  a
function  in  tv?o v a r ia b le s  i s  i l lu s t r a t e d  in  Figure (39 )•

The manner in  which the d irec tio n  i s  determined depends on
the p a r ticu la r  method used. The S teep est Descent method, as i t s
name would im ply, e n ta ils  the determ ination o f  the s te e p e s t  downhill
d irec tio n  a t some p o in t , X ^ ^ t . The d iffe r e n c e , 1 A 1, between the

( i )function  a t t h is  p o in t ,* ^ (X ' ' ) * ,  an& a neighbouring p o in t ,
* f (X ^ ^ + p ^ ^ )f , where 1 |p |*  i s  con stan t, i s  a maximum along the l in e  
o f  s te ep es t  descent, as shown in  Figure (39)• The f i r s t  term in  the  
Taylor expansion g iv e s  ;

. . . . . . .  (6 .1 3 )
v 1

= •- Pg . . . . . . .  ( 6. 14)

where * g1 i s  the grad ien t. Thus 1 A* i s  the sca lar product $

-  - l lp lHI g l icosG . . r. . . . .  ( 6. 15)

where 1-0*1 i s  the angle b et ween the v e c to r s  ,p l and *g '. The 
d ifferen ce  *A* i s  c le a r ly  a maximum when *pf and 1 g* are a n ti
p a r a l le l .  Thus the d irec tio n  o f  the s te e p e s t  descent i s  given by

(k)f~ g f and the estim ate , *XV o f  the so lu tio n  i s  rep laced  by

x (k+1) = x (k) _  ^ g(k )   (6>16)
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i
x 2

(k)

The S t e e p e s t  D e s c e n t  Method For 

A Function In Two Variables

Figure 39
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As in  the previous c a se , the ite r a t io n  procedure i s  continued u n t i l  
i t  converges to an estim ate o f  the so lu tio n  with an acceptab le degree 
o f  accuracy.

6 .4  P ow ell’ s Algorithm
The c la s s ic a l  Newton-Raphson ite r a t io n  o ften  f a i l s  to 

(k)converge i f  *XV i s  not a good estim ate o f  the so lu tio n  o f  the  
system (6 .5 )*  A number o f  algorithm s have been developed to try  and 
provide r e l ia b le  convergence even when a c lo se  i n i t i a l  estim ate o f  
the so lu tio n  i s  n ot a v a ila b le . One common stra tegy  i s  to r e ta in  the  
d ire c tio n  but to r e s t r ic t  the len gth  o f  the step p red icted  by the  
c la s s i c a l  method. Thus equation ( 6. 6) i s  rep laced  by the expression  $

( 6 < 1 7 )

(k)where the number * A v '? i s  ca lcu la te d  to prevent the estim ate  
^ (k -t-l), ^ om -being worse than *X ^ )»# This con d ition  may be te s te d  

by eva lu atin g  the sum o f  the squares o f  the r e s id u a ls  (th a t i s  the  
fu nction  o f  equation ( 6. 9 ) )  and ensuring th at $

P ( X ( M ) ) < P ( X W )  . . . . . . .  ( 6 . 1 8 )

The approach i s  not a lto g eth er  sa t is fa c to r y  as i t  w i l l  f a i l  in  
c er ta in  s itu a t io n s , one o f  them being when the Jacobian m atrix  
becomes sin gu lar.

A method for m odifying the Newton-Raphson ite r a t io n  s t i l l  
fu rth er may be derived by in troducing the parameter * A * in to  the  
•normal le a s t  squares* form ulation o f  the equation ( 6. 7 ) ,  th a t i s  •

( i = 1 ’ n )  ( 6 a 9 )

A correction  v e c to r , 1 £***, i s  obtained by so lv in g  the s e t  o f  l in e a r  
equations $

+  I k =/ k A d } • • •  ( 6 - 2 0 )

where *1* i s  a u n it  m atrix. When * A * i s  zero , the system (6 .2 0 ) i s
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equ ivalen t to the c la s s ic a l  i te r a t io n  i t s e l f .  When 1 A ' 1 heoomes 
la r g e , the so lu tio n  o f  the lin e a r  equations y ie ld s  •

6 *    ( « -2 l )

=   ( « . » )

which shows th a t , # w , tends to a small n egative  m u ltip le  o f  the
gradient o f  fP(x)* a t Therefore, the la rg e  v a lu es  o f  1 *
tend to make the ite r a t io n  sim ila r  to the c la s s ic a l  S teep est Descent
method ap p lied  to the function  ,J,(x) 1 and, u n le ss  TX^)» i s  a
sta tio n a ry  p o in t o f  1P(X)*, a va lu e o f  1 )̂ * can he c a lc u la te d  so as
to  s a t i s f y  the in e q u a lity  ( 6. 20 ),

( 7 3 )P ow ell!s  method' 7 i s  very s im ila r  to t h is  approach,
although i t  d i f f e r s  from p revious algorithm s o f  t h is  type in  a
number o f  ways. The c la s s ic a l  ite r a t io n  i s  m odified in  such a manner
th at i t  i s  unnecessary to so lv e  a lin e a r  system, such as ( 6, 20) , on
every ite r a t io n .  Nor are e x p l ic i t  exp ression s for the d e r iv a tiv e s
required  as the Jacobian m atrix i s  r e v ise d  by a numerical
approximation technique. In t h is  way, eoonomies are made in
com putational e f fo r t  w h ils t  r e ta in in g  the main fea tu res  o f  t h is  type
o f  method, namely th at i f  the f u l l  Newton-Raphson correction  i s  too

(k)la r g e , the displacem ent from *X' i s  b ia sed  towards the s te e p e s t
descent d irec tio n  o f  fF(x)f,

A general o u t lin e  o f  one ite r a t io n  o f  the method i s
i l lu s t r a t e d  by the flow  diagram o f  Figure (40)* The algorithm  has
severa l i n i t i a l  requirem ents which are i l lu s t r a te d  in  the block
diagram o f  Figure (4 l)»  The i t e r a t iv e  p rocess begins by eva lu atin g:

{}£ \
the f u l l  Newton-Raphson co rrec tio n , 1 S  , by so lv in g  the system 5

+ Y. *  0 ( i  = l»n)  . .  (5 .2 3 )
0""1

The gradient i s  then found from the c a lc u la tio n  5

ed(k) = f s / M l    <6-24)u

=    « * 2 5 )

1 0 5
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h£.)Vector o f  v a r ia b le s , fXv % which i s  
an estim ate o f  the so lu tio n  o f  the  

equations

csa<Ecei=33n3

The fu nction  *f^ (x)f d efin in g  th e ,
system o f  n o n -lin ea r  equations

An approximation to the Jacohian  

m atrix

A step -1  ength fy00

Two numbers ’H* and which govern 
the co n d itio n s  fo r  f in is h in g  the  
i t e r a t iv e  process* see s te p s  ( 4 ) & (12)

'111 ■■ Mini oeroees«sm scs»,w»rcjRSM2B2^B*l?i8tiairc2i1'ti2E 5

iseaaraesm^scBtaa&ieBdipyro

The number * L* which i s  s e t  to  a 
moderate step -1  ength to u se  for  
approximating the f i r s t  d e r iv a t iv e s  

o f  th e fu n c tio n s by d iffer en ce  
between the fu n ction  v a lu es

‘THE INITIAL ALGORITHM REQUIREMENTS

lig u r e  41

107



The number *Mf rep resen ts  an over-estim ate  o f  the d istan ce
from 'X ^ ^ f to the solution# I f  the gradient o f  ^ (x )*  i s  so sm all

C k )th a t the d istan ce from *XV ix to  a so lu tio n  i s  p red ic ted  to exceed  
•M*, the presence o f  a nearby sta tion ary  p o in t, u su a lly  a lo c a l  
minimum, i s  indicated# The fourth  step o f  the algorithm  in s t i t u t e s  

the t e s t  5

P(x(kb  > M | | g ( k )j|2   ( 6. 26:)

I f  the in eq u a lity  h o ld s, the ite r a t io n  i s  com plete.
The next stage o f  the algorithm  i s  the ca lc u la tio n  o f  the  

displacem ent, to add to the v ec to r  'X ^^*. Rroviding the
in e q u a lity  $

A M  >  BsW II 2    (6#27)

~ (k )h o ld s , the displacem ent, * S ' , i s  taken to be the c la s s ic a l  
Newton-Raphson displacem ent, * S'*2)*. I f  the in eq u a lity  (6 ,2 7 ) does 
not h o ld , ! £ ^ ) t  taken as the s te p -len g th , a long the
d irec tio n  o f  s tee p e s t  descent# That i s  5

$ ( k ) = - A — .............. (6. 28)

(k)The s te p -len g th , * A  / f , can be changed on each i t e r a t io n ,  i t s  
purpose being to r e s t r ic t  the len gth  o f  the displacem ent betv/een the  
previou s and the updated estim a tes  so th at the ite r a t io n  d ecreases  
the va lu e  o f  fP (x )’# This displacem ent i s  on ly  adopted i f  i t  does 
not exceed the p red icted  minimum along the path o f  s te e p e s t  d escen t, 
which occurs a t the p o in t $

x «  -  e (k) (6.29)
i u W kI |

Equation ( 6#16) should be noted# Thus the in e q u a lity  5

A (f-) / \  T it:) / ,  :
  ( * ’
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i s  tested #  I f  n e ith e r  the in e q u a lity  (6 ,2 7 ) nor (6 ,3 1 ) h o ld s, the  
new estim ate  i s  taken to l i e  on the s tra ig h t l in e  jo in in g  the p o in ts  
p red icted  by the S teep est Descent and the f u l l  Newton4Raphson methods 
r e s p e c t iv e ly .  The actu a l components o f  the displacem ent are determined 
from the co n d itio n  ;

( | f (k)| | 2 *  A ^  . . . . . . .  ( 6. 3 2 )

Thus the algorithm  c a lc u la te s  a displacem ent * which i s  o f  the
form;

S<k > = + S g t e )    (6 .33)

where 1 1 and * T * are sc a la r s , such th at i t  in te r p o la te s  between
the S teep est Descent and the c la s s ic a l  Newton-Raphson co rrec tio n s.

The method for r e v is in g  the Jacobian approximation, step  (14 ) 
in  Figure (40)» i s  such th at lin e a r  dependence in  the d ir e c t io n s  J 
* S 1 that are generated by su ccessiv e  it e r a t io n s ,  should be avoided. 
The c a lc u la t io n s  o f  the previous step  o ften  tend to provide  
dependant d ir e c t io n s . This cond ition  i s  tested : and, i f  n ecessa ry , 
extra  d ir e c t io n s  are introduced to ensure th at independence i s  
m aintained.

I f  the cond ition  o f  lin ea r  in  depen dance i s  s a t i s f i e d ,  the  
v a lu es  o f  the fu n ctio n s (based on the updated estim ate) and the sum 
o f  the squares o f  the r e s id u a ls  are ca lcu la te d .

The r e v is io n  o f  * A.* i s  aimed a t making the s tep -len g th  as  
la rg e  as p o s s ib le ,  subject to the con d ition  that each Jacobian  
approximation p rovides a good p red ictio n  o f  the d iffe r e n c e s  o f  the  
fu nction  v a lu es  ca lcu la te d  a t the previous and the updated estim a tes  
o f  the so lu t io n . This i s  carr ied  out in  order to decrease the sum o f  
squares, 'F (x )f ,  on every ite r a t io n  without taking extravagantly  
sm all s tep s . I f  t h is  co n d itio n , te s te d  a t step (10) o f  Figure ( 40)9 
does n ot h o ld , the step -len g th  i s  reduced. The magnitude o f  the  
s tep -len g th  always l i e s  between the upper and the lower bounds o f  

.the v a lu es  o f  *M* and , DI r e sp e c tiv e ly .
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to the so lu tio n  o f  the equations fo r  the next i te r a t io n  has heen 
achieved  and { ( x ) f and '(X ~g){ are interchanged,, Purthermoroj i f  the  

in e q u a lity  $

n
| f .(X ) ]2 < E  . . . . . . .  (6c 34)

i= l  ' 1
(k)h olds, the estim ate fXN /f i s  acceptab ly  c lo s e  to the so3.ution o f  the  

equations and the algorithm  f in ish e sc  ;
I f  e ith e r  o f  the l a s t  two in e q u a lit ie s  does n ot h o ld , 

co n tro l i s  sw itched to step  (13) o f  the flo w  diagram in  F igure ( 40) 
where the in e q u a lity  ;

IISII *  A  . . . . . . .  (6 .3 5 )

i s  te s te d . I f  i t  f a i l s ,  co n tro l i s  sw itched co n secu tiv e ly  to  
stop s (? ) and ( 14) in  the flow  diagram, I f  i t  h o ld s, the algorithm  
proceeds s tr a ig h t to  step  ( 14) and the Jacobian i s  revised*

The method for r e v is in g  the Jacobian approximation depends 
on the vecto r  1 £  * and on the d iffe r e n c e s  5

=  q(x + S )  -  q ( x )  ( i  = i ,n )  . . . . . . .  (6.36)

the r e v is e d  m atrix being d efin ed  by the equation 5

V(k-vl) _ (k) ~ J T ^ S (e, , 7 \
I! s w  !l I

I f  1 % * i s  too sm all, the d iffe r e n c e s  are l ia b le  to  be dominated by 

computer, rounding errors* The in trod u ction  o f  the in e q u a lity  5

 ̂ D * • *■* * * © (6* 38)

and the consequent tra n sfer  o f  co n tro l to step  ( 7 ) o f  the flo w  
diagram i s  designed to circumvent t h is  s itu a t io n . The r e v is io n  o f  
the Jacobian m atrix com pletes one c y c le  o f  the ite r a tio n #
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6 .5  ® rial Runs w ith the Algorithm
(73)The algorithm  developed by Pow ell' ' was m odified for the  

purposes o f  t h is  study on ly  in  so far a s was necessary  to accomodate 
the sub-routine d efin in g  the equations. Two other minor m o d ifica tio n s  
were made • the in trod u ction  o f  a standard paokage for m atrix  
in v e rs io n , and a m od ification  to the output procedure to f a c i l i t a t e  
program m onitoring.

The co n stitu e n t p a rts  o f  the program (th a t i s  the co -ord in ate  
transform ation ro u tin e , described in  the previous chapter, and the  
n o n -lin ea r  so lu tio n  ro u tin e  based on P o w e ll's  algorithm ) were
thoroughly te s te d . The so lu tio n  ro u tin e  was checked aga in st standard  

(73)problems' .  Further, a s e r ie s  o f  equations o f  very s im ila r  form to  
those generated by the co -ord in ate  trandformation o f  the lo c a l  f i e l d  
analogue, but whose so lu tio n  was known, were solved . The program was 
found to operate c o r r e c t ly  and was used for  the so lu tio n  o f  the  
equations form ulated in  Chapter F ive.

