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Abstract

The aim of this project was to develop a model for the
structure of the development of statistical thinking in
students of secondary school age, i.e. 12-18.

Previous research has tended to concentrate on individual
problems and no large scale research has been carried out
in this area. The aim was therefore to produce a model
which encompassed all areas of Statistics and showed the
building up of concepts.

The basis of the model was a hierarchical structure
based on Gagne’s Cumulative Learning Theory, with due
allowances made for subsequent criticisms of the rigidity
of such a model. Models were proposed in five areas
considered to involve the main principles of elementary
statistics. Superimposed on to these maps of conceptual
development was a 3-stage structure corresponding to
classical Piagetian stages.

Prior to testing a detailed survev was made of
available techniques for examining the validity of such
models. In particular the Inclusion Analysis technique
devised by Clarke & White was carefully examined noting
cases where it was inappropiate or invalid.

After some initial testing and expert analysis the
initial models were modified. The strength of the
restructured models was examined by presenting detailed
written tests to over 200 students in the age range under
investigation. Using Clarke & White Inclusion Tests the
strength of links between the concepts was tested and
some justification given to the ordering of concepts in
the hierarchy and adjustments made where necessary. The
validity of grouping skills into 3 stages was tested and
an attempt made to correspond these to age using
correlation techniques.

Although, from the data collected the full detail of
the model could not be entirely supported, there was
evidence to justify the main framework and certain key
linkages to produce a final model. This enabled a
detailed analysis of the National Curriculum and its
United States counterpart to take place in terms of age-
related content and structure. Suggestions were also
presented to writers and curriculum designers in the
light of research findings.

o



Acknowledgements

In submitting this thesis I would wish to express my

gratitude to the following:-

Professor Warren Gilchrist - as tutor and mentor of
this project throughout, it would not have been
completed without his help.

Dr. Stuart Trickey - his tremendous enthusiasm and
thorough assistance has improved the quality of this
project enormously.

Mrs Margaret Rangecroft - her initial inspirations and
continued help and support throughout have been an
invaluable assistance.

The Master & Fellows of Magdalene College, Cambridge -
the generosity of the Fellowship which I was granted in
the Michaelmas Term of 1991, the study facilities with
which I was provided, and the interest and
encouragement which was shown towards this project made
the completion of it possible.

Mr Chris Wade, Headmaster of Hewett School, Norwich,
whose efforts made the above Fellowship possible.

The Staff & pupils of the Hewett School, Norwich - the
help given in trialling and testing and commentary on
material was invaluable.

David Green of Loughborough University & Peter Holmes
and other staff at Sheffield Hallam University who
assisted in the expert analysis.

(ii)



Introduction

The inspiration for this project came as a student
on a Diploma course where the researcher was required
to complete an assignment on the development of a
concept in a particular area of Probability/Statistics.
The concept of the mean was chosen as it was expected
that there would be a great deal of research in this
area. It came as a great surprise therefore to find
that not only had there been very little consolidated
research in the understanding of this concept but in
the development of statistical concepts as a whole.

The lack of research, and hence knowledge, in this
area was particularly disturbing in view of the large
inclusion of 'Data Handling' in the new National
Curriculum. Having been an area previously neglected
in traditional school syllabuses past experience is
iimited. The question arose as to the basis on which
those who had composed the National Curriculum and
those who would be writing accompanying teaching
material could judge appropriate levels and ordering.
The National Curriculum gave specific ages by which on
average topics were expected to be known, and the order
in which these should be approached. Were these age
expectations reasonable and did the proposed ordering
of topics facilitate a good understanding of the basic
concepts? Similarly on what basis are the producers of
teaching material to make judgements on topic orderings

and teaching styles?
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The purpose of this project was then to begin to
establish a framework to describe the way in which
children's understanding in the field of Statistics
should be developed. What were the natural intuitions
which would either aid or hinder the learning process?
What was the 'normal' pattern of the development‘of
statistical concepts and at what age could children be
expected to have developed the mental capacity to
properly understand these concepts?

The early work in this project is concerned with
looking at previous work carried out both in
statistical concepts and in more general cognitive
development. The purpose of this was to suggest how a
framework for the development of statistical concepts
could be set up. Once a framework was established this
had to be rigorously tested. This presented problems
as there appeared to be no widely used techniques
available and the technique used had to be examined
itself for validity. Only when the structure of the
development of concepts had been established could the
National Curriculum be critically examined and
suggestions made as to suitable teaching styles.

The following flow diagram shows the progression of

work.
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Chapter 1

Research into Children's Understanding of Statistical

Concepts

1.1 Introduction

At the outset of this project there appeared to be
lttle consolidated research in the area of statistical
concepts. An extensive literature search revealed a
number of disjointed attempts to investigate this area
with no particular pattern. However, over the period
during which the project was carried out, several new
sources of material were published which, whilst not
having a significant influence, were relevant to the work
in this project. Indeed contact was made with the
International Study Group on the Teaching of Statistics
which provided many new sources. There has been great
interest in the last few years in the development of
understanding of statistics in children and it is hoped
this project will make a significant contribution.

In the area of probability (i.e. chance) there is a
long history of research from the early studies of Piaget
to the more recent detailed investigation of Green[1982].
The only other area in which there appears to have been
any significant study into statistical concepts is

incorporated in various studies of graphical



interpretation which have included statistical diagrams.
Where statistical understanding has been tested this has
largely been in the area of measures of location (i.e.
mean, median & mode), and a little on measures of spread
with a few miscellaneous topics such as areas under a
normal curve. Other ideas such as correlation and even
simple understanding of tables appear to have been given
little attention.(Kahneman, Slovic, Tversky [1982])

The research so far carried out in statistics appears
to fall into two main categories:-

(a) Large scale surveys of general mathematical
ability using a small number of statistical items .
Although the questions are limited in number and the
depth to which they examine statistical concepts is in
some cases doubtful, these projects nevertheless have
been éarried out on large numbers of school children and
give useful insights into the area of research.

(b) Small scale surveys carried out on limited
samples, often college students, to examine specific
areas of concern in more detail. Some are designed to
examine the reason for a particular misconception. These
are often used as pre- & post-tests for courses in
certain topics. Although giving more detailed
information on certain topic areas the results are not
useful for general interpretation as the samples are
small and usually represent a limited ability and age

range.



1.2 TLarge Scale Surveys

Amongst the large scale surveys mentioned above the
most notable in the UK are those of the Assessment &
Performance Unit (APU) [1981, 1987] and the National
Foundation for Educational Research (Cresswell & Grubb,
71987). Each of these surveys was carried out on large
numbers of 11-16 year olds. The tests contained a small
number of questions examining:-

(1) understanding & ability to draw statistical diagrams
(1ii) ability to calculate simple location measures.

With regard to statistical diagrams, graphs, block/bar
graphs and pie charts were used. The Cambridge Trust of
Education(CTE) [1981] in examining APU findings reported
that whilst the interpretation of diagrams was generaliy
well understood by even the younger children, the level
of success was dependent on the nature of the scale used
and in particular whether interpolation was required.
Construction of diagrams proved much more difficult and
the APU reported [1986] that drawing graphs, histograms,
cumulative frequency and pie charts was successful in
less than 50% of cases. The CTE reported similarly that
constructing and completing graphs proved difficult and
that pie charts were the most difficult. Care clearly
needs to be taken in interpreting these results. 1If
pupils are able to make inferences from diagrams this
indicates that a basic understanding of the nature of the
information portrayed exists. The difficulties of scale

interpretation are probably due to a lack of



understanding of scales rather than the statistical
concept involved. Further, the construction problems
could result from a number of other difficulties such as
the inability to use simple equipment e.g. a protractor.
The main area of statistical interest however in
these tests is the recognition and calculation of the
main measures of location, i.e. the mean, median and the
mode. Findings seem to differ slightly with the CTE &
APU reporting that the success rate in calculating these
was about 50%, but Cresswell & Grubb[1987] found an 80%
success rate on calculating means (the only measure
tested with secondary pupils). Several comments however
are fairly general. Firstly, all report a better
response to questions on the mean using the word
'average' and in particular the term 'arithmetic mean’
seems to have caused confusion. APU further report that
many teachers administering the test commented on the
language difficulties caused for some less able pupils.
They also report only half the subjects recognized the
definitions, but this could again be due to language
difficulties. The CTE findings tend to indicate that
most subjects were aware of the different measures and
that there was no confusion between these. Cresswell &
Grubb noticed that some subjects gave the total when
asked for the mean and that this became more prevalent
when non-integer values were used for data. None of the
questions appearing in these tests seems to have examined
the appropriateness of any of the measures in different

situations.



Other items in the NFER survey asked pupils to
comment on how they would carry out a survey and on areas
under the normal curve. In the area of survey techniques
the main difficulty appears to be in assuming that a
random method necessarily gave an unbiased sample, and
some failed to see the need for a sample to be unbiased;
that is they thought that a biased sample was a good
thing. Questions on normal curves gave a poor response
(38%) and teachers commented that this was an area pupils

were not familiar with.

1.3 Large Scale Research in the United States

Similar testing to the above has been carried out by
the National Council of Teachers of Mathematics in the
United States over the same age range. They emphasized
the purpose of Statistics was to 'organize and describe
information' with graphs, tables and descriptive
statistics. With charts, graphs and tables they divided
the questioning into four areas:- (i) Comparisons (ii)
Direct Reading (iii) Interpolation & Extrapolation (iv)
Problem Solving. They found that performance in areas
(1) & (ii) tended to improve with age and that there were
some subjects in the lower age ranges who were highly
competent in these stages. Subjects tended to acquire
the facility to handle items in (iii) & (iv) as they
approached the later ages but a substantial proportion of
even the oldest failed to cope with these more complex

skills. No questions were asked which involved subjects



constructing their own graphs. Questions on descriptive
statistics were only presented to subjects in the older
age groups. They report that less than half were able to
calculate the central measures, though questions which
used 'untechnical' terms were more successfully
completed(e.g. 'middle’' for median). Some testing was
carried out on the appropiateness of measures (e.g. A
shoe shop can only stock one size - which of the mean,
median or mode should it stock?) and the response to
these questions was poor. Questions on problem solving
involved weighted means, the affect of additional data
etc. The results from these were poor indicating low
problem solving ability, but apparently subjects were not
perturbed by answers which commonsense indicated were

wrongd.

1.4 Work on Probability

Since the early work of Piaget much has been written
on the development of concepts in probability. More
recently extensive work in this area has been carried out
as part of the Probability Concepts Project undertaken
by Green [1982]. Although examining areas outside of that
proposed in this study the Project nevertheless provides
a useful model on which to base a survey. The main
purpose of Green's research was to survey the probability
intuitions of children and to establish patterns of
development. The actual test used was developed over two

years with six pilot versions and the final test was



administered to 4000 subjects of whom 2390 were finally
used in a stratified sample based on General Reasoning
Ability tests. Tests were read out to younger pupils and
to those who might have difficulty in reading. Pupils
were then allocated to one of three 'concept levels'
according to how far they had progressed, questions
having been designated previously as indications of
certain levels of achievement. The results were also
compared with Piagetian stages of development.

Although the specific probability findings are not
relevant to this project, some useful conclusions can be
made from this work. Firstly Green notes that
development is more dependent on General Reasoning
Ability than other factors such as age or sex, though
boys did perform significantly better than girls. He
also notes, in line with similar findings in Science,
that most pupils fail to reach the Piagetian formal
operations stage. Green comments that diagrams seem to
help greatly with understanding and that pupils’
abilities to express probability ideas verbally are weak.
This tends to support the idea that many of the
difficulties encountered in such tests are of
understanding the question and knowing what is required.
Green also notes that with more complex problems often a
range of strategies were used to bring about the correct

solution.



1.5 Small Scale Investigations

A number of much smaller scale investigations have
been carried out into pupils' understanding of
statistics. These have been generally carried out on
small groups of'students' who are undertaking courses
connected with statistics and although the surveys are
limited in their general application they do provide a
deeper insight into areas only partially examined in the
larger surveys, and attempt to look at understanding
rather than learnt techniques.

Work has been carried in various science research
projects and others in Mathematics on interpretation of
diagrams including those giving statistical information.
Thornton[1986] in a recent unpublished pilot study in
this field establishes four levels of understanding of
statistical 'graphics':- (i) No ability (ii) Simple
plotting & interpretation (iii) Interpolation, more
difficult scales and more than one source (iv)
Continuity, accurate interpretation & criticism.
Questions were allocated to levels in the manner of Green
and the test was applied to a limited sample. Results
indicate that the levels were fairly well defined and
that pupils at different ages did not vary greatly in the
level thay had achieved. Although it is not intended in
this research to investigate diagrams in depth, in view
of the extensive work carried out elsewhere, this

nevertheless provides a useful model for research.



A study by Barr[1986] asked technician students to
calculate measures of location from a frequency table.
Although there was an element of misunderstanding over
the information shown in a frequency table, many subjects
still made errors in calculating the measures. Again
Barr points out that this was partly due to only a
'surface understanding of the vocabulary'. Other areas
of difficulty arose in calculation such as failing to
order unordered data for the median, or giving the
'middle' item/group irrespective of frequencies.

Jolliffe[1986] comments, though without empirical
evidence, that students have difficulty in reading
frequency tables when groups are of uneven size. She
also notes the confusion caused by comparing percentages
when totals are differént, for example the failure to
recognize that a 5% proportion from a total of 20 is less
significant than a 5% proportion from a total of 100.
This is clearly a lack of understanding of the basic idea
of ratio.

Goodchild [1988] has more recently carried out
detailed investigations by interviewing a small number of
13/14 year olds regarding their understanding of the
mean. When asked what was understood by the words
'average contents 35' on a box of matches, students
generally gave answers indicating that the mean was a
rough measure of location. Few used the term 'expected’
but when asked to bet on the number of matches in a
particular box few chose 35. Pollatsek et al[l981] also

found similar responses in their work. Further



questioning asked pupils to identify the distribution of
100 boxes. The younger pupils showed no pattern in their
responses but older pupils tended to opt for a bell-
shaped distribution. He also comments that students did
not seem to realise that a larger sample meant more

proportionate variation.

1.6 Analyses of Mental Processes

Pollatsek et al[1981] have come to the conclusion,
from their research, that most students have a
computational knowledge of means but that this is
'minimal instrumental understanding'; they have little
idea when it is appropriate to calculate the mean or when
the mean gives a reasonable answer. They have used
questions involving weighted means, where phrasing of the
questions is such that the calculation required is not
necessarily obvious. Predictable mistakes are made when
calculating weighted means. They have broken down
knowledge of a term such as the mean into three
categories:-

(1) Functional - a meaningful real world concept i.e.
what does the mean tell an individual about the data.
Pollatsek et al found that this type of knowledge was
generally poor, though when dealing with more concrete
quantities such as weights subjects performed better at
this level.

(ii) Computational - knowledge and ability of a
computational formula. Individuals have a feeling for

the numbers and an understanding of the basic number
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rules.

(iii) Analog- visual or 'kinesthetic' images, for
example seeing the mean as a balancing instrument.
Whilst not necessarily enabling a numerical solution to
be found, this knowledge would prevent a conceptual
mistake from being made.

Mevarech[1983] extended the work of Pollatsek in
looking for the reasons why some of the 'misconceptions’
noted had occurred. He felt that some of the
difficulties with weighted means problems might result
from a failure to realise that the normal rules of number
do not apply to means, for example they cannot, be simply
added. His research justifies this conclusion and the
lack of group operability of means & variances was a
major source of problems. Many students in fact realised
that they did not have the correct answer but did not
know how to compute the correct solution.

Loosen et al[1985] have carried out some interesting
research into students' intuitions of the standard
deviation (S.D.) The S.D. is a measure of spread which
relates all the data to a central measure i.e. the mean.
It was felt that many students did not realise this fact
and that textbooks did not emphasize this enough.
Students were given data in the form of groups of blocks
of varying length and asked to indicate which were more
spread out. Two fundamental mistakes were made
(1) that the S.D. depended on the size of the blocks
(ii)data well-grouped away from the mean would have a

smaller S.D.than data less well grouped, but around the
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mean. This indicates that the S.D. is thought of as an
absolute rather than relative measure of dispersion.
Lovie & Lovie [1976] have looked at the ability of
their students to estimate means and variances. This
they claim is fundamental to analysing their
understanding of statistics as it is unfettered by
'statistical routines which merely follow a learnt
algorithm and may even confuse'. Students were examined
by computer timed testing. Their results indicate that
the estimates are influenced by such factors as sample
size, the values of the other parameter and the size of
the parameter. For example when a set of data had a
higher mean than another set it was automatically assumed
that the set had a higher S.D. Familiarity with the task
however improved performance. It is not clear from their
work how familiar the students were with the standard
deviation which would clearly affect their judgement.
This study indicates however that being able to estimate
parameters shows some intuition as to the basic function
and purpose of.the two measures in terms of centrality

and spread i.e. Pollatsek's analog stage.

1.7 Work on Bivariate Data

One area on which there has been scattered comment or
research is in the comprehension of bivariate data
techniques. This is surprising since the National
Curriculum [Appendix 1] requires this to be introduced at
early secondary stage. Kahneman et al [1982] have

brought together many articles on the psychology of

12



'prediction'. These investigations considered mainly
people's intuitive ideas about correlation in everyday
situations rather than detecting correlation from hard
data or applying particular techniques. They used
previous research to maintain that laypeople have a poor
ability to interpret 2 x 2 tables, looking at totals
rather than proportions. 'Katz[1985] maintains, although
unsupported by empirical evidence, that simple 2 x 2
contingency tables are easily interpreted in terms of
association at an elementary level. Perhaps what is even
more elementary is the interpretation of scatter diagrams
with respect to correlation. Garfield & Ahlgren[1987]
list some misconceptions they have discovered over time
among which they include students' tendency to
overestimate correlation if it is expected and vice
versa, and the classic fallacy of implying cause and
effect. In the light of comments by Lovie & Lovie, in the
work in the last section on estimating means & variances,
this appears to indicate that individuals have an
intuitive expectation about the value of a measure before
actual calculation which may or may not be correct.
Mosteller et al[1981] have investigated students’
ability to draw regression lines through data. Students
were given a transparency with a line on it and asked to
place it over scattergrams with different regression
lines and degrees of correlation. They found that
students tended to minimize horizontal differences and
that accuracy deteriorated with lower correlation. They

also noted that some students consistently gave a line
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too steep in relation to the least squares line, whilst
the intercept was well estimated. Again it is not clear
whether this 'natural' skill has been interfered with by

teaching or whether it is purely intuitive.

1.8 Other Topic Areas

The other topics to which reference has been made are
the problems of obtaining 'unbiased' samples and expected
areas under normal curves. Whilst the concept of
unbiasedness is perhaps more closely related to the
concepts of probability, clearly the idea of a sampling
distribution of a statistic should be considered in the
understanding of the mean and is a fundamental stepping
stone to more sophisticated ideas such as sampling.

Rubin et al [1990] identify two apparently
contradictory principles in statistical inference:-
(1) 'sample representativeness' where a sample has
identical properties to the population
(ii) 'sample variability' where all samples vary from
the population and therefore never have the same
characteristics.
They found that most students new to statistics tend to
favour the 'representativeness' notion, though true
understanding of inference requires a balanced measure of
both principles.
Whether it is intuitive to have some notion of what
proportions lie in the various regions of a Normal curve
is less clear. Though familiarlity with graphs from data

handling experience should make the shape familiar, there
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are other concepts such as using area under curves to

calculate proportions which confound the issue.

1.9 Conclusions

These investigations show a rather fragmented attempt
to examine various elements in Statistics. Although they
provide some useful insights into the difficulties
experienced by some pupils, only in certain areas (e.g.
Green's work) are there attempts to propose a structure
for how thinking develops in a young person. Lovie &
Lovie's comment [1976] that

"Intuitive statistics is ............concerned with the
behaviour of a human being when he is required to
appreciate and make inferences about an environment which
is presented to him in numerical form"
sums up what we are really trying to examine in looking
at the understanding of statistical concepts. 1In
relation to this there are however some fundamentai
questions to be asked. For example, at what point do
pupils understand the difference between spread and
central tendency? It is pointless trying to investigate
whether a pupil can calculate a standard deviation if the
concept of spread is not understood. The ability of
students to estimate the S.D. with practice noted by
Lovie & Lovie might merely be a response to reward with
no in depth understanding of what the figures stand for.
In order to test these basic concepts it will be
necessary to design a procedure which overcomes language
influences and examines intuitive ideas of what the

various elements of statistics represent, rather than the
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ability to carry out routine algorithms to arrive at an
answer.

The various extracts begin to establish the structure
of statistical ideas. The different areas examined show
that there are several components which, while they have
common elements, form separate branches within the
overall area of Statistics. 1In addition, the various
difficulties highlighted by these researchers gave
details which were useful in establishing a structure for
the thinking process.

The methodology used in these earlier researches was
critically examined with reference to how it might
usefully be applied in this project. In some cases
specificvquestioning has been repeated where this was

felt appropiate to this project.
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Chapter 2

The Conceptual Development of Children's Thinking

2.1 Introduction

In order to establish a framework of concepts a
detailed review was carried out on past research on the
underlying developmental psychology of children, both
generally and with particular reference to mathematics.
The work can be categorised into three related areas:-

(1) general theories on the nature of a concept,

(ii) theory pertaining to the general development of
thought processes in children,

(iii) theory relating to establishing the specific
thought processes followed in the development of subject

related concepts.

2.2 Psychological Background

The psychology of a child's mental growth is a vast
field and it is not considered appropriate here to
discuss the breadth of literature published in this area.
A brief review of current views in this area was however
felt necessary as a precedent to more specific work in

the area of mathematics.
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Mick & Brazier [1980] summarize many of the theories
proposed in recent years under what they call
‘constructivist’' theories. Constructivism states that:
" «¢s... conceptual structures are spontaneously and
gradually constructed through the learner's active
participation in abstraction and generalization

processes. The resulting conceptual structures then
reorganize themselves through reflective processes"

According to Mick & Brazier all such theories originate
from the work of Piaget & Inhelder and they conclude that
all children pass through three distinct stages of mental

development.

(1) Where cognitive structures have their origins in
actions.. These are of two types (a) individual actions
and (b) co-ordinated actions. These merge into one
another setting up a correspondence between one action

and another and form the basis of all logical structures.

