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ABSTRACT CA B GAN)

The Effects of Frictional and Thermal Forces
upon Sea Bed Pipeline Buckling Behaviour

The objective of the research programme has been to
develop design parameters applicable to in-service sub-
marine pipeline buckling behaviour. The programme has
involved experimental and theoretical studies and
computer graphics are widely employed throughout.
Initially, as detailed in Chapter 1, the necessary
buckling mechanisms in pipelines subjected to
axial compression have been identified and analysed in
the form of relatively basic fully mobilised studies.
In addition, errors and limitations contained within
these studies have been determined and delineated.
Consequently, geotechnical experimentation as reported
in Chapter 2 was deemed necessary particularly given
the dearth of information available relating to the
nature of the friction resistance force between the
pipeline and its supporting medium. Full scale values
for the axial and lateral friction coefficients
together with their respective fully mobilised
displacements have been deduced upon the basis of model

tests. A semi-empirical formula has thereby been
produced for use in design practice. Further, a novel
interpretation of sea bed recovery, or the pipeline's
submerged self-weight inertial ‘characteristics

associated with wvertical buckling, has also been
determined.

Following on from the above geotechnical study,more re-
fined quasi-idealised analyses,dealt with in Chapter 3,
have been undertaken incorporating the appropriate full
scale deformation-dependent axial and lateral friction-
response loci together with the respective sea bed

recovery characteristics. These analyses enable, for
the first time, definition of the appropriate
critical temperature rise at which axial-flexural
bifurcation occurs. Finally., noting that previous

buckling analyses have been based on quasi-idealised
buckling phenomena, attempts have also been made to
incorporate practical submarine pipeline imperfections.
Pipelines are not perfectly straight in field
conditions and, consequently, the imperfection studies
denoted 1in Chapter 4 have attempted to model the
appropriate behaviour. Design charts have been
produced accordingly and suggestions made regarding
further studies. .

-10-
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ABSTRACT (A B GAN)

The Effects of Frictional and Thermal Forces
upon Sea Bed Pipeline Buckling Behaviour

The  objective of the research programme has been to
develop design parameters applicable to in-service sub-
marine pipeline buckling behaviour. The programme has
involved experimental and theoretical studies and
computer graphics are widely employed throughout.
Initially, as detailed in Chapter 1, the necessary
buckling mechanisms in pipelines subjected to
axial compression have been identified and analysed in
the form of relatively basic fully mobilised studies.
In addition, errors .and limitations contained within
these studies have been determined and delineated.
Consequently, geotechnical experimentation as reported
in Chapter 2 was deemed necessary particularly given
the dearth of information available relating to the
nature of the friction resistance force between the
pipeline and its supporting medium. Full scale values
for the axial and lateral friction coefficients
together with . their respective fully mobilised
displacements have been deduced upon the basis of model
tests. A semi-empirical formula has thereby been
produced for use in design practice. Further, a novel
interpretation of sea bed recovery, or the pipeline's
submerged self-weight inertial characteristics
associated with vertical buckling, has also been
determined.

Following on from the above geotechnical study,more re-
fined quasi-idealised analyses,dealt with in Chapter 3,
have been undertaken incorporating the appropriate full
scale deformation-dependent axial and lateral friction-
response loci together with the respective sea bed

recovery characteristics. These analyses enable, for
the first time, definition of the appropriate
critical temperature rise at which axial-flexural
bifurcation occurs. Finally, noting that previous

buckling analyses have been based on quasi-idealised
buckling phenomena, attempts have also been made to
incorporate practical submarine pipeline imperfections.
Pipelines are not perfectly straight in field
conditions and, consequently, the imperfection studies
denoted in Chapter 4 have attempted to model the
appropriate behaviour. Design charts have Dbeen
produced accordingly and suggestions made regarding
further studies.
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CHAPTER 1

INITIAL CONSIDERATIONS

1.1 INTRODUCTION

The increase in demand for (offshore) oil and natural
gas in many parts of the world has greatly increased
the need for the installation of submarine pipelines.
buring the past two decades, the offshore industry
has moved into deeper water for oil and gas production,

(1)

involving water depths of up to 2,000 m. Pipelines

installed at such depths require the utmost care in

engineering design. Construction methods and pipe-
laying techniques(2-5) are both sophisticated and
expensive. Investment in submarine pipelines is
substantial. Failure of a pipéline is costly both

in terms of lost production and repair costs.

A typical submarine pipeline consists of a steel pipe
of high strength and ductility, including a wall
thickness sufficient to withstand high stresses during
installation and routine operation. It is also coated
to give protection against external corrosion and
concrete coated to provide weight. The pipeline can be

either completely buried or partially buried(6"lo)

to some depth in marine soils or it can rest on the sea
bed, accordingly exposed to the hydrodynamic and

inertia forces of the sea.

-11-



Of particular interest to the present study is that
care should be taken when designing a submarine
pipeline to ensure its stability during the period of
installation and lifetime use. Indeed, the pipeline
should have sufficient wvertical, longitudinal and
lateral resistance to overcome the internal and
environmental actions which could otherwise induce
unstable behaviour. . The magnitudes of the forces
associated with such behaviour in a submarine

pipeline depend on many factors, including,

(1) gravitational (weight of pipeline and
its protective coating),

(ii) environmental (buoyancy, hydrodynamic and
inertial forces),

(iii) constructional (longitudinal, torsional
and bending stresses when pipelaying), and,

(iv) operational or in-service (internal
operating pressure and constrained thermal

expansion).

It is with the last set of parameters that this study
is concerned. The two major sources of operational
compressive force can be identified as being that
centred on the internal operating pressure and that
concerning the constrained thermal expansion caused
by hot o0il or gas flowing in the pipeline. of

particular relevance to submarine conditions 1is the

-12 -



necessity of determining not only the buckling force
but also the probable location of the pipeline
should buckling occur. Another important feature of
pipeline buckling behaviour concerns the resistance to
movement caused Dby the interaction between the

pipeline and the sea bed.

Most published literature to-date regarding submarine

pipeline behaviour has been directed at stresses

(11-15)

caused during laying and modification or

(16-19) operations. Relatively little previous

repair
research has been undertaken with regard to the
pipeline buckling behaviour during routine

operation(20-21), that is, under in-service conditions.

1.2 ELASTIC BUCKLING - THE PHENOMENON

(22)

Within the field of elastostatics general

idealised structural behaviour can be typified by

reference to the 'stocky'’ and 'slender’ axial
compression systems depicted in Figs. 1.1 (a)
and (b) respectively. As action parameter P,

equivalent to the axial force in the respective member,
is gradually increased, the primary response parameter,
axial deformation u; represented herein by the overall
axial shortening uL, also increases gradually. All
structural response parameters, including axial stress

for example, afford a similar behavioural pattern.

-13 -
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For systems involving linear constitutive properties

and vanishingly small deformations, ul is given by

u, = PL
= 1.1
L 3F ( )
where L is the member length, A is the cross-sectional
area and E is the Young's modulus of the member.
The governing action-response locus 1is of linear
form as depicted in Fig. 1.1 (c); The axial stress

induced in the member, Oy takes the form

Oy = P/A (1.2)

System linearity will cease wupon the onset of
either constitutive non-linearity, that is the
onset of yield in ductile steel structures for example,
or finite defofmations which, with respect to
the present system, refers to the state at which the
induced change in cross-sectional area becomes
significant; in flexural studies, of particular
relevance to this study, finite deformations are

typified by slopes in excess of 0.1 radians.(23)

If, however, a relatively small transient force Q is
introduced into each of the above idealised axial
compression systems in the manner denoted in Figs. 1.2
(a) and (b), by means of which the systems concerned
become only quasi-idealised compression systems, the

responses of the 'stocky' and 'slender' systems become

-15-
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quite distinct; the behaviour of the former is
effectively unchanged whilst the latter will undergo
elastic Instability. As opposed to the foregoing
purely axial compression systems, elastic instability

studies(24'25)

relate to systems in which structural

response undergoes a singular and sudden change
despite the action' parameter P again being only
gradually and uniformly increased. The basic
nature of the instability studies can be couched in

terms of Thom's Catastrophe Theoryﬂ26,27)

Quasi-idealised elastic instability can be typified by
reference to the 'slender’ compression system
depicted in Fig. 1.2 (b). Noting the presence of the
small transient force Q, then, as the action parameter
P is gradually increased, axial response in terms of uL
is again witnessed. However, at some singular loading
state FE, a dramatic change in structural response
is observed, and flexural deformation, typically
represented by the central and maximum transverse
deflection parameter W 1S statically incurred.
Further, a flexurally induced end shortening U is

also set up. That is, an apparently axial system is

replaced by a predominantly flexural system at and

beyond a singular state. This singular state can
be represented by the critical load IE, where
(24)

Pc is given by

-17 -



Pc = T|2EI/L2 (1.3)

where 1 is the second moment of area of the member.