6 .6  Summary
This chapter has been concerned w ith a d escr ip tio n  o f  the  

algorithm  employed for the so lu tio n  o f  the g lob a l s e t  o f  a lgeb ra ic  
n o n -lin ea r  equations generated by the co-ord in ate  transform ation  

ro u tin e . P a rticu la r  a tten tio n  has been paid  to the stru ctu re  o f  the  
so lu tio n  ro u tin e  due to i t s  complex nature. The r e s u lt s  obtained  
from the a p p lica tio n  o f  the so lu tio n  rou tin e to the g lob a l equations  
formulated for the plane j e t  problem, are considered in  the fo llo w in g  

chapter.
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RESULTS

7*1 The C alcu lation  Procedure
I t  was o r ig in a l ly  envisaged th at the pro cedar* e would take 

the form o f  a s tep -w ise  c a lc u la tio n  designed to term inate on tho 
attainm ent o f  th e  con d ition  o f  s im ila r ity *  I t  was hoped th at  
c a lc u la t io n s  in v o lv in g  a la rg e  number o f  s te p s  would be unnecessary*  
or a t l e a s t  on ly  required  for  c lea rer  d e f in it io n  o f  r e s u lt s  a f te r  
s im ila r ity  had been estab lish ed *  However,* in  order to m inimise the  
number o f  unknowns i t  was decided to adopt an a lte r n a tiv e  approach 

in  v/hich, as th e  f i r s t  s ta g e , the s tep -w ise  procedure was continued  
on ly  for  as lo n g  as was n ecessary  to produce p r o f i le s  o f  an ..-v. •:>. 
acceptab le form* The second stage o f  the procedure then in v o lv ed  a 

s im ila r ity  check on the p r o file s*  This was achieved  by s h if t in g  
the v/holo mesh b o d ily  downstream and rep ea tin g  stage one o f  tho  

procedure from a d iffe r e n t  s ta r t in g  p o sitio n *  The f in a l  p r o f i l e s  
obtained  a t each stage were examined for s im ila r ity *

The main a ttr a c t io n  o f  t h is  scheme i s  th a t , for a sm all 
am ount o f  a d d itio n a l m anipulative e f f o r t ,  a so lu tio n  in v o lv in g  a 
r e la t iv e ly  sm all am ount o f  equations may be obtained* The 
advantages gained in  t h is  manner are d iscu ssed  fu rth er in  the n ex t  
chapter. The tw o-stage procedure i s  i l lu s t r a t e d  in  F igures (42*a) 
and (42*b)* In order to gain r e s u lt s  for  a more com plete s im ila r ity  
check, and a lso  to gain a f u l le r  d e f in it io n  o f  the downstream 
development o f  th e  flow , the procedure was ca rr ied  on for  an ex tra  
two sta g es  for th e  purposes o f  t h i s  study* The extra  s ta g es  are  
i l lu s t r a t e d  in  th e  remainder o f  Figure (42)* The dimension *B?, 
which d efin es  th e 'lo c a t io n  o f  the lo c a l  mesh w ith in  the g lo b a l 
domain, v/as a ssig n ed  a nominal va lu e and the mesh was moved downstream 
a t each stage by in c re a s in g  tho va lu e o f  fh ! r e la t iv e  to  'B 1*

I t  should be noted  th a t the equations making up the lo c a l  
analogue, and hence the g lob a l s e t ,  were n ot derived  in  terms o f  
f u l ly  non-dimen s i  o n a lised  parameters* Thus the u n it s  o f  •h* have a 

dim ensional s ig n if ic a n c e  w h ich .is  r e f le c te d  in  the f in a l  r e su lts*
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Stage 1.

Global node numbering

Step 1. ®Step 2.
a) h = B /3

Stage 2.

© .9
(D ,-6

Step 1. Step 2.

b) h = 4B/9

Stage 3.

Step 2.Step 1.
c) h = 5 B /9

Stage A.
2 B

4 Step 2.Stepl.

d) h= 2 B /3

The S ta g es  Of Solution.

Figure A2
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7«2 Computational R esu lts  ;■
The com putational r e s u lt s  for the runs rep resen tin g  the  

sta g es  ( l )  to (4 ) ,  as i l lu s t r a t e d  in  Figure (42) ,  are given in  the  
Tables (7 ) and (8)* The runs were ca rr ied  out on. the b a s is  th at j

B ^ 0 .1 5  .* • * .* .  (7*1)

The manner in  which the parameters 1 and 'L* developed
along the mesh at stage ( l )  i s  i l lu s t r a te d  in  F igures (43) to (45)*
Hie streamwise development o f  the parameters as c a lc u la te d  at  
step  (2 ) for s ta g es  ( l )  to (4 ) i s  i l lu s t r a te d  "in Figures (46) to (48)* 
These r e s u lt s ,  and s p e c if ie d  d e r iv a t iv e s ,a r e  l i s t e d  in  Tables (9) 
to  (l2 )o  The numbered columns in  the Tables r e fe r  to the . 
corresponding nodal numbering in  the Figures*

7*3 N on-dim ensionalised P r o f i le s
The standard v e lo c i ty  and len gth  sc a le s  adopted fo r  non

dimen s io n a lis in g  the parameters are fTJ * and fYk * r e s p e c t iv e ly ^ 2̂ *m '0«p
The v e lo c ity  p r o f i le s  were derived from the - p r o f i le s .  by d isc r e te  
numerical approximation, th a t i s  j

^  ^  A  3 4 ^ 1 ^    (7 . 2)

The nature o f  the curve was found to be such that the approximation 
agreed very c lo s e ly  with the r e s u lt s  from a graphical check, The 
streamwise development o f  the v e lo c ity  p r o f i le s  i s  i l lu s t r a t e d  in  
Figure (49)* The v a lu es o f  fUmf and *y|q ^  at each stage  were 
obtained from the p r o f i le s .  I t  was noted  that the co n d itio n s  fo r  
se lf -p r e se r v a tio n , as defined  by equations (1*13) and ( l,1 4 )?  were 
s a t i s f ie d .  The j e t  spread and the c e n tr e - l in e  v e lo c ity  are shown in  
Figures (5 0 .a) and (50*b), The j e t  spread was found to agree w ith  
the va lu e obtained by Spalding^ -\  The r e s u lt s  for the j e t  spread  
and the c e n tr e - l in e  v e lo c ity  decay are l i s t e d  in  Table (1 3 ).

The evaluation  o f  the transverse v e lo c ity  p r o f i le  req u ired  
the fo llo w in g  assumptionsj

(1 ) s im ila r ity  o f  ty - p r o f i l e s ,
(2 ) j e t  spread l in e a r i ty ,  and
(3) c h a r a c te r is t ic  decay o f  c e n tr e - lin e  v e lo c i t y  (i©$ XcilT  )< 

a l l  o f  which have been shown to be valid*
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JLWA 1X2UJ
CONDITIONS

OJ.XJJT J. J..LXI C.

STAGE! t h «  0 .0 5

X 0*200 0.400 0*600

*<*)
If!

0*050 0.100 0*150
0 0 0

$1 0.800'Q.O1 0 . 55KL01 0.443'rlO1
LI 0 . 250x K f2 0 . 362Y-10"2 o.4 6 o*io~ 2

If* 0 . 165Y101 O .^ ^ O 1 0 . 172^10i

$2 0 0 . 313V101 0.492*10^

L2 0 . 300YI0""2 0.375'.-10~ 2 0* 499 *10~2
0 . 225 1̂01 0 . 230X101

£3 0 0 *151}t101
L3 0.379 mo"2 0*503<L0*”2

^ 4 0.250XL01
<J4

L4
C 0

0 * 504*10" 2

STAGE 2 t h » 0*0667

X 0*267 0.533 0.800

b (x )
0.067 0.133 0*200

\ /
0 0 0

p i 0 . 700^I01 0. 519KL01 0.367^101
LI 0*333*10~2 0.663M 0~2 0. 589 <L0“ 2

O .rfS^O 1 0 . 1511-101 O.lSlVlO1
<j>2 0 0.346-4L01 0.362Y101
L2 0* 333 y10~2 0.920-J.0- 2 0 . 609*10" 2

lf<3 0.201-tlO1 0*241^101
$3 0 O.IOIyIO1
L3

<W

0.101«10~2 0 * 591 >10" 2
-0.261Y101

44 0
L4 o*585vao"2

TABLE 7 : COMPUTATIONAL RESULTS



INITIAL
CONDITIONS

STEP 1 STEP 2

STAGE 3 : h -  0.0833

X 0.333 0.667 1.000

V)
(j/1 .

0.083 0.167 0.250
0 0 0

$1- 0. 550V101 0. 373T101 0. 298Y101
LI 0.400*10~2 0, 578*10“ 2 0 . 720Y.10-2
l|/2 o.i95>ao1 0 .1 9 9 » io 1 0. 202a 01
$2 0 0. l 67t l 01 0. 314'J-O1
L2 0. 400*10~2 0 . 542-rlO-2 0. 745%10~2

H3 0. 265V101 0 . 270U 01

4>3 0 0. 883*10°
L3 0 . 529>.10” 2 0 .7 2 5 y10- 2

((4
•

0 . 292-flO1
44 0

-2
M - 0.719*10 *

STAGE 4 • h — 0 .1 -  ■

X 0.400 0.800 1.200

* (x )
0.100 0.200 0.300

\A*/
m 0 0 0
4>i o* eoovio1 0.390V101 0 »305 .̂101
Ll o .s o o a o -2 0. 763a o “ 2 6;985>io” 2

0 . 190<L01 0.196vl0x o ^ o o -a o 1
$2 0 0.163Y101 0. 302T.3.01
L2 o. 6oo-ao-2 0 .764-vao-2 0.104>10“ 1
IB 0.261 >'10'*' 0.267T.101

*3 0 0.916*10°
L3 0.765>ao-2 o . i o 4vao“1

0 . 290<L01

<t4 0

14 0 . 104<10-’1

TABLE 8 i COMPPTATIOKAL RESULTS
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1 2 3 4

0 0 . 172X101 0«230xl01 0#250xl01

8 0 - 0,518 >10° 0. 108U 01 Of 422X101

W ' '

SY 0 . 343U 02 0 . 230*102 0.783K101 0

n -
JY2

i?2

0 - o e 8̂ 5 >ao3 - 0 o330x l03 0

o 0f l 48x l0 6 0*109*106 0

b 0^443xl0X 0*492x101 0,151 UO1 0

V>
1? 0 —0. 200y l02 ~0 . 520v l02 - 0 . 233*102

0,196*102 0. 242X102 0, 229x l01 0

i ( f )
bX - 0*327*102 - 0 . 310*102 0. 220xlO2 O.&XHIO1

0 - 0o l92M03 - 0 . 193U 03 0

^ 2).
a y 2

0. 300X105 -0 ,1 4 8 x105 0 . 224X105 0. 660Xl03

0 c870U 02 0,119vl03 0 . 346V101 0

1 o.4&>*io~ 2 0#499xl0*“2 0#503x l0*"2 Of 504*10" 2

>L
bY 0 0 .432 x10~2 0.438'ao"'3 0

STAGE 1 : DERIVED RESULTS

TABLE 9
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1 2 3 4

' • o 0*181yIO1 0. 241X101 Oo 261M0”

at
u 0 - 0 . 457'AO0 0.715*10° 0.283X101

*x 0e271^102 oa.81%102 0.602X101 0

*2y
JX2

( 1 % 2 
i x  2

0

0

-Oc194*103

-0.376X105

-0 c 146>103

0.214X105

0

0

6 0 . 367K101 0 t 3 6 2 m 1 0.101 a o 1 0

*6
ix 0 -0.168V102 ~0c32Xy102 -o a o o x io 2

f 0 . 134U 02 0.131X102 0.102Y101 0

l i f j - 0 c168y102 -0.600X101 OellOvlO2 0*150xio1

u £ i
>X o -0.125X103 ~o„66o*io2 0

m z)fcni — ■!!!■■ fTM ■ ■ .
Yi2

0 . 360va04 -0.450X104 0.570YI04 0.600V101

0 . 492K101 0 . 474vd02 0 . 103xlO1 £ 0

L 0.589 \10~2 o.6o9<io~2 0. 591Y10*"2 0.58 5 Xio” 2

U
0 -o .525* lo~3 - 0 . 182yWT2 0

STAGE 2 s 'DERIVED RESULTS 

TABLE 10
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• 1 2 3 4

•0 0© 202xl0’1 0*270 XlO”1 0 *292y10^

0 -0 .326x10° 0*571>100 0*133^lO1

i * 0*242vtl02 0*162x102 0 *542k101 0

i f s
^ Y 2

0 -0 .1 3 3 v l0 3 - 0 *109x l03 0

A 2
v r

0 0*177>'105 0 *119110^ 0
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TABLE 12
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X Um Y 0 .5
104
U 2m

0 .0 34.304 0 .0  69 8.498

0 .8 27.133 0.090 13.585

1 .0 24.207 0.113 17.065

1 .2 20.006 0.133 24.985

RESULTS FOR THE JET SPREAD AND THE DECAY OF THE CENTRE-LINE VELOCITY

TABLE 13
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Witn rererence to xne noxaTionai sysTem aenoTea in  

f ig u r e  ( 51. a) ,  i f ;

T3 _ Y1
* T ^ I

then; I  _ ^ 1 1 1
U Tb_ tl -,ThT_ ml I  m il I I

If? T3 - T2

then; M^n y/n 2
TTh__ IT TTbTT m il I I  m il I I

Since; b *X

and m

then; /^IIvJ _ ^ml 
I  m il

and ,bI I  yjL „ UmIII
— ' U I I I  m il

Thus;
^TT 3-

^  = (^ f )S ^

(7. 3 )

(7. 4 )

(7. 5 )

( 7. 6 )

(7. 7 )

(7. 8 )

(7. 9 )

(7 . 10 )

(7 . 11 )
c “11

=   <T-“ )

^ 1 1  ~ ^ ^ 1 1 2    (7 .1 3 )

M 'lII „ ^ 1 1 1 ^ ^ 1 1 2  /bI ^ M 'H l n jX
811(1 ■ ■- g T —  -  (b ^ - } —  -  (^ 7 } ~ r r  ................  ( 7 a 4 )

Since;       (7 .1 5 )

* i n  = * 1 1 +    (7- l 6 >

and SX - M S Y    (7 .1 7 )

, ,  ^ I I I  ~ M'l .. / Y3 \J ^ I I 2  / ^ nI -^ I I I  / I  1 0 \
then; -  ( ^ )  MSY “ M&Y   (7 .1 8 )

bI I
where, Yi  ~ ' ( ^  -  ^  Y/2j * Y3    (7 .1 9 )
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and Y2 “ fb  +~l r Y72T  T3 . . . . . . .  (7 .2 0 )

and !Ŷ * i s  the co -ord in ate  o f  *p*, the p o in t on the sectio n  at
which the gradient w ith resp ect to 'X1 i s  being measured* The p a r t ia l
d er iv a tiv e  was obtained  by f i t t i n g  a curve to the M ^-profile to
obtain  va lu es o f  * cp* corresponding to ' Y^1 and and
su b s titu tin g  in to  equation (7 .18)* The va lu e o f  * S Y 1 was decreased
u n t i l  the p a r t ia l  d er iv a tiv e  converged to a con stan t. The curve was
o f  the standard-err o r -ty p e , t h is  being chosen because o f  the c lo s e
co rre la tio n  between the normal d is tr ib u tio n  curve and the v e lo c ity  

( 2 )p r o f i le '  . The curve was accurate over the portion  o f  the p r o f i le  
being considered* A sim ilar  approach was used to obtain  the p a r t ia l  
d er iv a tiv e  o f  w ith resp ect to *Xf , a quantity  required  in  the
c a lc u la tio n s  for  the energy balance. The f in a l  equation , u sin g  the  
n o ta tio n  o f  Figure (5 1 .b ) , took the form ;

 < ! •* >
Y 6^ Y (f>̂
-2  ! S 2  -  "l j S i  (nY3 MSY Y3 MSX    U *22;

The v a lu es ° f  ^ IH *  were ^ound- g ra p h ica lly .
The R eynolds-s tr e s s e s  and the components o f  the energy 

balance were c a lcu la te d  on the fo llo w in g  b a s is  ;

  . ,

■^v t -  G/ ^ L̂ 2    (7 .2 3 )

convection  : -  ^ Y ^  . . . . . . .  (7 .2 4 )

production s . . . . . . .  (7 .2 5 )
r  T r

d iffu s io n  : + 6 l ^ ^ )  ( 7. 26 )rk 'bY~ 2>Y Y*Y ^Y 1 ^

<fr3d iss ip a tio n  5-C^ £  . . . . . . .  (7 .2 7 )

P a r tia l d e r iv a tiv e s  were determined g ra p h ica lly  from the 'M'*, *$)• 
and ’L* p r o f i le s  where n ecessary . The o v e r a ll r e s u lt s  are l i s t e d  in  
Tables (14) to (17) and are i l lu s t r a te d  in  F igures ( 52) to  (5 5 ).