(ii) Where the actions are internalised as mental
representation or images. This is called the 'pre-
operational' stage. Transformation of reality then
occurs by means of internalised actions that are grouped
into coherent and reversible systems. The second level
within this stage, called 'concrete operational’', is
distinct in that it deals with operations instead of
images or static states. Concrete operational thought is
characterised by "an extension of the actual in the
direction of the potential"”. However thought still

remains attached to empirical reality.
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(iii) Where there is a reversal of the direction of
thinking between reality and possibility. 1In this stage
of 'formal operational' thinking, thought begins with the
formation of hypotheses which are then later empirically
verified. These systems result from both structural
integration and combinatorial systems. Structural
integration occurs where previously unrelated schemes are
consolidated to form new concepts. The most important
feature of this formal stage however is the existence of
combinatorial systems whereby all possible outcomes of an
experiment can be logically determined. At this level it
is no longer necessary to relate thought to objects, and
individuals can describe relations between relations.

Dienes[1967] claims that Piaget was the first to see
that the process of forming a concept took far longer
than had previously been believed. Dienes maintains that
experiences are gradually built into a meaningful whole
which leads to a concept 'clicking into focus' or being
understood. The individual then tries to apply this new
concept to new circumstances in order to test it and this
in turn leads to a whole new crop of concepts. Dienes
notes that there are two ways in which these experiences
can be connected:-

(1) Conjunctive - where experiences are seen to occur
together,

(ii) Disjunctive - where events are necessarily

mutually exclusive.
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In the classic Piagetian model it is assumed that
these stages develop within approximate age bands. There
have been attempts to prove that passage between stages
is not necessarily bound by age constrictions.
Bruner[1960] in particular has expounded the view that
provided material can be presented in an amenable form
age is no barrier, but this theory has not yet been
satisfactorily supported by empiriéal evidence and there
is considerable criticism of this viewpoint. The
Cognitive Acceleration in Science Education project (CASE)
as described by Adey[1988] and Adey & Shayer[1992] has
~attempted to show in recent years that the onset of
formal operational thinking can be brought forward with
appropriate teaching. Their 'intervention' lessons
create 'cognitive conflict' whereby individuals are
confronted with situations which are discordant with
previous experience and understanding. Their evidence
suggests that this does not always lead to new
conceptualizations but that "without conflict theie can
be no accommodation". Their most recent findings (1992)
suggest a bimodal effect with some individuals benefiting
greatly from such intervention whilst others show no

significant difference.
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2.3 Intuition

Whilst some researchers accept the basic validity of the
Piagetian structure others argue that it does not give
the whole picture of intellectual development.
Fischbein[1975] points out that
"the intellectual development of the individual
involves more than assimilation and organisation of
conceptual systems. In addition to such structures,
whose dynamics are explicitly determined by
definitions and combination rules, intellectual
activity involves cognitive and problem solving

modalities which are less explicit, though not
necessarily more primitive."

More specifically, 'intuition' denotes the existence
of long-verified mechanisms, stabilised by experience.
Concepts can be acquired through ordinary learning
whereas intuition is formative and requires conviction
based on a feeling of inward necessity. Fischbein
subdivides intuitions into Primary Intuitions, which are
derived directly from the experience of the individual,
and Secondary Intuitions which are formed through the
process of education. Skemp[1986] states that intuitive
intelligence is difficult for an individual to explain.

"Being able to do something is one thing; knowing how
we did it is quite another."”

Skemp refers to 'creative mental activity' in which an

intuition enables a new idea to be produced in an

unconscious and involuntary way.
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This has important implications if interview testing is
to be used, since a child who cannot explain how s/he
arrived at a particular result does not necessarily
indicate that the process was carried out with a lack of
understanding.

Fischbein defines three levels of intuition which

closely resemble the Piagetian stages, namely:-

(1)Pre-operational - synthesis of experience to confer
speed, adaptability and efficiency on an appropriate
action. These are essentially Primary Intuitions.
Fischbein warns however that experience which is
confirmed and fixed in intuitions can confer false
validity on an erroneous interpretation or prediction.

(ii) Operational- coming to a conclusion given that a
given set of axioms is true. Fischbein éays that the
major need of intelligence at this level is for
quantifiable predictions. Children in this stage have a
deterministic view of life

(iii) Post-operational- where past experience leads to
a rapid solution without concrete operation. The
'stable, structural schemas which select, assimilate and
store everything in the experience of the individual’
provide the basis for extrapolation which, claims
Fischbein, is the essential characteristic of intelligent

behaviour.

Fischbein points out that once the basic cognitive

schema are established at about 16/17 years of age,
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modifications to the intuitive substrata are difficult if
not impossible. This suggests that misunderstandings at
the earlier stages, if not corrected, can readily distort

concepts at the higher level.

2.4 Developing Mathematical Concepts

One of the most comprehensive analyses of the nature
of concepts in mathematics is by Skemp[1986]. Although
his work relates specifically to mathematics many of his
theories apply in the wider field of concept development.
Skemp describes a concept as

"a lasting mental change as a result of
abstracting, which enables us to recognise
experiences as having similarities to an already
formed task.™

Initially Skemp makes the distinction between habit

learning (rote memorising) and learning involving
understanding. This was the underlying principle applied
later in his work when he considered concept development
and setting out the test procedure. For example, rather
than testing whether subjects have remembered a specific
algorithm which enables them to calculate a mean from a
set of data, they were more concerned with whether the
subject understands what the answer means in terms of the
data. Resnick and Ford[1981] define 'computation' as
consisting of two elements:-

(i) simple associations - ie. the basic number rules

(ii) algorithms - a number of steps in a fixed sequence

which achieve a desired result.
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They claim that the bulk of elementary school experience,
despite educational reform, is still of the computational
type.

Skemp states that a new concept has been learnt when
the resulting combination of previously held concepts
results in properties which would have been difficult to
predict from the previous concepts. A new concept also
integrates existing knowledge and acts as a tool for
further learning and makes understanding possible. He
defines two types of concept:-

(1) Primary - derived from sensory-motor experiences eg.
red, car, heavy, etc.

(ii) Secondary - those abstracted from other concepts.
The concepts of a higher order, he maintains, cannot be
communicated by simple definitions but only by collecting
together suitable examples for the students to
experience. Definitions only add precision to the
boundaries of a concept. This again had important
implications with regard to testing since the knowledge
of a definition or its recognition, as has been used in
some previous testing, does not necessarily indicate an

understanding of the underlying concept.

2.5 Representation of Concepts

Skemp also points out that the naming of a concept,
that is a sound or a mark which invokes the concept,

might not be associated with the concept until after the
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concept has been learnt. This means that a student, who
is unable to calculate a 'mean' when asked, but can when
it is called the average or when reminded how to do so,
may have acquired the concept though s/he has not yet
made the association with the name. Skemp maintains that
the use of symbols is essential in the development of
concepts, as higher level concepts can often only be
communicated in terms of the symbol or name of an earlier
concept, it being impossible to relate to a particular
concrete experience. One such example is the standard
deviation. Although a student may understand the basic
concept of spread it is difficult to reason in concrete
terms the need for squaring of deviations to derive a
suitable measure. Skemp also makes the distinction
between visual & verbal/algebraic symbolization. Visual
symbols are able to show certain abstract ideas such as
shape and show more integrated structures. Verbal
symbols however are more precise and can more easily
communicate a specifically intended idea. Resnick & Ford
[1981], quoting Bruner, say that the mental
'representation’' of concepts occurs in three modes:-

(i) Enactive - where past skills are represented by
motor skills e.g. tapping fingers on the chin to count,

(ii) Iconic -storing pictures of past operations e.q.
remembers rearranging blocks,

(iii) Symbolic- a symbol or mark that in no way
resembles the concept is used e.g. the number 8 looks

nothing like eight objects.
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In the work in this project no particular research
has been undertaken to investigate a student's ability to
represent concepts. However due note of these notions
was made in testing to ensure that the level of
representation did not exceed the level of the actual

concept.

2.6 Difficulties in Concept Acquisition

Later, in the discussion of Cumulative Learning
Theory, it is suggested that the acquisition of a concept
needs to be measured in terms of task performance. Care,
however, needs to be taken in the test procedure to
ensure that concept learning was being judged rather
than the application of a rote-learning method lacking
any real understanding. Skemp points out two
difficulties in 'schematic' learning, that is, a
theoretical system consisting of a particular pattern of
development by which all individuals develop a particular
set of concepts. Firstly, in some cases, it is easier to
learn a set of rules than develop a specific concept.
That is, many students may learn how to calculate the
mean without having developed the concept of the mean,
either as a result of ineffective teaching or inabilty to
grasp the concept. Secondly, in the learning process new
information is often ignored if it does not fit in with
existing schema. There is a strong tendency to preserve

existing concepts even though evidence suggests they are
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no longer valid and there is a lack of adaptability in
most individuals. This may explain why many people even
into adult life find fractions difficult because they
contradict the basic number concepts e.g. multiplication
as repeated addition. When analysing difficulties in
statistical ideas this had to be borne in mind e.g. the
difficulties experienced by students with weighted means
noted by Pollatsek[1981]. Garfield & Ahlgren [1987]
point out that difficulties in understanding concepts
arise because:-

(i) they are unlike anything the student has met
before(i.e. they do not have the necessary prior concepts
to grasp the idea)

(ii) they encounter interference with intuitive ideas
they already have(i.e. apparently contradict existing
condepts).

A concept therefore is an intuitively understood
specific idea. Testing the acquisition of concepts can
be difficult as it is necessary to ensure that the
testing procedure examines the understanding of that
concept and not the rote-learning of an algorithm or
definition. The individual concepts form part of an
overall pattern of thinking, for which this project set

out to produce a structured model.

2.7 Concept Structure

Most of the theory of the structure of overall

thinking in the area of mathematics revolves around
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classic Piagetian lines. Abele[1987] summarizes much
work in this area in German institutions in terms of

three stages of mathematical thinking:-

(1) Learning through experience,

(1ii) Concept formation - looking for the "shared and
essential characteristics of objects"

(iii) Representation - using graphic or symbolic

representation for more formal methods.

Statistics lends itself particularly to this structure
in that its basic function requires collecting
appropriate material, looking for generalizations and
finding appropriate symbolisation of these
generalizations. Bruner[1960] essentially uses the same
structure despite not accepting any imposed age
limitations. It is necessary, however, to progress
through the stages even with the most advanced students
as Symbolic representation cannot occur without Iconic
representation and Enactive stages having been reached.
In other words, abstract representation cannot occur
without first having the appropriate conceptual structure
which in turn can only be derived from real world
experience. This reflects Skemp's comments that higher
concepts cannot be taught by definition but only by
bringing together the necessary experiences. It is
essentially this same type of structure that has been

used by Green[1982] in his work on probability concepts.
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In any analysis of concepts then this structure
clearly needs to be superimposed. For example in looking
at the concept of the mean various levels of
understanding could be represented by:-

(1) looking at several objects e.g. balls of different
sizes, understanding the need for a single
representative measure balancing out extremes

(ii) being able to derive a mean by approximation or
balancing a beam with weights spread out on it

(1ii) being able to calculate a mean given the diameters
of the balls.

It was considered in the present study essential that
any testing examined understanding rather than rote

learning.
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2.8 Intuitive Thinking in Mathematics

Fischbeinf1975] has suggested that, in order to solve
more complex problems, certain intuitive abilities are
required. Abele[1987] has established five principles
which he says apply to the solving of all more intuitive
problems in mathematics:-

(i) Principle of Associativity - solving a problem which
allows several solutions or for which there are several
methods of finding solutions.

(ii) Principle of Composing- combining one operation
with another in order to gain an answer

(iii) Principle of Reversion - e.g. preservation of area
when a rectangle is cut to form a square.

(iv) Principle of Transitivity - e.g. 5 + 3 = 8 hence 15
+ 3 =18

(v) Principle of Variation - constructing easier
adjacent tasks to solve more difficult ones.

If problem-solving can be regarded as approaching a
task which is not entirely familiar then what we are
looking at is how an individual attempts to use existing
concepts to form new ones. If this is a valid procedure
then monitoring the progress of individuals gives a
valuable insight into the acquisition of new concepts.
Although these ideas are not necessarily compatible with
a hierarchical structure they can nevertheless be applied
when setting up the hierarchies and the task definitions

therein.
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2.9 Cumulative Learning Theory

The final and most detailed analysis of concept
development derives from what has come to be known as
Gagné's Cumulative Learning Theory. White[1976] gives an
excellent exposition on the development of this line of
research. The basic principle is to take a target 'task’
and break it downvinto its immediately pre-requisite sub-
tasks. These sub-tasks are similarly broken down into
further sub-tasks and so on until the basic skills are
arrived at (Appendix 2). This forms what is known as the
hierarchical structure of that particular concept. It is
inherent in the structure that the target task cannot be
learnt unless all the sub-skills have previously been
learnt. Gagné's technique has been widely used to
e#amine the structure of concepts in many fields. In
mathematics particularly, where specific skills are more
easily defined, there has been much interest. Some
criticism has been made however of this rigid breakdown
of the learning process ( White[1976], Resnick &
Ford[1981]) and the following guidelines to applying this
process have been made:-

(1) Each skill needs to be defined in terms of a
'performance capability' or in terms of task-stimulus and
desired response(Appendix 2B)

(ii) Subordinate tasks are included in or are components
of the highest level task in the hierarchy. Earlier
tasks may be 'incorporated' in higher tasks or dropped

when superceded by more efficient procedures
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(iii) A task's position higher in the structure does not
necessarily mean that it will require more time and
effort than the lower tasks. Earlier concepts may be
more difficult and, once all the pre-requisite concepts
are established, transfer to the higher level may be
automatic.

(iv) Each sub-skill may form part of more than one
hierarchy. Also skills from remote domains can
contribute towards the structure of a hierarchy. e.g. map
reading skills might aid graphical interpretation.

(v) More able pupils may skip pre-requisite tasks and by
direct practice of sub-skills attain the target skill
without any instruction. Studies have shown thét
teaching a complex task through a game can often bring
about the learning of sub-skills as a by-product.

Thus the Gagné Cumulative Learning Theory may still be
applicable, though too much dogmatic adherence to its

rigidity should be avoided.

2.10 Modifications to the Cumulative Learning Model

Many researchers have criticised the use of purely
linear hierarchiés and claim that research using various
validation techniques do not support these. Bergan
[1980] describes the Ordering Theory model established by
Airasian & Bart. In this they define three types of

relationship that exist between pairs of skills:-
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(1) Subordinate/superordinate skills - where one

skill automatically precedes another.

(ii) Logically equivalent skills - all subjects able
to carry out one task are automatically able to

carry out another task and vice versa.

(iii) Logically independent skills - some subjects
possess one skill but not another, whereas others

possess the second skill but not the first.

Whereas Gagné-type hierarchial models lay down
specific learning sequences, Ordering Theory compares
individual links between pairs of skills. One criticism
of the Gagné model is that perhaps a subset of the
structure is sufficient in itself and that certain
elements of it are superficial. Other factors outside
the model might also influence the acquisition of a new
skill which could not be accounted for in the hierarchy.
A further criticism is that it does not allow for such
cases where transfer to a new skill can happen when
either one of two sub-skills are possessed but not
necessarily both. Unfortunately in this study the scale
of examining such ideas was considered prohibitive.

Ordering Theory then is not bound by the rigidity of a
Gagné-type model. However in order to give some kind of
logical progression it still seemed worthwhile to
establish hierarchical trees, provided that not too much

rigidity was assumed. The proper application of Ordering
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Theory analysis would have involved evaluation processes
built in to extended programmed learning and this would

again be impossible with large numbers of subjects.

2.11 Conclusions

This study of theories on the development of concepts
in children, whilst not specific to Statistics, provides
the basic structure on which the research was carried
out. From this discussion there appear to be three main

avenues of thought:-

(1) That the subject of Statistics can be broken down
into key concept areas. These need not necessarily be
single strands leading to a single concept, but a
structure which allows problems to be solved in that

area.

(1i) The thinking process can be described using three
stages of development under classic Piagetian lines.
Though slightly different definitions are used in

different literature these generally correspond to:-

Stage I: Concrete skills. Skills which can be described
in terms of physically observable phenomena, e.g.
choosing the middle item in respect of size of a set of

different sized objects.
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Stage II: Representative. Where skills are represented by

the ability to complete simple number problems.

Stage III: Abstract. Where the acquisition of skills
requires a degree of abstraction to solve a more complex

problem.

(iii) The development of concepts can be described in
detail using complex hierarchical structures. These
consist of branched flow diagrams where each skill is
'precisely defined in terms of practical and mental tasks.
Skills must be defined in this way so that understanding
rather than intellectualisation is being tested.

Although there are some limitations to this theory there

are ways of establishing such structures.

Various methods are available to validate a proposed
hierarchical structure and these will be discussed under
research methodology. 1In addition to various testing
difficulties, structures established might be merely
coincidental, that is a particular sub-skill is always
acquired chronologically before a higher skill though
there is no link. Further, a hierarchical structure
observed in a group of individuals might be a result of a
particular learning strategy. Hopefully with a large
widespread sample the variations of teaching systems can
annul this effect. Nevertheless, despite its critics,
the establishment of a hierarchical structure for various

concepts should aid our understanding of the underlying
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thought processes.

Work on Ordering Theory and the various critiques of
Cumulative Learning Theory suggest that a variety of
linkages exist between concepts. In the analysis used in
this research the techniques applied endeavoured to
establish the nature of links between concepts rather
than assume a purely linear model.

In order to establish hierachical structures for
some statistical ideas it was necessary to establish
certain base points beyond which it is not necessary to
extend the hierarchy. For example, finding the mean of a
set of numbers requires at some stage the ability to add
numbers. It is not likely that it will be necessary to
break down the ability to add numbers into its components
(see Skemp -number rules) unless it is clear that not all
of the underlying concepts are universally acquired. The
hierarchies used in this research therefore start at a
base point of pupils being able to carry out simple

number operations.
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Chapter 3

Research Methodology

3.1 Introduction

Y
.

The main purpose of this project was to develop a
model for the structure of the development of
statistical thinking amongst secondary school pupils.
It sought to éxamine whether there are any common
patterns of learning and whether these can be.described
in terms of the structures described in Chapter 2.
Three basic tasks were carried out as part of this

study:-

(1) Hierarchical structures for the main
statistical concepts were proposed. These
consisted of Gagne-style hierarchies onto
which were superimposed the general stages of

- learning.

(ii) The hierarchical structures were tested for
validity as the normal pattern of development

for the acquisition of those concepts.

(iii) A survey was carried out to examine the
extent to which these concepts were
understood and to link the various levels

with specific age band.
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3.2 Establishing Hierarchies

From the work in the previous chapter a hierarchical
structure may be described as a sequence or set of
sequences which indicate normal logical progression of
thought processes which lead to the acquisition of a
particular skill. Gagné, who originated the idea of
hierarchical learning structures, suggests that these
are most easily established by first identifying a key
specific skill which is considered the pinnacle of the
structure. Then the question is asked "What must the
learner do to acquire this new element given only
instructions". A set of sub-skills then can be derived
and a similar analeis applied to these and subsequent
skills until the.'base' line is reached. This
procedure is known as Rational Task Analysis. To some
extent the precision of the structure was not paramount
at the initial stage as validation techniques should
weed out any difficulties. White [1974] points out
however that it is important to check for accuracy at
this stage as spurious elements might be included.
Resnick [1973] also states it is important that
elements in the hierarchical structure are defined in

terms of tasks which the subject is able to carry out.
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Hierarchical structures are not appropriate to verbal
knowledge. Other methods of hierarchical derivation

have adopted this principle, i.e.

(1) Empirical Task Analysis (ETA):- This consists
of setting subjects a particular task and observing
their actions to complete it. Work has been done using
precise measuring devices and recording reaction times
and how these vary when certain other skills are

present.

(ii) Protocol Analysis:- This is a more detailed form
of ETA. Detailed records are taken of the steps taken
to solve a particular problem using appropriate
recording facilities. Subjects are often asked to
think aloud and careful note is taken of any actions.
This has the advantage that it does not require any

researcher's preconceptions to establish the hierarchy.

These two methods provide a much more thorough
system for establishing hierarchies. Neither are they
inhibited by adult preconceptions of the way children
think. However the complexity of the structures used
in this research make the use of these techniques
prohibitive, and as stated in Chapter 2 a subject may
have acquired a concept and yet be unable to explain

why.
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3.3 Validation of Hierarchies

Much has been written on the subject of validation
of hierarchies. The appropriate method clearly depends
on whether we are adopting a Gagné—model hierarchy or
using an Ordering Theory approach. The main techniques

described to date are:-

(i) Scalogram Analysis:- This technique, developed by

Guttman[1944], examines skills in a Gagné-type model.
The responses of subjects to questions/skills on a
hierarchical or 'dichotomous' scale are recorded in a
table with '+' indicating correct answering or
demonstration of a skill and '-' the failure to

complete a task. This would result in a table of the

form: -
SKILL
1 2 3 4 5
Student A + + + + -
Student B + + + - -

By placing subjects in order of how far they had
progressed through the structure, a clear pattern
should emerge. If the hierarchy is valid then subjects
possessing a higher level skill should also possess all
the sub-skills. A coefficient of reproducibility which
measures the proportion of results which comply with

the designated structure can be calculated. It is the
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application of this technique to various cases that has
led researchers to believe that rigid hierachies are
not valid. Airasian, Madaus & Woods[1975] argue that
the weakness of Scalogram Analysis is that it assumes a
linear model and that the whole effect is a cumulative
one. There are many other criticisms of linear models
and the use of scalograms and Bergan[1980] lists

several:-

(a) No measure is made of the magnitude of the
link between skills. A mathematical test is

suggested for gauging the strength of transfer.

(b) Only direct pre-requisites are examined and
the process ignores reciprocal causal
relationships on the same level of a hierarchy or

unspecified external variables.

(c) There are cases where acquisition of either
one of two skills allows transfer to the next

level.

These are really criticisms of the initial model
rather than of the validity of the technique. Where
there are more than five items in a hierarchy the
scalogram technique becomes difficult and this made it

unsuitable for this research.
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(1i) Ordering Theory Methods: - These form the basis of

most other techniques. Since branched hierarchies may
be used, the limitations of linear models are
superceded. All that is measured is the extent to
which one item is necessarily causal to another. A 2 x
2 contingency table can be set up using all students
showing the proportions able to complete the two tasks

in a particular link being examined, for example

Skill A
Pass Fail
Skill Pass 35 0

B Fail 23 45

For skill A to be subordinate to B there should
theoretically be nobody able to complete skill B who
was unable to perform A, though coefficents of
reproducibility allow for some random variation.
Various tests are available e.g. Baker & Hubert's
method and Prediction Analysis where in the null
hypothesis it is assumed that performance in the tasks
is independent and that the ability to perform both is
simply p(able to perform A) x p(able to perform B).
The measure of prediction success can then be

calculated.