The appropriate behaviour is depicted in Fig. 1.2 (c¢).

The overall end shortening,r uL + 1, takes the
form
P L ’
5 = S L 2 1.4)
uL + 4 = iE + éSO (w'X). dx (

whilst the appropriate maximum stress induced in the

member, o

' can”be_represented by

o = PC/A + Mm/Z ' (1.5)

where M, is the maximum bending moment and Z is the
section modulus of the member. The critical load P,
represents, in linearised terms, the limiting
load carrying capacity of the member. Experimentation
has shown that such members can carry loads higher than
the buckling 1oad P . the necessary modelling requiring
a non-linear finite ~deformation study (the

'Elastica'(28)), the appropriate behavioural locus

being shown in Fig. 1.2 (c). It is to be noted that in
fully idealised terms, the parameter Q is not
present and both stocky and relatively slender members
would afford purely axial behaviour. The foregoing
slender analysis with the incorporation of the

parameter Q is therefore deemed to be quasi-

-18 -



idealised; 1in practice, physical imperfections in the
st.ructural system cannot be avoided and Q serves Lo

represent. this fact.

Clearly, the engineer has to be able to discern

whether or not a system is likely to undergo unstable

behaviour as the respective analyses, typified by
Figs. 1.1 and 1.2, are clearly distinct. Two
basic factors are involved. The degree of slenderness

monitored by the so-called slenderness ratio(24),
is clearly of importance with regard to the possible
onset . of flexural behaviour. - The second important
factor relates to the unavoidable presence of
structural imperfections. Physical imperfections
can be grouped under three major headings; initial
curvature, eccentfic loading and residuai stresses.
Action-response loci corresponding to slender
systems possessing such imperfections are depicted in
Fig. 1.2 (c). Imperfection locus (1) relates to the
path of certain members capable of carrying loads
higher than P,. This 1locus has no theoretical
maximum load (except due to plasticity onset) and
the effects | of any initial imperfectiohs have
largely disappeared as W gets larger. It can
therefore be concluded that the locus is imperfection
insensitive. Imperfection locus (2) appertains to that

quasi-linear systems with the maximum load converging

-19 -



with the c¢ritical load b. as Wy increases. It is
essentially unatfected by the presence of imperfections
ahd is therefore, effectively, imperfect.ion

insensitive. Imperfection sensitive systems can be
represented by the «case of combined plate and

(29) A. typical quasi-idealised

column buckling.
locus and the appropriate imperfection 1loci are
depicted in Fig. 1.3. It can be seen that any slight
increase in 1initial imperfection will significantly
reduce the maximum load and any attempt to increase
the load further will result in a dynamic snap

buckling; such systems are therefore extremely

imperfection sensitive.
1.3 SUBMARINE PIPELINE BUCKLING
1.3.1 Historical Résumé

The earliest published work on the effect of axial
loads upon the submarine pipeline buckling behaviourv
was undertaken by Hobb<20) angd subsequently corrected
by Taylor and Gan.(ZI) Their studies relied heavily
on similar work established in the related field
of rail track and crane rail buckling.(30_45)
i1t 1is to be noted, however, that substantial

differences exist. The primary difference between
submarine pipeline and rail track buckling studies‘]ies

in the nature of the axial and lateral friction

resistances of the st.ructure/supporting medium

-20-
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interface. While it can be said that the axial and
lateral friction resistance forces between the
submarine pjpeline and the sea bed foundation are
effectively continuous, the friction resistance
forces between the rail tréck and the ballast
foundation are of discrete form. The axial friction
resistance exerted by the ballast on the rail
~-tie structure, as depicted in Fig. 1.4 (a), consists
of the friction forces between the ballast and the
bottom surface of the ties, and the pressure on the
vertical tie  surface. In the case of the lateral
friction resistance, the friction forces occur between
the bottom surface and the two long sides of the ties
and the ballast, as well as the pressure on the
front surface of the ties, as shown in Fig. 1.4 (b).
In the rail track analyses, however, it is assumed
that the resulting axial and lateral friction
resistances are continuous and thé rail-tie structure
is replaced by an equivalent beam of uniform cross-
section. Such intepretations are superfluous in

submarine pipeline studies.

With regard to these latter Dbuckling studies,
the five established lateral buckling modes which
relate to snaking movements across the sea bed are
illustrated in Fig. 1.5(20-21) Axial and lateral
displacements are denoted by u and w respectively.
The appropriate buckling lengths are denoted by L, L]
and L _, whilst LS represents the so-called slip length.

-22-
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Axial friction resistance is generated through the slip
lengths whilst 1lateral friction resistance occurs
through the buckling lengths. The vertical buckling
mode which involves part of the pipeline buckling out
of the sea bed can also be represented by Fig. 1.5 (a)
except that w is now replaced by v, the appropriate

vertical displacement.

1.3.2 The Buckling Mechanism

As previously inferred, stability anélyses of
submarine pipelines may be grouped into two main
categories: pipelines buckling laterally across the sea
bed and pipelines buckling Vvertically up from
the sea bed.  Although actual pipeline buckling may
proceed in a more complicated manner, the choice of
these two special modes of deformation is made
in order to reduce the problem to two dimensions and
thus to simplifyv the resulting énalysis. Modal

interaction can then be considered as required.

It is proposed, initially, to discuss the essential
features of the mechanism involved; the mathematical
features of the appropriate field and functional
equations will then ensue. A typical submarine
pipeline buckling topology is given in Fig. 1.6 which
depicts the essential details of lateral mode 1
.before and after buckling. A uniform temperature
rise, T, in a perfectly straight pipeline will create
an aiial compression. force due to constrained

-25-
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thermal expansion as illustrated in Fig. 1.6 (a).
Taking the structural response, at least initially, to
be within the elastic range bf the pipeling response
(gross sectional distortion as associated with laying

(17)

operations is not a factor here), this force can

be represented by

P = AE«T (1.6)
(@)

where oc is the respective coefficient of linear thermal
expansion of the pipe. Whilst thermal _éffects are
presently of primary concern to this study, rit
should be noted that Po can also be created by the

pressure difference p across the wall of the pipe which

produces a free axial strain(46)

€ = BE (0.5-v) (1.7)

where v 1is the Poisson's ratio, r 1is the radius
and t is the wall thickness of the pipe. If this free
axial strain g is fully restrained, the axial
compression force generated, P,. noting equation (1.7),
takes the form

= = Apr - 1.8
P_ = AEE = —2= (0.5-V) (1.8)

With o0il and gas temperatures potentially ranging up to
100°C above that of the water environment and
operating pressures over 10 N/mmz, these effects can

produce very significant axial compression forces, Po.

-27-



Fig. 1.6 (a) indicates that this pre-buckling force P

is set up in the absence of any permitted straining.