132



1 2

■ w«>nniinr»rmmi m»Mw>»XiHifMT« (Ti

3

>r»<i i iiimiTmu ■ t—p“tj[

4

r
b 0 0,333 0*667 1

Y

n 0 .5
0 0.727 O.146UO1 0 . 218^10Y

Ur
Ylo .5 Um

0 0*333 ' 0*448 0 .4 8 6

U
m

1 0c 671 0.228 0

V
u 0 0 . 151U 0‘“1 o.3i5>a.6"'1 - - 0 .6 3  6 m T 1

2Q
6
u 0*129 0*143 Oe 440%10~1 0

m
L
b 0« 30 6XUT1 0* 333>1Qm~ 0.335Yl0t“’X 0.336va0~1

uv
U2mi

0 0.803KL0~2 o .2 i3 a o ” 2 0

-4°*5p„
TJJm

0 0* 622KL0~ 2 0.142VJ0"”2 0

I i° -5 c n
ITm

o * i92>ao"2 0.139>0-0~2 - 0 .  650 KlO"3 0

I t 0 * 5m
i tm

o . i o 5?ao~2 -0* 600*10~3 • 0 .380 M0~3 0

IT5m
—0. 291x10*” 2 ~ 0 .3  67^10"*2 -o .n o x io " 3 0

Pn • p ro d u c tio n  
' ~Cn -  convection

..3)f -  d if fu s io n  
Pp . -?! d is s ip a t io n

STAGE 1 : NOH~PIHKTSIOITaLI SEP RESULTS

TABLE 14
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STAGE 2 s NON-DIIM SIONAI.I SED RESULTS

TABLE 15
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STAGE 3 s NOK-DIMT SIONALISED RESULTS

TABLE 16

135-



1 2 3 4

Y
b 0 0.333 O.667 1

Y

f I o .5
0 0.755 0.151̂ 101 0.226̂ I01

_ J L _
0* 5 ia

0 0.333 0.446 0./|83

U
u 1 0.669 0.225 0

m
V
u 0 0. 135Y10"1 -0. 754'<L0‘“'1 -0.113um
$
U 0*152 0.151 0. 460 vio*-1 0

m
L
b o^ S jio""1 0. 345*10~1 0. 345‘<10“1 0.345 xio”1

uv
V2m

0 o.8oo*io~2 0.170xl0~2 0

U3m
0

Cr^
Oc550vio*“2 0.770y10“3 0

U3ra
0. 257*10~2 o.950uo~3 0.550xl0~3 0

3 1 °* %
irm
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TABLE 17
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7 .4  Resume o f  R esu lts
In the early  c a lc u la t io n s , p r io r  to the adoption o f  the  

tw o-stage procedure, i t  "became evident th at as the number o f  
equations in creased , there was a growing tendency towards in s t a b i l i t y  
In the r e s u lt s .  The r e s u lt s  obtained from the so lu tio n  o f  a sm all 
number o f  equations (eg; e ig h t equations obtained through the f in a l  
co -o rd in a te  transform ation o f  the tw o-stage procedure), however, 
were n ot found to ex h ib it  t h is  phenomenon.

The p r o f i le s  o f  1 ^ * , and !L* a t variou s lo c a t io n s  in  
the flow  obtained by the la t t e r  approach are a l l  o f  an acceptab le  
form. T\arthermore, th e ir  development downstream d isp la y s  the trends  
th at one would expect them to fo llo w , in  th at the. maximum valu e o f  
the stream fu n ctio n , 1 Vj^1 in crea ses , '1 Cf'm y* decreases, d ecreases  
and *L* in crea ses . In magnitude the v a lu es  o f  l H'l > *U* and *Vf 
agree c lo s e ly  w ith  r e s u lt s  from other s tu d ie s ^ ^ ^  as do the  
spread o f  the j e t  and the decay o f  the c e n tr e - lin e  v e lo c ity .  Those 
for both *$* and *L* are about h a lf  the corresponding v a lu es  
obtained  in  other s tu d ies . Since th ese  parameters have a con sid erab le  
in flu en ce  on, and in  some ca ses  dominate, the terms making up the  
Reynolds s tr e s s e s  and the components o f  the energy balan ce, th e ir  
v a lu es  are accordingly  much lower than th ose w ith which they were 
compared.

Numerical in teg ra tio n  o f  the v ariou s terms y ie ld s  the
r e s u lt s  ;

(Y|0 ^/Nm) J production -  ,3 .63*10................ ............ .. (7*2 8 )

f d iss ip a tio n  = -3 .05»10“ 3 ..............  (7*29)

o f 00 1
(Y|0>5/ i r )  j  convection = q .9 6 «l<rJ............. ..............  (7 . 3 0 )

(YJ0 5/0^ ) ^ d iffu s io n  = 0.13%10“ 3............. ..............  ( 7 .3 l )

The production and d iss ip a tio n  terms may be seen to be the most 
s ig n if ic a n t  terms in  the energy balance. Although the production  
and the convection terms are not balanced by the d is s ip a tio n ,
(a consequence o f  i t s  too rap id  approach towards zero a t the ou ter
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reg io n s  or  m e  j e t ;  nor i s  m ere  a zero n et a irrusion  or rurouien-c 
energy across the flow , the in te g r a l va lu e o f  the convection  term 
i s  ahout 26$ o f  th at o f  the production term (which compares w ell 
w ith  Bradbury* s 22$) and the d iffu s io n  i s  r e la t iv e ly  small#

7- 5 D iscussion  o f  R esu lts
The r e s u lt s  o f  the preceding sec tio n  r a is e  two questions#  

F ir s t ,  i s  the cause o f  the trend tov^ards in s t a b i l i t y  in  the r e s u lt s  
as the number o f  equations in c re a se s , the r e s u lt  o f  an inherent 
in s t a b i l i t y  in. the method o f  s e t t in g  up the equations, or i s  i t  due 
to  the in a b i l i t y  o f  the n on -lin ear so lu tio n  rou tin e  to so lv e  them 
as they become in crea s in g ly  complex# Secondly, for what reason are 
the r e s u lt s ,  which c le a r ly  demonstrate q u a lita t iv e ly  the main 
fea tu res  o f  the flow , not a lto g e th er  s a t is fa c to r y  in  some r e sp e c ts  
from a q u a n tita tiv e  p o in t o f  view# Before coming to a conclusion  
concerning the f i r s t  question the fo llo w in g  fa c to r s  should be 
considered .

F ir s t ,  the procedure s ta r ts  w ith  i n i t i a l  co n d itio n s which 
are represented  by lin e a r  p r o file s#  The p r o f i le s  develop through 
su ccess iv e  downstream tra n s la t io n s  brought about by the co-ord in ate  
transform ation routine# The trend r e f le c te d  by the r e s u lt s  o f  the  
tw o-stage procedure i s  towards in crea sin g ly  r e a l i s t i c  p r o f i le s  as 

i l lu s t r a t e d  in  F igures (43) to (45)» This trend would be con trad icted  
by the ex isten ce  o f  numerical in s t a b i l i t y  due to a p ro g ressiv e  
error, or a s a r e s u lt  o f  an accumulation o f  errors.

Second, even when the g r id  s iz e  i s  a lte r e d , a p rocess which 
o ften  r e v e a ls  numerical in s t a b i l i t y  in  a method^ the r e s u lt s  are o f  
a co n s is te n t  form#

Third, the equations become in crea s in g ly  complex, a fa c t
th at may be appreciated  from a con sid eration  o f  the s iz e  o f  the
m atrices o f  c o e f f ic ie n t s  in volved  at the th ird  downstream step . The
dimensions o f  the l in e a r , quadratic, cubic and quartic m atrices are
(12 , 8 ) ,  (1 2 ,1 4 ) , (12 ,56) and (1 2 ,7 5 ) r e sp e c t iv e ly . One equation i s
discarded to lea v e  the rou tin e  to so lve  for eleven variables#*

(73)F in a lly , Pow ell' 1 ' d escrib es an example o f  a n o n -lin ea r  
system for which the c la s s ic a l  i te r a t io n  scheme converges to a 
p oin t which i s  not the so lu tio n  o f  the equations. The example i s  
--.the system 5
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f x (x ) “ *1 ~ 0 ..............  (7*32)

f 2 (x ) = lO ^/C s^  -* O .l)  + 2x2 ............... (7*33)

The c la s s ic a l  ite r a t io n  converges to the p oin t (1 .8 0 1 6 , 0 .0 0 0 0 ).
Since the system i s  tw o-dim ensional, ^(x^, may he v is u a l is e d  as
the surface ;

z 2 ) . . . . . . .  (7*34)

The shape o f  the surface in  the rec ta n g le  5

l < a ^ 3  ..............  (7 .3 5 )

l*2K l  ............... (7 .3 6 )

i s  th a t o f  a trough which s lo p es  very gradually towards the so lu tio n
o f  the equations. Powell has shown th at the so lu tio n  proceeds along
a d irec tio n  which tends to he across the trough, so th a t the t o ta l
displacem ent down the trough i s  lim ite d  to such a small va lu e that
the p rocess converges prem aturely. Although P ow ell’ s ro u tin e
rep resen ts  a considerab le improvement over the c la s s ic a l  i t e r a t io n ,
when ap p lied  to t h is  probleim (w ith  the i n i t i a l  estim ate (3 , l ) )  i t
required  s ix ty  eva lu ation s o f  the fu n ction s to reduce the sum o f  the

—8squares o f  the r e s id u a ls  to the va lu e o f  1.45X10*" , the corresponding
v a lu es o f  the v a r ia b le s  being (-0 .000072 , 0 .060228). The seouence 

Ik)o f  p o in ts  ’X' lead in g  to t h is  so lu tio n  was very e r r a t ic .  I t  may 
be argued th at even i f  t h is  example i s  not d ir e c t ly  analagous to the  
present s itu a t io n , i t  does a t le a s t  demonstrate th at th ere  are  
cer ta in  s itu a t io n s  in  which the so lu tio n  ro u tin e  w i l l  converge to  a 
p oin t other than the so lu tio n  o f  the equations.

Given th ese fa c to r s  i t  would seem not unreasonable to argue 
th at the method o f  s e t t in g  up the equations i s ,  in  i t s e l f ,  v a l id  
but th a t in  th e ir  present form the equations are not su ita b le  to 
so lu tio n  by the ro u tin e . One c r it ic ism  o f  the so lu tio n  ro u tin e  made

( 7 ^)by P ow ell' 1 7  was the d e s ir a b il i ty  o f  choosing the sc a le  o f  the  
components o f  ’X* so that th e ir  magnitudes are s im ila r , s in ce  the
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algorithm  makes frequent use o f  the Euclidean len g th s o f  vectors®
The equations were sca led  accord ingly , hut although the ite r a t io n  
was found to converge more r a p id ly , s im ilar  r e s u lt s  were obtainsde 
However, i t  might reasonably be in fe r re d  th a t the equations are in  
fa c t  o f  the correct form but as they become in crea s in g ly  complex, 
req u ire a more so p h is tica te d  mathematical treatment for th e ir  
solution*

The p o in t concerning the magnitude o f  the r e s u lt s ,  which 
are q u a lita t iv e ly  convincing, should be considered w ith  referen ce  
to a more d e ta ile d  appraisal o f  the con stan ts appearing in  the  
equations* The con stan ts are not inherent in  the equations (a s  may 
be seen from the momentum equation (3 *17) and the k -equation  (3*42), 
for example) but are introduced through the m odelling o f  variou s  
terms in  the equations® I t  i s  d esira b le  to j u s t i fy  the v a lu es  
adopted for the con stan ts in  terms o f  the p h y sica l r e a l i t i e s  o f  the  
flow# However, i t  should be borne in  mind th a t they are on ly  o f  an 
em pirical nature*

The con stan ts may be d iv ided  in to  two groups, the f i r s t  o f  
which i s  comprised o f  the constant e f f e c t iv e  Prandtl numbers* This 
group appear in  the equations a s a consequence o f  the assumption o f  
gradient type d iffu s io n , which may be expressed by the Flux Law^^^j

J(j) 3  Srad(l)   (7 .3 7 )

r/hero Jx' i s  the d if fu s iv e  f lu x  and ' l  jj,' i s  the d i f f u s iv i t y  o f  '<j>' 
Thus, the tra n sfer  o f  momentum i s  given by 5

(7 .3 8 )

Q ” - />CPC£ ... ........... (7*39)

where 1Q* i s  the heat f lu x , * T1 i s  the tem perature, *C • i s  the  
s p e c if ic  heat and 3

( 77 )and the tra n sfer„ o f heat by> 1



The parameter ’K1 i s  the thermal conductivity* The Prandtl number,
(27)

^PR* 9 ra "^° "^e a*1** t*1® thermal d i f f u s iv i t y '  1 '§

hf r “ S  ( 7 * a )

-  -  ( 7 . 42)-  pvC— Ht”“3

=   (7 . 43)
s

The Prandtl number i s  composed on ly  o f  p h y sica l p r o p er tie s  o f  the
f lu id  and i s  a constant*

The e f f e c t iv e  Prandtl number, ou , ,  i s  the tu rb ulen t analogue
( 2 7 )o f  i t s  molecular eq u iva len t' . Thus, r e -w r itin g  the Flux Law for  

the turbulent d iffu s io n  o f  '$*,  which may be the tem perature, or any 
other turbulent quantity 5

J<i> “  grad ^   ( 7 . 4 4 )

The e f fe c t iv e  Prandtl number may thus be w ritten  ;

**(?) t  = nT • • • • * • *  (7©45)
T 0 ,t

As has been p rev io u se ly  d iscu ssed , l/^ .t i s  proportional to  the len g th  
sca le  *L* and v a r ie s  through the flow* The d i f f u s iv i t y  o f  *$* i s  a lso  
proportional to some len gth  sc a le  and v a r ie s  through the flow*
The e f fe c t iv e  Prandtl number, then , i s  n ot a constant but rep resen ts  
the r a t io  o f  the len gth  s c a le s  a t any one p o in t in  the flow* For the  
p resen t model the e f f e c t iv e  Prandtl numbers have been assumed to  
be constant and have been introduced in to  the equations so th a t the  
d iffu s io n  o f  *k* and *kLf may be described  in  terms o f  one len g th  
scale*

Measured v a lu es  o f  Prandtl numbers are scarce in  any flo w
(78 )con fig u ra tio n s • The len g th  s c a le s  o f  the turbulent p r o p e r tie s  a t  

any p o in t in  the flow  may be supposed to be o f  the same order o f  
magnitude and i t  i s  th erefore  reasonable to expect the e f f e c t iv e  
Prandtl numbers to be approximately u n i t y R e p o r t e d  v a lu e s  for  
free  shear flow s are given as approximately 0*5 ^40)(7®)#
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d iscu ssed  in  seo tio n  3*>4» for  eva lu atin g  the rem aining constants*
The v a r io u s methods are summarised in  fa b le  18, I t  should he n oted  
th a t  a l l  o f  them req u ire  some assumption a s to the va lu e  o f  
th a t is *  none o f  them i s  evaluated  independently from '(y /*  The 
ta b le  a lso  g iv e s  the v a lu es  o f  the con s te n ts  assuming th a t *0^* i s  
u n ity  and the v a lu e s  adopted by Rodi and Spald ing^^ * The equation  
fo r  f in d in g  i s  more appropriate for  a turbulence model in  which
th e  parameter fz f in  the adequation i s  rep laced  by ' ( k A A * .