(iii) Structural Analysis:- as with ordering theory the
links between specific concept items are examined with

a contingency table showing responses to items. The
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testing however is rather more rigorous. The basic
hypothesis is that the number of test subjects who are
able to complete the higher level task without first
having attained the lower task is zero. With only one
question/task per item link this would require no
subjects in this category. In order to carry out an
appropriate test allowing for errors several questions
per item link need to be asked. Since for large
hierarchies this is not practical two or three
questions are the norm. For the number of questions
used it is necessary to calculate the probability of
the number of students actually observed to have
obtained the higher level without the lower level under
the null hypothesis that this should be zero. White &
Clarke [1978] outline an appropriate procedure for
doing this and outline a Test of Inclusion for
examination of the hypothesis. A detailed analysis of

this technique is described in Chapter 4.

(iv) TLatent Structure Analysis - in this technique

devised by Goodman (1974) all possible arrangements of
order of task attainment are listed using a binary
coding system. Chi-squared tests can then be used to
compare observed data with that of all the possible
ﬁodels. This method although thorough and exhaustive

would be unmanageable for detailed structures.
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3.3 Procedure

All of the techniques above were considered for use
in the initial stage of research to set up the basic
structure for examination on a large scale. Bearing in
mind practical considerations the following procedure

was finally adopted:-

(1) Identification of the main concept areas. Rather

than produce many hierarchical structures which lead to
a single specific skill in the normal Gagné model it
was decided to create a structure by grouping together
similar skills within an area. This was done on the
evidence which suggested that rigid hierarchies are
rarely valid and the realisation that separation into
distinct individual strands would not only be difficult
but would require far more extensive questioning. Five
skill areas were chosen, derived from observations of

previous research. They were:-

(a) Sorting & Grouping Skills i.e. using ordering,
tabulation (discrete & grouped), simple proportions and

percentages to gain information about data.

(b) Statistical Measures (i) location (ii) dispersion,
i.e. gaining information about data using various

measures in these two areas.

(c) Bivariate Data Links i.e. basic ideas of
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correlation through observation of data, contingency

tables, scattergrams and correlation coefficients.

(d) Sampling Skills i.e. the idea of making assumptions
about a particular system using a sample of data, the
concept of an error distribution, assumptions of

normality.

(ii) Using a modified form of Rational Task Analysis a

structure within each area was created. Discussion

with others in the field was used to gain a better
model before testing. On this hierarchical structure
was superimposed the three main developmental
structures described in the previous chapter. These
were labelled I,II,III. Appendix 4 shows the pilot

structures as used in the analysis.

(iii) Examination of the procedures of testing using a

large group of students using written tests and

practical tests. In all the techniques considered in

this chapter there is very little mention of
appropriate questions. In designing written tests
great care needed to be taken that the questions
actually tested the stated item. Mention has already
been made of the students unable to calculate the mean
when asked, but able to do so when it was referred to
as the 'average'. In any case Resnick[1944] and
White[1974] point out that verbal knowledge is not

learnt hierarchically but is only 'intellectualized'
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skills. Visual material in tests was used to overcome
this to some extent and numerical working was generally
regarded as conceptual. However in many instances
some articulation was required to ascertain whether a
skill had been mechanically carried out without being
intellectually understood. The use of multiple choice

answers was found useful in these instances.

(iv) Using a crude form of scalogram style analysis and

the results from initial tests the validity of the

structure was examined. Diagrams showing the structure

of the hierarchy were drawn for each test/student in
the initial analysis on which pass/fail was indicated
by shading in diamonds. These could then be critically
examined to check for inconsistencies in the

hierarchical structures.

These stages incorporated a pilot study in which it
was hoped to not only test the basic structure of the
model but examine the validity of questions. These two
aims could possibly have had confounding effects. One
difficulty that arose at this point was deciding
whether problems derived from the model structure or
from the failure of questions to test the structure
adequately. However, if the structure was carefully
composed, the major effects should be in the questions
themselves. As a result of this early work the tests

were redesigned as necessary and modifications to the
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structure made.

(v) Large scale testing using the modified

tests/hierarchies. This main testing fulfilled two
purposes: -

(a) Links between various items in the pilot hierarchy
could be investigated. Structural Analysis using White
& Clarke's method was applied for this purpose. This
analysis enabled an examination of the strength of any
links and their prequisite nature to be examined. 1In
addition some linkage not previously considered
emerged.

(b) Investigate patterns in learning progression with
age. By carrying out tests on students of different
ages results should indicate whether the development of
skills is linked with age and in particular whether the
superimposed levels had any validity. This also
enabled syllabus requirements in such documents as the

National Curriculum to be critically examined.
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Chapter 4

A Critical Analysis of White & Clarke’s Inclusion

Analysis Technigque

4.1 Introduction

The whole idea of rigid hierarchical structures to
describe the learning process, Gagné’s Cumulative
Learning Theory, has been somewhat modified since its
inception. The basic principle of a structured
learning process, however, with the acquisition of
concepts being dependent on the possession of certain
prerequisite concepts, is still considered valid.
However the comments on the different types of linkages
between concepts discussed in Chapter 3 need to be
borne in mind. The Inclusion Analysis technique
devised by White & Clarke [1974] tests whether one
concept is a necessary precursor to another concept.
If there are two adjacent skills, Skill 1 and Skill 2,
then for Skill 1 to be a precursor to Skill 2 no
subject should have command of Skill 2 without also
having Skill 1, although the converse may or may not be
true. 1In Chapter 3 the various other linkages do not
hold this property. The test will therefore indicate
whether the particular link is of a prerequisite nature
or some other form e.g. independent or parallel.

The analysis of the links requires at least two

guestions to be given on each task. 1In the analysis
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following the simplest case, with two questions per
skill, is used throughout. In this experiment the
large number of skills prohibited more questions.
Literature on this technique is scant and the only
detailed exposition is in White & Clarke’s original
article. However their work derives from similar work
carried out in genetic linkages (Rao[1950],
Finney[1950], Fisher[1948]). It was therefore decided
to carry out a detailed study of the technique in terms
of the sensitivity of the test and its power under
given conditions and the circumstances under which it

degenerates.

4.2 Theoretical Background

The success rates for two skills which are thought
to be adjacent can be represented by the 3x3 table:-

Skill 2 (Questions correct)

0 1 2
0 g0 X01 X02
Skill 1
(questions 1 X10 X11 X12 :
correct)
2 x20 X21 X22

where xj4j are the expected number of
respondents in each cell (fij are corresponding

observed values).
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There are certain assumptions necessary for this
test:-

(1) Chance errors on all four questions are
independent of one another. This seems a reasonable
assumption provided in the multiple choice questions
responses are randomized.

(ii) Were it not for chance errors!subjects should
answer questions both correctly or both incorrectly.
This assumes that the skill is closely defined and that
there are not subtle differences within the question
regarding the skill. This also assumes that both
questions do indeed apply to that skill.

(iii) Although independent, the probabilities of chance
errors for each question are equal within a skill.
Provided ﬁhat a similar style of question e.g. multiple
choice has been used for both questions on a skill)this
should hold.
Let:-
P(subject answers Skill 1 questions correctly/has

acquired skill 1)=0;

P(subject answers Skill 1 questions correctly/has

not acquired skill 1) = @71’

@, and @’ are the corresponding probabilities for
skill 2.

Py,P1,Py,Pp are the proportions in the test sample with
neither skill, skill 1 only, skill 2 only and both

skills respectively.
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Using these values the expected numbers of
respondents falling in each of the nine categories can
be expressed. e.g.

xg0 = expected number in sample scoring 0 on both
tests

N[Po(1-01")2(1-83")2 +P1(1-071)2(1-03)?

+ Py(1-817)2(1-82)2 + Pp(1-01)2(1-82)?]
and in particular

xg2 = expected number in sample scoring 0 on skill 1
but 2 on skill 2
= N[Pq(1-01")202°2 + P1(1-01)207"2
+ Pp(1-017)2822 + Pp(1-01)20,2

The test required here uses the basic hypothesis
that if Skill 1 is a precursor to Skill 2 then no
subject should be able to complete questions in Skill 2
without' also being successful at Skill 1. The
hypotheses are therefore:-

Hg: Pp =0

against

Hi: Py k (k>0)
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4.3 A method for testing the hypotheses

In an experiment there will be a set of observed
frequencies fij corresponding to the Xij in the table
above. The normal Chi-squared test for contingency

tables is not applicable here since we are examining

-
¢

the frequencies in only a part of the table.
Nevertheless it is necessary to calculate the expected
frequencies for each cell. If the‘Pij's and @’'s were
known these could be calculated. In the case of
questions being multiple choice and with all options
within each question being equally likely to be chosen
by respondents without the necessary skill, values of
@1‘ and @9’ could be given. With open questions
however this is not so. Two methods are possible for

obtaining estimates of these parameters;-
(i) Using the cell frequencies.

Rao[1965] describes a method for using maximum
likelihood estimators in a similar example in genetics.
The solution even for his simpler case involves an
iterative method which he himself states is clumsy and

tedious.
(ii)Marginal Totals Method

This method is less accurate as it uses less

information but yields a far more accessible solution.
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The expected marginal totals are given by:-
Skill 1
2 Correct Ty5 = N[(P1+Pg)012 + (1-(P1+Pp)®12]

1 Correct Tj3= N[2(P1+Pp)@1(1-01)+2(1-(P1+Pg))&P1’ (1~

2 917)1

0 Correct Tjg = N[(P1+Pg)(1-071)2 + (1-(P1+Pg))(1-01’)2]

Skill 2

N[ (Pp+PR)@2 + (1-(P2+Pp)®@3°2)]

2 Correct T3

etc.

These expressions form a mixture of two binomial
distributions. However the values of the parameters
are not uniquely defined by the expressions above. 1In
order to solve these equations further restrictions
need to be placed on the parameters. @3’ can be given
a value in one of two cases:-

(i) Where questions involve ‘open’ answers the
probability of an individual guessing an answer is zero
i.e. @7'=0.

(ii) In multiple choice questions @1’ = 1/n where n is

the number of options in the question.
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Since the critical cell is the fgo cell, taking @7’
as zero makes the expected frequency for this cell as
small as possible thus minimizing the Type 1 error.
The other parameter which can be given a value to err
on the conservative side is @3=1. This is saying that
all those with skill 2 invariably answer the questions

at this level right.

To obtain the estimates of the parameters the
method of moments can be used. The observed and
expected marginal totals are equated with the above
additional restrictions to obtain unique solutions.

For Skill 1

T1o = N[ (P1+Pp)%12]

]

Ti1 N[2(P1+PR)P1(1-071)]

Leading' to:-

(i) @1 = 2T12/(2T12 + T311)
(ii) (P1+Pp) = (2T12+T11)2/4T )N
Similarly with Skill 2

(iii) @3 = Tp1/(T21 + 2T20)

’ (iv) (Pp+Pg) = 1 = (Tp1+2T20)2/4T20N
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These estimates are valid under Hp and any Hy. However
under Hg, Pp = 0. This in fact enables a unique
solution to be obtained for the parameters (i.e. Pp=1-
(P1+Pp) ). Expected values can now be calculated for
each of the cells using the expressi?ns for Xij derived

earlier. For example:-
x02 = Po®2’2 + P1(1-01)203°2 + Pp(1-01)?

Note: Since Py = 0, 01'=0, @2=1 this is rather simpler

than the original expression.

Probabilities could be calculated for all nine
cells and the probability of the observed distribution
using the multinomial distribution. The test statistic
would be the sum of the probabilities from all possble
distributions showing a deviation from the expected
values by more/less than the observed values. This
would be tedious to examine.

_Although all cells will be altered under different‘
Hy, the xpp cell will always have the greatest
proportional change. The P, term in the expression is
Py (1-0717)2022 and with.the values of @1'=0 and @y=1
this will change by the value of Pj.

A significance test can therefore be carried out
using a critical value based on a value to be exceeded
by the observed frequency fpy for a particular

significance value. This means that using the actual
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cell frequencies and the above expressions the
probabilities of obtaining 0, 1 or less, 2 or less,
etc. subjects in the fgp cell can be calculated. The
critical value, %o, of the maximum number of allowable
subjects appearing in this cell before rejecting Hgp is
then at the 5% level the highest val?e for which
P(fg2>xc) < 0.95. (

The size and power are eaéy to calculate since fg2
is B(N,pg2), where pgy is the probability of a subject
appearing in this cell i.e. the size of the test can be
calculated from:-

P(fg<c) = Ncg(1-po2)N + Negpoo (1-po2)¥-1 + ... ceeees

......... + Ncopgo©(1-pgg)N-©

For the power under Hy:P7p > 0 a new value of pgyy will
have to be calculated by substituting the value of Py
in the estimates of parameters equations and the
expression for pgy. The cumulative values of fgy < ic
can then be calculated and subtracted from 1 to give
the power. These procedures are fairly easily carried

out using computer software such as MINITAB.

4.4 The Strength of the Test

The ability to distinguish between Hp and H, depends

on the relative sizes of the terms in the expression:-

P02 = Po(l-017)209°2 + P1(1-01)2052 + Py (1-01°)2052

+ Pg(1-07)20,2
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If questions are well designed then @; and @) should
be close to 1 and @31’ and @7’ should be close to zero.
In this case the second term of the expression involves
‘small’ quantities to the power of four and will
therefore be insignificant with respect to the other
terms. Since @1’ has been given the(value 0, and 99
the value 1, the third term is simply P». Pg and Pp
will of course be reduced in the calculations under Hy
but this will only happen critically for large values
of Pp. For a test then which is able to distinguish

between Hg and H it is necessary that:-
Py > Po@y’2 + Pg(1-071)2
2 0922 B(1-21)

For the right hand side to be true the following must
hold: -
(1)The proportion of subjects with no skills must be
low in proportion to those with skill 2 only and/or the .
probability of someone scoring on skill 2 without

having that skill must be kept small.

(ii) The proportion of subjects with both skills
must be low in proportion to those with just skill 2
and/or those with skill 1 should have a high

probability of scoring on questions on skill 1.

In practical terms it is difficult to govern the

proportions of subjects in the categories i.e. Py, Py,
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Py, Pp in a survey on a number of skills at very
different ability levels. However a check on tables of
frequencies should identify those cases for which the
test is likely to be insensitive. The probabilities
are however governed by the nature of questions being
asked. Where the skill 2 questions %nvolve multiple
choice the probability @5’ could be high. With complex
or obscure questions on skill 1 the success level might
be low and @] could cause problems. These problems
were reduced as a result of pretesting procedures and

c ‘comparison between questions for a particular skill.
Since the values of @ are found by comparison of the
relative proportions scoring 0 and 1 in each skill,
tables of results should indicate cases where problems

nay occur.

In order to examine the effect of these variables on
the sensitivity of the test the size and Power were
investigated for different values of @; and ©5’, using
a fixed'value for H; and a constant critical value.
These are not Operating Characteristic/Power functions
but graphs which show how the Power and size are
affected by a third variable simultaneously. This is
similar to the way that both Power & size are affected

by altering the sample size in more conventional tests.

Figure 4.4.1 shows the values of 1-ocand the Power of
the test for different values of @7 where N=50, P5=0.10

and 95'=0.25 (i.e. the probability of ‘guessing’ right
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with a multple choice of 4 answers). A critical region
of fpp2>3 was used in each case.

In‘this case it can be seen that the sensitivity of
the test is altered very little by changes in @7. A
similar exercise was carried out using @5'=0.10 and
once again there was very little flugtuation in the
Power of the test for a given size. In this case
however the power remained unacceptable for all
significance levels. This seems to indicate that the
test is more dependent on changes in @9’ than @;. This
means that in questions where difficulty
was experienced and response rate was poor the
sensitivity of th test is not unduly affected.

In the second series of tests, under the same
conditions as above, using @1= 0.95 graphs of 1-% and
Power were drawn for different values of @’. These
are shown in Fig. 4.4.2. Whilst the Power is always
within acceptable bounds the Type 2 error renders the
test unusable with @)’ greater than about 0.33. This
indicates therefore that any multiple choice questions
involving less than 4 possible answers, assuming all
responses are equally likely to be guessed, will affect

the sensitivity of the test.

In the third series of tests the effect of altering Py
and Pg were investigated. This was rather more
difficult since it was difficult to isolate Py and Pp
as these are complex non-linear functions of the row

and column totals. 1In the event a large number of
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Characteristic & Power against 0 < @&; <1

81 1-0¢ POWER
1 0.945455 0.947875 0.896041
Z  0.905660 0.948471 0.897801
3 0.862745 0.949460 0.897397
4 0.816327 0.05092%2 0.596788
5 0.765957 0.952949 0.8G5924
6 0.711111 0.955634 0.894735
7 0.65116% 0.959075 0.893133
8 0.585366 0.963249 0.5£90997
9 0.512821 0.968510 0.888161
10 0.432432 0.974511 0.884393
11 0.342857 0.9681161 0.879361
12 0.242424 0.987989 .0.872572
13 0.129022 0.994137 :0.863279
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Table 4.4.3. Regression Analysis of Operating_

Characteristic and Power

The regression equation is

\.

1-&= 1.49 + 0.23401 - 1.4202° + 0.021 PB - 1.61 pO
Predictor Coef Stdev t-ratio P
Constant 1.4916 0.2757 . 5.41 0.000
, ©1 0.2344 0.4066 Y 0.58 0.576
62 -1.4235 0.2447 -5.82 0.000
PB 0.0209 0.1960 0.11 0.917
p0O -1.6142 0.33239 -4 .82 0.000
s = 0.1426 R-sq = 82.3% R-sg{(adj) = 75.9%
Analysis of Variance
SOURCE DF SS MSs F P
Regression 4 1.0399%5 0.25999 12.78 0.000
Error 11 0.22373 0.02034
Total 15 1.26267
SOURCE DF SEQ SS
o1 1 0.19614
oz 1 0.228%8
PB 1 0.13942
pO 1 0.47542
The regression equation is
Pw = 0.772 - 0.167 91 + 0.486 92‘ - 0.0497 PB + 0.2351 poO
Predictor Coef Stdev t-ratio P
8onstant 0.77234 0.062373 12.12 0.000
l‘ -0.16668 0.09298 -1.77 0.104
62 0.48597 0.05656 8.59 0.000
PB ~-0.04967 0.045320 —-1.10 0.296
pO 0.25065 0.07717 4 .54 0.000
s = 0.03296 R-sq = 88.6% R-sq(adj) = 84.5%
Analysis of Variance
SOURCE ) DF SS MS F P
Regression 4 0.0923188 0.023297 21 .44 0.0060
Error 11 0.011950 0.001086
Total 15 0.105128
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practical examples were analysed containing a wide
range of possible valueé. A regression analysis was
carried out on both the size of the test and the Power
using ©1,95',Pg and Pg as predictors. The purpose of
this analysis was to examine which variables or
combination of variables, if any, had the greatest
influence on the size and power of the test. The
results of the analysis are shown in Table 4.4.3. The
previous findings of the effect of the @ values are
confirmed. Values of Pg do not appear to have any
great effect on the sensitivity of the test. However
low values of P seem to adversely affect the
sensitivity of the tests. Although Py is a complex
function it clearly relates to the number in the fgg
cell, though further investigation showed that it is
dependent on the ratio between this cell and the
adjacent cells fg1 and f1g. The sensitivity of the test
is affected when either there is a high number in the
fopo cell and very low numbers in the two adjacent
cells. ‘Similarly when the number in the fgp cell is
low, and the adjacent values are high, sensitivity will
be affected.

On the whole these investigations show that the
sensitivity is on the whole satisfactory for this test,
though care must be taken in ensuring that multiple
choice questions have at least four options. 1In cases
where both skills are acquired by most individuals, or
where very few possess the higher skill the sensitivity

of the test is weak. In practice this usually meant the
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test was inconclusive in these cases.

4.5 Degenerate Cases

In carrying out the above analysis using specific
céses it became evident that under c?rtain conditions
the probabilies used to find the cri£ical cell value
for fgp could either not be calculated or gave

declining rather than increasing values.

There are two particular cases where the technique
fails to give values of parameters from which

satisfactory analysis can be carried out:-

Il

(i) When T3 0 giving 9;=1
or

when Ty =0 giving @9 '=

That is, when oh one or other of the skills subjects
score either 0 or 2 and there are apparently no chance
errors. The value of pgy and hence values of fgo>c
will be invariably 0 or 1 in every case respectively.
This is unfortunate as this could happen where a good

pair of questions were effective in their purpose.

(ii) When Tjg 0 giving a value of Pj+Pg > 1

or

when Tog = 0 " " Po+Pg > 1

That is, when every subject gets at least 1 on a

KN
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particular skill. These are lesé problematic in
practice because if there is nobody scoring 0 on skill
1 then there must be zero frequency in the xpy cell and
this becomes rather trivial. With no subject scoring 0
on skill 2 this suggests that there was no subject

without this skill and again analysis is trivial.

4.6 Conclusion

The test appears to be a useful and easily
applicable. There are certain circumstances in
practice, which unfortunately may occur frequently,
under which the test is insensitive or degenerate.

Many of the cases can be avoided by careful question
design. Multiple choice questions should have at least
four respoﬁse categories. Pairs of questions which
yield high numbers of 1’s or lack of them should also

be examined carefully.

A problem that is difficult to overcome practically
is where the sample contains a high number of subjects
scoring two on both questions or 0 on both questions.
In an ideal situation the skills should only be tested
on subjects where a range of ages/skill abilities are
covered so that there is a mixture of subjects with and
without skills. In this survey subjects were selected
within an age range where some of the early skills were

universally acquired. The later skills were acquired by

very few and these criteria inevitably led to cases
where it was not possible to apply the test on certain

linkages.
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Chapter 5

Establishing Hierarchies & Initial Testing

5.1 Introduction

Having mapped out the main tasks of the research
the first step was to establish some initial
hierarchies which would form the basis of the study.
The techniques required to do this were outlined in
Chapter 4. As part of this exercise it was necéssary
to carry out some initial testing before a much larger
scale investigation could be undertaken. The purpose
of the testing was two-fold, to set up an initial model
of the hierarchical structures and test the suitability
of questions. The final testing could then be carried
out on structures which were felt to be reasonably

~.sound.

5.2 Drawing up Hierarchies

As stated in Chapter 3 it was decided to
investigate statistical understanding under five main
headings:-

(1) Sorting & Grouping Skills

(ii) Statistical Measures - Location

(1ii) Statistical Measures - Distribution &

Dispersion
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(iv) Bivariate Data

(v) Sampling Skills

It was realised that a model with many discrete
skill hierarchies was not appropriate, but as precise
hierarchies were not important the use of more general
skill areas was Jjustified. It was aiso decided that
skills would be identified under the three main areas
corresponding approximately to traditional Piagetian
theory, and the levels of intuition outlined by

Fischbein[1975]:-

(1) Stage I: Concrete Operational - skills which

have a direct physical result. For example, finding
the median of a éet of data where there is an odd
number of items of data would fall into this category
as the middle item can be physically chosen. When an
even number of items is used however, the median no
longer has an immediate physical representation. In
this skill area it is important that a physical test or
simple diagrammatic representation is used in

questioning.