At. the onset. of buckling, as shown in Fig. 1.6 (b),
part of the constrained expansion is released
in the buckled region which, taken together with the
friction resistance of the sea bed/pipeline interface,
results in a reduction in the axial compression to some
buckling force P. Axial friction resistance qu is
generated per unit length of pipe through the

slip length Lg¢ whilst lateral friction resistance qu

occurs per unit 1length of pipe through the buckling
length 2L. The nature of these friction forces,
together with that of the similar sea bed recovery

parameter f a introduced in Section 1.3.4, are

M

of major importance to this study. They relate to the
proportion of the pipeline's self-weight per unit
length, g, which is frictionally active at any state

of deformation; that is,fA and fL (together with ﬁw),

are such that

o

o
PN
+h

=
A
bS]

5 (1.9)

=

where %\ and ¢L are the respective axial and lateral

friction coefficients. To-date, the established fully

mobilised analyses have employed the simplifying
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non-conservative assumption that

= = = 1. on-linear, deformation
fa ¢A’ £, = ¢, fM 1 The n

dependent nature of these parameters is suggested in

Fig.A1.6 (b) by virtue of the non-linear axial force
distribution attributed to the slip length LS.
Detailed definition and discussion of these three

parameters is given in Chapter 2.
1.3.3 Boundary Conditions

Submarine pipeline stability analyses involve, with one
notable exception dénoted below, five distinct
behavioural regions; the flexural region of buckling
length 2L, the two adjoining slip length regions, each
of length L. and subject to axial friction resistance,
and two 'quasi-infinite' regions for

Ixl = L + Lg which -are only subject to prebuckling
axial compression P, = AExT. Lateral mode ® is unique
in as much as the entire run of pipe is taken
to be subject to buckling action, with LS = 0. The

symmetrical nature of the vertical mode and lateral
modes 1 and 3 and the skew-symmetrical nature of
lateral modes 2 and 4 are to be noted. These
features will be exploited in the ensuing analyses.
Lateral mode o is also taken to be symmetrical. The
aforementioned behavioural regions are delineated by
the boundary conditions appertaining to the respective
modes. Consideration of these conditions is initially

given in the context of lateral mode 1.
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Referring to Figs. 1.5 (a) and 1.6 (b), then. at Lhe

centreline x = 0, symmetry logic demands

w,

xlo = "EIw, ovlo =0 A (1.10)

Physical or, rather, kinematic conditions take the form

=w,

YL,

xlt = ¥l =0 (1.11)

The conditions given in equation (1.11) can be termed

+(32)

'variable matching conditions as the respective

locations x = L, L +'LS are variable; that is,

L. and LS are variable. This is due to the fact that
the pipeline is not physically attached to the

(47,48)

sea bed foundation. The axial strain can also

be prescribed at location x = L. Noting the slip

length details given in Fig. 1.7, then

SLS+L CX
-u = aT(LS+L-x)— % iE dx (1.12)
in which
SLS+L : 13)
- - 1.
C, = P, x f,q dx (

Differentiating equation (1.12) with respect to x.
noting equation (1.13), gives

L +L

u,, =T - (Po°st £,q dx) /AE (1.14)
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°(T(Ls""L"X) U=O
-u
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- (b) Compatibility

Fig.17 Slip Length Detail
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Noting equation (1.6), the axial strain at the buckling

length/slip length interface takes the form

L +L f_ g (P _-P) ,
- S A - o 1.15)
Urgln © SL aE ¥ = —ag (

Again noting the variable nature of L and LS, then

in- addition to the usual boundary and matching

conditions for fixed matching points, two additional

"transversality' conditions(32), at X = L and at
X = LS, are needed for the determination of the
unknowns L and lg. A requirement of the slip length

is that behaviour is purely axial with

xlx =W, =0 for L € X € LAL_ (1.16)
consequently, there can be no flexural moment at

X = L. The required condition is therefore

= = 17
EIw'xle w’xxIL 0 07 )

This condition is often termed to be a 'transversality'

condition and can be alternatively derived employing

the Calculus of VariationsL32) with subsidiary
o 49) . .

conditions introduced in the form of Lagrange

multipliers. These involve, for example, stipulation

of the condition given in equation (1.16). A further

'transversality' equation is available from equation

(1.14) with x = L + Ls such that

- (1.18)
u'x|L+Ls 0
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With regard to the remaining buckling modes, the
necessary  expressions are delineated in Table
1.1. The only condition which perhaps requires
additional consideration is that relating to the shear
force at the ends of each buckle length in lateral
mode ©0. The vproblems involved in determining
the. nature of. any concentrated reaction being
provided by the sea bed supporting medium have been

discussed elsewhereﬁ20’32’45) With regard to

lateral mode 1, a lateral shearing concentrated

reaction of SB qudx will be provided in order that

lateral equilibrium be maintained. Thié reaction is
not developed, however, without an internal shear force-
of this magnitude first being provided within the
pipe - this feature is observed from the appropriate
analysis although it is unnecessary for it ¢to
be a prescribed boundary condition (note Section
1.4.2). Similar situations apply to all modes at the
respective buckle length/slip !’léﬁdth interface.
Further, lateral modes 2, 3 and 4 provide for
continuation of shear force with no dgenerated shear
reaction from the supporting medium at all discrete
buckle length interface locations or buckling nodes
(w = 0). In the exceptional lateral mode o case,
however, self-equilibrating concentration of contact

.(32)

pressures are generated as support reactions in the

vicinity of the buckling nodes such that the internal

shear force is null.
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BUCKLING MODES

Lateral 1 lateral 2 Lateral 3 Lateral 4 Lateral Vertical
wl o=0 w1'0=0
Wrglo™ ¥1,x}070 ¥ixlo™ Vixlo™0
Wl 070 W1l 070
w'xxx|0=0 w1'xxx|0=0 _w'xxxI0=0 V'xxx|0=0
=) 1,
(w1 %™ ’x,l I..1
(w‘l 'xx=w2’xx)l L,
(w1 '>ooc=w2’xxx)| L,
¥a|L,
(transversality)
w| L=0 wzl L=0 w' 1° vl L=O
w,le=0 w2’x|L=0 w’>o<|L=O v'xIL=0
w'x'xl L=0 ¥ ’xx‘ L=O w’x:»cle:_0 V'xle=0
(transversality) (transversality) (unique) (transversality)
u =0
|L<l-Ls
u'x|L+Ls=o
(transversality)
u,th (PO—P) /AE u,xl L= (PO—P—Pa) /AE
Table 1.1 Boundary Conditions
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1.3.4 Derivation of Field Equations

The five regions appertaining to submarine pipeline
‘stability analyses have been delineated in Section
1.3.3. The appropriate field equations can be
most conveniently derived in the ensuing novel manner.
With regard to the flekural region, Fig. 1.8 depicts
the topology appertaining to a typical flexural
element of a lateral buckling mode. Bending moment
and shear force are denoted by M and F respectively.
Considering the transverse egquilibrium of the

elemental pipe 8x, then OF = qu8x, so that

(1.19)

Taking moment about point O gives

M+ 6M - M = -(F+bF)6x - Pbw + qu(sx)2/2 (1.20)

which vields, ignoring second order differentials

(bFb6x) and (8x)2/2,

-F = M, + Pw, ‘ (1.21)

Differentiating equation (1.21) with respect to X,
noting the appropriate linearised moment-curvature

expression M = Elw affords

Ixx ’,

= - - 1.22
Foy EIw,xxxx PW, ( )
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Finally, equating equation (1.22) with equation (1.19)

yvields the linearised flexural field equation

EIW, vwx * BPWryy = —£10 0 < x<L (1.23)

As a corollary, the appropriate linearised flexural
’ v
field equation for the vertical buckling mode

can be similarly derived, with w and qu being

replaced by v and ﬁwq respectively. Hence the

vertical mode equivalent to equation (1.23) can be
rewritten

(1.24)

n
»
N
=

EIV’xxxx * PV'xx - ‘qu 0

The parameter fM is such that ﬁ%q is the effective

self-weight per unit 1length of the pipeline at any
given state of deformation, such that, as previously

mentioned, 0 < fy,< 1. The reasoning behind the
introduction of fM is‘that as the pipe lifts off the

sea bed, some component of the self-weight |is
taken up by the recovery, on unloading, of the sea bed

medium.