Thus* w hen-considering the co n sta n ts  to  be adopted in  th e  
turbulence model i t  should be appreciated  th a t there i s  in s u f f ic ie n t  
data to enable p r e c is e  v a lu es  to be a ssig n ed  to  them. An inform ed  
guess a s  to th e ir  order o f  magnitude, deduced from a v a ila b le  r e la te d  
ev id en ce, may be made. In the f in a l  a n a ly s is ,  however, the o v err id in g  
c r it e r io n  fo r  th e ir  s e le c t io n  must be th a t the p r e d ic t io n s  o f  the  
model conform a s c lo s e ly  as p o ss ib le  to  experim ental e v id e n c © ^ ^ .

"With th ese  p o in ts  in  mind, the consequences o f  r e v is in g  
-the v a lu es  o f  the con stan ts  was in v e s t ig a te d . A rath er s im p lis t ic  
c a lc u la tio n  was ca rr ied  out w ith the o b je c tiv e  o f  determ ining a new 
s e t  o f  con stan ts  commensurate w ith  the attainm ent o f  r e s u lt s  for  
*$* o f  tw ice th e ir  prev iou s v a lu e . The con stan ts  ob ta in ed  in  t h is  
manner are n ot in tended to rep resen t the optimum se t  but on ly  to  
demonstrate the consequences o f  th e ir  r e v is io n . The r e v is e d  co n sta n ts
are given  in  Table 18. The procedure, as p rev io u sly  d escrib ed , was
c a r r ie d  out w ith  the r e v ise d  co n sta n ts . The r e s u lt s  are l i s t e d  in  

Tables 19 to 21 and shown g ra p h ica lly  in  l ig u r e s  (56) to (5 $ ). Also 
shown are the r e s u lt s  w ith  the i n i t i a l  s e t  o f  co n sta n ts . The in te g r a l  
v a lu es  o f  the terms in  the energy balance were found to be 5

0.0097 . . ..............  (7 . 4 6 )

0 .0074  . . . . . . .  (7 . 4 7 )

0 .0028    (7 . 4 8 )

0 .0000    (7 . 4 8 )

2 , roc
( T l o .  ^ 0 J  P r o d u c t i o n  =  

9 Y°°<TJo. A  > oJ d i s s i p a t i o n  s

(fjo .j/U jjj2 ) j convection  =  

, 9 fOO

<Tio.A } J diffU3ion =
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in it ia l

CONDITIONS
STEP 1 STEP 2

.STAGE 1 s h = 0.0833 t'-, /

X 0 .333 0.667 1 .000

^ (x )
<U

0.083 0 .167 0 .2 5 0
0 0 0

$1 0.550K101 0.427V101 0 .3 6 8 v̂ lO1
LI 0.400xio” 2 0 . 514*10~2 0 . 605xl0~2
if2 Q.195^101 0.203X101 0 . 209X101
$2 0 0.310V101 0 .553M 01
L2 0.400X10~ 2 0 . 521V1GT2 0 .6 7 8 x l0 ““2

• ty3 . ‘ 0 .27K L 01 Oc286vlO:i

«>3
13

0
0 . 523*10~2

; 0.131X101
0. 652  ̂10~*2

(f4

L4

0.311K101
0

Oc 643x10*"2

REVISED COMPUTATIONAL RESULTS 

TABLE 19
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1 2 3 4

4" 0 0.209  kIO1 0c286<101 O ^ llr lO 1

b'i'
Sx 0 —0 «400V:10° 0.708V100

?
0.133V101

■3*
o . 250<io2 0 . 171*102 0 .  6l 5*101 0

b \
h?2

&
3t

0

0

-0 .1 3 7 T103

0 *189’̂10^

- 0 . 119-1.10

0 . 143v i05

C

0

0.368X101 0 . 553XI01 0 . 13K 101 0

14- h r 0 - 0 . 147Y-102 -0 .3 6 9  *102 -0.390KL01

0.136*102 0 ,30  6 >ao2 0 .171  a o 1 0

M d2 ) -0 ,1 3 6 * 1 0 2 - 0 . 255^102 0.132>.102 0.786*10°

w 2 )
~ r r 0 « o . i 5i* io 3 - 0 . 756y102 0

£ s £ l
bY2

0 . 28l* 105 - 0 .1 4 4  *105 0 .360  <10^ 0 .300  n o 3

P 0.499*102 0.169X103 0 . 223*10^ 0

L 0 . 605xl0~2 o* 678 *10~ 2 0 . 652*10“ 2 0 , 643*10""2

U 0 0,960,<L0~2 -0 .3 0 0 x10“ 2 0

STAGE 1 : DERIVED RESULTS 

TABLE 20
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1 2 3 4

Y
L 0 0*333 0.667 1

Y

^ f o . 5
0 0 .714

H0*143x10 0 . 214X101

^ lo .5Um
0 0*712 0.975 0.106VC101

U- 1 O.6 8 4 0.246 0v .m

13

0 0.160X10*”1 -0* 283xl0~1 0.856X10*1

IIT 0*147 0.221 0.520 XIO"1 0
U

El
m

L
L 0.242K10*”1 0.271X10”1 0.261X10“ 1 0*257*10~1

uv
U 2 m

0 0.164^10“‘1 o .320iao~2 0

u ^. m
0 0 . 10 6KUT1- 0 .l80k l0~ 2 0,

n § - 5 C„
u mIQ

0* 253O.0*2 0*371^10"2 -0.101X10” 2 0

% 5 Df
um

0* 233*10~2 -0.199x10"’2 0*183<L0~3 0

U Jm
-0.277*10~2 «0*838>0.0~2 ~0 . 115*10~3 0

Pn -  production  
On — convection  
Df — d iffu s io n  
J)p — d iss ip a tio n

STAGE 1 s NOR-BIMM SIONALISED RESULTS

TABLE 21 
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Although the combination o f  con stan ts was not se ie c x e a  oy 
so p h is tic a te d  techn iques, such as computer o p tim isa tio n , i t  may be 
seen th a t in  most r e sp ec ts  the new se t  o f  r e s u lt s  rep resen t a 
a con sid erab le improvement over the o r ig in a l s e t .  The U -p r o file  
remains in  good agreement w ith the r e s u lt s  o f  Rodi and S p a ld in g ^ ^ .  
The ^ -p r o f ile  and the u v -p r o file  are a lso  much c lo se r  to the 
expected r e s u lt s .  The energy balance i s  improved in  as much a s the  
in te g r a l v a lu es  are considerably  c lo se r  to those obtained by 
Bradbury and the n et d iffu s io n  o f  turbulent energy across the  
j e t  i s  e f f e c t iv e ly  zero.

7* 6 Summary
The r e s u lt s  obtained from the a p p lica tio n  o f  a G eneralised  

C ollocation  P in ite  Element Method to the problem o f  the Turbulent 
Plane J e t ,  have been presented  in  t h is  chapter. An o r ig in a l  
numerical model, embracing a two stage so lu tio n  scheme, has been 
employed for t h is  purpose. The r e s u lt s  are o f  a q u a lita t iv e ly  va lid !  
nature and in d ic a te  that a complete s e t  o f  acceptably accurate  
p r o f i le s  could  be obtained through the ch oice o f  an appropriate  
combination o f  con stan ts. Factors e f fe c t in g  the magnitude o f  the  
r e s u lt s  have been d iscu ssed  and methods for improving th e ir  accuracy  
have been suggested.
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CHAPTER 8

CONCLUSIONS

8 .1  Introduction
A ccepting the o r ig in a l nature o f  the numerical model and 

so lu tio n  routine* the q u a lita t iv e  nature o f  the r e s u lt s  may he 
considered  to demonstrate th at a v a lid  a n a ly s is  o f  the Turbulent 
Plane J et has been in s t itu te d . The q u a n tita tiv e  aspect o f  the  
r e s u lt s  should be v iew ed .in  the l ig h t  o f  the d iscu ssio n  concerning  
the nature o f  the con stan ts  introduced in to  the equations through 
the turbulence m odelling. The determ ination o f  the b e s t  s e t  o f  
con stan ts i s  complex and in v o lv e s  carrying out many c a lc u la t io n s  in  
which they are sy stem a tica lly  v a r i e d ^ A  d e ta ile d  in v e s t ig a t io n  
o f  t h is  subject i s  beyond the scope o f  the p resen t study. The 
con stan ts th at were employed in  t h is  study, then, axe n ot p resen ted  
as being the optimum s e t .  They are , however, considered  to be 
commensurate w ith the production o f  v a lid  data upon which an 
assessm ent o f  the numerical method may be based.

8 .2  Appraisal o f  the Study
A survey o f  numerical s tu d ie s  in v o lv in g  problems in  the

f i e ld  o f  f lu id  mechanics in  recen t y ea r s , shows a trend towards the
in crea sin g  employment o f  variou s F in ite  Element o r ien ta ted  

(70) (71) (79)techniques' /x /N • The p r in c ip a l o b je c tiv e  o f  t h is  study was
to form ulate an improved F in ite  D ifferen ce scheme based on t h is
type o f  approach. A ccordingly, a mathematical model o f  t h i s  nature
was developed and te s te d  on a problem for which num erical and
experim ental data was a v a ila b le , namely the Turbulent Plane J e t .
The G eneralised C ollocation  approach employed (a  method which has
shown to some advantage in  the so lu tio n  o f  lin e a r  problems in  the

(5 3 \
f i e l d  o f  stru ctu ra l mechanics' ' )  has n o t, to the b e s t  o f  the 
author* s  knowledge, been p rev io u se ly  used in  the f i e l d  o f  f lu id  
mechanic so

The method o f  so lu tio n  e n ta ile d  the a p p lica tio n  o f  a 
tw o-stage technique. W hilst t h is  method had the advantages a s so c ia te d  
w ith the employment o f  a so lu tio n  ro u tin e  req u ir in g  r e la t iv e ly  few
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eq u ation s, some s a c r n ic e  was maae wn>n regara xo une noaaJL 
d e f in it io n  o f  the p r o f i le s .  N onetheless* the a n a ly s is  d id  produce 
accurate v e lo c ity  p r o f i l e s ,  the c h a r a c te r is t ic  decay o f  the centre
l in e  v e lo c i t y  and an accurate va lu e for the spread o f  the j e t .  The 
rem aining r e s u lt s  were q u a lita t iv e ly  sound and in d ica ted  th a t an 
accuracy comparable w ith  th at a tta in ed  for  the parameter • S' * might 
v /e ll be achieved  by further refinem ent o f  the magnitude and the  
in te r -r e la t io n sh ip  o f  the con stan ts in  the f i e ld  equations.

Although some a sp ects  o f  the study warrant further  
a t te n t io n , i t  i s  f e l t  th at the advantages o f  the technique (such as  
i t s  f l e x i b i l i t y  w ith  regard to the treatm ent o f  boundary nodes) have 
been demonstrated and i t s  r e s u lt s  are not w ithout prom ise. A ccepting  
the l im ite d  nature o f  the present research  programme, i t  i s  f e l t  
th a t i t s  main o b je c t iv e s  have been r e a lis e d .

8 .3  Suggestions for Further Work
The a n a ly s is  described  in  the preceeding chapters may be 

considered  to r e so lv e  i t s e l f  in to  three d is t in c t ,  but in te r -r e la te d ,  
c o n stitu en t p a r ts . The f i r s t  concerns the m odelling o f  turbulence, 
the second, the method o f  converting  the r e s u lt in g  p a r t ia l  
d if f e r e n t ia l  governing equations in to  a lgeb ra ic  equations, and the  
th ir d  r e la t e s  to  th e ir  so lu tio n . There i s  scope for further work not 
only  in  each o f  th ese  areas, but a lso  in  the ap p lica tio n , o f  the model 
to d if fe r e n t  flo w  co n fig u ra tio n s.

Regarding the aspect o f  the model concerned w ith  the m odelling  
o f  turbulence, perhaps the most important p iec e  o f  work th a t cou ld  be 
c a r r ied  out i s  the determ ination o f  the optimum se t  o f  con stan ts  
appearing in  the f i e ld  equations. An in v e s t ig a t io n  in to  the nature  
o f  th e  co n sta n ts , based on ap p ropriately  balanced numerical and 
phenomenological co n sid era tio n s, would enable the fu rth er refinem ent 
o f  th e  p resen t model and provide an in s ig h t  in to  a sub ject o f  general 
in t e r e s t .

The advantages o f  mathematical models employing Hermitian
fu n ctio n s  have been c le a r ly  demonstrated in  the f i e ld  o f  l in e a r

(52) (58)stru c tu ra l m echanicsv /x ^ / . Thus, a lo g ic a l  exten sion  o f  the  
p resen t study would be the development o f  a more so p h is tic a te d  lo c a l  

-elem ent which would a llo w  fo r  th e ir  in corp oration .
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t h i s  study must depend h ea v ily  on the nature o f  the so lu tio n  scheme 
incorporated  in  i t .  I t s  importance in  t h is  resp ect warrants a more 
d e ta ile d  in v e s t ig a t io n  in to  the most su ita b le  scheme to be adopted, 
and i t s  manner o f  in te r fa c in g  w ith  the numerical model, than the  
scope, o f  the p resen t study allow ed.

The o b je c tiv e  o f  the precced ing a n a ly s is  has been the  
development o f  a mathematical model for the p red ic tio n  o f  two- 
dim ensional turbulent shear flo w  a t high Reynolds numbers. The 
example o f  shear flo w  used throughout th e study for t e s t in g  the  
num erical work has been the turbulent Plane J e t. However, the  
governing equations form ulated in  Chapter Three were derived  from 

general equations eq u a lly  a p p lica b le  to other c la s s e s  o f  shear flow 0
.Minor"adaptations to- the model would a llow  i t s  a p p lica tio n  

to  a number o f  p lane shear flow  con figu ration s; the Plan© Mixing 
Layer and the Plane J e t in  a fco-flowing stream, for example.
P rov ision  fo r  accounting for  the laminar sub-layer near the w a ll 
would a llo w  i t s  a p p lica tio n  to be extended to Wall J o ts . The r e q u is it e  
adjustment to the governing e q u a tio n s^ '^  (which are n ot ex ten siv e  
and could  be incorporated  in to  the programming) would a llow  i t s  
a p p lica tio n  to axi-sym m etric shear flow s; the Round J e t  and'the  
R adial J e t ,  for example. The main changes in  the model would in v o lv e  
r e - d e f in i t io n  o f  the g lo b a l f i e ld ,  appropriate adjustment o f  the  
boundary co n d itio n s and, in  some c a se s , r e v is io n  o f  the co n sta n ts  
employed in  the f i e l d  equations. A f in a l  area o f  fu rth er  work, then, 
i s  the a p p lica tio n  o f  the model to  a wide range o f  tw o-dim ensional 
shear flow s a t h igh Reynolds number.

To sum up, w ith the a c c e le r a t in g  development o f  num erical 
p red ic tio n  techniques based upon F in ite  Element computer o r ie n ta te d  
methods, i t  i s  d es ira b le  th at th e ir  f u l l  p o te n t ia l  should be 
explored. PUrther r e l ia b le  in te r p r e ta tio n  o f  em pirical data fo r  
incorp oration  in to  phenomenological equations i s  an e s s e n t ia l  pre
r e q u is it e  fo r  the su ccess  o f  th ese  methods. However, the development 
o f  the mathematics requ ired  for  the treatm ent o f  such complex 

equations i s  a lso  an important subject, req u ir in g  con tin u in g  

resea rch . The p resen t in v e s t ig a t io n  rep resen ts -a  prelim inary study  
in  ..th is  - f ie ld .