(ii) Stage II: Representative/Algorithmical - where

a simple repesentative situation requires understanding
or a simple algorithm is used to derive an answer.
Examples of this are storing data in a frequency table
and drawing conclusions or carrying out a simple

calculation from them. Although many of the skills are
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mechanical, a degree of understanding is still

necessary.

(iii) Stage ITT: Abstract - skills involving a

structured understanding and the abi{ity to link
various concepts in a judgemental wai. Any mechanical
skills at this level are complex and require a level of
understanding to carry them out. Tasks are not just
the execution of a simple algorithm, for example

calculating weighted means. Interpretation involves

understanding of more than one concept.

In setting up the hierarchies clear dividing lines
between these levels were indicated. Even if specific
hierarchical links were not rigorous it was felt that
skills should be identifiea within the appropriate
stage. |

This also gave some level of comparability between
separate skill areas. If, according to classic
Piagetian theory, acquisition of skills within a level
depended on a subject having reached a particular
developmental stage, a subject who had acquired all the
Stage II skills in one area should achieve a high
degree of success in other areas.

Hierarchies were laid out in a ‘tree’ structure,
as used by Gagné, with arrows linking specific skills.
All skills were annotated according to the skill area

and Stage -e.g. SSIIC represents a Sampling Skill at
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level II. The final letter was merely a cataloging
mark to identify questions with no order implied. 1In
mapping out the hierarchies, however, the order of
acquisition within Stages was approximately indicated

by how far down the stage it was included.

5.3 Describing Skills

In order to place the specific skills in the
hierarchies the technique of Rational Task Analysis was
applied. It was difficult to ascertain specific target
skills as in some areas there was more than one
resulting skill. Also it was felt that an over
thorough breakdown was not necessary as there were many
basic skills that could safely be assumed, for example
invfinding means it was assumed that basic arithmetic
skills were present.

Skills were defined as specific abilities. Where
the level of understanding was being tested, mainly at
Stage III, gquestions examined whether the result was
expected or doubt existed as to the appropriateness.

Some skills were felt to be so similar as to be
indistinguishable. In particular handling qualitative
data was felt to be synonymous with handling discrete
numericai data. This view was supported by questions
in thé initial testing stage.

Figures 5.3.1 (i),(ii),(iii) show the five
hierarchies which were used prior to initial testing.
These were however much adapted as a result of this

testing and the expert analysis.
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Sorting & Grouping Skills

Place a series of
discrete items in
order of size

Sort data into simple
discrete/qualitative
groups

SGIB

SGIA

L

Order continuous data

, SGIC

I1

Use a frequency table

to record the sorting
of discrete data

SGIT

L

raw conclusions from
a frequency table
SGIIAY

ecord data in a disc
-rete grouped frequency]
table o SGIIB

.Iv

Draw conclusions from
a grouped frequency
table SGITB

, B}

[Record data in a

SGIIE

running total tablef

Record continuous data

table SGIID

in a grouped frequency

Draw conclusions from
a grouped frequency

cont. table SGIID

eorganize a cont. |

rouped freg. table
by group combination

u ]

Set up an approgfiate
grouped freg. table
SGIIIE

Interpret variations
in distribution patt
-ern caused by above

SGITID

Predict the likely

freg. table under

given constraints
SGITIC

I1

111

Statistical Measures (i)

Location

Find the 'middle' size
of an odd No. of
ordered discrete items

LIA

Identify the most freg
~ently occuging item
from a discrete set

LID

ind the centre of
gravity of weights
on a ruler (symmetry

Find the median of an
unordered discrete set

LIB

;\ LIE

" "

placed unsymetrical
LIF

Find the median of an
even number of data

LIC

. Wmoooswmm that total ﬁ

is not a useful comp-
larison with different
Isample sizes LIH

e ,

N

L.
lace weights on a
scale to a given-C

of G LIG

Find median of a set
of unordered numerical
data LIIA

Identify the mode
from frequency table
LIIC

Find the average of
data set where is
one of set LIID

Identify median from
discrete freg. table
LIIB

RIS SRR

\l 1

data

L

mu:a average of
ata set - not in
LIIE

Estimate median from
grouped freg. table
LIIIA

Recognize limits of
mode in multimodal
data sets LIIIB

Construct a set of
data to given mean
by symmetry LIIIC

]

Wwhere symmetry not
appropiate LIIID

d

ind mean from a
iscrete freq.

table LIIIE
J

Estimate mean from
rouped freq.
LITIG

table
L

Choose an appropiate
measure where all

differ LIIIF

Calculate weighted
mean from two data

sets LIIIH
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Table 5.3.17 (ii) Hierarchies used in Initial Testing

1l

Distribution & Dispersion

Recognize that one data
set is more dispersed
where sets have common
mean DDIIA

, i}

u u
where sets have uncommon

mean DDIIB

Find the range of an
ordered set of data

DDIIC
i

Find the range of an
unordered set of data
DDIID|

%‘ P

Recognize that spread
is not changed by

shift in mean , DDIIF

Recognize limitations of
range with outlier distor

tions DDIIE

Find the quartiles for
. data where (N+1)/4

Find the mean
deviation from the
mean . DDIIIB

is integer DDIIIA

Estimate guartiles
from grouped freq.
table DDIIIB

Find average deviat-

ion from mean
DDIIID

Find mean squared dev,

iation from mean
DDIIIF

II

I

Sort data in a simple
qualitative bivariate

table BDIIA

Judge 'association'
from a bivariate

table BDIIJ
:.@\

Bivariate Data

Judge by ob servation

correlation within a

bivariate sample
BDIA

Record bivariate data
as paired values

BDTTR

Plot paired data on a
scattergram
BDIIC

L

Sort data into 0nocW4y Rank two variables Draw a .Ine of best
led bivariate table BDIIE fit by eye
BDIIH BDIIF

)

L

Judge correlation
from ranked pairs
; BDIIK

Judge correlation by
inspection of &
scattergram

BDITIL

N

Dudge correlation by
2 grouped bivariate
table BDIIIA

Distinguish between
strong and weak
correlations BDIIIB

Give the equation of
a fitted line
BDITT

i}

1

Interpret a negative
correlation situation
BDIIID;

Predict a result by
extrapolation

BDITTE
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Table 5.3.1(iii) Hierarchies used in Initial Testing _

Sampling Skills

Select systematically
from an ordered set .
I ssIa |

Select a stratified
sample

o L

Select randomly Estimate the mean of a
from a data set population from a
SSIIC sample SSIID

L

Estimate the proportion Distinguish bell an
II of a populn. with a uniform distribution
given characteristic . -

SSIIE SSITB

SSIIA

Recognize that estimates
‘centre' on true value
SSIIF

Recognize that size.of
sample increases
reliability SSIIG

R I e e T S o

Recognize sampling distn.| [Estimate proportions
of an estimate under Normal curve
) SSIIXIA SSIIIB

I11 T =

Judge limits within which
true populn. value lies
SSIIIC
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5.4 Assigning Questions & Design of Tests

Allocating questions to the various skills proved
to be a difficult task. The requirement of two
questions per skill in order to apply the White & Clark
method meant that 100 questions needéd to be set. It
waé also felt necessary to have at least two questions
per item in the pilot study to see whether the
questions actually tested the same skill.

Jolliffe[1986] emphasizes the need for real data to
be used, though clearly with the scale of testing
proposed this was not practical. However in the Stage
I questions - particularly it was felt these should be
based on illustrated realistic sets of data. This
involved creating a file of data sets. These data sets
were designed to be easily used, providing data with
clearly defined characteristics. The sets were
compiled using original line drawings and photocopied
material. In some céses the data were usable in more
than one question though data were largely compiled for
specific questions. The data sets were also designed
so that items of data could be selected in a variety of
ways. These data sets were pretested with pupils in a
classroom situation to examine the clarity and ease of
use. These subjects were subsequently not used in
either the pilot tests or the main testing.

Language was carefully used. In particular

specific technical terms were avoided and the more
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colloquial term used if appropriate, e.g. using
‘average’ instead of ‘mean’. This was as a result of
research by National Council of Teachers of Mathematics
in the United States[1989] which found that language
played an important part in the level of understanding.
In some cases however, such as usinggthe term ‘standard
de&iation’, it was impossible to modify the language.
All the final tests were subjected to a Havering

Index reading test. This involved selecting 100 worxds
from the middle of the test, ignoring pronouns,
abbreviations and names. The words were then scored
according to length and a total score derived. Using a
chart, which applied a linear transformation according
to the number of sentences from which the words had
been chosen, the score was converted to give the
reading age. The results of this analysis are included
in Appendix 3. The highest reading age recorded was
10.4. Consultation with Special Needs advisers
revealed that any child with a reading age more than
two years under his/her chronological age was regarded
as in need of special help. It was therefore concluded
that for those subjects aged 12 upwards the languagé
should present no problem, although in the youngest of
those studied a sizeable number may experience
difficulty. In these cases the questions were read to
subjects.

The tests were compiled in the form of a booklet
with spaces for answers clearly indicated. This

ensured that all working was included in the booklet
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and made the checking of scripts easier. In earlier
versions of the tests there were some problems with
layout, i.e. spacing of questions and data sets being
presented on different pages to questions. Copies of
the original tests are not included in this thesis for
lack of space, but the tests used in.the main testing
are included as Appendix 7. These dg not differ
substantially from those used in the Pilot Testing.
Each booklet had a frontispiece with a coded
hierarchical tree on which the responses to questions
could be indicated. The subject’s date of birth and

age were requested, but not the name.

5.5 Pilot Tests

The initial testing was carried out over a three
week period in January/February 1991. All subjects
were from the researcher’s own school, a 12-18
comprehensive drawing from a wide catchment area and
covering the full ability rance. For each of the five
tests 30 subjects were chosen. Classes were selected
and the 5 tests were each given to some pupils in these
classes. Setting arrangements made it possible to give
the tests to pupils over the full range of ability
within each age group. All pupils had fbllowed for at
least one year ﬁhe SMP 11-16 course involving contact
with statistical work.

Because different tests were administered at the

same time it was possible for subjects to take the
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tests in a normal class situation. The tests were
given out in a systematic way to ensure that no
collaboration was possible and to avoid bias arising
from pupils of similar ability and attitude sitting in
clusters.

Pupils were told that the purpose of the test was
not to test their individual abilityebut the overall
understanding of people of their age and that this was
why no name was recorded. They were given a nominal
hour to complete each test and it was made clear that
this was not a rigid limit. On completion of the test
pupils were asked to write down the time it took to
complete the test to judge the length of testing for
future purposes. They were also invited to make
comments on the format of the test in a blank space at

the end.

5.6 Pilot Test Results

Individual performances were recorded on a coded
hiefarchy. These were then sorted into three age
groups (i)12/13 yr olds (ii)14/15 yr olds (iii) 16+ yr
olds, giving approximately ten tests in each age range.

Different problems arose in each test and thus
results were initially analysed separately. Clear
patterns emerged in some cases and in view of the small
number in each age group, rigorous testing of all item
links as proposed was felt inappropriate. Specific

links were treated to more detailed scrutiny.
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In analysing the results several questions were
asked: -

(1) Were skills approximately in the right
hierarchical position, in particular were-they at the
right Stage?

(ii) Were the questions appropriate to the skill and
did the results show that the requiréd skills were
being tested?

(iii) Were there any problems with the test
procedure which might interfere'with successful large
scale testing?

(1)Sorting & Grouping Skills

All the 28 subjects allocated this test
successfully completed the majority of Stage I and II
tasks. However only one in the 12/13 group and none in
the 14/15 group achieved any measure of success in
Stage III. The majofity of 16+ subjects, however, were
able to-complete all Stage III tasks. The basic
structure of the hierarchy thus appeared sound and in
general the ordering seemed correct.

The only ‘rogue’ element was SGIIE (record data in
a running total table) which was only completed by
those subjects achieving Stage III. This needs to be a
Stage III item as it is clearly more difficult than was
previously thought.

Skills SGIIAl and SGIIBl (interpreting frequency

tables) were clearly synonymous with the appropriate
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main skill, i.e. subjects who are able to put
information in frequency tables are able to draw
conclusions from them.

Some subjects were able to reorganize grouped
frequency tables given new group limits but not when
asked to set up their own groups. After discussion
with pupils it appeared that when reg;ouping tables
subjects tended to work from original data rather than
existing tables. This caused some question
reorganization.

Subjects could generally predict a frequency table
in a given situaﬁion but were not able to describe
appropriate distributions. SGIIIC was felt however to
be more concerned with Sampling Skills than to be
listed under thié heading and this item was
subsequently withdrawn from the Sampling and Grouping
skills schema.

As a result of this analysis a number of
amendments to the Sorting & Grouping Skills hierarchy

were made.

(1i) Measures of Location

The results from this area were more complex and
revealed a number of problems as well as some
surprising observations.

In the two younger age groups few subjects were
able to achieve success in items above Stage I and even

these were not completed by all subjects. In the
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oldest group the majority were able to perform to Stage
II. There were clearly three strands in this hierarchy
leading to the three main measures of location and in
the proposed hierarchy these were not performed to
equal standards.

In the strand leading to the calculation of the
median problems arose fairly early é6n. Two distinct
erronous strategies emerged in not only this strand but
in both other strands, namely:-

(a) Using a result which was not in the data set.
That is subjects found a middle item when there was an
even number of data. This emerged in the LIC questions
and later when subjects gave a range rather than a
precise value.

(b) Where data were grouped, taking thé middle group
irrespective of the frequencies in each group.

Although some reservations are held over the use of
wording such as ‘find the middle size’ithis does not
account for all the difficulties. 1In view of the
success in Sorting & Grouping Skills it seemed unlikely
that this was due to a lack of understanding of
frequency tables.

Some subjects did not order data before looking
for the middle. Again, given the success rate of
ordering found in Sorting & Grouping, this was
surprising.

In the strand leading to the extraction of the
mode most subjects achieved full success. Even amongst

those only progressing up to Stage I there was a high
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level of success with this item. The only difficulty
was that some subjects quoted the highest frequency
rather than the value to which this alluded.

In the strand leading to the mean the balancing
items proved more difficult than had been imagined.
When symmetry (i.e. questions involvgd pictures of
balances with weights symmetrically élaced) was used
subjects scored well but in unsymmetrical cases
subjects found more difficulty in'finding the balancing
point. Only one subject who did not complete the
balancing items (did not attempt them!) went on to
calculate means. This was again suprising as it was
thought that subjects might have a mechanical approach
that gave the right answer but was not truly
understood. Some younger subjects were able to
calculate the mean provided the answer was within the
data set or a ‘real’ answer. Subjects found the notion
of an average of 2.4 children in a famiiy difficult.
Clearly again this reluctance to accept a non-real
answer reguires a high degree of abstraction and is
only possible where a higher level of skill is present.

Adding data to give a stated mean was occasionally
‘qguessed’ correctly by what was clearly a trial and
error method. This item was completed in all cases,
irrespective of symmetry, only by those achieving all
of Stage III. Finding a mean from a discrete frequency
table was sometimes completed successfully by lower
level achievers and it seems that provided frequency

tables are understood this skill does not require a
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high level of abstraction. Only the most able
recognized that calculation of the mean is not affected
by changing the group sizes. It was difficult to
ascertain at this point whether this was due to
difficulties ovef the grouping of data as described in
the last section.

Some fairly radical restructurin; of the original

hierarchy was carried out as a result of the above

findings.

{iii) Distribution & Dispersion

Initially it was felt that this area included no
Stage I activities. It appears however that DDIIA
(recognizing that two common mean data sets vary in
terms of dispersion) is readily grasped by all
subjects. Where means are uncommon however, subjects
clearly needed tools such as the range and these tools
were generally available. Skill DDIIF (recognizing that
spread is not changed by shift in mean) caused some
difficulty and is clearly a stepping stone to higher
skills.

Strong reservations were held as to the inclusion
of purely algorithmic skills such as mean deviation and
standard deviation and these were subsequently
withdrawn as test items. However some younger subjects
asked what the quartiles were and were told that they
were like the median or middle but a quarter and three

quarters of the way up. This still did not enable them
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to complete these items and this was attributed to
general problems over the concept of spread rather than
mechanical completion of calculation of the quartiles.
Some care was needed with wording - some subjects
interpreted ’‘more varied’ as meaning having more
distinct values rather than a wider range. However
this difficulty could be due to the éroblems with
homogeneity discussed earlier i.e. linking values to a

~central value rather than to each other.

(iv)Bivariate Data

There were some question design difficulties in
this section. Long questions with many parts often
meant that inability to do earlier tasks prevented
subjects from carrying on. One question involving
tadpole ages was found difficult early on and prevented
further progress for many subjects.

However despite these difficulties some very useful
analysis was possible. Allocation of skills to levels
seemed to be on the whole appropriate and the order of
acquisition proved fairly accurate. What was more
apparent in this area than in any other area was the
different skill levels achieved at different ages.

All subjects were able to recognize correlation in
simple data sets without any formal techniques.
Subjects were invariably able to complete simple
bivariate tables for qualitative/discrefe data.

Surprisingly, in view of what was found in Sorting &
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Grouping, interpreting such tables proved very
difficult. An understanding of the proportionality in
the tables did not appear until the middle age range
(14/15) and prior to this erronous comments based on
totals were common. The middle age range and above
were also able to cope with grouped frequency tables
and by this time interpretation skillé were available
and subjects had no problem in drawing conclusions from
tables. Also at the middle level and above subjects
were able to understand a negative correlation
situation which was not comprehended by any of the
younger group.

2ll subjects were able to rank data and from
Sorting & Grouping Skills this is clearly an elementary
skill. However judging correlation from ranks proved a
much more difficult task. Some gave correct
interpretations but clearly used raw data rather than
the ranks. Questioning needed adjusting to account for
this.

The*ability to record data as paired values was
present in subjects at all levels and putting these on
a scattergram proved no more difficult. The younger
children however were generally not able to draw lines
of best fit and this skill seemed to be acquired at the
middle age range. Once this was achieved interpolation
and judging of correlation was generally understood.

No subject at any level was able to give even an

approximation to an equation.
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(v) Sampling Skilils

Again in this area there were some distinct age
differences. A key task in progressing to the higher
levels seems to be the ability to recognize when
uniform or bell shaped distributions are appropriate in
sampling distributions. |

At all levels selecting systematically was not
always performed well. Some interpreted ‘selecting
evenly’ as taking the sample from only those with
median characteristics. This was particularly true in
the ’‘scouts’ example (Sampling Skills Q1) where data
were ordered. Selecting using a stratified system
produced much better results and was coped with at all
levels. Selecting randomly was difficult to analyse.
Some seemed to have a used a crude stratified technique
based on their observations of the distribution of
data.

On the whole estimation was carried out well at all
levels, "though accepting a value as a reliable estimate
and recognition that laréer samples give a better
estimate seems to be a step which makes the link
between higher level skills accessible. Estimating
areas under Normal curves was difficult to judge. Some
subjects clearly used scales or added columns to find
percentages - though it was felt that using a
continuous curve would bring the additional concept of
continuous distributions into play. Provided some idea

of sampling distributions was understood, as well as
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‘reliability’ of estimates, the idea of confidence
limits was carried out well. It was felt however that
some of the work on estimating Normal curve areas was
not really testing concepts and several items were

eliminated from future hierarchies.

5.7 Summary of Pilot Testing

The initial testing served its purpose very well.

In general:-

(i) The form of testing and questions used were
rigorously examined. There were clearly some questions
which did not serve to test the skill concerned and
these were either rewritten or eliminated from further
testing. The general design of the test was on the
whole acceptable except in some cases the test proved
too long and subjects clearly got bored towards the
end. The painstakingly produced visual material was
well received. In comments many subjects said they
enjoyed the tests and the nature of the material proved
not only stimulating but accessible to all ages.

Tests on Dispersion and Sampling tended to be
completed in a shorter time than other tests and this

tended to encourage subjects on longer tests to give

up.

’

(ii) Subjects’ skill acquisitions were largely in line

with the schema. Some adjustments needed to be made
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however for further testing and these fall into three

categories:-

(a) Skills items in the wrong order. These were
small in number and some reconstruction was necessary

in all areas.

(b) Synonymous items. In some cases there were items
which were clearly part of the same skill and could be
combined on the hierarchy. This was useful in reducing

the number of data items in future testing.

(c) Items at the wrong stage. Where there was more
than one strand within a skill area stages needed to be
matched up more closely. Also by comparison of the
different areas some adjustment of stages was

necessary.

One other noticeable element in the analysis was
that in-most areas there were key skills which needed
to be acquired so that the intuitive leap to progress

to the next level of skills could be made.

5.8 Expert Analvysis

Before carrying out the necessary adjustments to
the hierarchies and the questions in the tests it was

decided to canvass detailed criticism of the material
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by a panel of experts. Five lecturers involved in
Statistics Education and three secondary teachers
involved in teaching Statistics at all levels were
given copies of the hierarchies and the tests used.
The response was excellent with detailed comments,
criticisms and suggestions. The main points in the

five areas are:-

(i)Sorting & Grouping: Although responses from subjects
seemed to indicate that the ‘draw conclusions’ from
frequency tables skills were synonymous with setting up
the tables, there was some agreement that these were
indeed separate skills and should be tested as such.
The recognition of overlapping groups was considered
to be important as a precursor to the use of grouped
continuous fregquency tables and this was included as a
skill in later tests. It was suggested that the
ability to carry out ‘tallying’ be included as a skill
though it was decided that as this was such a basic
skill it was unnecessary. Initial testing indicated
that no subject in fact had any difficulty with this

item.

(ii) Measures of Location: Care needs to be taken with
the wording in questions on the median. Asking for the
‘middle’ size can be misleading, and it was perhaps
this that was causing subjects to opt for the middie
group rather than the true median.

Some doubt was expressed as to how easy subjects
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would find it to mark the centre of gravity on a
balance line. Ideally this should be done practically
but, as the skill being tested is the ability to
estimate the centre of gravity without using a trial
and error method first, this was not thought necessary.
In view of the findings in the initial testing it was
decided to keep these balance items fntact.

The effect of adding 0 to a data set was suggested
as an important item in the calculation of the mean and
recent US research has shown this to be an important

skill. This was included as an item in later tests.

(1ii) Dispersion: Questions on DDIIE (Recognition of
limitations of range with outlier distortion) were
heavily criticised and these were rewritten for future
tests. It was suggested that a simple explanation of
quartiles might enable some pupils to attempt these
items, although in view of earlier comments this seemed

unlikely. It was however included in further tests.