With regard to both lateral and wvertical buckling
cases, the topology of the slip length region,

L £ x <L + L is depicted in Fig. 1.7. Axial

SI

compression is denoted by Cy- Considering the
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longitudinal equilibrium of the elemental pipe 6x, as

shown in Fig. 1.7 (a), then .SCX : quﬁx, so  that

(1.25)

Incorporahfng the appropriate thermal effect detailed
in Fig. 1.7 (b), compatibility yields the expression
given 1in equation (1.12). Differentiating equatijon

(1.12) with respect to x affords

C. = AE(xT - u,_) (1.26)
x b

Substituting equation (1.26) into equation (1.25)

yields the 1linearised slip 1length field equation

AEu, . = -f L ¢ x ¢ L+L_ (1.27)

XX Aq

The above formulations represent a novel vectorial
mathematical interpretation of the submarine pipeline
buckling syétemf' Elsewhere, derivation is made
using a _ratherf'more lengthy Calculus of Variations

h.(32)

approac The foregoing considers the submarine

pipeline buckling system to be of quasi-linearised
elastic form and deformations requiring that checks be-
made upon the appropriate limiting stresses.

(20,21,50)

As discussed previously. established analyses

have employed the simplifying assumption that

= ) - - ; t '~’ R . . d
fL/¢L f0/8y = Ty = 1 that is, the frictional an

self-weight forces are taken to be fully-mobilised

throughout. Solution schemes are thereby more

readily determined but consequently suffer distinct
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limitations. 1t is proposed to set oult the established
analyses, suitably corrected, employing the cquations
delincated as above in order that the developed studies

given later may be‘placed in context.
1.3.5 Interface Compatibility

Having established the appropriate boundary conditions
and field equations for both the . buckling and
slip length regions, it is now necessary to set up a
matching compatibility expression at the interface of
the buckling and slip lengths, that is at x = L,
in order to combine the buckling length and slip length
analyses. Noting Fig. 1.9, the axial movement of the
pipe within the buckling region can be expressed

in the form

2

u = «aTx - Px/AE - igg (w,x) dx 0 g x<€L (1.28)

Noting Fig. 1.5 (a), then with regard to lateral mode
1, at the Dbuckle length/slip length interface

(x = L), equation (1.28) becomes

(PO—P)L

uIL - uS AE éSO ( 'X) (

Equation (1.29) remains valid for lateral mode 2 and,
subst.ituting v for w, the wvertical mode. For

lateral modes 3 and 4, then, noting Figs. 1.% (¢) and
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(d), equation (1.29) takes the form

(P -P)L L
o 1 2 L 2 1.30)
Us = —7ae §[SO (w1'x) dx + SL1(W2'X) dx] (
Equation (1.29) 1is also wvalid for lateral mode o,
al though it is of trivial form (uS . Ls - 0).
Either egquation (1.29) or (1.30) can now be used in
conjunction with equation (1.27) subject to the

necessary integration.
1.3.6 Pfimary Parameters

Essentially, the displacements u and w (v 1in the‘
vertical mode) represent the basic analytical
parameters in the study - note Fig. 1.5. (@jven this
and the previous discourse on the boundary conditions,
then, for engineering purposes, the structural response

is defined in terms of P, w, L and Oy where Oh

represents the maximum stress induced in the pipe,

for any given action T(PO). Noting equation (1.5),

the maximum stress can be expressed in the form

On = P/A + Mmr/I (1.31)

where M, is the maximum bending moment for any given

temperature rise T. Parameters usand LS can also be

obtained but they are of secondary importance.

A



1.3.7 Geotechnical Factors

The nature of the pipeline/sea bed interface has
been shown to be both important. and complex.

The geotechnical parameters fh, va and fM have

been introduced and defined. Further study of
these crucial parameters is given in the following
chapter. In addition, the employment of simple
beam theor§32) in conjunction with an effectively
rigid sea bed has led to the existence of trans-
versality and associated conditions and the compat-
ibility statement. It is also to be noted that the
eccentricity of quﬁx and qu6X from the pipe
centreline is neglected as 1is the effect of axial
friction force resistance within the buckling region

(32)

for the lateral mode studies. Considerable

effort is necessary to mathematically model the various
geotechnical effects but, prior to such incorporation,
it is proposed to set out the established analyses
which avoid the associated complexities by means of

employing the corresponding fully mobilised forces.

1.4 FULLY MOBILISED QUASI-IDEALISED ANALYSES
1.4.1 Introduction

As noted previously, the following quasi-linearised
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analyses employ fully mobilised geotechnical/frictional
forces with fA/¢A - fL/¢L'= fM-= 1. Further,
the pipeline's material or constitutive response is
taken to be of linear ealstic form.Topologically,linear
kinematic behaviour is assumed, with, for example,
pipeline slopes in excess of 0.1 radians implying
violation of the respective analysis. Most of
the ensuing expressions relate to work initially
carried out in the field of rail track buckling.
However, noting the previous studies .given in
Sections 1.3.3 - 1.3.5, the basic expressions
given herein are presented in terms of the appropriate
vectorial field equations rather than as derivative

expressions of the Calculus of Variations.

The numerical values for the "various parameters
involved are given in Table 1.2 together with a

variety of %A and ¢L values between 0.1 and 0.7.(20’59)

1.4.2 Lateral Mode 1 Analysis

The essential features of lateral mode 1 are shown
in Figs. 1.10 (a) and (b) which depict the fully
mobilised topoloéy and axial force distribution
respectively. The submerged self-weight of the
pipre per unit 1length is denoted by q whilst @Qq

and ¢Lq represent the respective fully mobilised
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Parameter Symbol Value

External Radius r 325 mm

Wall Thickness t 15 mm
Sectional Area A 29920 mm?
Young's Modulus E 206 kN/mm?
Second Moment 1 1.509 x i09 mm"
Self-weight q 3.8 kN/m
Yie1d>Stress oy 448 N/mm?
Thermal Coefficient | « 11 x 10”°/°C

Table 1.2

Pipeline Parameters
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(a) Fully Mobilised Topology

(b) Axial Force Distribution

Fig.1.10 Fully Mobilised Lateral Mode 1 Model
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axial and lateral friction resistance forces per unit.
length. The linearised flexural field equation,

noting equation (1.23), can be given by

2
Woexx TR Wi, = W 0 £« x <L (1.32)

where - P/EI and m = ¢Lq/E]. The appropriate

- boundary conditions within the buckling region take

the form

Yixlo = 0 | | (1.33)
_EIW'XXXIO =0 (1.34)
wip =0 | : (j.35)
W lp = 0 | (1.36)
L (transversality) (1.37)

The general solution of equation (1.32) is

w = A1cos nx + Azsin nx + A3x + A4 - mx2 (1.38)
2
2n

where Ai' i =1,2,3,4, are constants of integration.

Substituting the boundary conditions given in equations
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(1.33) through (1.36) into equation (1.38) gives the

lateral displacement expression

w = md [1 %l 2(cos nx - cos nL)} (1.39)

X
2(nL)2 L2 nL sin nL

Equating this expression with the transversality

boundary condition given in equation (1.37) vyields

tan nL = nL . (1.40)

with the lowest non-trivial root affording

nL = 4.4934 (1.41)

Hence, the buckling force is evaluated by substituting

for n, with

P = 20.19 EI/L® (1.42)

The  maximum amplitude occurs at x = 0, noting

equations (1.39) and (1.41), such that

4
w o= 3.8512x10 2 PpaL (1.43)
EI

and the maximum slope, at x = 0,398L, is given by

3
w, . = 0.06926 PLIT (1.44)
EI
while the maximum bending moment, at x = O, is
_ __ 2
Mm = EIw,Xxm =-0.27751 ¢LqL (1.45)
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the negative sign correctly indicating flexural
compression to be acting on the lower part of
the pipeline section. Further, the maximum compressive

stress o, induced in the pipe, noting equations

(1.31), (1.42) and (1.45), takes the form

o = 20-19ET ., 4 27751 qri?/1 (1.46)
m ALZ ,L

Having established the relationships between w and L,

incorporating wh, “hxm and < and the "buckling

mf
force P, it 1s now necessary to determine the

dependence of P upon T(g)). This is achieved by

considering the slip length characteristics.
The linearised slip length field equation, noting

equation (1.27), can be given by

AEu, . = “#,9 L < x & L+L , (1.47)

which vyields the general solution, for the fully

mobilised modelling,

u = -[%a9)x% 4 B,x + B, | (1.48)
AE /2
where Bi’ i = 1,2, are constants of integration.