A-fJt'jt&l DJL A X

THE LASER DDPPLER ANEMOMETER

Al Introduction
A ■wave sca ttered  or rad ia ted  from a moving o b jec t w i l l  

su ffe r  a s h i f t  in  frequency proportional to the instantaneous  
v e lo c ity  o f  the o b je c t. This phenomenom, f i r s t  exp lained  by 
C hristian  Doppler in  1842, has been w idely used for  the measurement, 
o f  r e la t iv e  v e lo c ity .  One o f  i t s  o ld e s t  a p p lica tio n s  has been in  the 
f i e l d  o f  astronomy, in  which spectrom eters have lon g  been used for  
the determ ination o f  la rg e  recess io n  r a te s  o f  d is ta n t l ig h t  sources. 
U nfortunately , s in ce  the fr a c tio n a l frequency s h i f t  o f  e le c tr o 
magnetic waves i s  in  the order o f  10~^ tim es the v e lo c i ty  in  m/s 
the r e so lv in g  power o f  o p t ic a l spectrom eters i s  q u ite  in s u f f ic ie n t  
fo r  measuring r e la t iv e  v e lo c i t ie s  below approximately 10^ m /s. The 
development o f  heterodyning techniques enabled d etectio n  o f  Doppler 
s h i f t s  o f  very small fr a c tio n a l v a lu es . The technique, however, i s  
r e s tr ic t e d  to coherent waves and u n t i l  r e ce n tly  on ly  s ig n a ls  in  the  
radio-frequency p ortion  o f  the electrom agnetic spectrum were 'V
g v a ila b le  to f u l f i l  t h is  requirem ent. Within th ese .-lim ita tion s radar 
Doppler .instrum ents a llow  the measurement o f  o b jeo ts  moving w ith  a 
wide range o f  v e lo c i t ie s .

The in trod u ction  o f  la s e r s  removed the main o b sta c le  in  the  

path o f  the O p t ic a l1 measurement o f  low r e la t iv e  v e lo c i t i e s .  A 
la s e r  ca v ity  may be considered to be a h igh-gain  o s c i l la t o r  o f  
extrem ely narrow band width. Only a small portion  o f  the energy i s  
em itted , but t h is  i s  very in ten se  compared w ith the em ission w ith in  
a comparable frequency range from a conventional source. In sh ort, 
la s e r s  are intense^ so u rces-o f h igh ly  monochromatic l ig h t  and as such 
are id e a l ly  su ited  to the a p p lica tio n  o f  heterodyning tech n iq u es. 
Before continu ing w ith an account o f  the development o f  la s e r  
anemometry i t  may be worthwhile to consider the Doppler e f f e c t  in  
s l ig h t ly  more d e ta i l .

A2 The DDppler E ffec t

An observer on a p a r t ic le  moving away from a f ix e d  source 
o f  l ig h t  would see l ig h t  a t a lower frequency than the source



frequency and, to the sta tio n a ry  observer, the l ig h t  sca ttered  from 
the p a r t ic le s  would a lso  su ffer  an apparent frequency s h i f t .  The 
geometry o f  t h is  s itu a tio n  i s  shown in  f ig u re  jU lj-^ e ^ 1 and , os l are  
u n it  v ec to rs  in  the d ir e c tio n s  o f  the in c id en t and sca ttered  l ig h t  
waves r e s p e c t iv e ly  and ,v* i s  the v e lo c ity  o f  any s p e c if ie d  p a r t ic le .  
The frequency re la tio n sh ip  between the sca ttered  l ig h t  waves and the
l ig h t  wave i t  o r ig in a te s  from i s  given according to the vector

+ 4 (8l).equation I

+ V  . . . . . . .  (a. i )

where, f  -  frequency o f  sca ttered  l ig h t
-  frequency o f  in c id en t l ig h t

§ -  u n it  vector  in  sc a tte r in g  d irec tio n  s
2  u n it  vector in  in c id en t d irec tio n  
= wavelength o f  in c id en t l ig h t  

and v  * v e lo c ity  v ector
The frequency s h if t  i s  equal to the Doppler frequency, f^ •

f D “  f  s  “  f i    (A. 2)

th u s, = j  v  ( e s  -  . . . . . . .  (A .3)

I t  may be seen from t h i s .equation th at the Doppler frequency i s
d ir e c t ly  proportional to the p a r t ic le  frequency. The la s e r  anemometer, 
then , measures the Doppler frequency, f^ , obtained by way o f  
p a r t ic le s  in  the flow . The p a r t ic le  diameter may w e ll be as sm all as  
the la se r  l ig h t  wavelength and, .thus, the p a r t ic le s  have approxim ately  
the same lo c a l  v e lo c ity  as the flow  medium even in  a high frequency  
turbulent stream.

A3 The Development o f  Laser Anemometry
In the early  s ix t i e s  the f e a s ib i l i t y  o f  measuring steady

f lu id  v e lo c i t i e s  from the Doppler s h i f t  in  frequency o f  sca ttered
( 8 2 )

ra d ia tio n  was demonstrated by Teh and Cummins .  Using a la s e r -  
Doppler spectrom eter they measured the v e lo c ity  p r o f i le  in  a l iq u id  
flow  and obtained r e s u lt s  which agreed remarkably w e ll w ith  
th e o r e tic a l p red ic tio n s . Foreman e t  a l^ 8 8  ̂ are g en era lly  b e lie v e d  to

2-
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have carried, out the n r s t  JJoppier measurement or lo c a l  n ow  
v e lo c i t i e s  in  a gas. S ca tter in g  was achieved "by in trod u cin g  smoke 
p a r t ic le s  in to  the flow . By the la t e  s ix t i e s ,  the p o s s ib i l i t y  o f  
measuring timo varying v e lo c i t ie s  w ith  sim ilar  instrum entation was 

b ein g  in v e s t ig a te d  G oldstein and H agen ^ ^  and Pike e t  a l ^ ' ^ .  R esu lts  
comparing very favourably w ith  the esqperimental data o f  Laufer 
were obtained. This period  a lso  saw a number o f  further in n ovation s  
and improvements in  instrum entation , m ostly concerned w ith the  
treatm ent o f  the Doppler s ig n a l.

In 1969, R u d d ^ ^  proposed an a lte r n a tiv e  approach to the  
frequency a n a ly s is  then cu rren tly  in  u se . I t  was based on the  
con sid eration  o f  in te r fer en c e  fr in g e s  in  the fo ca l reg ion  rather ;' 
than on the heterodyning o f  referen ce  and sca ttered  freq u en cies  
on a p h o to m u ltip lier . In fa c t  in  a number o f  ca ses  th ese  a lte r n a tiv e s  
can be shown to be two in ter p r e ta tio n s  o f  the same phenomenon. This 
may be most e a s i ly  understood by con sid erin g  the in tercep tio n  o f  the  
two la se r  beams focu ssed  a t a p o in t i l lu s t r a te d  in  Figure A. 2.
Each beam w i l l  focu s to a lon g  narrow p e n c il shaped d iffr a c t io n  
reg io n  which co n ta in s e s s e n t ia l ly  planar phase fro n ts . Because the  
two r a d ia tio n s  are m utually coherent and id e n t ic a l ly  p o la r ise d , they  
w i l l  in te r fe r e  co n str u c tiv e ly  and d e s tr u c tiv e ly  to e s ta b lish  a se t  
o f  c lo s e ly  spaced in ter feren ce  fr in g e s  in  the beam cro ss-o v er  reg io n . 
In t h is  way plane p a r a lle l  reg io n s o f  maximum and minimum 
illu m in a tin g  in te n s ity  are formed. I t  may a lso  be seen from the same 
Figure th at any two adjacent fr in g e s  are seperated by the d istan ce  5*

7  ~ 2SIK W 2

where*^1 i s  the wavelength and V i s  the angle between the illu m in a tin g  
beams.

As a moving sc a tte r in g  cen tre  p a sses through the fo c a l  
r eg io n , i t  w i l l  in ter c ep t the in ter feren ce  fr in g e s  and the  
illu m in a tio n  le v e l  i t  experiences w i l l  a lte rn a te  from maximum to  
minimum. Thus, a s  i t  p a sses through the probe region  i t  w i l l  
a lte r n a te ly  sc a tte r  and then not sca tte r  l ig h t  in to  the photo
m u ltip lie r  and generate a current. The f lu c tu a tio n  frequenoy o f  the  
current w i l l  be proportional to the r a te  a t which the p a r t ic le

(A. 4)
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component o f  the p a r t ic le  orthogonal to the fr in g e s , v , I t  may he 
deduced from equation A ll, 5 that v  w i l l  he given hy 5

2SIN te/2 j ‘ f D ..........e . .(A .5)

where f^  i s  the frequency o f  the d etected  current. Again, i t  may he 
seen th a t the p a r t ic le  v e lo c ity  i s  d ir e c t ly  proportional to the  

frequency f^ , aB in  equation A,4« In cer ta in  experim ental 
co n fig u ra tio n s  the r e la t io n sh ip s  are in  fa c t  id e n t ic a l ,

There have heen many papers published  d escr ib in g  the la se r  
anemometry instrum entation^ Several o p t ic a l  geom etries
have heen proposed which prompted H irst and W hitelaw ® ^. to attempt 
the c la s s i f ic a t io n  o f  the p o ss ib le  con fig u ra tio n s o f  o p t ic a l systems 
according to the l ig h t  d is tr ib u tio n  in  the measuring con tro l volume. 
They were c la s i f i e d  as b eing one o f  the fo llo w in g  th ree m odesj-the  
re feren ce  beam, the fr in g e  or the Doppler modes.

The Doppler modes are ch aracter ised  by a s in g le  in c id en t  
l i g h t  beam a t the measuring con tro l volume. The l ig h t  in te n s ity  a t  
t h i s  p o in t i s  governed by the in te n s ity  d is tr ib u tio n  o f  the in c id en t  
l i g h t  beam and the action  o f  the fo cu ssin g  le n s . This l ig h t  
d is tr ib u tio n  can be c a lc u la te d  and has been shown to  be o f  Gaussian 
form,

Fringe modes are those in  which the actu a l l ig h t  in te n s ity  
d is tr ib u tio n s  w ith in  the measuring con tro l volumes show d is t in c t  
fr in g e  p attern s due to the in ter a c tio n  o f  two coherent l ig h t  beams® 
Those arrangements w ith in ten se  in c id en t l ig h t  beams a llow  the  
sca ttered  l ig h t  to  be measured, whereas those w ith l e s s  in ten se  beams 
req u ire  the d etector to be p laced  on the symmetry a x is  o f  the beam 
where i t  records the l ig h t  which i s  not blocked o f f  by the p a r t ic le s .  

The referen ce  beam modes have a l ig h t  in te n s ity  d is tr ib u tio n  
which i s  a hybrid o f  those o f  the Doppler and fr in g e  modes. This i s  
caused by the two beams having d iffe r e n t  in t e n s i t i e s  and r e s u lt in g  
in  the disappearance o f  the d is t in c t  fr in g e  pattern  and a lso  o f  the  
smooth Gaussian l ig h t  d is tr ib u tio n . The r e s u lt in g  l ig h t  in te n s ity  
d is tr ib u tio n  i s  o f  a form in d ic a tin g  a weak fr in g e  p attern  super
imposed on a Gaussian d is tr ib u tio n .



Most o f  the early  anemometer system s were based on the  
Doppler mode and then, la t e r ,  the re feren ce  beam mode* The s ig n a l 
p ro cesso rs  g en era lly  a sso c ia te d  w ith  those methods were e ith e r  
spectrum a n a ly ser s , ( in v o lv in g  the seq u en tia l a n a ly s is  o f  
fr e q u e n c ie s ) , or frequency tra ck ers, ( in  which the analyser frequency  
fo llo w s  the frequency f lu c tu a tio n s  in  the s ig n a l) .  The system s most 
w id e ly  in  use today are g en era lly  based on the fr in g e  modec The 
fr in g e s  are three-d im ensional and su ita b le  arrangement o f  the . :
geometry o f  the equipment makes the measurement o f  a l l  three  
components o f  th e  v e lo c ity  f e a s ib le .  The trend in  s ig n a l p ro cessin g  
in  th e  l a t e s t  anemometer systems i s  towards counting techniques*
A ty p ic a l  set-u p  might be composed o f  a counting j^rstem, (cou n tin g  
apparatus and am plifier*  f i l t e r s  and v a lid a tio n  c r i t e r ia  c ir c u i t s )  
and a spectrum analyser to co n tro l s ig n a l q u a lity  and to choose tho  
c o r r e c t  f i l t e r  bandwidth. The d ig i ta l  output o f  the counter may be 
connected  to a mini computer in  order to c a lc u la te  in  r e a l tim e the  
mean v e lo c i t y ,  turbulence in te n s ity  and a lso  the turbulence spectra  
i f  th e  data a q u is it io n  r a te  i s  high enough * _.

A4 "Pipe ^ow .E xperim entation
An experim ental in v e s t ig a tio n  o f  flow  through a pipe* w ith  

an R o f  approxim ately 4»0X 10^, u sin g  a la se r  anemometer was made 
w ith  a  v iew  to a s se s s in g  i t s  s u i t a b i l i t y  for measurement in  the  
p3.ano tu rb u len t o e t . The la se r  used was a Spectra P h ysics  model 
120 helium-neon gas la se r  w ith  a nominal output o f  5 m ill iw a t ts  a t  
6323 Angstroms, A uxiliary  equipment included  an o p t ic a l  u n it ,  
a p h o to m u ltip lier , a s ig n a l p rocessor , a s ig n a l c o n d it io n e r ,-a  d ig i t a l  
vo ltm eter  and a tru e RMS meter. The arrangement o f  the equipment i s  

i l lu s t r a t e d  in  Figure A, 3,
The o p t ic a l  u n it  s p l i t s  the la se r  beam up in to  two sep era te  

beams which are then focu ssed  so th a t they in te r s e c t  a t  the p o in t o f  
measurement. The Doppler sh if te d  l i g h t ,  sca tter ed  by p a r t ic le s  
p a ss in g  through the measuring volume, i s  d etected  by the photo
m u lt ip l ie r ,  The s ig n a l from the p h otom u ltip lier  i s  d ire c ted  to the  
s ig n a l p ro cesso r , which b a s ic a lly  c o n s is t s  o f  a p rea m p lifier , a 
frequenoy tracker and a meter u n it .  Unwanted n o ise  in  the s ig n a l i s  
m inim ised in  the p ream p lifier  by a h igh /low  p ass f i l t e r  system . The
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signal*  which i s  time-dependant* i s  then fed  to the frequency tracker 
where i t  i s  combined with the output o f  a v o lta g e  c o n tr o lle d  lo c a l  
o s c i l la t o r .  The output signal*  a t a d ifferen ce  frequency* i s  passed  
to a s e n s it iv e  frequency d iscrim inator which provides a D.C. output 
proportional to the frequency d eviation  from a f ix e d  cen tre  v a lu e , 'f^. 
The r e s u lt in g  error v o lta g e  i s  then fed  hack to the o s c i l la t o r .  In  
t h is  way the o s c i l la t o r  frequency tracks th a t o f  the Doppler signal*  
m aintaining a n early  constant d ifferen ce  equal to *f .̂ Thus* the  
error v o lta g e  p rovides a continuous e le c t r ic a l  analogue o f  the  
in stantaneous Doppler frequency.

The n o is e - l ik e  turbulence s ig n a l from the frequency tracker  
i s  passed  through the s ig n a l conditioner* (which has a number o f  
f a c i l i t i e s  for improving i t s  q u a lity ) , to the meter u n it .  The mean 
valu e o f  the v o lta g e  i s  r e g is te r e d  on a d ig ita l  voltm eter and the . 
f lu c tu a t in g  component i s  computed on the true RMS m eter. Having 
e sta b lish e d  the r e la tio n sh ip  between the v o lta g e  and the frequency* 
the mean v e lo c ity  may be c a lc u la te d  from the equation  
the la se r  anemometer i s  an in h eren tly  lin e a r  instrum ent, the r a t io  
o f  the RMS meter reading to  the d ig i ta l  voltm eter read ing y ie ld s  the  
turbulence in te n s ity .