(iv) Bivariate Data: Giving the equation of a fitted
straight line was considered to be too difficult and
not a particularly statistical concept. This item was
eliminated from further tests.

Although initial testing suggested that recording as
paired values was synonymous with plotting on a
scattergram, opinion seemed to indicate that these were

quite distinct skills.
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(v) Sampling: This section came under rather more
criticism than other parts. There were strong
misgivings about sampling methods. Random sampling was
impossible to assess, how can one tell what method has
been used? With stratified sampling it must be made
clear which criteria are being used to stratify.

The ideas leading up to what is effectively a
confidence limit caused concern also. Precise use of
Normal curves in finding these is clearly not
important. What is being looked at here is the ability
to recognise the reliability of an estimated value and
understand patterns of ‘likely’ values of an estimate.

Asking for graphs to be sketched was clearly too
demanding and in future tests alternative diagrams were
given and subjects asked to indicate the most

appropriate one.

In addition to comments concerning particular skill
areas there were a number of general

criticisms/suggestions on the testing procedure.

(1) The wording of questions in some cases did not lead
to the required response. 1In particular, questions
which asked for ‘reasons’ were criticised as too open.
This was in line with the poor response to these
questions by subjects in initial tests. When
redrafting the test material it was decided to replace

these wherever possible by multiple choice responses.
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(ii) The layout in places was too cramped with

insufficient space for answers.

5.9 Implications for Further Work

In general the initial work was gncouraging.
Whilst some restructuring of hierarcﬁies was shown to
be necessary this was relatively minor and generally
led to simplification. The revised hierarchies used

for testing are included as Appendix 4.

The tests needed considerable adjustment in three
areas:-
(1) rewording existing questions,
(ii) changing complete questions,
(iii) including questions on new additions to

hierarchies and discarding redundant ones.

Analysing subject responses to questions involving
explanations proved difficult. As a result these
questions were replaced by multiple choice questions in
later tests. 1In addition efforts were made to improve
the layout of questions, giving more space for answers.
In view of the shorter tests in Dispersion and
Sampling, particularly after rewriting the hierarchies;
it was possible, for test purposes only, to include
Dispersion and Sampling in the same booklet. This not
only eliminated the problem of some subjects finishing

early, but enabled more tests to be carried out using
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the same available sample group. The tests used for

the main testing are included as Appendix 7.
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Chapter 6

Large Scale Testing and Analvsis of Results

6.1 Experimental Procedure

The main body of testing was carried out in the
months of July and September 1991. During the initial
period in July those in year 11 and in the Sixth Form
were involved in examinations and were not available
for testing. To obtain the data for these age groups
further testing was necessary at the end of September.

The researcher's own school was again used for
testing. This being a 12-18 comprehensive school
covering a wide ability range it was possible to take a
representative sample. One advantage of using a single
school was that, with a rigid syllabus in operation,
learning experiences were similar and differences in
performance were less likely to be attributed to the
teaching process. However this may lead to patterns of
understanding resulting from this specific teaching
programme. The testing was carried out during the
normal 70 minutes Mathematics lessons. The school sets
all children in Mathematics from Year 8 within three
parallel blocks in the first two years. Initial
setting is done on the basis of NFER standardized
scores in Mathematics administered by the Local
Authority at previous schools. Minor adjustments to
setting happen through years 9, 10 and 11 on the basis

of a series of tests throughout each year. The sixth
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form has a liberal entry policy and many students
return to retake GCSE at all levels in addition to
those taking A level courses. There are four sets of
students retaking GCSE Mathematics at Sixth Form level
which are set according to the GCSE grade gained the
previous Summer. At each age range sets were chosen
from bands or at different examination level and it was
therefore possible to gain a representative sample
within each age range. In total approximately 220 tests:
were administered, with between 50 - 60 subjects taking
each test from the full ability/age range. This meant
that within each of the three age bands used (years
8/9, years 10/11 and Sixth Form) there were
approximately 15 subjects. This was not a large
number but seemed sufficient for analysis. None of the
subjects in the large scale testing had previously been
involved in the initial testing. There were few spoilt
papers, the only cases were where for a number of
reasons subjects were unable to complete the paper.

The number of tests available for analysis in each area
were:-

Sorting & Central Distrib. & Bivariate Sampling

Grouping Measures Dispersion Data Skills

53 50 49 54 47

(Note: The 47 subjects who took Sampling Skills tests
were those that took Distribution & Dispersion tests

with two spoilt papers)
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The majority of the tests were carried out under
the supervision of the researcher, and in the other
cases by members of staff who had been briefed in
procedures. Subjects were given a brief explanation as
to the purpose of the test. 1In particular the
anonymity of the tests was stressed. Subjects were
told that they might find questions which contained
unfamiliar material but they should attempt these and
quickly pass on to the next item if unable to complete
them. Care however should be taken when questions
appeared easy. No questions were to be asked unless
the printing of the paper was unclear. In the event no
such problems arose. Tests were allocated within the
group on a systematic basis according to the groups'
normal setting arrangements. This meant that no
subject was sitting next to another subject taking the
same test. This procedure also ensured, with natural
groupings of gender and ability, that within the setted
groups a representative sample of ability and gender
took each test.

All subjects managed to complete the test within the
given period except in one or two cases where subjects
voluntarily asked to finish the test in their own time
immediately after the lesson. On completion, subjects
were asked to make a check on working and hand the

paper to the supervisor.
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6.2 Analytical Procedure

All scripts were marked personally by the
researcher. This enabled any question problems,
unusual answers or general difficulties to be
identified. Some allowance was made for what were
clearly minor numerical errors. For example when
checking frequency tables compiled by subjects,
particularly where measuring had taken place, some
allowance was made for wrong classification. However
where rather greater error had occurred this was not
allowed. It subsequently emerged that subjects ténded

consistently to make such judgemental errors.

As in the initial tests, grids in the front of test
papers were used to record performance. The grids
represented the hierarchies and by shading in either
half or all of the diamond, depending on whether one or
two questions had been correctly answered, a good
visual picture of the development of skills arose.
However as more tests were carried out this became
cumbersome and scores were recorded directly onto a
computer file.

All scores were‘ultimately transferred to a computer
and stored as MINITAB files. Scores were recorded in
each skill as 0,1,2 depending on how many questions
were answered correctly on this skill. Against each
set of scores the subject's age was given in decimal

form. Row numbers were marked on scripts for
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subsequent checking and back referencing. Using

MINITAB a number of procedures were possible.

(i) Sorting data into chronological age order

This enabled data to be broken down into three age
categories 12.0 -13.9 year olds (years 8/9), 14.0 -15.9
year olds (yearsl0/11), and 16.0+. These approximately
represent pre-GCSE, GCSE and post-GCSE levels, and are

subsequently described as levels 0,1,2 respectively.

(ii) Searching for 'roque'questions.

Although it was hoped that initial testing had
eliminated question difficulties it was still necessary
to examine the validity of questions. Skill items
which contained a significant number of 1 scores were
examined closely. 1In some cases it was decided that
one of the two questions was iﬁappropriate and results
for this question were ignored. 1In other cases the two
questions exhibited subtle differences in the skill

being tested and due allowances were made.

(iii) Testing for structural problems in hierachies

Again it was hoped that initial testing had provided a
reasonably accurate hierachical structure. With new
positioning of skills, additional skills and a larger
quantity of data a careful analysis was carried out on
the structures. It appeared in many cases that groups

of skills were acquired apparently simultaneously. In
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other cases, in terms of the analysis, all subjects had
already reached a certain level and no distinction was
therefore possible below this level. In order to
analyse individual links, contingency tables were

produced of the scores in adjacent skills:-

SKILL 2
0 1 2
0
SKILL 1 1
2

An algorithm using the marginal totals method for
the White & Clarke Inclusion test (See Chapter 4) was
used to find the critical number in the (0,2) cell.

The general case where 92=1 and 91'=0 was used although

in the case of the multiple choice questions 91' should
be the probability of guessing correctly. However as
some subjects gave no answer iﬁ multiple choice items
this was dubious. Using a value other than 0 would
also have increased the significance and for the sake
of conformity over all questions the probability was
kept at 0.

In view of the work in the previous chapter a careful
check was made to avoid analysing pairs of skills which
produced either degenerate cases or cases of
insensitivity as described in Chapter 4. These were,
in particular, cases where at the extremes of age and

ability the majority of subjects could do neither skill
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or both. In some cases, though these were often
degenerate, a link worked in both directions. These
were cases where a few subjects scored two correct on
one skill but zero on the other skill.

The linkages investigated were shown on
hierarchical diagrams. Where analysis revealed that
adjacent skills were not precursive a broken line was
used, otherwise lines indicate data supported such
linkages. Linkages with no lines show that analysis
was inconclusive from the data available. Some
changes could then be made to hierarchies and the data
adjusted for these in later analysis. Where a skiil was
moved as a result of the initial analysis this has been
indicated on the hierarchial diagrams in this chapter

with broken line boxes showing the original position.

(iv) Linking level achieved with age

This was possible in two ways. .

(a) The percentage success was calculated for each
level I,II,III of the hierarchy. These scores could
then be plotted against the ages and the degree of
correlation calculated; This is slightly crude in that
an individual scoring say 80% success could have done
so by scoring 1 throughout or having scored 2 up to a
certain skill and then subsequently 0.

(b) Looking at the percentage of subjects in each of
the three age bands who had successfully attained each
of the three levels. Success was defined as having

achieved scores of 2 throughout, or mostly 2's but with
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no 1's in adjacent skills. Subjects who had scored 0
in a skill but achieved 2 in all subsequent skills were
also deemed successful. In some areas it was possible
to define sublevels within a level and these were

similarly treated.

(v) Comparison of levels achieved across different

skill areas.

Apart from Dispersion and Sampling tests no subject
completed a test in more than one skill area and
therefore no direct analysis of the comparability of
levels in different skill areas could be made. By
looking at the percentages in each age band achieving
the various levels in the five skill areas, some
indication as to the correspondence of the levels over

the areas was possible.

6.3 Detailed Analysis by Skill Area
6.3.1 Sorting & Grouping Skills

(1) In the marking of skills SGIIA,B &D subjects were
permitted to have frequencies up to +/-1 from the
correct answer in two frequency categories,
particularly where some form of measurement was
required. Initially it was felt that perhaps this was
too rigid bearing in mind that the purpose of the

assessment was to see whether the subject could
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actually carry out an allocation process rather than
produce an accurate result. Later evidence indicated,
however, that subjects who were inclined to make errors
in one type of table frequently had problems in
allocation in the other tables. This could be due to
careless working in general or a genuine difficulty in
categorization.

Skill SGIIIA yielded many scores of 1. On closer
examination of the scripts it appeared that the problem
lay in the different nature of the questions. The
first question asked subjects to re-allocate
frequencies into a new table whose limits were gi&en.
The allocation could possibly have been done using the
raw data but there was no evidence that this was in
fact the case. In the second question (SGIIA) subjects
were asked to reorganize data into a table of their own
making. The latter clearly depends on being able to
draw up a table with groups and later evidence suggests

that this is a harder skill than at first judged.

Overall Inclusion Analysis was made difficult by the
fact that all subjects were able to complete all Level
I questions and most of Level II. Skill links at the
two lower levels were impossible to test. It had been
hoped to test whether the 'interpretative' skills
SGIIAl, Bl & D1 were independent of the parent skill.
Only SGIID and D1 could be tested and the evidence
suggests that these skills were independent.

The skill SGIIE, recognizing non-overlapping groups,
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was newly introduced as an early skill in Level II.
Evidence suggested that this was misﬁlaced in this
level. The overall percentage success in the three age
groups for this skill and level II as a whole are shown

in Table 6.3.1A

Table 6.3.1A. Percentage_ success of the different age_

bands of skill SGIIE and other skills at level II.

Percentage success
SGIIE Levei IT
12.0-13.9 51% 76%
Ages 14.0-15.9 60% 88%
16.0+ 86% 97% J

As a result of these findings this skill was
transferred to Level III and the results adjusted
accordingly. The effect of this skill on SGIID, SGIIIE
and SGIIIA was further examined. SGIID proved clearly
not to be dependent on SGIIE, i.e. subjects were able
to put data into given groups without being able to
recognize the problems of overlapping groups. However
comparison with SGIIIE and SGIIIA showed that SGIIE was
indeed a requirement of these skills. The difference
appears to be that subjects cannot progress to creating

their own frequency tables until they have grasped the
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concept of non-overlapping groups. In the questions on
'non-overlapping groups' subjects' most frequeht error
was to opt for exclusive groups i.e 6-9, 11-14, 15-19
etc. This was also evident in subjects' own attempts
to create groups. Some subjects, although managing to
create groups, did this very inefficiently using groups
of width 1 or a single group containing all the data.

Other skills at level 3 were difficult to examine
due to the poor overall success rate. Interestingly in
the questions on cumulative frequency several subjects
used inverse frequencies. These were often subjects at
the lower ages who had not met this idea within
teaching. .

Boxplots were drawn of the subjects' percentage
success at Levels II and III against their age.[Figure
6.3.1 (1ii)] The correlation of these variables was
also calculated. The plot for Level IInreveals an
interesting pattern. The youngest achieved success
rates ranging from 25% up to 100%. As the age of the
subject increases the success rate is far less likely
to be low at this level. The weak correlation merely
reflects that nevertheless some of the more able
younger children achieved a high deg;ee of success at
this level.

At Level III the pattern is less marked but
nevertheless a fairly good correlation exists between
age and percentage success. In this case some older
subjects had low success rates whilst some of the more

able middle age range subjects achieved moderate
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success.

The percentage of subjects in each age range

achieving full success(as defined earlier) at each

Level are given in Table 6.3.1(1i).
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Table 6.3.1(i). Maximum level achieved by subjects in

each age group

Maximum Level Achieved

Age range Level I Level II Level III

12.0-13.9 33% 67% 0%
14.0-15.9 13% 67% 20%
16.0+ 0% 43% 57%

Thus none of the younger age group was able to
achieve total success at Level III, whereas all those
in the higher age group were able to achieve at least
Level II. This further supports the evidence from the
boxplots and correlation that the youngest subjects
were able to reach the highest levels though the oldest

were far more likely to achieve these higher levels.

6.3.2 Measures of Location

Several skills appeared from an initial analysis
of the data to present problems in terms of analysis.
LIG (putting weights on a beam to balance it) had a

large number of 1's and close inspection revealed that
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the problem was in subjects being unable to deal with
the unsymmetric case. That is, one question involved
putting an extra weight on which could have been solved
by symmetry, whereas the other needed a deeper
understanding of the nature of balancing. The
comparable unsymmetrical case with means was placed at
Level II and clearly similar placing needed to be made
for the unsymmetrical balancing case.

LIIC (identifying the mode from a frequency table)
also appeared to have a large number of 1's. On
investigation this showed that many subjects had given
the frequency of the modal value rather than the mode
itself. Whether this was just carelessness, or a
genuine misunderstanding, i.e. following an algorithm
looking for the highest frequency but not relating it
back to the data, is not clear. The link between this
and the similar situation with the median (i.e. giving
(n+l)/2 rather than median) was investigated. Giving
(n+l1)/2 was not in evidence, but with frequency tables
the middle group description was often given.
Similarly with calculating means from frequency tables
erroneous methods were used, group descriptions were
simply averaged or descriptions correctly multiplied by
frequencies and then divided. It was first thought
that perhaps these errors were due to a lack of
understanding of frequency tables but in view of the
good performances in this area this did not seem so
likely.

LIIF (finding the median of an even number of items
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of data) had a low response rate for its position in
the hierarchy. Later evidence showed that in fact

'‘non-real' answers were a difficult concept. However
it was felt at this point that the questions in both
cases were perhaps misleading in that they implied that
a specific answer was required. Even though many
subjects gave an answer nowhere near the true value it
was decided to eliminate this item for analysis
purposes rather than promote it to a higher position
because with clearer questioning this item might prove
to be easier.

'LITIJ (finding the mean from a discrete frequency
table) similarly had a very poor response rate.

However where success was evident this usually resulted
in a score of 2, indicating that the poor response was
because the task was more difficult than had been
supposed rather than bad questioning. This skill was
subsequently promoted to Level III.

Responses to LIIG (recognizing that the total is not a
useful comparative measure with unequal numbers of
data) showed a variety of incorrect and correct
strategies. |
This caused some assessment problems. Most noticeabie
of the strategies used to obtain a correct result
were: -~

(i) pairing off values
(ii) finding the average
(iii) looking at the extra values which would have to

be added to one set to achieve the same total and
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comparing these with the other set.

Nevertheless it was felt that all the above strategies
demonstrated the recognition of the problem of looking
at totals.

As with other areas, the excellent scores at Level I
and the very poor responses at Level III made a
rigorous analysis of the hierachies difficult at these
levels. However some very striking results emerged
with Level II skills and some at the highest level.

The two 'recognition' skills LIIG (total is not useful
as a comparative measure) and LIIE (effect of inclusion
of 0 in data set) were subjected to rigorous inclusion
analysis to determine their position within the
hierarchy. LIIG showed a very strong dependence on
LIID(finding mean of data set where not in set) and
similarly higher level skills with the mean were
dependent on LIIG. Whether these are skills that are
necessary for transference or are merely
chronologically ordered in the overall development of
skills of course cannot be analysed. LIIE in the same
way requires a basic ability in calculating means and
precedes more complex handling skills. In the
questioning, however, only examples using means were
used although clearly this requirement has implications
in the calculation of medians and with finding modes.
It would also have been useful to include questions
with data sets which contained 0's which subjects had
to include in calculations.

The two most prominent linkages deriving from the
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inclusion analysis in this skill area were between
LITH(finding the centre of gravity of unsymmetrically
placed weights on a balance) and the LIID and LIIE
skills(finding a mean from a set of data where the
answer is/isn't in data set). The other skills using
balances(with the reservations exbressed above about
LIG) also show a marked precedence to the tasks
involving finding and interpreting means. This
suggests that proficiency with a balance and weights
facilitates easy access to understanding the concept of
the mean.

It became evident at this point that there were
certain types of skills that occurred in the branches
for each type of measure and it was decided to
investigate whether the acquisition of skills in these
areas occurred roughly simultaneously. Two way tables
and correlation were used to compare these areas. For
the three skills involving frequency tables(LIIB, LIIC,
and LIIJ) analysis was impossible because, apart from
skills in finding the mode, few possessed any skill in
this area. The same problem arose with finding answers
that are not amongst the data set(LIIF, LIIIB, LIIE).
This could be interpreted as showing that there are
basic conceptual difficulties, such as non-real
answers, which are common to all three measures. LIIG
and LIIE, skills involving recognition of special
circumstances, did however correspond well.

Hierarchical trees showing keylinkages are shown in

Figure 6.3.2 (i).
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The development of skills by age was not as clearly
evident in this area as with sorting and grouping.
Plots of percentage success rates at the two levels
(Figure 6.3.2. (ii)) revealed a less marked pattern and
correlation was weak at Level II. With Level III a
more distinct pattern emerged and correlation was
higher. However with a large number of subjects up to
the age of 15 gaining little success in this level some
doubts exist as to the validity of the measure.
Analysis of the 'success' rates at each of the three

levels is given in Table 6.3.2:-

Table 6.3.2. Percentage of sub-jects achieving success

at different levels for each age band

Maximum Level Achieved

AGE 0 I IT ITT

12.0-13.9 20% 68% 12% 0%

14.0-15.9 18% 70% 12% 0%

16.0+ 0% 38% 25% 37%

An attempt was made to link the skill areas above,
i.e. dealing with 'non-real' answers, frequency tables
and recognition skills, to age. But with small numbers
in the older range findings were inconclusive. A

similar assessment of individual skills failed to
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produce any age distinctions. It appears even that
younger subjects achieved a slightly higher rate of

success at the recognition skills.

6.3.3 Dispersion Skills

Item DDIA (recognizing that one data set is more
dispersed than another) had caused some doubt earlier
on as to whether this was a Level I or II skill.
Although response was fairly good it corresponded well
with DDIIC (finding the range of an ordered set) and as
this was clearly Level II, DDIA was subsequently
regarded as Level II also. Questions on finding the
range proved suprisingly difficult. Only a third of
the youngest subjects were able to find the ranges of
ordered data sets. Perhaps a brief explanation of the
term might have helped here. DDIIE (recognizing limits
of range with outlier distortion) produced a large
number of 1's. There was a fundamental questioning
difference here in that one compared two sets of data
whilst the other looked at an isolated set of data.
Squects generally responded better in the two data

sets questions.

All useful links were examined by inclusion
analysis. No link was found between DDIA (Recognition
of dispersion differences in two sets of data) but then
most subjects were able to complete both. Two strong

precedences emerged, where DDIIC(range of an ordered
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set)'appeared to be a necessary requirement of:-

(1) DDIID(range of an unordered set)
(1i)DDIIF(recognition that spread is not affected by
mean shift).

The first link is not suprising; most subjects could
do neither or both so it appears that for those who can
find the range it makes little difference as to whether
the data are ordered. BAgain to be able to recognize
that a shift in mean does not affect the spread clearly
needs a tool such as the range in order that this can
be realised. The poor response to questions on
quartiles made this area difficult to analyse. All key

linkages are shown on Figure 6.3.3. (i)

Plots of percentage successes at Levels II and IIT
and correlations show a similar pattern to sorting and
grouping skills (Figure 6.3.3.(ii)). Younger subjects
had a wide range of success at Level II but as age
increased subjects were more likely to achieve a higher
rate of success. With Level III many subjects at all
levels had no success at all, those achieving the
higher rates of success were all in the older age
groups. A breakdown of those achieving each of the
three levels endorses this, as is shown in Tablé

6-3.3A:—
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Table 6.3.3.A Percentage of those in each age band

achieving success at each level

i Maximum Level Achieved
AGE 0/1 II III
12.0-13.9 86% 14% 0%
14.0-15.9 83% 17% 0%

16.0+ 30% 50% 20% |

Some care needs to be taken in the interpretation of
these figures however. Level III consisted of only two
items on quartiles, a topic which most will have
studied in the GCSE course (at least the more able).
This probably undermines the findings in that success
at level III could be as a result of having covered
work on quartiles rather than having achieved a level

of conceptual understanding.

One item of particular interest was
DDIIE(recognition of the limits of the range with
outlier distortion). This appeared not to be dependent
on being able to calculate the range. The questions

however were designed to test three different possible

117



strategies for judging dispersion:-

(i) Using the absolute range irrespective of
extremes.

(ii) Using the idea of homogeneity - i.e. did the

results cluster around specific values (not a
central one)

(iii) Relating the data to a central position.