The appropriate slip length boundary conditions

take the form

= 1.49)
u|L+Ls 0 ( K
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u, L+L_ =0 (transversality) ' (1.50)

(P,-P)
AE

u, = (1.51)

xl L

Substituting equations (1.49) and (1.50) into

equation (1.48)' gives the axial displacement

expression
g = - a9 [(L+Ls)2 + x(x—ZL—ZLS)] (1.52)
2AE

Differentiating equation (1:52) with respect to x and

employing equation (1.51) affords

L, = (PO-P)/¢Aq (1.53)

Substituting for Lg in equation (1.52) and
incorporating the identity uf;, = Yg. then, for x = L,
equation (1.52) yields

2
(PO‘P)
2AEd,q

4 = - (1.54)

"The matching compatibility condition at the buckle/slip
length interface, noting equation (1.29), takes the

form

L

u_ = (P_-P)L/AE -o.5g (w,x)zdx (1.55)
0
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in which the integral term, noting equations (1.39)

and (1.41), affords

L 2
o.sg (w,x)zdx - 1.0225x1o’3(¢Lq) L’ (1.56)
0 BT

EI
Equating equation (1.55) with equation (1.54),

noting equations (1.42) and (1.56), vyields, upon

manipulation,

' 3
- 2 .5
P = 20.19EI + ¢AqL (1 + 2.045x10 3AE [¢Lq] L ) -1

(@) .
12 ?a9|ET

(1.57)

Solutions for P, are thereby obtained in terms of

discrete values of L and substituted into equation

(1.6) to determine T. Effectively, therefore,
for any given action T, structural response in
terms of w, P, L, w., W, &, u L, and ug can

be determined noting equations (1.39), (1.42),
(1.43), (1.44), (1.46), (1.52), (1.53) and (1.54).

1.4.3 Lateral Mode 2 Analysis

The topology of lateral mode 2 1is depicted 1in
Fig. 1.5 (b). The formulation is similar to that
for lateral mode 1 with the linearised flexural
field equation given in equation (1.32) which yields

the general solution

w = A cos nx + Azsin nx + Rax + Ay - mx2 (1.58)
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where Ai’ i=1,2,3,4, are constants of integration.

The appropriate bouhdary conditions within the

buckling region take the form

wig =0 | (1.59)
Woewlo = 0 (1.60)
Wi = 0 (1.61)
Wiyl =0 (1.62)
Yool = 0 (transversality) (1.63)

Employing the boundary conditions given in equations
(1.59), (1.60), (1.61) and (1.62) on equation (1.58)

affords the lateral displacement expression

4 (nL)2 x2 X
w=-"L _|1-cos nx + Dlgin nx - ——5——(—7 - f) (1.64)
(nL) 4 2

Equating this expression with the transversality

boundary condition given in equation (1.63) vyields

tan nL/2 = 0 (1.65)
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with the lowest non-trivial root affording

nL = 27 (1.66)
Hence the buckling load is evaluated by substituting
for n, with

p = 47w°EI/L> (1.67)
The maximum - amplitude occurs at x = 0.3464 L,
noting equations (1.64) - and (1.66), such that

, ' _ 4 '
w_ = 5.532x107° gL ‘ | (1.68)
EI

and the maximum slope, at x = 0, is given by

3
_ #.9L

Wiem = L2 : | | (1.69)
47°EI

while the maximum bending moment, at x = 0.299L, is

M_ = EIw, 2 (1.70)

o =-0.10884¢, gL

Xm

Further, the maximum compressive stress induced in
the pipe, noting eqguations (1.31), (1.67) and
(1.70), takes the form

2
o, = 2ZEL .+ 0.10884¢ qrL?/1 (1.71)

AL

The formulation appertaining to the slip 1length
region 1is identical to that of lateral mode 1;

equations (1.47) through (1.55) remain valid,
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except that the integral term in equation (1.55),

noting ‘equations (1.64) and (1.66), 1is now given by

L 5 s ¢Lq 2 L7 .
O.Sg (w,x) dx = 8.715x10 (1.72)

0 EI
As previously, equating equation (1.55) with equation
(1.54), noting equations (1.67) and (1.72), vyields,

upon manipulation,

2

, }
2 -4 2 .5 ) _
P, = 4WTEI + ¢AqL[(1 + 1.743x10 "AE [¢Lq] L 1
L

229 |ET

the full solution set being determined as previously.
1.4.4 Lateral Mode 3 Analysis

The topology of lateral mode 3 is detailed in
Fig. 1.5 (c). It can be seen that. the linearised
flexural field equation for the buckling region,

0 K x £ Ll’ is similar to that given in equation (1.32)

with w now replaced by Wy, that is

2
+ nw = -m 0 £ x<K1L

%
17'xxxx

For the buckling region, L1 £ x L, in which the

lateral friction resistance acts in the opposite
direction to that of the above buckling region,
the appropriate linearised flexural field equation is

given by
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+ n2w =m L

. (1.75)

N
%
A
|

w
2" XXX

The respective general solutions of equations (1.74)

and (1.75) are

2
Ww. = A.cos nXx + A.sin nx + A_X + A, - IX (1.76)
1 1 2 3 4 =
2n
and
- . 2
Wy = Ascos nx + A651n nx + A7x + A8 + mx2 (1.77)
2n
where A

P i=1,2,3,4,5,6,17.8, are constants of

integration. The appropriate boundary and matching

conditions take the form

Wirglo = 0 (1.78)

Warewxlo = O | | (1.79)

wﬂL1 = wzlL1 (1.80)
i} 1.81

w1'x|L1 wz'le1 ( )
(1.82)

w’l'xx'L1 = w2'xx|L1
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w1'xxx|L1 - w2’xxx|L1

Wolp = 0

Yargln = 0

W2JL1 =0 (transversality)
Worgxln = O (transversality)

(1.83)

(1.84)

(1.85)

(1.86)

(1.87)

Substituting all the boundary and matching conditions

given in equations (1.78)

equations (1.76) and (1.77) vyields

nL1 = 2.918
and
7.551

nL =

as the lowest non-trivial roots,

2 __4
A, = 5.3809x107° mL

-55-

through (1.87) into
(1.88)
(1.89)
with
(1.90)
(1.91)



A, =0 (1.92)

4
A, = 0.11121 mL] (1.93)
A, = 2.6905x10 2 mp?
5 : 1 (1.94)
A, = 6.2778x10°3 mz?
6 : 1 (1.95)
A, = -0.23567 mL>
7 . 1 (1.96)
Ag = 0.20089 mL$ (1.97)

It can be seen that buckling region Ll involves
larger lateral displacements than that of buckling
region L2. Consequently, the appropriate buckling
force is evaluated by substituting equation (1.88)
for n, with

P = 8.515 EI/L? (1.98)

The maximum amplitude occurs at x = 0, noting
equations (1.76), (1.88), (1.90), (1.91), (1.92)

and (1.93), such that
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w. = 0.16512 ¢LqL$ (1.99)

m
EI

and the maximum slope, at x = 0.627Ly . 1is given by

3
= .100
Worem = 0-22542 ¢ qL] (1 )
EI
while the maximum bending moment, at x = 0, is
— o 2 A
M = EIw,, . = 0.57562 ;zquL’1 (1.101)

Further, the maximum compressive stress induced in the
pipe, noting equations (1.31), (1.98) and (1.01),
takes the form

o_ = B.515EI + 0.57562 ¢ arL? /1 (1.102)

2
AL,

The - formulation appertaining to the slip length
region 1is analogous to tﬁat of lateral mode 1
with equations (1.47) through (1.54) remaining
valid. Noting the appropriate lateral mode 3
topology depicted in Fig. 1.5 (c), the matching
compatibiljty condition at the buckle/slip length

inteface, given in equation (1.30), now takes

the form
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SL1 2 gL 2
ug = (P,-P)L - 0.5} T(w,, ) %ax + L1(w2’x) ax| (1.103)
—AE -