The water was supplied  to the p ipe from a constant head 
tank. A fter flow ing through the p ipe the water was pumped from the  
sump back to the tank. The p ipe was 2 m long and o f  0 .0 2  m in te r n a l  
diameter. The measuring p o in t was lo o a ted  1 .2  m from the upstream  
end o f  the p ip e , that i s  s ix ty  p ipe diam eters, at which p o in t the  
flow  was assumed to be f u l ly  developed. The flow  r a te  was measured 
by d iv er tin g  the flow  in to  a weigh tank in  which the amount o f  
water c o lle c te d  over a given time in te r v a l was weighed.

A5 R esu lts  o f  Pipe flow  Test

Admeasure o f  the accuracy o f  the va lu es o f  the mean v e lo c i t y  
was obtained by comparing them w ith the p red ic tio n s  o f  the seventh  
power law and the law o f  the w all^ 1^ *  The experim ental r e s u l t s ,  as  
i l lu s t r a te d  in  f ig u re  A. 4* may be seen to be in  good agreement 

w ith the th e o r e tic a l r e s u lt s .  The shear v e lo c i ty ,  fU^f , was 
c a lcu la te d  to be 0.119 m /s. A further check was made by comparing the

9
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f l o w  at g obtained from tne numerical Integra's ion ox une measux-eu. 

v e lo o ity  p r o f i le  5

w ith  the actu al measured flow rate . Agreement was found to he w ith in  
2% The turbulence in te n s ity  was non-dim ensionalised  w ith  resp ec t to  
the shear v e lo c ity  and p lo tte d  w ith the r e s u lt s  obtained  by

be o f  about the r ig h t  order and o f  the correct form^ as i l lu s t r a t e d  
in  Figure A. 5*

A6 Conclusions
The la se r  anemometer has been described  as approaching the  

attainm ent o f  the requirem ents o f  an id e a l instrum ent^ ® \  
advantages are;
( i )  i t  p resen ts  no disturbance to the medium,
( i i )  ca lib ra tio n  i s  s im ple,very  accu rate, and p r a c t ic a l ly  
in v a r ia n t,
( i i i )  the measurement may be h igh ly  lo c a l is e d ,
( iv )  the output i s  l in e a r  w ith  the in p u t, and
(v ) the dynamic range i s  very la rg e  and the response tim e i s
very short®

However, the instrum ent does a lso  have disadvantages;
$*rominant amongst th ese  i s  the fa c t  th at i t  a c tu a lly  measures 
p a r t ic le  v e lo c i ty ,  not f lu id  v e lo c ity .  Therefore, there must be 
p a r t ic le s  in  the flow  in  s u f f ic ie n t  concentration  and o f  su ita b le  
s iz e  to  g iv e  the required s ig n a l. In many cases, flow  seed in g  may be 
n ecessary  and the case o f  the plane turbulent j e t  i s  a case  in  p o in t.  
The d i f f i c u l t i e s  encountered in  s e t t in g  up a j e t  w ith  water as the  
f lu id  medium make i t  d esira b le  to use a ir  in  i t s  p la c e . The 
in p r a c t ic a b il i ty  in  the p resen t in sta n ce  o f  su ita b ly  adapting  
e x is t in g  apparatus, p roh ib ited  the use o f  the la se r  in  an in v e s t ig a t io n  
which was by nature on ly  exp loratory. The design o f  apparatus 
in v o lv in g  la se r  anemometry i s  o f  n e c e s s ity  complex and should on ly  

be undertaken in  ca ses  whose experim ental scope r e a l ly  warrants i t .

o (A. 6)

Laufer
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IMPLICIT REAL*8(A-H,0-Z)
' ' CONHON/ACOM/LI NT, QUB7, CUBT, QUET, CUCO, QRCO ,U,G .

COMMON/ECO-VA J INV, W 
COMMOW/CCOM/L 
COMMON/DCOM/X, F 
COMMON/ECOM/A *
COMMOM̂ FCOM/SCALE
DIMENSION LIN (3,2) ,LINT( 12,0) ,QUD(3,5) ,Q!JDT< 12,14) ,CUB(3,14),
1 CUCOC 14 ,3 ),CUBTC 12,56) ,QUPC3,21) ,QPC0(21,4) ,Q.UET< 12,75) ,B( 12),
2 G(4) ,F( 11) ,X( 11) ,AJINVC1 1 1 1 ) ,XDATC3 0 ),MC303), UC38),AC 121),
3 L IVU 1) ,MIV( 11) ,SCALE( 11) ‘ . J .
INTEGER CUCO, Q.ECO

’ • REAL*3 LIN,LINT . • \
C
C READ IN INITIAL DATA INCLUDING THE COEFFICIENTS . •
C OF THE LOCAL FIELD ANALOGUE AND THE CONSTANTS 
C. APPEARING IN THE GOVERNING EQUATIONS. , '
c . •' ■.,■■■■: • ■ '

ACCEPT * , CMU, CD, CS, CB, SIGK, SI GKL, CKL, IDIV 
. ACCEPT *,(>:( I ) ,  1=1,11) -

ACCEPT.--'*, (SCALE( I ) , 1= 1,11)
~ ACCEPT * , SCALE I , SCALE2,SCALES 

ACCEPT t,( CLINCI, J ) , J=1,2),1=1,3)
ACCEPT *,CCQUDU,J),J-1 ,5 ), 1=1,3)
ACCEPT *,((C U B C I,J ),J= 1 ,14),1=1,3)
ACCEPT * ,(C O U R (I,J ),J -!,2 1 ), 1=1,3)
ACCEPT *,(CCUC0CI,J),J=1,3)-,I=1,14)
ACCEPT * , ( ( QRCOCI, J ) , J= 1 ,4 ), 1= 1,21) . . .

C .
C PROVISION FOR THE ALLOCATION OF REVISED'
C CONSTANTS IF REQUIRED. ' ;
c. •

1F( IDIV. GT. 0 )GOT0 10 ‘ - .
Bl-CNU/SIGK ’ \

- . D2-CMU/SIGKL
D3=CB*CMU , .
D4=D2*(1.0+CKL)
D5=-3 .0  *D2-4.8 *D4 .
D6=2.G*P2+4.0*D4
QUDC1,1)=-CMU
QUDC1,2)=-CMU . . .
QUDC1,4)-CMU ’
QUDC1,5)-CMU 
CUB (2 ,3 )--’CD 
QUB(3,3)=CS
0URC2,1)=-CMU • .
C.URC 2,2)=4.0 *CM!J
CUEC 2 ,3 )= -2 .0  *CMU • .
CUR(2,4)=-D1 •
QUR(2 ,5 )=-D1/2.6 .
QlJRC 2,6) =-2. 6*B 1 ' .
CUR(2,7)-D l/2.0 ; .

; QURC2,8)=2.0*B1
QURC2,12)-D 1/2.0 ' ' .

. CUPC2,13)=-4.0*CMU -
G!JEC2,!4)=4.e*CMU 
QURC2,15)=4.0*D!
QURC2,10)=-2.8*D1 
QURC2,iS)=-Dl/2.0
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QUEC3,1)=-D3 
©UR C 3 ,2  5 = 4 .0  
QUE C 3 ,3 )= -2 .0  *D3 
QIJRC3,4)=-D4 
OUE(3,5)=D5/4.0 
0URC3,6)=-2.3*D4 
QUE(3 ,7 )= -D 5 /4 .0  
QUE(3,8)=2.0*D4 
QUE(3 ,9 )= -D 2 /4 ;0 
QUEC3,10)=-D2 
QUEC3,ll)=D2/2.0 
QUEC3,12)=-D5/4.0 
QUE(3,!3)=-4.0*P3 
QUEC3,14) =4.0:493 
QUEC3,15)=DS 

.QUR(3,16)=-D2 
1 QUEC3,17)=-D2/4.0 

■ ' QURC3,18)=-2.0*D4 
QUE(3 ,19)=  D 5/4.0  
QIJE(3,20)=-D3 
QUE(3,2T)=-D4 

10 I WE 1=0,/"
MESH-4 
H=1.0 -
NSETZM=0

C
C DIUIDE THE COEFFICIENTS OF.THE LOCAL FIELD
C ANALOGUE EY THE APFEOFEIATE POWER OF #H\-
C

LIMCM)=LIM(1,1)/H •
LIMC1,2)=LIM(1,2)/H •

■DO 20 > 1 ,5  
20' QUDC 1,J)=QUDC1,J)/H •

DO 70 1=2,3 ’
DO 30 > 1 ,1 4  
CUBCI,J)=CUBC I,J)/H **2  

30 CONTINUE
DO 40 > 1 ,3  

40 QUECI,J)=0.UE(I.J)/(H**4)
DO 53 > 4 ,1 2  

50 QUSCI,J)=QUE(I,J)/CH**2)
QUR(I,13)=QUR(I,13)/(H**4)
QUECI,14)=QUE(I,14)/(H**4)
DO 60 > 1 5 ,1 9  

60 QUECI, .J) =OUEC I , J ) / ( H**2)
OUR ( 1,20) = OUE ( 1,20) /  ( H * *4)
QUR (1 ,2 1 ) = 'SUE ( 1,21) /  C H * *2)

70 CONTINUE
C
C SET ZERO ELEMENTS IN THE LOCAL FIELD ANALOGUE
C

IZ0END=3*KESH 
DO 120 IZERO=1 ,IZOEND 
JZEND1=2*MESH 
DO SO JZEE1=1,JZEND1 

80 LINTCIZERO,JZEE1)=0.0
JZEMD2=IZOEMD+2 
DO 90 JZEE2=1 ,JZEND2
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103 CUBT ( I ZEF.0, JZEE3)= 0.0
JZEMB4=1.84I1ESH+3 
DO 110 JZEE4=1 ,JZEMD4 

110 QUET( IZERO, JZEE4)= 0.0
128 CONTINUE "
C
C ELOCKMISE CO-ORDINATE TRANSFORMATION OF THE
C LOCAL FIELD ANALOGUE.
C

J l= l
. KA=0 

Lft=0
-1:2=8 *MESH+6 
Hl= 14 
MC=0

. MUL00P=3 *MESH 
' DO 353 1=1,NULOOP 

' NC=NC+1
L'INT ( I , J 1) =L INC NC, 1)
J2=J1+HESH
LINTCI,J2)=LIMCNC,2)
DO 130'K=1,5 
Ki=K+KA
O.iJDT CI, K1) =QUDC NC, f<)

130 CONTINUE
GOTOC 143 ,143 ,140), I 
GOTO 198 

140 DO 150 L=1,8
CUBTCI,L)=CUB(I,L)

150 CONTINUE
DO 160 L =9,13 
LA1=L+ C 8 *MESH)-8  
CUBT( I , LA1)=CUB(I, L)

160 CONTINUE
LA2=8*MESH+7
CUBT( I , LA2)=CUB(1,14) .
DO 170 M =l,13 
QUET CI, M)=QURCI, M)

170 CONTINUE
QURT C1, 15)=0UR(1,14)
DO' 180 Mr 15,19 
MA7=M+3
QURT CI, MA7)=QUR(I, M)

180 CONTINUE
QUET C1,26)= OURC1,28)
QURT C1,2 7 )=QUEC1,21)
IFCI.EQ.3)G0T0 310 
GOTO 348 

190 DO 280 L=1,8  
L1=L+LA
OJBTCI,L1)=CUBCNC,L)

200 CONTINUE
CUBT CI, L2)=CUB C NC,9)
DO 210 L=10,13  
L3=L+L2-8
CUBT CI, L3)=CUB C NC, L)

210 CONTINUE
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K2=n+m
QURT CI,M2 5=QUE 

220 CONTINUE , 
t13=Ml+6
QURT CI j, M3)=QUE ( MC,4) : •'
DO'238 M=5,8 -
M4=M+Ml+3 .
QIJET ( I , M4) =QUR ( MC, M)

230 CONTINUE
DO 240 11=9,13 
f-15=M+Ml+4
QUET( I , M5) =QUE C NC,11)

240 CONTINUE
NEMB=3sMESH-1+1 
GOTO(250 ,250 ,250) ..NEND 
GOTO 270 

250 ‘ L4=L2+S
■ CUBTC I,L4)=CUB(NC, 14) •

DO 260 11=14,21 
NS-M+N1+4
QUET ( I , MS) =QUE ( NC, 11)

260 CONTINUE 
GOTO 333 

270 L4=L2+7
CUBT( I , L4)= CUB < NC,14) .
M6=M!+19
QUET ( I , f16)=QUE C NC ,14) ''
DO 280M =15,19
M7=M+f-ll+7 /
QUIET (LM7)=QUECNC,M) *

280 CONTINUE
DO 290 N=20,21 
1'18=I-1+M1+10 
QIJET( IJ-18)=QUE(MC,f-D 

290 CONTINUE
IF(NC.EQ.3)G0T0 308 
GOTO 320 

360 L2=L2+6
m=m+i8 

310 J l= J l+ i  
KA=KA+3 
LA=LA+S 
NC=0

320 CONTINUE . . , . .
330 CONTINUE 
340 CONTINUE .
358 CONTINUE 
C
C SET PAEnMETEES FOE NON-LINEAR SOLUTION ROUTINE 
C

N= 11
BSTEP=I,0D-5 
DMAX=20.0D9 
ACC=1.OD-15 
MAXFUM= 1503 
IPEINT=1 
NINy=ll
CALL NSO1A( N, DSTEP, DfiAX, ACC, 11AXFUN, IFEIMT ,NESH, IURI,NINU,SCALE1,
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SUBEOUTINE CALFUN(MESH,SCALE 1 ,SCALE2,SCALES)
IMPLICIT EEAL*8(A-H,0-Z)

DEFINITION OF FUNCTIONS AS EEOUIEED BY THE 
NON-LINEAE SOLUTION EOUTINE.

COI1MON/ACOM/LI NT, GUDT, CUBT, QUET , CUCO ,QEC0,U,G 
COMMON/DCOM/X, F 
C0m0N>FC0M/SCALE
DIMEMSION LINT( 1 2 ,8 ) ,QUDT( 1 2 ,1 4 ) ,CUC0(1 4 ,3 ) ,CUBT(1 2 ,5G), QEC0(21,
1 4 ) ,GUET(1 2 ,7 5 ),G (4 ) ,F (1 1 ),X (11),U (3 0 ),B (12 ),SCALE(11)

~INTEGEE CUCO,QECO 
EEAL*8 LINT 
IF( NSET ZX. GT.0 ) GOT 0 10 
IEMD=3*MESH 

' NMESH=IEND-3 
IQE1= 1 **
IQE2=14
IQE3=5 ’ -
IQE4= 19.
IQ E S ^  .

MQE1=0 
NQE2=13 
NQE3=0 
MQE4=0 '
NQE5=0 
NQE6=0 

• NQE7=0 
NQE8=0 .
NQE9=0 ' -

ALLOWANCE MADE FOE SCALING THE EQUATIONS 
IF EEQUIEED.

SCALE 1= 1.0
SCALE2=1.0 .
SCALE3=1.0 ' .

SET INITIAL CONDITIONS.