An investigation was carried out into the likely
approach used by subjects of different ages. Bearing
in mind comments made earlier on the subtle differences
between the two questions on this topic the responses

fell into the categories shown in Table 6.3.3B:-

'~ Table 6.3.3B Percentage of subijects using particular

strateqies in each age Jgroup

Question 7 (Grades) Question 8 (Xmas Box)

Range Homog. Central Range Homog. Central
12.0-13.9 24 41 35 44 28 28
14.0-15.9 15 30 55 18, 41 41
16.0 10 40 50 17 33 50

The findings are by no means conclusive, but it appears
that older subjects are less likely to use a simple
range approach and more likely to use a 'centrality'

approach. This is worthy of further investigation.
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6.3.4 Bivariate Data

Despite some radical changes following the initial
tests there were still some problems with the
questioning and the hierarchical structure. BDIB
(ranking two variables) proved more difficult than
expected. It was felt that perhaps in the eggs
example, because measuring was involved, subjects lost
track of the question and many used actual values here
whilst using ranking in the other question. However in
view of the overall difficulty with this item it was
moved to Level II for analysis purposes.

The long questions with tadpoles anduducks still
presented problems in that subjects finding difficulty
early in the question were often prevented from further
progression. Without considerably lengthening the test
paper it is difficult to see how this could be
rectified.

Sorting data into bivariate, tables proved easier
than had at first been thought in both discrete
cases (BDIIA) and continuous(BDIIIF) but after due
consideration it was decided to leave these in their
original positions in the hierarchy as they appeared to
correspond well with other skills in that level.
Question 4, the seatbelt problem, proved unusually
difficult with not a single correct response. However
the simpler case of this item, Q7 on drug

effectiveness, was found easier although still more
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difficult than imagined. Quite why question 4 caused
more problems is uncertain; perhaps a cause was the
size of numbers or the larger size of table or perhaps
that it involved a situwation where subjects had pre-
conceived ideas. This was treated as a rogue question
and the skill moved to Level III.

Questions on skill BDIIIK (judging correlation from
ranks) caused some problems as subjects who had been
unable to rank often gave correct answers to this,
clearly using the raw data. Correct answers to this
item where no ranking was shown were ignored and the
correct answers with ranking must be open to suspicion
as to the method used.

Negative correlation proved little problem with over
50% success rate overall and this is clearly not a
Level III skill. This was therefore moved to Level II.

Drawing a straight line through a set of data
proved rather more difficult than had been expected.

In the duck example (Q.S(b)) it could be argued that
with so few points the line was not obvious, but even
in the tadpole example few subjects perceived the
straight line. This item was therefore moved to Level
ITI. Interestingly though, in both questions, a small
number were still able to give a good extrapolation
value without having drawn the line. Despite these
problems it was possible to reorganize the results so

that useful analysis could be undertaken.

As with other areas a detailed inclusion analysis
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was undertaken. In some examples, where there was a
high mutual success rate, the technique degenerated and
either gave no solution or produced significance levels
greater than 1. Similarly in other cases with a low
mutual success rate seemingly very significant results
were suspect. Other links such as between BDIB(ranking
variables) and BDIIK(judging correlation from ranks),
whilst significant were rather trivial. Among those
results of importance is the ability to recognise
negative correlation (BDIIID) clearly precedes (BDIIIB)
'‘distinguishing between strong and weak correlations'.
It appears that subjects who are able to assess
correlation seemed to have no more difficulty in
dealing with negative correlation.

The problems subjects found in drawing a straight
line on a scattergram(BDIIF) have been previously
mentioned. This ability appears to be a necessary
precursive skill to assessing correlation from a
scattergram(BDIIL). This is confounded by the low
mutual success rate in both items but nevertheless
seems to suggest that the problems found in assessing
correlation from a scattergram stem from the inability
to percieve a line through the data. A marked order of
precedence appears to exist also between BDIIF and
extrapolation (BDIIIE) as expected, but again poor
success rates confuse the issue here, and as stated
earlier some subjects were able to extrapolate without
having drawn a line. The link between recording

paired values(BDIIB) and plotting on a
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scattergram(BDIIC) was confounded by the high mutual

success rates of these two. This again suggests that
there is very little difference in these activities.

Valid linkages are shown in Figure 6.3.4. (1)

Boxplots for Level II percentage success rates
against age (Figure 6.3.4. (ii)) reflect similar
patterns to those met in Sorting & Grouping and
Dispersion. At both levels a fairly good correlation
exists (r= 0.436/0.425). More importantly, those in
the lower ages at Level II range from low success to
high success rates, whereas as age increases subjects
become increasingly likely to gain greater success. A
similar pattern exsists at Level III, however there is
a noticable proportion of older subjects who fail to
achieve any measure of success at this level. To
compare the percentage at each age group achieving each
level slightly broader bounds were allowed to define
'success' in view of some question difficulty. The

success rates are shown in Table 6.3.4A:-~

Table 6.3.4A Table showing percentage success rates at

each level for each age category

Maximum Level Achieved
AGE I IT - IIT
12.0-13.9 60% 32% 8%
14.0-15.9 47% 29% 24%
16.0+ 33% 33% 33% )

These patterns reflect the findings above.
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6.3.5 Sampling Skills

The radical reorganisation of the test in this area
produced a rather more consistent set of responses than
in initial testing. The questions on SSIA (systematic
sampling) however yielded poor responses causing doubt
on its positioning in Level I. The wording of this
question could have possibly caused some difficulty.
Responses were far poorer in the lower age groups. It
appeared that two erronous strategies were used:-

(1) picking all objects of the perceived 'median’'
size

(ii) using a stratified method.

An analysis of the responses showed overall the
following responses:- |

Median Stratified Systematic
33% 28% 39%

Although the questioning cannot be regarded as a pure
survey on children's naturalkstrategies for taking a
sample the results do give an indication of what
subjects regarded as 'fair'.

In questions on SSIIF(recognizing that estimates
centre on true value) subjects often declared that
their method gave a value close to the true value even
though it was of a completely different order. This
casts some doubt on the reasoning used in other

responses to this skill. In SSIIB (recognizing
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sampling distributions) some older subjects perceived
that a perfect distribution was unlikely and due
allowances were made for this.

Inclusion analysis proved useful in this area in
that it strongly supported the hierarchy in most
aspects. The only notable exception is that
SSIITA(recognize sampling distribution of estimate)
does not seem to require SSIIG(recognizing reliability
increases with sample size). Key linkages are shown in
Figure 6.3.5. (i).

The boxplot of Level II% success rates against age
(Figure 6.3.5. (ii)) reveals a similar pattern to that
in other skill areas and correlation is as expected.
With Level III the pattern is less well defined than in
other skill areas. The limited number of questions in
this area and the large number in all age ranges

scoring 0 could possibly account for this.
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Success rates for the three age groups -

are shown in Table 6.3.5B:-

Table 6.3.5B Percentage success rates at each level

for different age groups

Maximum Level Achieved
AGE 0/1 2 3
12.0-13.9 75% 15% 10%
14.0-15.9 76% 18% .6%
16.0+ 20% 40% 40%

Patterns are less well defined here though in view of
the fact that Level I contained only one item care must
be taken at this level. It appears that the Level IITI
skills were rarely achieved until the post-sixteen
stage and Level II skills were little in evidence
before this stage. The skills in this area are mainly
those which will evolve by practical experience in
dealing with samples, but in view of the project work

carried out across the curriculum at GCSE it is
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surprising that a higher level of skill does not exist

in the 14-16 age group.

6.4 Overall Patterns

The practicalities of administering the tests meant
that, apart from a common group sitting Sampling and
Distribution and Dispersion Skills tests, subjects took
tests in only one skill area. This made direct
comparison of the level of skill acquisition, and
particularly the success at each of the three levels,
difficult to compare across different areas.

Note has been made already of the general pattern
which tentatively emerged in most skill areas at Level
II. In looking at the level of success achieved by
each age group at this Level the rates followed the
same upward trend. That is, at the younger ages
subjects vary greatly in the skills they have acquired,
but older subjects are more likely to achieve a higher
rate of success. This seems to justify a developmental
learning process in that some young children are able
to achieve success at higher thinking levels, but as
age increases these higher levels become more
accessible to all subjects. The children at the
younger ages would not have met the higher skills
within their normal teaching framework and thus their
ability to complete these items suggests that they are

derived concepts rather than taught ideas.
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Comparing the percentage success rates over the
different skill areas however shows some differences.
In Sorting & Grouping the majority of subjects at the
lower two levels achieved success at Level II and in
Bivariate Data skills a greater percentage achieved
Level II. Table 6.4.1 shows the overall numbers at

each level:-

Table 6.4.1 Percentage success rates at each level by

subjects of all ages

Maximum Level Achieved

0/1 II IIT
Sorting & Grouping 18% 61% 21%
Location 80% 14% 6%
Dispersion 73% 23% 4%
Bivariate 50% 31% 19%
Sampling 64% 21% 15%

Figures 6.4.2 (i), (ii) and (iii) show the percentage
success rates of subjects in each of the three defined
age group for each level in all the skill areas. The
pattern above is shown in all skill areas, i.e. as a
subject matures s/he is more likely to acquire the
skills at Level II and Level III, though the youngest
subjects are not precluded from acquiring these higher
skills. This tends to confirm the notion of the

cognitive acceleration theorists that age is not a
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limiting factor in attaining these higher mental
processes (Adey 1988).

What is also evident from Figure 6.4.2 is the
differences between skill areas in terms of the ages at
which skills are acquired. The higher skills in
Dispersion, and to a lesser extent Sampling, are rarely
acquired before the age of 16. Higher skills in
Bivariate Data and Sorting appear to be accessible to
subjects at a younger age. Location skills show a
progressively greater presence with increased age.
These differences could be attributed to three

factors:-

(1) Experimental error. With reasonably large samples
and a fair degree of consistency in performance, as

shown on some boxplots, this is thought unlikely.

(ii) Poor definition of levels. Whilst considerable
effort was made to classify skills in the correct level
it is possible that particularly in Dispersion, some of
the Level II skills are mispiaced. Looking at the
complexity of these skills, however, the skills appear
to correspond to similar skills in Level II in other
areas. The two skill areas of Dispersion and Sampling
are areas not traditionally dealt with in pre-sixteen
education and difficulties may have arisen as a result

of unfamiliarity with the material.

(iii) Skill acquisition in different areas is not
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necessarily synchronized ih terms of level. With more
complex skills it may be that a wide variety of
experiences are required before these cén be acquired.
These experiences may not necessarily happen to a
subject on a time scale which enables skills to be
acquired even though these are accessible. For
example, to acquire the necessary sampling skills may
require work in other subject areas on data collection
or media exposure to surveys and sampling.

In order to establish the reason a detailed
investigation involving a sustained programme of

teaching and controlled experiences would be needed.
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6.5 Gender Differences

Subjects were asked to indicate whether male or
female on the front top hand corner of the test paper.
This was largely to ensure that an approximately equal
number of males and females were tested at each level.
Analysis showed this to be within +/- 4% of an equal
distribution at each of the three age ranges. Some
concern was felt as to whether in the highest age group
there were disproportionally fewer girls taking ’
mathematics at a higher level. Investigation showed a
slight bias but as this was a small group anyway this
did not appear to be significant.

Carrfing out a full analysis, on the lines of the
previous work, separately for male and female was not
possible because of the sample size. Tests were
carried out on the mean percentage success rates for
boys and girls at each age group and for Levels where
it was meaningful. Again where subjects all had a high
level of success (e.g. Sorting & Grouping Level I) or a
very low level, useful analysis was not possible. 1In
those areas where it was possible to test, no
significant differences were found between male and

female performances.
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6.6 Conclusions

The major hurdle in this research has been the
range of subjects used for the testing. By the age of
12 it appears that many basic statistical concepts have
been acquired already. This not only prevented the
order of acquisition of skills being distinguished but
also rendered any investigation of the age of
acquisition difficult. Similarly at the upper end, in
some areas where there was only a small number
acquiring the skill it was difficult to make order
distinctions. At one point it was considered giving
only older subjects questions at the higher level over
all five topic areas and conversely at the lower end.
This would have enabled more questions to be set on
each skill and a more detailed Inclusion Analysis to
take place. However in view of the wide range of
abilities, particularly at the lower age range, this
would have hampered the ability to look at the age of
acquisition of skills.

The initial testing had proved extremely valuable
in removing questions from the tests which were
inappropiate. The final tests on the whole gave very
few problems in their design. The lengths gone to make
the tests as visual and 'user friendly' as possible
seemed from observation to have given subjects a high
degree of motivation and encouragement.

In examining the order of acquisition of skills it

was felt that some measure of success was achieved.
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After some re-arrangement of initial skills the final
hierarchies went largely uncontradicted. Whilst it was
not possible to confirm the existence of some of the
precedents many came out highly significant. Various

key elements emerged in individual topic areas:-

(1) Sorting & Grouping Skills - The ability to sort

data into categories is clearly a skill acquired early
in a child's development. Even to the extent of using
different forms of data in frequency tables this
presents little problem to children by the early teens.
Although it was not possible to tell whether the skill
of compiling frequency tables is possible without
necessarily being able to interpret the results, the
latter still seems to be acquired at an early age.

This is however an area that all subjects are likely to
have practised at Primary level. In order to progress
further in this area, effectively from putting data
into given categories to making up their own
categories, subjects need an understanding of the
nature of more precise groupings. Only those in the
oldest age ranges, with presumably greater experience,
were able to understand the precise group definitions
required and the implications of different groupings in

order to set up and use their own tables competently.

(ii)Measures of Location:-This was the most complex of

the hierarchies and although many precise conclusions

of precedents were not possible, a skeleton pattern
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emerged. The earliest skills centred around finding
measures where the answer was a whole number and, in
particular, one of the data set. The mean is rather a
more difficult concept which seems to be understood in
the context of its balancing properties. One of the
biggest stumbling blocks in all strands appears to be
the using of an answer which is 'non-real' i.e. either
where the answer is not one of the data set or, even
more difficult, not a possible concrete example. The
classic example being the difficulty of understanding
what is meant by 'the average size of family is 2.2
children'. Finding the values of means and medians
from frequency tables and weighted means involved much
more complex skills and few could complete these. What
is perhaps of more concern is the lack of understanding
of the limitations of the various measures by even the
oldest of subjects. This leads to the conclusion that
even at the end of many years of experience of the
measures most people have only an algorithmic knowledge

of measures of location.

(iii) Distribution & Dispersion:- This was a more

limited area than the others and the analysis was less
conclusive. Many subjects at the loWer and middle age
ranges have a poor concept of the overall idea of
spread. Even the idea of a simple range seems to be
only partially understood by many. As age progresses
the concept of spread becomes more likely to be related

to the idea of centrality than homogeneity amongst the
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data. The more difficult ideas of quartiles and
presumbably other measures of dispersion are apparently

only attainable by the oldest subjects.

(iv)Bivariate Data:- This was the most involved

hierarchy as there were in it strands between which
there was little direct connection. Much of the
initial hierarchy in this area was radically altered
and of all the areas this perhaps gave the most
enlightening insights into the way concepts in the
topic are understood. The topic was also of great
interest as many of the ideas here are not ones which

the younger ages would have met in formal teaching.

The basic idea of 'correlation' is not a
difficult one for even the younger subjects.
Suprisingly, they even seemed to cope well with the
idea of negative correlation. The use of bivariate
frequency tables with qualitative and discrete data
were well understood by a majority and enabled fairly
quick progression onto dealing with the grouped
situation. Despite this there seemed to be more
difficulty in understanding what these tables actually
showed in terms of variable relationships. Thé nature
of this difficulty is clearly something worthy of
further investigation. Plotting paired data on a
scattergram rarely proved difficult, though many found
obtaining a straight line from this rather harder.

Without having developed these skills subjects seem
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unable to progress to more sophisticated judgements

about correlation.

(v) Sampling Skills:- After the considerable

simplification of the structure this was the most
strongly supported hierarchy. This perhaps suggests
that simpler hierarchies in other areas might have been
useful. The 'pinnacle' of this hierarchy was in a
crude way to understand the basic principle of a
confidence interval, i.e. an estimate of a parameter is
probably close to the true value. The series of skills
needed to acquire this was strongly supported by
analysis. The increasing uﬁderstanding of the skiils
with age was also most marked with only a few of the
oldest subjects obtaining full understanding. This an
area rarely dealt with in school curricula and possibly
shows the clearest example of skills acquired through

everyday experience.

Whilst the precise linkages might have been
difficult to analyse in some areas there is
nevertheless strong support for the existence of three
levels of concepts. Whilst these may not concur in the
five topic areas consistently with age, the genefal
pattern of developmeht seems consistent. Indeed one of
the difficulties in analysing the precise linkages was
due to the fact that in most areas all the subjects had
largely acquired the Level I skills and only the most

advanced had acquired the Level III skills. The
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structure used by Green[1982], Fischbein[1975] and
others, as outlined in Chapter 2, of the three stages
of development seems consistent with the results

obtained.
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Chapter 7

Implications for Curriculum Designers and Teachers

7.1 Background

At the outset of this project it was hoped to gain
a greater knowledge of the way in which statistical
understanding developed amongst 12 - 18 year olds.
What were the preconceptions they brought in from
earlier experiences, what were the stumbling blocks to
understanding and what were the limitations of
understanding for children at different ages? Although
many questions remain unanswered, the researchvhas
nevertheless given many insights into the development
of statistical concepts.

Statistics as a taught subject in the UK has been
an area of greatly increased interest in general
mathematics teaching, in 'user' subjects and as a
subject in its own right. The Cockcroft Report in the
1980s had considerable affect on mathematics syllabi
for pre-16 courses and the Schools Council Project on
Statistical Education in its turn influenced the
compilers of the Cockcroft Report in their strong
recommendations to promote the teaching of Statistics.
Not only did this lead to the large Data Handling
section in the National Curriculum (1990) but also led

to recommendations on teaching styles:-
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" Statistics is essentially a practical subject
and its study should be based on the collection of
data, wherever possible by the pupils themselves.
It should consider the kinds of data which it is
appropriate to collect, the reasons for collecting
the data and the problems of doing so, the ways in
which the data may legitimately be manipulated and
the kinds of inferences which may be drawn."
(Cockcroft Para. 776)

The result of these reports has been, via the National

Curriculum, to ensure that statistics has a place in

all school syllabuses for pre-16 education.

In addition to this there are now many subjects at
GCSE and A Level (and beyond) where a large element of
statistics is required. Traditional syllabi such as
biology and geography have for some years, both in
class exercises -and in project work, required an
understanding of basic statistical techniques. 1In more
recent years new school subjects such as psychology,
business studies and physical education at A Level all
contain a substantial element of statistics. At GCSE
level with increasing reliance on coursework this has
meant in many subject areas an increased used of
statistics. Both at A and A/S level courses in
statistics have shown a steady increase in the last ten

years against a general pattern of declining numbers

taking mathematics at this level.

The overall pattern then is of a dramatic increase in
the importance of statistics in the secondary school
curriculum, much bf the material being taught by non
specialists who, often by their own admission, have

only a mechanical knowledge of techniques. Although

147



there have been many accompanying statistical texts for
courses using statistics these tend to use an
algorithmic approach to techniques and pay scant regard
to a development of understanding of the concepts and
principles behind them. Traditional texts on A level
mathematics and statistics, with a few exceptions e.q.
Practical Statistics (Rouncefield & Holmes, Macmillan
1989), use an algebraic and/or algorithmic approach
with understanding promoted by proofs and in many cases
techniques are presented with no regard paid to the
underlying principles. The Associated Examining
Board's A Level Statistics has required formal proofs
as part of the examination process until very recently.
Encouragingly, new and revised examination syllabi are
becoming less reliant on an algebraic approach and the
use of project work is becoming the norm. GCSE texts,
particularly those from the SMP group, are rather more
enlightened and tend to pay far greater attention to
the development of concepts. The development of means
in the SMP 11-16 booklets is a good example of this.

Many users of Statistics in other areas have a
strong feeling that although they use techniques, they
do not really understand how the technique works, why
they are using it and what are the.implications and
limitations of the results. Texts written for these
users tend to use purely algorithmic approaches. There
seems then to be a need for those who design curricula,
produce books and other materials and teachers

themselves to use methods which develop concepts rather
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than encorage rote learning.

7.2 Recent Commentaries on Teaching Styles

With the increased interest in Statistics there has
been much literature and work on teaching programmmes
in Statistics. Abele [1989], drawing from many years
work in the German system, laid down what he maintains
as a 'proven method of learning‘é—

(i) Learning through experience: pupils solve problems
carry out selected assignments, analyse questions and
perform appropiate experiments.

(ii) Concept formation: pupils look for shared and
essential characteristics and begin to generalize.

(1ii) Representation: pupils use graphic or symbolic

representations and learn to use more formal methods.

Much of Abele's work concentrates on slow learners and
he emphasizes the value of learning through discovery.
His suggested programme of courses relies on pupils
collecting their own data and rearranging énd
representing it appropiately; looking at different
measures and characteristic values and assessing their
appropiateness; and finally developing more complex
processes and critically examining existing ones.
Nitko & Lane[1990] propose a similar structure to
the learning process but stress the need for assessment
to be built into the teaching programme. They suggest

using computer assisted learning which would assess
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concept formation as the student progresses. They do
suggest however that 'Knowledge of conventions,
symbols, and systems underlie successful problem
solving activity'. Experience from this project
however suggests that many concepts and the ability to
find solutions have little reliance on symbolic
representation.

Several projects of a more practical nature have
been developing new material for schools in recent
years. The project 'Statistical Investigations in the
Secondary School' based at the Open University and DES
funded set out to introduce some of the new methods in
statistics into the secondary school curriculum and
develop work using microcomputers. The materials
focussed on three main areas:-

(1) use of graphical methods

(ii) principles of a statistical investigation

(1ii) use of microcomputers to develop the above.
As a result of their work they put forward a teaching
programme where pupils collect their own data and then
used a micro-computer to carry out the sorting
processes and graphical representations. The pupils
could then devote their time to interpreting their
results and assessing the procedures according to the
first two processes laid down by Abele.

In the US the 'Quantitative Literacy Project’',
carried out by the National Research Council [1989] had
similar aims. The only difference was that the target

was to provide supplementary material to existing
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courses. Again in this'project emphasis was laid on
pupils collecting their own data and analysing the
results.

The 'Project on Statistical Education' in the early
1980's started by looking at the needs of non-
specialist young workers and statistical requirements
in the world at large. Materials were then produced
using examples from many of the user subjects such as
Biology and Economics and examples from the commercial
world. Another project from Sheffield 'Practical Work
in A Level Statistics'(1989) trialled and developed a
set of materials for work at the higher level. The
underlying principle of the book, now published, is of
collecting data from a practical experiment looking at
ways of examining the data and using this to evolve a
formal technique. Although this was aimed at A level
many of the ideas are usable at a lower level and the
approach fits in well with the pattern of learning
structure described by Abele and supported by this
project. The most recent project from Sheffield
'Handling Data Using Spreadsheets' (1991) is
considering using data on spreadsheet packages to
develop techniques.