Noting equations (1,76), (1.77), and (1.88) through

(1.97), equation (1.103) can be rewritten

u, = 2.588(P0-P)L1 - 1.7878x10 ¢Lq> (1.104)
AE

Equating the expression with equation (1.54) vyields

- 3
P_ = 8.51SEL + 2.588¢,qL, (1+5.3397x10 3aE 3, ZL?) -1
L’ | ?pd [EI i
1

(1.105)

The full solution set being determined as previously.
1.4.5 Lateral Mode 4 Analysis

The topology of 1lateral mode 4 is illustrated
in Fig. 1.5 (4). The formulation is similar to that
of lateral mode 3 with the linearised field equations
given 1in equations (1.74) and (1.75) vyielding the

appropriate general solutions

_ . 2
w, = A1cos nx + Azsln nx + A3x + A4 - mx (1.106)

and

= i 1.107
w, = A COS nx + A651n nx + A7x + A8 + mx ( )
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where Ai, i=1,2,3,4,5,6,17,8, are constants of

integration. The appropriate boundary and matching

conditions take the form

Wilg = 0 (1.108)
Wirelo = 0 (1.109)
Walp = Yol g, (1.110)

w1'le1 = wz'x[L1 (1.111)

Mrxxln, T wz'xle1 (1.112)
w1'xxx|L1 = w2'xxx|L1 (1.113)
Yalr, = 0 (1.114)
Worely = O (1.115)
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ol L 0 (transversality) (1.116)

Waorexln = 0 (transversality) (1.117)
Substituting all the boundary and matching conditions
given 1in equations (1.108) through (1.117) into

equations (1.106) and (1.107) yields

nL1 = 5.31 (1.118)
and
nL = 8.54 (1.119)

as the lowest non-trivial roots, with

A, = ~1.271x10"°3 mL: (1.120)
-3 __4

A, = 3.814x107° mL] (1.121)
-2 .3

A, = 2.034x107% mL; (1.122)

A, = 1.271x10°3 mL? (1.123)
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A, = 1.338x10 % mLﬁ (1.124)
_ -3 4

Ac = 1.740x107% mp] | (1.125)
2 .3

A, = -5.059x107 mL> (1.126)
) -2 .4

Ay = 3.425x107% mu] (1.127)

It can be seen that buckling region L., involves larger

1

lateral displacement than that of buckling region L2.

Consequently, the appropriate buckling force is

evaluated by substituting equation (1.118) for n, with

P = 28.20 EI/L? (1.128)

The maximum amplitude occurs at x = 0.40L1, noting
equations (1.106), (1.118), (1.120), (1.121),

(1.122) and (1.23), such that

w. = 1.047x10°%

. .
1m ¢LqL1 . (1.129)

EI
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and the maximum slope, at x = 0, is given by

~ | 3 ©(1.130)
Wiiym = 0-04059 $iqLy .
EI

while the maximum bending moment, at x = O.359L1, is

__ 2 (1.131)
xm =-0-14880 $;aL]

Further, the maximum compressive stress induced in
the pipe, noting equations = (1.31), (1.128) and

(1.131), takes the form

o_ = 28.20EI + 0.14880 ¢Lqu$/1 (1.132)

3
AL,

The formulation appertaining to the slip 1length
region is similar to that of lateral mode 3, that is,
equations (1.47) through (1.54) remain valid.
Further, the matching compatibility condition
at the buckle/slip length interface given in equation
(1.103), noting equations (1.106), (1.107) and (1.118)

through (1.127), yields

_ _ _ -4 2 .7
u, = 1.608 (Po P)L1 2.7716x10 (¢Lq L1 (1.133)

AE EI
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Equating this expression with equation (1.54) affords

3

- 2.5

P_ = 28.20ET + 1.608¢,qL, G+2.143x10 ‘aE [g, L1> -1
| L% ?ad [ET

(1.134)

the full solution set being determined as previously.
1.4.6 Lateral Mode ®© Analysis

The topology of lateral mode © is depicted in Fig. 1.5
(e). The formulation is similar to that of laterai
mode ‘1 with the linearised field equation being as
given in equation (1.32) yielding the general

solution

w = A1cos nx +Azsin nx + A3x + By - mx2 (1.135)
2
2n

where Ai’ i=1,2,3,4, are constants of integration.

The appropriate boundary conditions within the buckling

region take the form

W, ]l =0 | (1.136)
“EIW, pulo = O (1.137)
Wiy =0 (1.138)
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Wigxln © 0 (1.139)

(20))

-Elw, =0 (unigue condition (1.140)

xXxx| L

Substituting the boundary conditions given in equations
(1.136), (1.137), (1.138) and (1.139) into equation

(1.135) affords the lateral displacement expression

w =

[1 + n2L2 - n2x2 - Ccos nx] (1.141)
2

m_
4 2 cos nL

o

Equating this expression with the wunique condition

given in equation (1.140) yields

tan nL = 0 2 (1.142)

with the lowest non-trivial root affording
nL =7 (1.143)

Hence, the buckling force is evaluated by substituting

for n, with

p = WeEI/L2 (1.144)

The maximum amplitude occurs at x = 0, noting

equations (1.141) and (1.143), such that

4

- -2
W= 7.1192x10 ¢LqL

ET

(1.145)
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and the maximum slope, at x = L, is given by

- 3 1.146)
Wyom = 0-10132 ¢, oL (
' ET

while - the maximum bending moment, at x = 0, is

i 2
= =- .147
M = EIw, . =-0.20264 ¢ gL (1.147)

Further, the maximum compressive stress induced in
the pipe. noting equation (1.31), (1.144) and

(1.147), takes the form

o = 7°EI + 0.20264 ¢Lqu2/I (1.148)

ALZ

It is to be noted that this mode is wunique 1in
as much as the entire run of the pipe is taken to be

subject to buckling action with ug = LS = 0.

Consequently, the compatibility expression given in

equation (1.29) can be rewritten

L
(P,=PIL _ o.sg (w,x)zdx (1.149)
AE 0

which vyields, noting equations (1.141), (1.143) and

(1.144),
P, = WZEI + 3.0112x10° AE(¢Lq> (1.150)
2
L
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the full solution set being determined as previously

except that u, Ug and LS do not exist in this mode.

1.4.7 Vertical Mode Analysis

The essential features of vertical mode are depicted
in Figs. 1.11 (a) and (b) which show the fully

mobilised topology and axial force distribution

- respectively. The linearised flexural field equation,

. noting equation (1.24), can be given by

2 _
Viggxx T P Vigye =7 D« x«gL (1.151)

where r? = P/EI and m = q/EI. The appropriate

boundary conditions within the buckling region take

the form

V'x|0 =0 (1.152)
“EIV, oxlo = 0 (1.153)
Vg = 0 (1.154)
Vigln = 0 (1.155)
Viexln = 0 (transversality) (1.156)

_66_



IRRNTTERETRRT]
%0 ﬂﬂ\ 0
< < < T T e T T /& — —
; X —a
L L=, L=,  Lg

(a) Topology

o0

(b) Axial Force Distribution
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The general solution of equation (1.151) is

v = A1cos nx + Azsin nx + A3x-+ A4 - mx2 (1.157)
2n
where Ai’ i=1,2,3,4, are constants of integration.

Substituting the boundary conditions given in equations
(1.152) to (1.155) into equation (1.157) affords the

vertical displacement expression

v = me.* 1 - §3 - 2(cos nx - cos nld} (1.158)

2(nL)2 L2 nL sin nL

Equating this expression with the transversality

boundary condition given in equation (1.156) vields

tan nL = nL : (1.159)

with the lowest non-trivial root affording

nL = 4.4934 (1.160)

Hence, the buckling force is evaluated by substituting

for n, with

P = 20.19 EI/L° | (1.161)
The maximum amplitude occurs at x = 0, noting
equations (1.158) and (1.160), such that

v_ = 3.8512x107% g’ (1.162)

m EI
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and the maximum slope, at x = 0.398L, 1is given by

v,. = 0.06926 gL’ (1.163)

Xm EI

while the maximum bending moment, at x = 0, is

2
= =- 1.164
M_ = EIv, . =-0.27751 qL ( )

Further, the maximum compressive stress induced in the
pipe, noting equations (1.31), (1.161) and (1.164),

takes the form

o = 20.19EI + 0.27751 qrL?/1 | (1.165)

AL2

The 1linearised slip 1length field equation, noting

equation (1.27), can be given by

AEu, . = ~¢pd L & x € L+L_ - (1.166)

X

which vields the general solution, for the fully

mobilised modelling,

u = -(¢Aq>x2 + B1X + B2 ' (1.167)

AE /2

where Bi’ i = 1,2, are constants of integration.