U (1)=0.0
U(2 )= 0 .4 4 178686D+02 
U(3)= 0 .72632130D-01 
U( 4 ) - 0 .30846S76D+83 ^
U(5 )= 0 .66386309D+02 
U(6)=0.81412984D-01 
U(7)=0.41123918D+03 
U(8)=0.13671412D+02 
U(9)=0.78179938D -01

SET INITIAL FEEE BOUNDAEY CONDITIONS.
C'

U( 10)=4.0:t:U (7)/3 .0-U (4)/3 .0  
U( 11)=0.0
U (12)=4.0*U(9 )* 3 .0 -U (7 )/3 .0  

C .*
C SET SYMMETEY BOUNDAEY CONDITIONS.
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,U(14)=XC4)*SCALE2 
LK15)=X<5)*SCALE3 
UC16)=0.0 
UU7)=X(1)*SCALE2 
U(18)=X(2)*SCALE3 '
UC19)=XC3)*SCALE1 
U<20)=XC4)*SCALE2 

-U(21)=X(5)*SCALE3 
U(22)=X(6)*SCALE1 
UC23)=X(7)*SCALE2 

■ U(24)=X(8)*SCALE3 
U(25)=X(9)*SCALE1 
UC26)=X(10)*SCALE2 
U(27)=X( ID/SCALES

C
C SET FREE BOUNDARY CONDITIONS.
C

. UC28) = C4.0*UC25)/3.0-IJC22)/3.0)
U(29)=0.0
UC30)=(4.0^UC27)/3.0-UC24)/3.0)

C
C DEFINITION OF FUNCTIONS AS ILLUSTRATED IN
C FLOW DIAGRAM OF FIGURE 37.
C.

DO 370 1=1 , IEND 
G(13=0.0 
JEND1=2.0*MESH 
DO 40 J 1= 1 ,JEND1 
IFCJ1.GT.MESH)GOTO 28 
I l= 3*J l-2  
GOTO 30 

20 11-3*11+1
30 G(1)=GC1)+LINT(I,J1)*U(II)

IF C NSET ZX. GT.8 ) GOT 0 40 
40 CONTINUE ' .

G (2)=0.0  
JEMD2=3*MESH+2 
DO 90 J2=1,JEND2 
IF(J2. EQ.1 ) GOTO 58 
GOTOC60.70), NUiM 
13=13+4 
NUM= 1 
GOTO 80 

50 I2=3*MESH+2
13=12+4 
NUM= 1 
GOTO 80 

68 12=12+1
13=13-1 
N!JM=2 
GOTO 88 

70 12=12+2
NUM=3

88 G(2)=G(2)+QUDTU,J2)*U( 12) #11(13)
IFC NSETZtf. GT. 0) GOT0 98 

90 CONTINUE
GC3)=0.0 
ICU1=0
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NCU3= i 
NCU4=0
JEND3*14*MESH 
DO 190 J3=1 ,J EMD3 
IFCJ3.EQ.1)NSET=4 
IFC J 3 . EQ. 8*f*lESH+1) NSET = 1 
GOTOC1 2 8 ,1 4 0 ,1 7 0 ,1 0 0 ),NSET 
IFCNCU1.EQ.HESH)GOTO 120 

100 . 'CONTINUE
ICUl=IOJl+l
IADDl=3*t1ESH+3*NCUl-3
I4=CUCOCICU1 ,1 )+3*NCU1 .•

- I5=CUC0(ICU1 ,2 )+ 1ADD 1 
I6=CUC0CICU1,3)+IADD1 
IFCICU1.EQ.8)G0T0 110 

.-GOTO 180 
110 ' ICU1=0

NCU1=NCU1+1 
GOTO 180 

120 MCU2=UCU2+1
-I4=CUC0C9,l)+3*NESH+3*MCU2-6
15=14+4
16=14+5
IFCJ3.EQ.8*MESH+1)GOTO 130 
MSET=3 
GOTO 180 

130 NSET=2 '
GOTO 180 

140 ICU3=ICU3+ i
IADD2=3*NCU3+3*MESH-6 
14=CUCOCICIJ3,1)+IADB2 
I5=CUCOCICU3,2)+IADD2 
I6=CUCOCICU3,3 )+ IADB2 
IFCICU3.EQ.13)GOTO 150 
GOTO 180 

150 ICU3=9
NCU3=NCU3+1
IFCJ3.EQ.14*MESH-1)GOTO 160 
NSET=1 
GOTO 180 

168 NSET=3
GOTO 188 

170 NCU4=NCU4+1
I4=CUC0C14,l)+3*nESH+3*NCU4-6
15=14+1
16=14+2
NSET=2
IFC J 3 . EQ. JEND3)NSET=4 

180 G(3)=GC3)+CUBTCI,J3)*UCI4)*U(I5)*UC16)
IFC NSET-ZX.GT.0) GOTO 190 

190 CONTINUE 
GC4)=0.0 
JEND4=18*NESH+3 
DO 360 J4=1,JENB4 
IFCJ4.LT.14)GOTO 210 
IFC J 4 . GT. 18*MESH-5)GOTO 230 
GOTOC 2 0 0 ,2 5 0 ,2 0 0 ,2 9 0 ,3 3 0 ,2 4 0 ,2 7 0 ,3 1 0 ),NSET
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1,1̂  +
18= 17 

. 18=17+5 
110=17+5 
NSET=6
IFC NQE3. EQ. MESH-1)NQE3=0 
GOTO 358 

210 WQP.1=MQR1+1
I7=QEC0C NQR1 ,1 )+NMESH 
I3=QRC0C NQR1 ,2 )+NMESH 
I3=QEC0C NQE1 ,3 )+NMESH 
118=QF:C0( NOR 1 ,4 )+NMESH 
IFCJ4.EQ.13)G0T0 220 
GOTO 350 

220 NSET =1
NQE1=0 

/GOTO 350 
230 , NQE2=NQE2+1

INCF.2=2*NMESH 
• I7=QEC0CNQE2, D+INCF.2 

IS=QEC0CMQE2,2 )+ INCE2 
I9=QEC0C>JQE2,3 )+ INCE2 
110=QECOC NQE2,4 )+ INCE2 
IFC J 4 . EQ. 18*MESH+3)NQE2=13 
GOTO 350 

240 MQE4=NQE4+1
IMCE4= NMESH+3 *NQE4-3 
I7=QEC0C 14, D+INCE4 
18=17+2 
19= 18 

.110=18+1 
NSET=2
IFC NQF.4. EQ. MESH-1) NQE4=0 
GOTO 350 .

250 IQE1=IQE1+1
INCE5=NMESH+ 3 *NQR5+3 
I7=QEC0C IQE1,1)+ INCF.5 
I8=QEC0C IQF.1,2)+ INCE5 
I9=QEC0CIQE1,3 )+ INCE5 
I10=QECOCIQR1 ,4 )+ INCE5 
IFCIQE1.EQ.3)G0T0 260 
GOTO 350 

260 IQE1=1
NQE5=NQE5+1 
NSET=7
IFC NQE5. EQ. MESH-1)NQE5=0 
GOTO 350 

270 IQE2=IQE2+1
IMCR6=NMESH+ 3 *NQE6 
I7=QRC0CIQE2,1)+INCE6 
I8=QRC0CIQR2,2)+INCR6 
19= QRCO CIQR2,3 )+ 1NCR6 
I18=QEC0CIQR2,4 )+ INCE6 
IFCIQE2.EQ.19)G0T0 280 
GOTO 350 

280 IQE2= 14
NQR6=NQR6+1 
NSET=4
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Z .W  Hffio- lt!MT 1

INCE7=NMESH+3*NQE7+3 
I7=QP.C0C IQE3 , 1) + INCE7 
I8=QEC0CIQE3,2)+INCR7 
I0-QECOC IQE3,3)+ INCE7 
I18=QP.C0C IQF:3,4) + IMCR7 
IFCIQE3, EQ.8 ) GOT0 368
GOTO 358 x

383 IQR3=5
NQE7=NQR7+1 
NSET=8
IF (NQP.7, EQ. MESH-1) N0P7= 8 
GOTO 350 

318 IQR4=IQP4+1
I NCF.8=NMESH+3 *MQE3 
I7=0EC0C IQE4, 1)+INCEB 
I8=QRC0CIQE4, 2) + IMCE8 
I9=QEC0CIQE4,3)+INCR8
I18=QEC0CIQE4, 4) + INCE8 ’ “
IFC IQE4.EQ.2DG0T0 328 
GOTO 358 

3*28 IQE4= 19.
NQE8=M0R8+1 
NSET=5
IFC MQR8. EQ. NESH-1) NO.E8=0 
GOTO 358 

330 ' IQE5=IQE5+1
INCR9=NMESH+ 3 *NQE9+ 3 

• I7=0EC0CIQR5,1)+INCE9 
18=QECO C10E5, 2) + INCE9 
I9=0EC0CIQE5,3)+INCE9 
110=QECOCIQE5, 4) + INCE9 
IFC IQR5.EQ.'13)G0T0 340 
GOTO 350 

343 IQE5=9
N0E9=N0E9+1 • .

‘ MSET=1 
IF C J 4 . EO. JEND4) NSET=4 
IFCM0E9. EO. MESH-DMQP9=0 

350 GC4)=GC4)+QUETC I, J4)*UC17)*UC 18)*UC 19)*U( 110)
IFCNSETZH.GT.0)GOTO 3S0 .

368 CONTINUE
NSETZM=1
IFCI.EQ.DGOTO 370 
IFUWC=I-1
FCIFUNC)=CGC1)+GC2 )+GC3 )+GC4 )-BCI) ) /SCfiLECIFUNC)

378 CONTINUE
EETUEN
END '
SUEEOUT INE NSO1A C N, DST EP, DM AX, ACC, MAXFUN, I PE I NT ,MESH, IUEI,N I NO, 
1 SCALE LSCALE2, SCALES)

C
C POWELL'S SOLUTION ROUTINE FOE ALGEBRAIC
C NQM-LINEAR SIMULTANEOUS EQUATIONS.
C CNB; FLOW CHART ILLUSTRATED IN FIGURE 40).
C

IMPLICIT EEAL*8CA-H,0-Z)
COMMON/ECOM/AJINCU-i

DP2:C374,4UMESH4.FTN;1 03-AUG-78 14:27:41 9



DIMENS ION XC11), FC11), A J INVC 1 1 ,1 1 ), WC 300), AC 121)
C
C SET VAR IOUS PAREMET EES
C

MAXC=0 •
1MAXC=0

C
C MAXC COUNTS THE NUMBER OF CALLS OF CALFUN
C

NT=N+4
NTEST=WT

C
C NT AND NTEST CAUSE AN ERROR RETURN IF FCX) DOES NOT DECREASE
C

DTEST=BFLOTIC N+N)- 5 . 0D -1 
C DTEST IS USED TO MAINTAIN LINEAR INDEPENDENCE

1 NX=M*N
- NF-NX+N ' - '

NW=NF+N
MW=NW+N p
NDC=MW+N
ND=MDC+N

C
C THESE PARAMETERS SEPERATE THE WORKING SPACE W
C

FMIN=0.0 -
C
C USUALLY FMIN IS THE LEAST CALCULATED VALUE OF FCX),
C THE BEST X IS INWCNX+1) TO WCNX+N)
C

DD=0.0
C
C USUALLY DD IS THE SQUARE OF THE CURRENT STEPLENGTH
C ‘

DSS=DSTEF*DSTEP 
.DM=DMAX*DMAX ‘
DMM=4.0D0*DM 
IS=5 •

C
C IS CONTROLS A GO TO STATEMENT FOLLOWING ACALL OF CALFUN
C •

TINC-1.0
C
C . TINC IS USED IN THE CRITERION TO INCREASE THE STEPLENGTH 
C

' IFCIPRINT)20 ,2 0 ,1 0  
10 PRINT 1000
C
C CALL THE SUBROUTINE CALFUN
c
20 MAXC=MAXC+1

CALL CALFUNC MESH, SCALE1 ,SCALE2, SCALES)
C
C TEST FOR CONVERGENCE
C

FSQ=0.0 
DO 38 1=1,M 
FSQ=FSQ+FCI)*FC I)
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C PROVIDE PRINTING OF"FINAL SOLUTION IF REQUESTED
C
40 'CONTINUE 
58 PRINT 2000 ,MAXC

PRINT3803,CI,XCI),FCI),I=1,M )
PRINT 4080,FSQ 

60 . RETURN 
C
C TEST FOR ERROR RETURN BECAUSE FCX) DOES NOT DECREASE
C
70 GOTOC8 0 ,1 6 3 ,1 6 0 ,8 0 ,1 6 0 ) ,IS
80 IFCFSQ-FMIN)150,98,90
90 IFCDD-D3S)100,100,160
100 NTEST=NTEST-1

IFCNTEST)140,110,160  
110 .-PRINT 5903 ,NT 
120 ' DO 130 1=1, N 

- XC I)=WCMX+I)
FC I)=WCMF+I)

130 CONTINUE
. FSQ=FMIN

GOTO 40
C
C ERROR RETURN BECAUSE MEN JACOB IAN IS UNSUCCESSFUL
C
140 PRINT 6080 ■

; GOTO 120
150 MTEST=NT
C
C TEST NHETHER THERE HAVE BEEN MAXFUM CALLS OF CALFUN
C
160 IFC MAXFUN-MAXC)170,170,188
178 PRINT 7000,MAXC

IFCFSQ-FMIN)40,120 ,120
C
C PROVIDE PRINTING IF REQUESTED
C
180 IFCIPRINT)220,220,190
190 IMAXC=IMAXC+1

IFC MAXC. EQ. DGOTO 280 
IF C' IMAXC. NE. 20) GOT0 220 

233 CONTINUE
IMAXC=3 •

210 PRINT 8800 ,MAXC
PRINT 3 0 0 0 ,CI, XCI) , FCI) ,1 = 1 ,M)
PRINT 4880 ,FSQ 

220 GOTOC7 7 0 ,8 4 0 ,2 7 0 ,8 1 0 ,2 3 8 ) ,IS
C
C STORE THE RESULT OF THE INITIAL CALL OF CALFUN
C
230 FMIM=FSQ

DO 240 1=1, M 
UCNX+I)=XCI)
WCNF+I)=FCI)

248 CONTINUE
C
C CALCULATE A NEN JACOBIAN APPROXIMATION
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260 IC=IC+1
XC IC)=XC IO+DSTE?
GOTO 20 •

270 K=IC
DO 288 1=1,N
WCK) = C FC D-WCMF+1)) /DSTEP 
K=K+N 

288 CONTINUE
XCIC)=U(NX+IC)

• IFC IC-N)260 ,298 ,290  -  •
C .
C '' CALCULATE THE INUERSE OF THE JACOBIAN AND SET '

• C THE DIRECTION MATRIX *
C
298 K=8

DO 310 1=1, N •
"DO 380 J=1,N 

' K=K+i *
AJINUC.I, J)=WCJO 
WCND+K)=0.0 

308 CONTINUE
WCNDC+K+I)=1.0 • ' •
MC NDC+I) = 1 .0D0+DFLOTIC N-1)

310 CONTINUE
DO 328 J=1,N 

■ DO 328 1=1, N 
KADD=CJ-1 )*M+I 

320 A C KADD)= AJINU CI, J )
CALL INUERTCNINU, I WE I)
DO 330 J=1,N 
DO 330 1=1, N 
LADD=(J-l)*M+I 

338 AJIMU CI, J )=AC LADD)
C
C START ITERATION BY PREDICTING THE DESCENT
C AND NEWTON MINIMA
C
340 DS=0.0

DN=0.0 
SP=9.0
DO 360 1=1,N 
XCI)=0.8 
FCI)=0.0  
K=.I
DO 350 J=1,N
XC I)=XC D-WCIO *W(MF+J)
FC I)=F( D-AJIMUC I , J)*WCNF+J)
K=K+N 

358 CONTINUE
DS=DS+XCI) *XCI) ~
DN=DM+FCI)*FCI)
SP=SP+XCI)*FCI)

' 368 CONTINUE 
C
C TEST WHETHER A NEARBY STATIONARY POINT IS PREDICTED 
C . ■ •

IFCFMIN*FMIN-DMM*DS)410,410,370 -
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c
370 GOT 0 C 3 9 3 ,3 9 3 ,3 8 0 ), IS '
330 PSINT 9030  

GOTO 128
3S8 NTEST=S . . •

DO 400 1=1,N 
X(D=WCNX+D 

400 CONTINUE
GOTO 250 '

C
C TEST WHETHER TO APPLY FULL NEWTON CORRECT ION 
C
410 IS=2

IF(DN-BD)420,420,440 
420 DD= DMAX1(DN, DSS)