These projects all recognise the growing need for
new courses in Statistics which use an approach which
develops concepts rather than teach as an algorithmic
technique with minimal understanding. In particular the
necessity for pupils to gain experience from handling

data in real life situations is becoming fundamental.
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7.3 The National Curriculum & Topic Inclusion

The most significant guiding force in pre-16
Mathematics education in the UK at present is the
National Curriculum. Two out of the original 14
targets are devoted to 'Handling Data' (Appendix 1)
stressing the importance which those designing the
curriculum felt statistics deserved. The original 14
Attainment targets have now been condensed into five
National Attainment Targets, one of which is entirely
statistical and probablistic material. Although on its
introduction in the late 1980s much of what it
contained was already present in most modern
mathematics courses there were some interesting
developments, particularly with regard to the Levels at
which topics were to be introduced. The use of
scattergrams and subsequently drawing best fit lines,
interpreting two way tables and generally handling
bivariate data were notably included starting at Level

6.

For the purpose of this work the National
Curriculum fits very neatiy into the three age
categories used in analysis. vDespite the overlapping
of the levels the Key Stage divisions 2,3 & 4 give a
good indication of what topics pupils should be working
on within the age bands. The table below gives the

Key stages, levels covered and the 'reporting' age
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(i.e. the age by which all pupils should have been
introduced to topics), and a summary of the topics
covered in this research included in those levels

within that stage.

KEY STAGE REPORT TOPICS

& LEVELS AGE

KS2 11 Sort & classify qualitative data

Level 2-6 and put into frequency tables.
Collect, group and order discrete
& continuous data and construct
and use frequency tables.
Interpret frequency tables.
Understand, calculate and use the
mean & range of a data set.
Qualitative bivariate tables.
Create scattergram and have basic

understanding of correlation.

KS3 14 Calculate the mean, median and
mode from a frequency table.
Construct a cumulative freq.
table and curve. Use it to
find median & quartiles.
Draw line of best fit by eye

on a scattergram.
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KS4 16 Describe the range of a variable
using other measures of
dispersion(including S.D.).
Consider different shape
distributions.
Use sampling and recognise effect

of size on reliability.

Whilst this should not be regarded as a rigid list
of what a pupil should know and understand at a
particular age, it nevertheless provides a guide to the
topics which are expected to be introduced at each
stage. The Department of Education & Science
literature is clear however that not all pupils will be
expected to have studied all the topics, in particular
Key Stage 4 topics would only be tackled by more able
pupils.

From the work in this project it is possible to
examine the topic areas in the light of the
difficulties experienced and the ages by which pupils
seemed to have acquired various concepts. Key Stage 2
of the National Curriculum will be reported on at the
age of 11, therefore the topics in this area should
be, at least, familiar to all pupils of secondary
school age. The work on Sorting & Grouping Skills shows
that few pupils have any difficulty with basic sorting
and use of frequency.tables. However what was revealed
was the difficulty pupils had in compiling their own

grouped frequency tables, particularly with continuous
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data. Finding the mean and range of a data set was
difficult in itself. What was apparently lacking in
most pupils however was a real understanding of what
the mean in fact showed. 1In particular the problems
encountered explaining the significance of a non-real
answer till rather later is clearly a stumbling block.
There must inevitably therefore be large numbers of
pupils who are able mechanically to calculate the mean
with limited understanding. In view of the high
.correlation of understanding of the mean and ability to
carry out the balance exercises it is recommended that
work of this nature be used in connection with thé mean
to promote understanding.

The use of simple qualitative bivariate tables seems
applicable at this level though there appears to be
some difficulty in interpreting their meaning in
certain cases. Scattergrams present few problems.
Whilst the basic idea of correlation is understood,
however, from casual observation of data or from
bivariate tables, this is not evident from a
scattergram unless the pupil is able to visualize a
straight line in the data . The research seems to
indicate that this is not as easy as is often thought.
Whilst there is no mention of negative correlation in
the National Curriculum it would seem reasonable to
include in any discussion of correlation. Texts
however tend to ignore it. The evidence in this
project suggests that it is not a difficult idea for

even the youngest tested and needs to be developed for
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a fuller understanding of the concept of correlation.

Key Stage 3, with its reporting at age 14, requires
that all the topics therein are covered before the
'GCSE' years at 14-16. Even with broader guidelines
certainly by the sitting of GCSE these ideas should be
familiar to all. Calculating means and medians from
frequency tables is a difficult idea and only possible
for the more able. This project tends to suggest that
more in depth work with frequency tables is required at
an earlier age and that working from frequency tables
is a fairly abstract concept. To an even greater
extent the use of cumulative frequency tables causes
great difficulty for all but the most able, in
particular using them to find quartiles. Mention has
already been made of the difficulty that pupils have of
visualising best fit lines on a scattergram. This is
not only an essential skill in understanding
correlation but has other implications in the ability
to quantify relationships between variables particular
in user subjects such as Science.

The Key Stage 4 topics are supposed to be covered
during the GCSE course under the non-statutory
guidelines, though it is pointed out that many will not
be expected to have met the later stages (i.e. 9 & 10).
These topics are basically represented by more advanced
dispersion measures and recognition of certain
distribution patterns. Certainly few GCSE courses deal
with standard deviation and whilst this was excluded

from the main testing of this project the initial
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testing indicates that this is really something to be
covered in A level courses. The whole concept of
dispersion is one that appears not to be developed
until the middle years of secondary education. The
recognition of different distributions in terms of
sampling was only possible for those in the 16+ age
group with any degree of success. Understanding of the
concept is probably only evolved over a period of time
with exposure to many data sets of different types.

One area that seems to have been largely ignored by
the National Curriculum until very late is the
development of skills which lead to an understanding of
the problems of sampling from a population. Much work
is carried out in lower levels on questionnaire design
and pupils are at an early stage expected to carry out
surveys and otherwise collect numerical data. Without
an awareness of the problems of sampling, practical
work, particularly in coursework for GCSE, will be very
much weakened. Much of this area seems intuitive to
those in the middle years and could easily be

introduced at a lower level.

7.4 Statistics Curriculum in the United States

In the United States, though with much less
Government intervention, a similar development has
occurred in Mathematics teaching. The report
'Everybody Counts', National Research Council[ 1989],

mirrors much of the work of the Cockroft Report in its
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examination of the needs of school pupils for
Mathematics in the outside world.
"Most mathematics should be presented in the
context of its uses, with appreciation of

mathematics as a deductive logical system built up
slowly through the levels of education."

It lists too, as one of four areas deserving of greater
emphasis "exploratory data analysis and statistics
which facilitate reasoning about data".

This report in turn contributed to the production by
the National Council of Teachers of Mathematics the
publication in the same year 'Curriculum and Evaluation
Standards for School Mathematics'[1989]. Whilst non
statutory the influence of NCTM is great and the
standards are likely to have a significant effect on
the teaching of mathematics in the US. The 'Standards®
lists topics in the same way as the National Curriqulum
with slightly more detail on the actual implementation.

Direct comparison—with the National Curriculum is
slightly confounded by the incompatabilities of the age
structure, but nevertheless the work in this project
can be directly related to the Standards. In the first
stage taking pupils up to Grade 4 (i.e. age 9/10)
Standard 11: Statistics &AProbability centres around
collecting, organising and describing data including
the use and criticism of diagrams. The work here on
Sorting & Grouping, whilst not having been tested at
the appropiate ages, suggests that this is suitable and

indeed sound work at this level. 1In the next stage up
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to grade 8 (Year 9 in English schools) this work is
extended to include ‘'averages' and range at a
comparable level to the National Curriculum though a
greater emphasis appears to be laid on the comparison
of the mean, median and mode and their interpretation.
A notable inclusion at this level is the discussion of
types of sampling and the effect of size of sample on
precision.

At the next stage, for those at High School up to
age 18, the Curriculum and Evaluation Standards
suggests a number of new statistical ideas should be
introduced, even for those not 'intending to proceed to
college'. Concepts on bivariate issues such as
correlation, best-fit lines etc. are dealt with for the
first time, rather later than their UK counterparts.
Measures of dispersion are first introduced on a
parallel with the National Curriculum. What is again
significant is the development of ideas in sampling.

On the whole the US Standards give a similar, if
not greater, emphasis to Statistics. Commentary in the
Standards makes it clear that a study of Statistics at
High School is essential for coping with modern life.
The emphasis is very much on handling real data and
carrying out experiments with due regard to the methods
of sampling. As with the UK, emphasis is put on using
databases but their ideas go even further in
encouraging the use of software to enable greater

exploration of techniques.
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7.6 Suggestions for improvements in new courses

As yet the separation of taught and intuitive
ideas has not been discussed. In the testing the
intention was, as best as possible, to explore what was
intuitively learnt rather than what or how it was
taught, though inevitably much content had probably
been taught, particularly in the first two topic areas.
With a few reservations the testing indicates what is a
reasonable pattern of development of concepts and at
which ages it seems appropriate to attempt to introduce
these concepts. It could be argued that, even where
teaching had taken place, the failure to succeed in
items in this test indicates a lack of understanding of
the underlying concepts.

Clearly Sorting & Grouping skills are fundamental
to progression in statistics. What has been found
however is that frequency tables are not always fully
understood and progression to using these to calculate
measures, such as the mean, is severely inhibited by
this. 1In addition many pupils find it difficult to set
up their own grouped frequency tables. Compiling and
interpreting group frequency tables is clearly
essential in coping with real life situations, and it
is believed that only through handling real data can
these skills be developed. However with the
introduction of stem and leaf diagrams doubt exists as

to whether frequency tables and their compilation is an
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essential tool. Stem and leaf diagrams have many of
the properties of a frequency table yet the pupils can
more readily visualize the original data. The use of
cumulative frequency tables was found very difficult
too. It could again be argued that stem and leaf
diagrams render this slightly superfluous and the
ability to distinguish exact data items should make
them more concrete and avoid the assumptions of
continuity required in the cumulative frequency
diagrams.

The main difficulty emerging in the work on
location measures was the problems with 'non-real’
answers, i.e. the median of an even quantity of data
and a mean of discrete data not itself discrete. 1In
the former case the use of stem & leaf diagrams might
again promote a better understanding of the 'middle' of
a data set. The link between the mean and balances has
been mentioned already and the need perhaps to evolve
the mean from practical work with balances. A useful
intermediate stage is the use of 'dotplots' now used in
SMP texts and drawn by many computer packages. These,
like the stem and leaf diagrams, allow complete data to
be visualized and look remarkably similar to the
balance diagrams used in the tests. The effect of
outliers in particular may be evident once the effect
on balances has been understood.

Work on bivariate data, whilst now being included
to a greater extent than previously, could be developed

still further. The research has shown that the basic
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ideas of correlation, scattergrams and bivariate tables
are understood at an early age. The extension into
fitting straight lines clearly needs more emphasis and
work on this in the middle years of secondary school is
recommended. The extension of bivariate tables for the
more able would be a good development of the work on
correlation and the use of ranking could usefully be
developed at an early stage.

In the cases of location measures and bivariate
data the use of microcomputers is encouraged. The
ability to visualize data in the form of stem and leaf
diagrams, dotplots, bivariate tables, scattergrams and
best fit lines is clearly important. Using packages
such as MINITAB to execute the more tedious sorting and
graphical applications would enable pupils to handle
larger sets of data and gain a far greater variety of
experiences on which to judge the merits of different
techniques such as the mean. Indeed the use of real
data collected by pupils should be used whenever
possible. 1In the work on correlation, subjects were
able to gain intuitive ideas about correlation simply
by looking at a raw set of data and the fact that these
intuitive ideas can be supported and checked by various
techniques should enable these concepts to be readily
reinforced.

The area where it is felt that most change needs to
be made is in the development of ideas of sampling
along similar lines to that in the US standards.

Methods of selection of samples can be dealt with at an
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early age and need to be in order that any discussion
of the results from practical work can be carried out.
This would then facilitate work on the nature of the
‘representative' and 'variability' principles, as laid
down by Rubin et al.[1990], to be developed. This
would link in with current work in the National
Curriculum on different distributions to provide the
necessary groundwork for the later ideas of statistical
inference. The many testing procedures used in the
'user' subjects at A level which contain a large
statistical content desperately need these ideas if
techniques are not to become a meaningless set of

algorithms.

163



Chapter 8

Conclusions and Sugqgestions for Further Work

8.1 Critical Analysis of the Project

The inspiration for this project arose from the
realisation that apart from some work’on ‘averages'
very little work had been done on the way children's
concepts in statistics developed. It was hoped
therefore to give a better picture of the pattern of
concept development, the problems which inhibit the
development of higher concepts and to see if this
development was in any way restricted by age
considerations. The results could then be used to
examine current curriculum and teaching methods and
suggest ways in which these could be improved.

Initially it was hoped to carry out tests over a
wide range of schools but practicalities prevented
this. It was felt however that because of the truly
comprehensive nature of the researcher's own schooi
that a reasonably representative sample was in fact
obtained. With more than‘20 initial feeder schools and
a 60% external entry into the sixth form subjects had
been exposed to a range of previous teaching
experience. The sample size, whilst allowing for
representativeness, caused limitations in the analysis
able to be carried out. The major restriction on the

extent of the findings in this project was the
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limitations superficially imposed on age. Many of the
earliest intuitions of statistics had been developed
prior to the secondary school age and testing of the
development of these early concepts was not possible.
Had the project been extended to younger children a
review of the testing procedure would have been
necessary as language would have caused problems in the
written test format. Similarly, though less
significantly, testing development of the higher
concepts was limited by the small number in the sample
who were able to achieve this level.

Some'doubt has been already expressed in the
literature as to the validity of rigid learning
hierarchies. Whilst many specific links were not
proven a pattern of key concepts emerged and there was
general support for a progressive learning model, in
particular the three levels of concepts as defined
earlier. The establishment of hierarchies and their
testing has not been widely used as a research
technique, and there is no evidence of its use in this
subject area. The Clarke & White Inclusion Analysis
technique is rarely included in literature and whilst
it is not a particularly robust method it can
nevertheless be a useful indicator of learning
patterns. Suggestions have been made in the literature
that learning patterns vary between individuals but it
is difficult to see how without very large samples this
can be carefully tested with due regard paid to

experimental errors.
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Much time and effort was devoted to the design of
the written tests. It was the intention that by using
visual material, simple language, and careful question
design the written tests would be easily accessible to
all the participants. Whilst there were still some
difficulties over question design, the overall format
of the tests was very well received and failure to
complete the test was virtually nil. In particular,
the highly visual data sets made the tests attractive
and stimulated a great deal of interest amongst
participants and supervisory staff.

The insight which the testing gave into a pupil's
understanding of statistics, whilst by no means
providing a complete model, gave useful information to
examine current curricula and teaching practice. Some
of the difficulties currently experienced were
identified and areas which are currently neglected were
able to be promoted for future course design. In
particular, the desirability of more work on bivariate
data early in the secondary years needs to be
recognized as well as the inclusion of work on the

problems of sampling.

8.2 Suggestions for Further Research

Inevitably a study of this nature throws up more
unanswered questions than those it solves. This
project by its nature covered many areas in a general

way and there is a great deal of scope for further work
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in specific areas.

As stated earlier, definition of precise links at
the early levels of concepts was inhibited by the age
restriction of subjects who were of secondary school
age. Further work would require rather different forms
of testing with children younger than this. The visual
nature of the data sets could be employed though the
material could be presented in an interview situation
rather than as written tests since language problems
could interfere with the true test of concept
acquisition. A further step would be the use of
physical objects: sorting actual objects; making
judgements of centrality, dispersion and association;
selecting items from a large data set; using balances.
Again taped or videoed interview techniques should be
employed.

At the upper end of the hierarchies the tests would
be equally applicable. By using selective samples of
older students questions at the lower levels could
perhaps be ignored, simply testing some key 'minimal
entry' skills, and the skills in question could be
examined more carefully.

One theory which tentatively emerged from the work
was the idea of 'key concepts'. There appear to be
certain skills which inhibit further learning until
they have been acquired. Whilst some of these may have
already been identified there are perhaps others which
the structure used did not identify. Identifying

these, the extent to which they inhibit progression,
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any apparent age barriers and how these key skills can
be more readily acquired would be valuable areas for
further research.

Much work has been carried out already in the area
of measures of location, being a key area in
statistics. One particular area which was not tested
and requires perhaps different procedures is to look at
children's instinctive use of the three measures in
different situations. Presented with a variety of
different situations when would they choose a median,
mode or mean as the 'representative value' of a data
set and does this choice change with age? Some initial
work has already been carried out with coloured balls
and rods along these lines by the researcher. Work on
measures of dispersion could be evaluated as well, but
as this is a later concept in the general pattern of
concepts this is rather more difficult. A similar
'strategy’' style approach could be used in )
investigating children's natural intuitions regarding
methods of sampling. A brief analysis was possible in
this project based on errors, but this is an area
worthy of further investigation.

Of all the areas which were perhaps inadequately
tested by this project Bivariate Data is probably the
most prominent. Since this is an area fairly recently
introduced into the normal school curriculum, and it is
recommended here as being worthy of greater inclusion,
it certainly warrants further investigation. In the

hierarchy given for this area there appear to be four
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major strands; bivariate tables, scattergrams and lines
of best fit, correlation and ranking. There is much
interlinking of strands and the picture is perhaps more
complex than has been suggested here.

With testing of Key Stages of the National
Curriculum being introduced in the next few years
detailed.information on general ability in statistics
should become available. Analysis too of the
appropriateness of topic inélusion at particular levels
could be made. As teaching material continues to be
developed in line with new curriculum change and new
approaches it will perhaps be possible to study further

some of the issues raised in this project.
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APPENDIX 1: The original National Curriculum
Attainment Targets as issued by the Department of
Education & Science, showing Targets 13 and 14.
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NAT 2

Knowledge of whole nos. up to 1000

Decimal notation in money

Meaning of -ve whole nos. in contex

Read write and order whole nos.

x by 10 and 100

Measurcto 2d.p.

Recognise and understand simple everyday fractions
Recognise and understand simple everyday percentages
Understand & use the relationship between place values
Use index notation for while nos

Use unitary ratios

Read write and ocder decimals

Relate fractions, decimals, percentages and ratio
Express a +ve integer as a product of primes

Use s f. notation

Use index notation 10 express powers and roots

+and - nos. up to 20

Solve x and / problems with a calculator (whole nos.)
Usetablefacsupto 5x 5

Use table facsupto 10 x 10

Mentally calculate + and - of 3 digit nos, x and / 2 digit by 1 digit
Solve x and / problems with a calculator (upto 2d. p.)

x and / 3 digit nos by 2 digit nos. manually

calculate fractions and decimals of a quantity

Mentally x and / 2 digit mulriples of 10 by 1 digit x's of 10 (whole nos)
Use negative nos. in context

Work out fraction and % changes

Calculate using ratios

Convert fractions to decimals and %

Mentally x and /1 digit multiples of 10 by 1 digit x's of 10 (decimals)
Solve x and / problems (any nos.)

Use memory and brackets on 2 calculator

Calculate with nos in s f.

Substitute -ve nos. into formula

Calculate with fractions

Approximate to nearest 10 or 100

Understand remainders & know to round up or down
Use estinuation to check + and - sums

Read calculator to nearest whole no.

Interpret calculator rounding errors

Use and refine trial & improvement methods
Approximate to specified sf's oc dp's

Use estimation 1o check x and / sum

Use earlier skills in context

Use estimation to check answers of the right order

Use a range of metric units

Use appropriate measuring instruments & read scales
Make estiniates based on familiar units

Understand the relationships between units

Make sensible esti of 2 range of n

Use scale in maps & drawings

Use common imperial units & know equivalents
Convert from one metric unit to another

Understand & use compound measures

Measure 10 appropriate accuracy

Recognise that a given measurement is in possible error of 1/2 unit

NAT3

Explain number patterns & predict next no.