The appropriate slip length boundary conditions

take the form

u'L+Ls =0 (1.168)
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u'x|L+LS =0 (transversality) (1.169)

= (p_-P) - P (1.170)

u, a
AE

le

It is to be noted that the parameter Ra occurs

only in the vertical mode slip length modelling - note

equation (1.15). Ra is, essentially, the. axial force

component frictionally induced on the pipe by the
vertical shear reaction at the buckle/slip 1length
interface. Noting Fig. 1.11, this force can be

represented by

= .171
P, 29L (1 )

Substituting equations (1.168) and (1.169) into

equation (1.167) gives the axial displacement

expression
u = - ¢Aq [(L+LS)2 + x(x—2L—2qu ' _ (1.172)
- 2AE

Differentiating equation (1.172) with respect
to x and employing equations  (1.170) and (1.171)
affords

(P_-P) - $,qL (1.173)
G
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Substituting for LS in equation (1.172) and

then for

incorporating the identity uj o= U,

X = L, equation (1.172) vields

2 .
u = - (PgmP-$pal) (1.174)
2AE¢Aq

The appropriate matching compatibility condition at the
buckle/slip 1length interface, noting equation (1l.29),

takes the form

L

u_ = (P_-P)L - o.sg (V,X)zdx (1.175)

S
AE 0

which can be rewritten, noting equations (1.158)

and (1.160),

3(g_>2 L’ (1.176)

ug = (P_-P)L - 1.0225x%10 "
— EI

S
AE

Equating this expression with equation (1.174) affords

7

(PO—P)2 = 2.0451»{10_3 ¢Aq3AEL - (¢AqL)2 (1.177)

(ET) 2

which can be further simplified, noting equation

(1.161), to



;o
-3 5 2
PO = 20.19EI + %E [2.045x10 AE¢AqL —(¢AEI) ] (1.178)

L2 I

the full solution set being obtained as previously.

It should be noted that as a result of assuming
fully mobilised axial friction resistance, the
vertical mode modelling can be shown to be invalid
at small wvalues of verticél displacement. Clearly,

noting Fig. 1.11 (b),

(PO—P) > Pa | (1.179)

whereupon, substituting equations (1.171) and

(1.179) into equation (1.177), there is the requirement

1/5
L > [978¢Aq(}:1) ] . (1.180)

which affords the corresponding maximum amplitude,

noting equation (1.162), such that

4/5
v 2 ——-Jg 2031 [¢Aq(EI) ] (1.181)
it can be noted, however, that the above restrictions
do not apply when Vm = L = 0 since (P0 - P) = Pa =0

at this state - note equations (1.171) and (1.177) -

although the asymptotic behaviour of the present model
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precludes this from being of value to the analyst.
quther, these restrictions on the _.established

fully mobilised vertical modelling¢20,31.36,37,50)

as denoted in equations (1.180) and (1.181) have not

been previously reported.
1.4.8 Discussion

Results are presented for a variety of axial (¢A)

and lateral (¢L) friction coefficients between 0.1 and

.7.(20,50)

0 Considering - first the lateral modes,

Fig. 1.12 shows the comparison of all the 1lateral

modes with ¢4 = ¢ = 0.5. Minimum 'safe' temperature
rise, Tmin’ is defined as the minimum temperature rise

at which buckling occurs. It can be shown that lateral

mode 4 has the lowest value of T , . Other comb-
min

inations of friction coefficients, using a range of ¢A
and ¢L between 0.1 and 0.7 have been analysed

(not shown) to ensure that lateral mode 4 is indeed
the critical lateral mode. Figs. 1.13-1.16 depict the
graphs for lateral mode 4 using various combinations

of é\ and ¢ . The appropriate values of T . ,
L min

together with the corresponding values of maximum

amplitude, W o and buckling length Ll at the minimum

safe temperature rise state, are given in Table 1.3.

It can be seen that an increase 1in %A results

in an increase in Tmin and decrease 1in the
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zA
2 0.1 0.3 0.5 0.7
0 0 0 0 T . (°C)
- “min
0 o ] oo <) w_'m(m)
() © oo <) L1 (m)
18.5 21.5 | 22.7 23.4 T . _(°C)
min
0.1 1.45 1.01 0.87 0.80 w1m(m)
103.1 94.3 90.9 88.9 L1(m)
28.2 33.4 35.8 37.4 T ._(°C)
. min
0.3 1.93 1.32 1.11 1.00 w1m(m)
84.2 76.6 73.4 71.5 L1(m)
. [o]
34.1 40.8 43.9 46.0 Tmin( C)
0.5 2.20 1.50 1.27 1.14 w1m(m)
76.6 | 69.6 66.7 64.9 'L1(m)
38.7 46 .4 50.1 52.6 T . _(°C)
min
0.7 2.41 1.64 1.38 1.23 w1m(m)
72.0 65.4 62.6 60.9 L1(m)
Table 1.3 Action-Response Data at Tmi State for

Lateral Mode 4
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corresponding values of Yn and Ll; an increase in ¢L’

however, results in increasing Tmin and Wim but

decreasing L With regard to the vertical mode,

1
Fig. 1.17 depicts the temperature rise against buckling

length for a set of axial friction coefficients, ¢A'

All the 1loci in this figure posses deformations
beyond their respective invalid lower ranges; note
equations (1.180) and (1.181). These lower ranges of
invalidity are subject to the geotechnical and pipeline

parameters employed. The 0.1 radian limit(51)

appertaining to linearised analyses 1is indicated on
Figs. 1.13-1.17 and shown by the dashed 1loci in
Fig. 1.12. The important minimum séfe temperature
rise, Tﬁin’ states of all the lateral modes depicted
in Fig. 1.12 are within this limit. It is apparent
from Figs. 1.12-1.17 that all the 1lateral modes,
except lateral mode o which can be considered to be

%50), occur at a lower

of academic interest onl
temperature rise than the vertical mode. The
lateral modes are therefore dominant unless lateral
restraint is provided by trenching. Modal interaction

also becomes possible noting this latter consideration.

At this stage, an overview is essential. The results

~ given in Fig. 1.12 are at variance with those

given by Hobbs(zo), wherein lateral mode © is claimed

to be the critical mode. It could be argued that as

action (temperature rise) 1is a distributive action,
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a distributive response (that 1is, lateral mode oo
wherein the pipeline buckles fully along its length)
is to be anticipated. However, the modelling

employed, in no way at variance with that employed by
(20)

Hobbs , does not afford this to be the critical
response.- This finding has subsequently been
¢510D)

' verified and acknowledged by Hobbs in later work.

Indeed, lateral mode 4 could be argued to be a
semi-infinity mode - note Fig. 1.5. Lateral modes
1 to 4 can be considered to be localised buckling

(38)

mode forms of lateral mode ® ; indeed, perhaps

this is the only practical role for this singular case.