DS=2.5D-1*DN 
‘ TiMC=l.S

- IFC DN-DSS)430,598 ,590  -
438 IS=4 . ; ' '

GOTO 740
C
C CALCULATE THE LENGTH-OF THE STEEPEST DESCENT STEP 
C ’
440 K=0

BMULT=8.8 
DO 463 1=1,N
DW=0.0 -
DO 458 J=1,M 
K=K+1
DW=D W+ W ( K) C J )

450 CONTINUE
BMULT =BMULT+DW *BW 

460 CONTINUE
BMULT=DS/DMULT 
DS= DS *DMULT *BMULT

C
C TEST WHETHER TO USE THE STEEPEST DESCENT DIRECTION
C

IF C B3-BD)508,470,470
C
C TEST WHETHER THE INITIAL VALUE OF DD HAS BEEN SET
C
470 IFCDD)480,433 ,490
433 DD= DMAK1C DSS, DMIM1< DM, DS))

DS-DS^C DMULT *DMULT)
GOTO 410

C
C SET THE MULTIPLYER OF THE STEEPEST DESCENT DIRECTION
C
493 AMMULT=0.0

DMULT=DMULT4DSQRT( DD/DS)
GOTO 510

C
C INTERPOLATE BETWEEN THE STEEPEST DESCENT
C' • AND THE NEWTON DIRECTIONS 
C
500 SP=SP*DMULT

ANMULT=C DD-DS)/(C SP-DS)+DSORTC( SP-DD)**2+ C DN-DD)*C DD-DS)))
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C . CALCULATE THE CHANGE IN X AND ITS ANGLE 
C WITH THE FIRST DIRECTION v
C
510 DN=0.O

SP=0.0 •
DO 520 1=1, N
FCI)=DMULT*XCD+ANMULT*FCD 
DN=DN+FCI)*F(I)
SP=SF+FC I)*W(ND+D 

520 CONTINUE ;
DS=2.5D-1*DN ' ■ - '

C
C /' TEST WHETHER AN EXTRA STEP IS NEEDED FOR INDEPENDENCE 
C

IFCWCNDC+1)-DTEST)590,598,530 .
530 IFC SP *SP-DS)550,530 ,590

■ C /
C - TAKE THE EXTRA STEP AND UPDATE THE DIRECTION MATRIX.
C
540 IS=2
550 DO 560 1=1,N

X CI) = W CNX+1) + DST EP *W C ND+1) •
WCNDC+I) =W(NDC+1+1)+1.0D0 

560 CONTINUE 
WC ND)= 1.0
DO 580 1=1, N •
K=ND+I 
SP=WCK)
DO 570 J=2,N
WCK)=WCK+N) . '
K=K+N 

570 CONTINUE 
WOO=SP 

588 CONTINUE 
GOTO 20

C -
C EXPRESS THE NEW DIRECTION IN TERMS OF THOSE OF THE
C DIRECTION MATEIX,AND UPDATE THE COUNTS IN WCNDC+l) ETC
C
590 SP=0.0

K=ND '
DO 650 1=1,N 
XC I)=DW 
DW=0.0
DO 600 J=1,N '
K=K+1
BW=DW+FCJ)*WCK)

608 CONTINUE •
GOTOC6 3 8 ,6 1 0 ) ,IS 

610 WC NDC+1) =WCNDC+1)+1 .0DO 
SF=SF+DW*DU '
. IFCSP-DS)650,850,620  

620 IS=1
KK= I '
XC 1)=DW 
GOTO 640 

630 XCI)=DW
640 WCNDC+I')=W(NDC+I+D+1.0D0 
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C REORDER THE DIRECTIONS SO THAT KKIS FIRST 
C

IFCKK-1 )690 ,690 ,660  
660 KS=NDC+KK*N

DO 680 1=1,M •
K=KS+I 
SF-WCK)
DO 670 J=2,.KK 

'■ WCK)=WCK-i\J 
K=K-N •

670 CONTINUE ' .
WCK)=SP 

680 CONTINUE 
C
C GENERATE THE NEW ORTHOGONAL DIRECTION MATRIX 
C
690 •' DO 780 1=1 ,N 

- W(NW+I)=0.0
700 CONTINUE

SP=XCi)*XCl)
K=ND
DO 720 /1= 2 , N .
DS=DSQBTCSP*CSF+XCI)*XCI)))
DW=SP/DS .
DS=XCI)/DS
SP=SP+XCD*XCI)
DO 710 J = 1 ,N
K=K+1 ■
WC NW+J)=WC NW+J) +XC I - 1) *WCK) 
WCK)=DM*WCK+N)-DS*WCNW+J)

710 CONTINUE .
720 ■'CONTINUE

SP= 1. 0D0/DSQP.T C DN)
DO 730 1=1, N 
K=K+1
WCK)=SP*FCI)

730 CONTINUE 
C
C CALCULATE THE NEXT'VECTOR X AND
C PREDICT THE RIGHT HAND SIDES
C-
740 FNP=0.0

K=0
DO 760 1=1,N 
XC D=WCNX+I)+F( I )
WCNW+I)=WCNF+1) r •
DO 750 J=1,N  
K=K+1
WCNW+ I)=WCNW+ D+WCK) *FC J)

750 CONTINUE
FNF=FNP+WCNW+D**2 

760 CONTINUE 
C
C CALL CALFUN USING THE NEW VECTOR OF VARIABLES 
C

GOTO 20
C
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IFC DtlULT) 789,793,790  
780 DD=DMAX1(DSS, 2 . 5D-15*DD)

TINC=1.0
. IFC FSQ-FMIN)820,840 ,840

C
C TRY THE TEST TO DECIDE WHETHER TO INCREASE
C THE STEP LENGTH.
C
793 SF=0.0

SS=0.0 •
DO 880 1=1,N
SP=SP+DABS(F CI)* (FCI) -WC NW+i) ) )
SS= SS+( F CI) -W CNW+1))*  *2 

800 CONTINUE
/  PJ= 1.0D0+DMULT/(SP+DSQRTCSP*SP+Df1ULT*SS)) 

SP=DMIN1 (4 .0D0, TINC, PJ)
1 TINC=PJ>SP '

- DD=DMIN1(DM, SP *DD)
, ~ GOTO 820 

C
C IF FCX) IMPROVES STORE THE NEW VALUE OF X
C ' /
818. IFCFSQ-FMIN)820,540,540
820 FMIN=FSQ

DO 830 1=1,N 
SP=XCI)
X(I)=W(NX+I)
WCNX+I)=SP 
SP=FCI)
FCI)=W(NF+I)
UCNF+I)=SP 
WCNW+I)=-WCNW+I)

830 CONTINUE
IFCIS-1)840,840,540

C
C CALCULATE THE CHANGE IN F AND IN X
C
840 DO 850 1=1,M

XC I)=XC D-WCNX+1).
FC I)=FC D-WCNF+1)

850 CONTINUE 
C
C UPDATE THE APPROXIMATIONS TO J AND ATINO
C

K=0
DO 870 1=1, N
1-KMW+ I)=X( I) • . -
WCMW+I)=F(I)
DO 860 J = l, N
WCMW+1) =WC MW+1) -AJINOCI, J) *F( J)
K=K+1
WC NW+1)=WC NW+1) -WC K) *X( J)

860 CONTINUE 
870 CONTINUE 

SF=0.0  
SS=0.0
DO 890 1=1,N ' . ’
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.u o - j j c p t i j  n w v ,  j  ,  -t-i'K j  ;

880 CONTINUE ,
SP=SP+DS*F(I)
SS=SS+XCI)*XC I)
FC I)=DS 

830 CONTINUE '
DMULT=1.0
IFC DABSC SP)- 1 . 0D -1*SS)383,310,910  

900 DMULT=0.8 
918 FJ=DMULT/SS

Pfi=DMULT/CDMULT*SP+C1.0D0-DMULT)*SS)
K=0

’ DO 930 1=1,N 
SP=PJ*WCNM+I)
SS=FA*MCMM+I)
DO 920 J=i,N  

i K=K+l
WC K)=WC K) +SP*XC J) .
AJINVC I , J) =AJ INVCI, J) +SS*FC J)

320 CONTINUE 
930 CONTINUE 

GOTO 340 
1000 FORMAT C' 1')
2000 FORMATC///5X, '  THE FINAL SOLUTION CALCULATED BY NSOIA'/REQUIRED', 

1 15/CALLS OF CALFUN AND I S ' , / )
3030 F0EMATC/4X,' I ' ,7X, 'XC I ) ' ,  12X, 'FC I ) ' ,//C  I5 ,2E 17.8)) '

'4080 FORMATC/5X,'THE SUM OF SQUAEES IS /E 1 7 .8 )  ' '
5800• FOEMATC///5X, ' EEEOE EETHEN FEOM NSO1A BECAUSE' , 1 5 , ' CALLS OF 

1 CALFUN FAILED TO IMPROVE THE RESIDUALS')
6000 F0EMATC///5X,'EEEOE EETUEN FEOM NSOIA BECAUSE FCX)' , 'FAILED TO 

1 DECREASE USING A NEW JACOB IAN')
7003 FOEMATC///5X,'EEEOE EETUEN FEOM NSOIA BECAUSE', 'THERE HAVE BEEN', 

1 1 5 ,'CALLS OF CALFUN')
8003 FORMATC///5X,'AT THE' , 1 5 , ' TH CALL OF CALFUN HE HAVE')
9003 FORMATC///5X,'EEEOE EETUEN FEOM NSOIA BECAUSE',' A NEARBY 

1 STATIONARY POINT IS PREDICTED')
END
SUBROUTINE INVERTCMINV,INE I)

C
C GAUSS-JORDAN METHOD
C

IMPLICIT REAL*8(A-H,0-Z)
COMMOM/CCOM/LIV, MIV 
COMMON/ECOM/A
DIMENSION AC 121),LIVC11),MIVC11)

C SEARCH FOE LARGEST ELEMENT 
IHRI=IWEI+1
IFC Il-iE.LE. 10)TYPE 1803,MINV, IWRI 
D=1.0 
Nr<=-NIMV 
DO 190 K=1 ,MINV 
NK=NK+NINV 

' LIVCK)=K 
riIVCK)=K 
KK=NK+K 
BIGA=A(KK)
DO 30 J=K,NINV 
IZ=NINV*CJ-l)
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20 BIGA=ACIJ)
LIVCK)=I
mivck)=j

38 CONTINUE
C INTERCHANGE EOUS

T=LIVCK)
IFCJ-K)6 0 ,6 9 ,4 0  

40 KI=K-NINV
DO 50 1=1,NINV
KI=KI+MINV
HOLD=-ACKI)
JI=K I-K +J •
ACKI)=ACJI)

50 ACJI)=HOLD
C INTERCHANGE COLUMNS \
63 ,I=MIVCK) .

' IFC 1 -1030 ,50 ,70  
70 ' JP=MINV*CI-1)

DO 80 J = 1 ,NINV
JK=NK+J
JI=JP+J
HOLB=-ACJK)
ACJK)=ACJI)

80 AC JI)=HOLD
C DIVIDE COLUMN BY MINUS PIVOT CVALUE OF PIVOT
C ELEMENT IS CONTAINED IN BIGA)
90 IFCBABSCEIGA)-1.0D-20)100,100,110
100 D=0.0

TYPE 2000 
EETUEN 

110 DO 130 1=1,MINV
IFC I-K ) 120.. 130,120 

120 IK=NK+I
ACIK)=A(IK)/C-BIGA)

130 CONTINUE
C REDUCE MATEIK

DO 160 1=1,NINV 
IK=NK+I 
HOLD=ACIK)
IJ= I-N IN V  
DO 160 J=1,NIMV 
IJ=IJ+NINV  
IF C I-K )140,160,140  

140 IFCJHO 150,160,158
150 K J=IJ-I+K

• ACIJ)=HOLD*ACKJ)+ACIJ)
168 CONTINUE
C DIVIDE EON BY PIVOT

KJ=K-MINV 
DO 180 J=1,NIMV 
KJ=KJ+NINV 
IFC J-K )170,180,170  

170 A C KJ)= A CKJ) /BIGA
180 CONTINUE
C PRODUCT OF PIVOTS

D=D*BIGA
C REPLACE PIVOT BY RECIPROCAL
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C FINAL ROW AND COLUMN INTERCHANGE
k=n iNy

288 K=( K-1)
IFC K) 270,278,218  

210 I=LIUCK)
IFCI-K)246,248,228  

228 TQ=NINV*CK-1)
JR=NINU*( I -D  
DO 238 J= 1 ..MIMU 

-JK-JQ+J 
HOLD=A(JK)
JI=JE+J
A(JK)=-ACJI)

230 ACJI)-HOLD 
240 J=MIUCK)

IFC J-K) 200.. 280,250  
250 KI=K-MINO

- DO 260 I- 2 , NINO 
KI=KI+NINO 
HOLD=AC KI)
JI=KI-K+J 
A(KI)=-ACJI)

260 ACJI)=HOLD
GOTO 208 

270 RETURN
1080 FORMAT C5K/NIN0= M 3 ,1 3 )
2003 FOEM AT CM  /SINGULAR •')

END
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APPMDIX I I I

A GIOSSAR Y OF MAJOR TERMS

C o e ffic ie n t o f  the ^-approxim ating Function  
C o e ffic ie n t o f  the ^approxim ating Function  
The J et Breadth at X
C o effic ie n t o f  the L-approximating Function  
M atrix o f  Parametric C o e ffic ien ts
Constants Appearing in  the Governing Equations 
Displacement o f  E ffe c tiv e  Centre o f  Total Head Tube 
Function o f  x

Gradient
Element Geometry Parameter
The U nit Matrix
The Jacohian Matrix
The K in etic  Energy o f  Turbulence
Length Scale
Humber o f  T ranslations in  Co-ordinate Transformation  
Humber o f  Global Unknowns
Total* Mean and F lu ctu atin g  P ressu res, r e s p e c t iv e ly
Reynolds Humber
Time
Total V e lo c it ie s  in  resp ectiv e . X,7T and Z D irec tio n s
Corrosponding Mean V e lo c it ie s
Corresponding F lu ctu atin g  V e lo c it ie s
Parametric Local G eneralised C o-ordinates
Parametric Global G eneralised C o-ordinates
Global Cartesian C o-ordinates
Local C artesian C o-ordinates
The Ordinate a t which U = -J-U ̂ fn

(continued)



tf. -  The J e t Angle o f  Spread
j3 -  The J e t  H alf Angle
X -  The Interm ittancy
S — Steplength
4~ -  The D issip a tio n  Term in  The Energy Equation
A -  Parametric C o e ffic ien t  in  General Approximating Function

-  lynamic F lu id  V isc o s ity  
yf -  Kinematic F lu id  V isc o s ity
IT -  Parametric G eneralised Co-ordinate

t  D ensity
/r -  Constant E ffe c tiv e  Prandtl Humbers K.' HL

-  Shear S tress
-  Square Root o f  K in etic  Ener^r o f  Turbulence 

\p -  Stream Function

Subscripts
e — R ela tin g  to Local Element
fb -  Free Boundary
nL — Maximum
o -  R ela tin g  to E fflu x  Section  (or zero tim e)
sb -  Symmetry Boundary
t  -  Turbulent
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APPENDIX V

COURSES OF POSTGRADUATE STUDY

1) The F in ite  Element Method -  A Basic In tro d u c tio n . 

Course held  a t  -

Department of C iv il and S tru c tu ra l Engineering, 

U n iv ersity  College, C ard iff.

1 6 - 2 0  September, 1974- •

2) Turbulence and Anemometry.

Course held a t  -

School of Mechanical Engineering,

C ranfield  I n s t i tu te  of Technology, B edfordshire. 

30 Ju ly  -  1 August, 1975*
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