Use number patterns & equivalent forms 1o perfocm mental caleulations
Recognise multiples of 2, 5 and 10

Apply strategies such as x 2 and x1/2 to exploce number properties;
equivalent fractions

Generalise in words patiems from various situati

tions
Understand & use tenms such as prime square (roo0). cube (root). multiples and factors

Recognise no. patiems through spatial patterns
Generate sequences from simple instructions
Determine rules for generating sequences

Use spreadsheets etc 1o exploce no. p

Use symbols 1o express rules of sequences

U - and reci PO

se cal p
Explore ::omplcx computer generated no. patems
Understand the relationship between powers and roots

Understand and use dis-proof by contradiction

Inputs & Outputs from simple function machines
Simple formulac or equations in words
Recognise x and / as inverses and use 1o check
Understand and use simple formula/equations in symbols
Expcess a simple function symbolically

Solve linear equations

Solve siniple polynomials by trial & improvement
Use rules of indicies in algebn

Solve simple inequalities on a number line

Solve a range of polynomials by trial & improvement
Solve algebraically simultancous linear equations
Manipulate simple algebraic expressions

Solve linear and other inequalines

Understand and use a range of fomwla & functions

Understand & use coords in the 1st quadrant

Understand & use coords in all 4 quadrunts

Use coordinate plots to represent simple mappings

Draw and interpret graphs of linear functions

Solve graphically simultaneous linear equations

Use computers 1o generate various types of graphs & interpret them
Know the graphs of quadratic and recipocal fns

Use graphs 1o solve lincar inequalitics

OAT 10
3 a
4 a
b
5 a
b
6 3
b
c
d
7 2
8 a
OAT 11
3 a
b
4 a
b
5 a
b
c
6 3
b
c
d
7 3
b
c
8 a
b
OATS8
4 b
S d
8 a
b
OAT 12
a
b
4 a
b
c
5 a
b
<
6 a
b
7 2
b
c
8 a
b
OAT 13
3 a
b
4 a
b
c
d
5 a
b
c
6 a
b
<
7 a
b
c
8 a
OAT 14
a
b
c
4 2
b
c
5 a
b
c
6 a
b
7 a
b
c
8 a
b

NAT 4

Sort 2 and 3-D shapes in different ways
Understand & use language of angle

Construat simple 2 and 3-D shapes

Understand congruence of simple shapes

Use angle propertics of lines and triangles

Use angle properties of polygons inc quadrilaterals
Recognise and use 2-D representation of 3-D

Use computers 1o genenate and transform 2D shapes
Classify and definc types of quadrilaterals
Understand & use pythagoras

Use sine, cosine and tangent in 90 triangles

Recognise reflective symmetry in 2 and 3-D shapes

Understand & use eight points of the compass

Specify location by +ve coords and by angle and distance

Recognise rotational symmetry

Identfy the symmetries of different shapes

Use netwods 10 solve problems

f}xdfy location by means of coords in all 4 quadrants
nderstand & use bearings 1o define direction

Reflect simple shapes in a mirror tine

Enlarge by a whole number scale factor

Devise instructions for a computer to proc=duce shapes

Determine the Jocus of a point

Enlarge by a fractional number scale factor

Use coords in 3-D (x.y.z)

Undesstand & use mathematical similarity

Understand & use vector notation

Find areas and volumes by counting
Measure and draw angles in degrees
Caleulate using length arez and volume
Use formula for perimeter. area and volume

NAT 5

Extract information from tables and lists
Enter and access information in a database

ify data collection; collect and tabulate discrete data in frequency tables

nderstand and calculate mean and range
Interrogate data in a database

Design and use data sheets to collect data

Collect group and order continuous data in frequency tables
Insert and interrogate data in 2 database and deaw conclusions
Specify data collection;use an
Design a questionaire (2 resp ). collate and analyse resu
Specify and test a simple hypothesis

Record and ogganise grouped data into class intervals; claculate mean

Find mean, mode, range and median of frequency distributions and interpret resuhs

Design 2 questionaire (3 responses). oollate and analyse results
Construct a cumulative frequency table

Construct and interpret bar chans

Create and interpret picographs

Create a flow chan to son objects

Construct and interpret stick graphs for discrete variables
Construct and interpret line mpﬁ‘ interpret intermediate values
C and interpret an interval frequency diagram (discrete)
Construct and interpret pic charts

Construct and interpret conversion ;r.\phs

C and interpret an interval frequency diagram (continuous)

Daw scater graphs and understand
((Eonstrua. describe and interpret two way tables
and

p poSy network diag

Daw frequen gons

Construct mdci{u flow charts with loops

Draw lines of best fit on a scattergraph

Construct a c.f. curve and use 1o find nedian and L.Q. range

Place events in order of ‘likelyhood"

Understand evens and of outcomes being > or < Likely than this
Distinguish between fair and unfair

Understand and use the peobability scale 0 to 1
Give and justify estimates of probabibities

List all possible outcomes of an event

Know different outcomes of an event are possible
Distinguish between experimental & theoretical pr
Know that n equally likely event have probabilry 1/n
List all possible outcomes of 2 combined events
Know that sum of probabilitics of all outcomes is 1 and p{A') = 1 - p(A)
Use relative frequency as an estimate of probability

Recognise that subjective estimates of probability are sometimes required
Use p(A uB) = p(A) + p(B)

Know that p(A n B) <p{(A u B)

Use tree diagrams 1o calculate combined probabilities

..
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Pupils mTOC_m collect; record Bind v.

; STATEMENTS
LEVEL T OF ATTAINMENT

Pupils should:

.— . .un_nﬂnlﬁa.s..o..mo_i:mumnnom.og.noam:m
apply consistently.

M ¢ choose criteria to sort and classify objects;
record results of observations or outcomes
of events.

« help to design a data collection shectand
use itto record aset of dataleadingtoa
(requency table.

w .nx:.mﬂmn...nmmnvmnnamomaoa:ﬁmo:naoq:
tables and lists.

« enterand access information in a simple
database.

b. + specify an issue for which data are needed;
collect, group and order discrete data using
tallying methods with suitable equal class
intervals and create a frequency table for
grouped data.

e understand, calculate and use the meanand
range of aset of data.

Attainment ._.Q_.mm* 12:

ww ma.o

EXAMPLE

Identify those children who walk to school and:

those who travel by bus or car

Record the numberand type of birds visiting .

the bird table:

Blackbird XX 2
Sparrow  XXXXX 5
Robin X 1
Blue Tit XXX 3

B o

xs& &Q.n _S:.a\.z:: atable, the Gho\.n:
item in a catalogue, etc:

Handle weather statistics or personal data,
such as hieight, date of birth; aye, ete:- *

Find and record the number of pupils born in
each month of the year.

Calculate the means to compare the scoring:
recards of two hockey teams which have
played differcnt numbers of games.

m * design and usc an obscrvation sheet to
collectdata: collate and analyse results.

collect, group and order continuous data
using cqual class intervals and creatc a
frequency table for grouped data.

insertand interrogate data in a computer
databasc and draw conclusions.

specify anissuc for which data are needed;
design and use an appropriate obscrvation
sheet to collect data; collate and analyse
results.

(o))

design and usc a questionnaire to survey
opinion (taking account of bias); collate and
analyse results.

specify a siniple hypothesis; design and use
anappropriate questionnaire to testit (only
yes/no responses required); collectand
analyse the results to sce whether the
hypothesis is valid.

N

using relevant data, record arid organise
grouped data into class intervals suitably
defined; produce a frequency table;
calculate the mican (using a calculator).

+ . ¢ find the mean, median, mode and range of
frequency distribation fora given st of
dataand interpret the results.

break.

Devise a simple habitat recorder for an
ecological survey:

Conducta survey of cars passing with one,
two, tliree, ... occupants,

Collectinformation ahout height of children
ina yeargroup.

Handle data arising through experiments or
mcasurements in scicuce, geograplty and
CDT and from published sources ins other
arcas of the curriculum.

Draw conclusions from census data about the
effectof an epidemic.

Determine 1:. best location for a pedestrian
crossing.

Conduct a survey of taste in poctry, music,
literature, art, tclevision pragramunes, ete.

Testthe hypothesis that pupils/parents would
prefer the school day 10 start at 0800 hours -
and finish at 1400 hoursavithout a lunch-

3

Prepare tables; calewlate the imean:-

(a) Measurement ._.:?.Q_a
Use 10cn intervals from:-120~ m%::.

class intervals defined as:

Interval ) Mid Interval Dzi ..
120< h < 1300m 125¢m

130< h < 140cm 135cm

140 = h < 150cm
It = height (centimetres)
h Examination marks: Range 0-100;
intervals of 10 marks:

0-9 mid point 45

145¢m, etc.

10-19 mid point 145
20-29 . mid point 245
J0-39 mid point 345

Compare the mean heights of sets a\ Q:Rw:.:
of different ages and i interpret.




STATEMENTS

LEVEL OF ATTAINMENT {, FXAMPLE o
m * designand use an appropriate Analyse findings from a survey in whicl
questjonnaire with three or more possible respondents have listed a set of products in
responses to cach question; collate and order of preference.

analyse the results to testan hypothesis.

~: * constructa cumulative frequency table.

- L4

o e o sy ¥ o0 - PR
ey B M

« use sampling to investigate a population
and recognise the reliabiity of diffcrent
sizes of samples.

¢ describe the range of a variable using
differcnt measures of dispersion; calculate
5 standard deviation of aset of data.




-f(u(.- LTI \d
slonding and use }ﬂ.ﬂ.n—zam:# -Qw-mm.—‘ 190 ¢ constructandizterpret bar charts.
ber, olgebraond . . - o w T
res (ATs 9-14). IQ:Q——:Q ﬁ—Q.—.Q |
. . Hours
......,Q’..J........Q.....’O.............Q..
Pupils should represent and interpret data.
10 1
o STATEMENTS _ 8
VEL OF ATTAINMENT | EXAMPLE ,
6
- v . .
* Pupilsshould: . ] ) e 4
.— e record with real objects or &Sc«.m:mw and Draw a simple picture to represent ‘Children -
commentabout the result. atour table’. . 2
* create simple mapping diagrams showing Link children’s names to pets owned. . . . 0
relationships; read and interpret them. . . E . Su M T WwoTH OFS
Days
N ¢ construct, read and interpret block graphs Means of transport to school- .
and frequency tables. . .
Pupils '
\ ¢ creatcand interpret graphs (pictograms) Numberof raffle tickets sold by cach class
] where the syinbol represents a group of -
- : units, :
D =20 ﬁ = lesy than 20 :
s .

o ] - L wa 0000
S [ | wss 000 -
2 A | wec 0000

wo 0000C"

W

.me Bus.

¢ use diagrams to represent the result of s o
classifying using two different criteria. Ky

. hotgrey
.

rough  not rough:

«ﬂ&z& Diagram)



STATEMENTS T
OF ATTAINMENT

¢ creatcadecision tree-diagram with
questions to sort and identify a collection
of objects.

Flowers

m e constructand interpreta pie chart froma
collection of data with a few variables;
interpret pie charts already presentedin
journals or newspapers.

*
hkq:«:Q )
A . .
o construct, read and m:nn.ﬂ_\nnmcn?::n 60 | Scorcondie ¢ constructand interpret conversion graphs.
graph for a disercte variable (where the 50 |- )
length of the bar-line represents the = ﬁ .
frequency). 03 . i .
) 30 ; ¢ constructand interpreta frequency
20 . diagram choosing suitable class intervals
10 < covering the range fora continuous
. . variable.
0 .
12 3 4 5 6 Sorc
* constructand interpretaline graph and °Ci Temperature chart - ; -
know that the intermediate values may or 19 ]
may not have a meaning,
18
A . Y
16 4 . N
154 Mm
. . i
e A
s . B
Frequency 3
o constructand interpreta frequency k.. . - . .
diagram choosing suitable class intervals 100 .
covering the range for a discrete variable. .
75
N 50 :
. 25 ’
0

_. Children's heights

" Other
arable
arop Root Crop

Barley

Wheat
Farming Statistics

Devise and use conversion graphs for different
currencics, and for converting thermometer

readings from Fahrenheit to Celsius.

Class intervals
120 h <125
125<h< 130
130<sh<135
135<h<140
140<h<145
145<h< 150
150 h<155
h = height (centimetres)

Frequency

VI VSN A Y

Frequency

1200 130 140 150 160




STATEMENTS

VEL OF ATTAINMENT

« create scatter graphs for discrete and
continuous variables and have a basic
understanding ol correlation.

A" A

construct, Jescribe and interpret
information through two-way tables.

constructand interpret network diagrams
which represent relationships or
connections.

r » drawa frequency polygon asaline graph

troma frequency distribution for grouped.

data; make comparisons between two
frequency distributions.

W(ke)
] Height and weight of each child
3o R
x |x
28
2 ¥x|%q |
x
2 o o4 :
x x
XX x
22 % "
x
20

120 124 128 132 136
H(an)

Record the orders from 10 people for various
alternatives in a restaurant,

Use network diagraims to represent railway/

airline connections between a number of
major dties.

Frequency m
\
Test results

30 e -

90100
Marks UV, S

w0 - 3 50 70

A2,

e constructang” srpretflow diagramis with

. !
and withoutlops.

¢ drawa line of ‘best fit’ by inspectionon a
scatter diagram.

* constructa cumulative lrequency curve
using the upper boundary of the class
interval; find the median, the upper
quartile, the lower quartile and the
interquartile range; interpret the results.

Increase
Xbyl

Print (X—1)-

To find the largest whele monber less .
than the cube root of a positive whole
nuniber N : .

xx_\_,ﬁ I.m..m*: oam.iﬁ.mr. of each child

r
\wQ b 3 x
x
Nk A -
E 39 xx\x e
2 X 1
74
24 \x\,Nux.. -
. 4 ..x
22
<V x
20 4

120 124128 132 136

H(on). Io

Cunnlative

Frequency Exam results
120 4
100 1
80 1
] 60 1
40
20 A

T

0 20 40 60 &0 100
Marks
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A etialee e
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TP CRRAD

« presenta set of complex data inasimplificd
form, using a varicty of diagrams and
graphs and computer statistical packages.

e construct and interpreta histogram with
understanding of the connection between
arcaand frequency.

o interpret various types of diagrams such as
those used in critical path analysis and
linear programming,.

* consider different shapes of histograms
representing distabutions with special
refcrence to mean and dispersion, including
the normal distribution.

Makeata ;-0 a government reportoran
opinion poll and prepare it for publication in
the popular press.

Distribution of marks it an cxam

Frequency density Unitarca
3 represents
o — -~ A pupil

0 20405 70 100
?—:l&

" Usecritical path diagrams in preparing fora

social event or a business venture.

-



APPENDIX 2: Learning hierarchies as proposed by
Gagné in illustration of the Cumulative Learning
Theory



TASK 1

" TASK 2

using specific numbers, the series

. necessary to formulate a defini-
addition of integers, using what. | -
operties are needed, assuming
ot previously established

Adding integers

g ..a; steps and identifying
verties assumed in asterting
h of statements involving
itton of integers

\

b

Stating and using the definition of
the sum of two integers, If at least
one sddend Is a :m.unzé integer

¢ uther Hames for positive
In statements of squallty

Hy.
ldentitying and using the propertles
that must be susumed In anetting

| the truth of statements of equality

in addition of Integors

A

and using the definition of
of an Integer and its addi-

— ad an e

t1b

Stating and using the definition of
addition of two potsitive integers

.several sets of fixed objects

m
A stated numeral and

Select a set of size :
indicated by numeral

o]

Fixed unordered
sot of objects o .

’ Count the objects

Cc.

Fixed ordered
set of objects

Count the objects

E

a set of objects

of stated size

A stated numeral and

Count out a subset

B ) .
Set of movable
objects . :

Count objects, moving
them out of set

A .
Sets of up to 5 objects
or up to 10 objects

Recite the numerals in
order

|
Two unequal sets of
objects

Pair objccts and state
which set has less

H
Two unequal sets of
of objects

Pair objects and state
which has more

G
Two sets of objects

Pair objects and state
whether the sets are
equivalent

FIG. 3.4 Leamning hierarchics for counting and one-to-one correspondence used
in developing an carly mathematics curriculum. (Adapted from Resnick et al.,

rse
Vb Ve Ivd
te num- Supplylng other nu- Supplying other nu- Identifying numerals
additive merals for whole num- maerals for whole num. for whols numbers,
bers, using the associa- bers, using the com- employing the closure
tive property mutative property property
A \ o
Va Vb
Performing addition and subtrac- Using parentheses to group names
tion of whole numbers for the same whole number .
. 3.1 A leamning hierarchy for two tasks related to adding integers. (From

né, Mayor, Garstens, & Paradise, 1962. Copyright 1962 by the American

chological Association. Reprinted by permission.)

A

1973.)




APPENDIX 3: (i) Conversion chart of Havering
Index raw scores to chronological reading age.

(ii) Analysis sheets for Havering

Index for each of the five tests used in main
testing.

10
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- Number of sentences - - 7

P P S s
FEEsEeW

- !
2 3 1 5 6 7 8 1~ 9+
- : 15.0
' } . 14,9
.,
R h.o,
15,7
1.7
1.4
h.5
15.0 | 4.4
.o | 4.3
14.8 | 4.3
b7 | 1.2
14,7 | 14,1
4,4 |1 14,0
145 | 13.9
15.0 { h.b4 | 12,08
.9 | 143 | 13,4
,)4.3 4.2 | 13.5
14,8 14,1 13.&
4.7 | 1.0 | 15.32
4.8 1 13.9 | 13.2
4.5 | 13.5 1 13.2
2 4.4 ] 13,6 | 13.1

L =4.2 | 25,5 | 13.0
4.2 | 13.4 | 12.9
4.1 1 13.3 | 12.8
14.0 | 13.2 | 12.7
13.9 | 13.2 | 12.¢€
15.8 | 13.1 | 12.5
13.7 | 13.0 | 12.4
13.5 | 12.9 | 12.3
13.4 | 12.3 | 12.3
13.3 12.7 12.2
13.2 1 12,5 | 12.1
13.1 | 12.5 | 12.0
13.0 | 12.4 11.0
12.9 } 12, 1.8
12.8 | 12.3 | 1.4

15.0 . 12.7 | 12.2 | 1.7

4.9 12.6 | 12.1 | 11.7

15, 12.5 | 12.0 | 11.%

14,7 122.4 | 11.9 | 1.6

1.5 12.3 | 11.2 | 1.5
4, 12.2 | 12.8 | 11.44.

1b,2 12.1 | 1.7 | 11.3

4.1 12.0 | 11.7 | 1.2

15.0 { 14,0 1.9 | 11.6 | 11.2

4.8 113.9 1.3 | 1.5 | 11.1

W7 | 13.2 1.8 | 11.4 | 11.0

W5 | 13:6 11.7 | 11.3 | 10.9

W3 1 13,5 1.7 | 11.2 | 10.8

4.2 13,3 11.6 | 11.1 | 10.3

15.0 { 18,0 | 13.2 11.5 | 11.0 | 10.7
14.9 | 13.8 |.13.0 1.4 | 10.9 | 10.6].

.8 | 13.9 | 12.9

11.3 | 30.3 | 10.5
.7 1 13.6 | 12.8

11.2 | 10.8 | 10.4

4.5 | 13.5 | 12.7 11.1 | 10.7 | 10,4
14,3 1325 12.6. ] 13.0 | 10.5 | 10.3
4.2 | 13 .12.5 10.9 | 10.5 | 10.3

4.0 | 13.1 2.4 10.6 | 10.4 | 10.2

.0 4 13.8 | 13,0 | 12.3 | 10.7.] 10.3 | 10.2
81 137 | 12.8 | 2.7 [ 10.7 | 10.3 | 10.1
71 13.5 ] 12.7 | 12.0 : 10.6 | 10.2 | 10.0
S| 13.3] 12,5 1.9 | 11.53i110.83 } 10.5 | 10.2 9.9
S 3.2 12 | 1.8 | 11,141,908 | 104 | 1001 9.3
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S TS T Pletors Aanzoy SMows, |
i RAINTFeEST L -TTNIN (R ’ NoMEee ? Toond

'Z comfretd | 7 Daisiss ’ Commony .| > TRBE !
16 sPoTTERS |19 Growna)e- 6 mwew> | ¢ Seste !
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13

Count mentences.

Discount Personal Pronouns and Speech Areas.
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APPENDIX 4: Amended learning hierarchies for each of
the five skill areas as used in the main testing.
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Sorting & Grouping Skills

'

Place a series of
discrete data in
order of size

Sort data into simple
discrete/qualitative
groups

SGIB

SGIA

A

Order continuous data
by measuring

SGIC

ecognize non over
lapping groups
SGIIE

Use a frequency table
to record discrete
data

SGIIA

Draw conclusions from
a frequency table
SGIIA1L

Record data in a disc
-rete grouped freguency
table SGIIR

Draw conclusions from
a grouped frequency
table SGIIB1

_>

5

Record continuous data
in a grouped frequency
table SGIID

Draw conclusions from
—a grouped frequency

cont. table SGIID1

eorganizg a cont.
rouped freq. table
Y group combination

Set up an appropfiate
grouped freqg. table
: SGIIIE

SGIIIA

nterpret variations
n distribution patt
ern caused by above

SGIIID

Record data in a
cumulative frequency
kable SGIIIF

19




Find the 'middle' item
w.r.t size of odd No.

ordered discrete items
LIA

Identify the most freqg
-ently occuring item

Jfrom a discrete set

LID

Find the centre of

gravity of weilghts

on a ruler(symmetry
LIE

Place weights on a
scale to a given C

of G

LIG

Find the median of an
even quantity of data
LIIF

P

o

l

lweights placed un-

Find the C of G of

symmetrically on a
ruler LIIH

Find median of a set
of unordered numerical

Identify the mode
from frequency table
LIIC

Find the mean of
data set where is
one of set LIID

data LIIA

.“\

Identify median from
discrete freg. table
LIIB

Recognize that total
is not useful compar
-son when samples

not same size LIIQ

Recognize inclusion
of 0 in data set
LITIE

Find mean from
discrete freq table
' LTITIJ

Recognize limits of
mode in multimodal

Construct a set of
data to given mean

A0

data sets LIIIB by symmetry LITIIC
1
where symmetry not
| appropliate LIIID
Find mean of data
set where not in
data set LIIIE
‘'Estimate median from ' Estimate mean from
grouped freq. table grouped freq.
LIIIA table LIIIC
VRecognize appropiate- Calculate weighted
ness of different mean from two data
measures LIITIF sets LIIIH.



\l_i/"~UlSC.['J.UU LLOIl & Uligspersion

Recognize that one data
set is more dispersed

where sets have common
mean DDIA

Find the range of an
ordered set of data
DDIIC
Recognize that spread Find the range of an
is not affected by unordered set of data
shift in mean DDIIF DDIID
Compare dispersion Recognize limitations of
where sets centre on range with outlier distor
different values tions DDIIE
DDIIRB

Find the quartiles for
of data where (N+1)/4
is integer DDIIIA

N

Estimate quartiles
from grouped freqg.
table DDIIIB

2



Sampling Skills

Select systematically
from a data set

SSIA

Select a sample to a
given stratification

SSITA
Estimate the proportion Digtinguish between
of a populn. with a situations leading to a
given characteristic uniform or normal sampl-
SSIIE ing distn. SSIIB

Recognize that unbiased
estimates 'centre' on
true value SSIIF

Recognize that =size of
sample increases
reliability SSIIG

Recognize sampling distn
of an estimate
SSITIIA

Make reasonable assumptions
about population value
' SSIIIC

*3



APPENDIX 5: MINITAB macro written and used to carry
out the White & Clarke Inclusion Analysis on data
from the final testing.

24



MINITAB MACRO FOR CLARKE & WHITE INCLUSION TEST

This macro is operated by '"execute 'clarke’

i
o
=
i
ot
et}
wt
[
'—J
i

thes

First put a b c d = f in 21 - @& whar

]

g0

f = d
Then let kl=N (total frequencies)
LISTING

let c7=2%cl/(2%ci+c2)

let cB=cE5/(c5+2*c6H)

let cO9=(Z*¥cl+c2)*¥*2/(4%cl1*kl)

let cl0=1-(c5+2*%cE)**2/(4*%c6¥kl)

let cl1l=c9-cl10 :

let c12=1-cS

let cl3=cll*c8**2+(cllX¥(1l-c7)*X2Xcg¥x*D)

let cl4=(1-cl13)*¥kl

let cl1S5=cld+ki1*¥(1-c13)**(kl-1)*c13

let cilb6=ciS5+(kl1*(ki-1)/2)¥(1-cl13)*¥(kl1-2)¥cl13**2
let cl7=cil6+(k1*(k1-1)*(ki1i-2))/6¥(1l-cl3)**(kl1-3)*c13¥%x3
name ci4 'f0°

name cl5 '"f«¢i°'

name clé 'f¢2°

name cl1l7 'f«<3°

paper

print clé4-ci1?

nopaper

=nd

Regsults indicate the significance.

25



APPENDIX 6: Detailed Inclusion Analysis results as
carried out on data from the final testing and used
to produce the final hierarchies.

(1) Tables show number of candidates scoring 0,1,2
in skills being matched

(ii)Table shows significance level of various
critical values in the fy cell.
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APPENDIX 7: Tests used in the main testing after
modification by pilot testing and expert analysis
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