Further, all the lateral mode action—resbonse
loci depicted in Figs. 1.12-1.16 approach the
thermal axis asymptotically; this 1is a consequence
of assuming fully hobilised lateral friction resistance
even for vanishingly small 1lateral displacements.
This can be observed from consideratioh of, for‘
example, equation (1.32),‘ wherein, applying the

critical state criterion

w, =0 (1.182)
XX

affords the loading intensity to be

Wy = _¢Lq/EI # 0 | (1.183)

Regarding the vertical mode, asymptotic behaviour is

similarly caused by assuming the self-weight to be
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fully mobilised. There is also the additional
problem of defining the axial friction resistance
force in a manner which overcomes the previously
denoted inherent 1limitations involved when wusing a
fully mobilised axial resistance force modelling
(v S- 0). As in lateral buckling, the invalidity of
the wvertical mode analysis can be observed from
consideration of equation (1.151), wherein, applying

the critical state criterion

Vi =0 “(1.184)

affords the loading intensity to be

= - (1.185)
Vi exxx g/EI # 0

Indeed, only the minimum safe temperature rise, Tmin’

is of immediate use in the established fully mobilised

modellings. A published technical article(?1)

concerning the foregoing discussion is given 1in

Appendix I (A).
1.5 SUMMARY

The essential factbrs involved in submarine pipeline
buckling have been set out and the established
analyses detailed and correéted as necessary.
These analyses have been set out in a novel field
equation format and a set of appropriate limits,

errors and forward path developments discussed.
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With regard to the developments detailed in the
following, it 1is first proposed to establish the
nature of the necessary geotechnical parameters.
This 1is because definition of the critical state
at which axial-flexural bifurcatioa occurs requires
that geotechnical experimentation be undertaken
in order that data relating to the appropriate
axial and lateral friction resistance characteristics,
as well as to the _pipeline's submerged self-weight
inertial characteristics associated with the vertical
buckling mode, be established. The appropriate

analyses will then ensue.
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CHAPTER 2

GEOTECHNICAL EXPERIMENTATION

2.1 INTRODUCTION

An important feature of the submarine ©pipeline
buckling behaviour concerns the resistance to
movement of pipelines provided by the supporting
medium. Assumptions previously made included that
axial and lateral friction resistance forces were taken

(20,21,50)

to be fully mobilised throughout. Despite an

intensive literature search, little information
relating to the nature of frictional resistance force

(52-58)

was forthcoming. Experimentation was thereforé

required in order to provide data relating to fully
mobilised frictional coefficient values, sub-fully
‘mobilised frictional coefficient values and to the

corresponding displacements to which they appertain.

Another important feature with regard to the buckling
region of the vertical mode concerns the gradual
nature by means of which the pipeline's submerged
self-weight 1is incurred at the onset of buckling.
Effectively, this feature concerns the recovery of the
sea bed wupon unloading. The established modelling
assumes this force to be fully mobilised, that is, the
sea bed is taken to be rigid. Initially, however,
attention is focussed upon the friction resistance

force characteristics.
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2.2 ~ FRICTION FORCE CHARACTERISTICS

The vertical and lateral system topologies are given
in Figs. 2.1 and 2.2 respectively. It 1is apparent
that in the vertical buckling mode, the pipe will, with
regard to the interface frictional forces, involve only
axial coefficient action. The established» fully

(20,21,50)

mobilised modelling employs, noting

equations (1.53) and (1.173), a resultant axial

friction force FA given by

FA = ¢AqLS | (2.1)
where
Fy = P, = P = ¢,qL (2.2)

'for the vertical mode, and

F. =P -P (2.3)

for all the 1lateral modes except lateral mode o© in
which axial friction force does not exist. The
revised deformation-dependent axial friction modelling
is 1illustrated in Fig. 2.3. The axial friction

resistance force is denoted therein by ﬁAq - per

unit length where parameter fA is, in formal terms,

some variable in x for L gx'gL + Lg. Equilibrium

affords the slip length friction resistance force to

be more formally given by
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L+L (2.4)
? s
F. = qu dx

It can be seen from equations (2.1) and (2.4) that the

established modelling therefore -assumes ﬁA to

be a constant (¢A) throughout the slip length.
Fufther; in the «case of lateral buckling, the
pipe will incur not only both axial and lateral
friction resistances, but, in addition, the motion
involved will give r7rise to friction resistance
occurring in relatively arbitrary orientations. This
is denoted by angle e in Fig. 2.2. The roles played
by the axial and lateral friction resistance forces
have already been delineated in Chapter 1, and
Figs. 1.7 and 1.8 serve to illustrate the generalised
axial and lateral friction parameters g& and fL.
The problem therefore centred on determining_‘the
values of the friction coefficients for arbitrary
orientations of force-displacement. Further, some
assessment of the displacements at which these
coefficients become fully established was to be sought.
The objective was, therefore, to investigate the
force-displacement relationships for a pipe subject to
laterally, axially and arbitrarily oriented action
when in contact with a sand foundation. Sand

(59)

was chosen in view of North Sea conditions , and a

sieve analysis enabled the requisite fine to medium
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sand to be determined: the sieve analysis results are
depicted in Fig. 2.4 with the appropriate data given
in Appendix II (A). Three typical frictional
interface configurations are considered. Model tests
were deemed to offer sufficient insight at this stage
and dry testing was employed for convenience noting
~that a Coulomb medium was involved. That 1is, dry
testing for determining saturatedvfine to medium sand
behaviour is acceptable given that in both conditions
the sand 1is cohesionless and that the angle of

internal friction is unchanged.(60)

Finally, drained triaxial tests upon the material were
undertaken in order to determine the respective
modulus. This parameter has a bearing upon vertical
lift-off characteristics, this feature being discuséed
following delineation of the frictional force

experimentation.
2.3 EXPERIMENTAL PROGRAMME

A 1m long steel pipe of outer diameter 48.3 mm,
thickness 3.2 mm and a self-weight of 34.92 N/m was
used for all the tests. Fig. 2.5 depicts the
line diagram of the pipe section under arbitrarily
oriented force (0 < e < 75/2); this arrangement was
also employed for the application of lateral force

(e = 0). Fig. 2.6 depicts the line diagram of the pipe
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under axial force (e = W/2).. The pipe possessed
a 150 mm overhang with respect to the sand flume
employed in order to prevent the pipe‘from digging into
the ‘sand when undergoing axial movemenﬁ. Further
equipment included weights, wires, pulleys and
transducers for . measuring the longitudinal and
transverse displacement components of the pipe. Three
frictional interface configurations were considered as
trenching will clearly affect buckling response. The
configurations chosen were that with the pipe simply
resting on the supporting medium (R), a basic
entrenched topology (E) and an entrenched arrangement
involving compaction of the supporting medium (P).
Trenching constituted a quarter pipe diameter
penetration of the supporting medium and compaction
studies were ©primarily for «qualitative purposes.

Quasi-static  behaviour is stipulated throughout.
2.4 EXPERIMENTAL PROCEDURE

The disturbing force was applied to the pipe in the
horizontal plane at values of e ranging from =zero
through to m/2 in increments of 7w/12. The three
interface. configurations were thereby considered in
each of these seven ofientations. The disturbing
force was applied in the form of two equal component
forces aéting at the ends of the pipe except in the

axial case studies in which the disturbing force was
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only applied to the respective end of the pipe. It
was considered that a long pipeline on the sea bed
would slide rather than roll along its longitudinal
axis under lateral force, hence the transducer
readings were subject to the prevention of any
significant rolling movement. The onset of full
mobilisation for each of ‘the twenty-one cases
considered was taken as being the state at which
displacement continued without any further increase in
the respective disturbing force. ~Each test was
undertaken four times, average results being finally

recorded.
2.5 EXPERIMENTAL OBSERVATIONS AND RESULTS

The results are given in Figs. 2.7 to 2.13 in
the form of resistance force-displacement loci.

For the lateral (e = 0) cases, a sand wedge was formed
in ffont of the pipe as the force was applied, the
wedge gradually growing in height. Full mobilisation
was preceded by the pipe rising over the respective
wedge. Both trenched cases initially required the
pipe to rise out of the respective trench, and this
effect is clearly displayed in Fig. 2.7 by virtue of
the appropriately stiffer fbrce-displacement loci
obtained. Further, the maximum resistance values
obtained, also denoted in Fig. 2.7, reflect the greater

inertia possessed by the trenched cases. With regard
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to both of these characteristics, and as is to be

anticipated given the respective degrees of sand

compaction involved, the compacted case is to
be particularly noted. Experimental data points,
included in Fig. 2.7 (R) for information, are

suppressed for clarity in the remaining force-
displacement figures. Axial movement was negligible

throughout.

For each of the remaining force orientation cases,
illustrated in Figs. 2.7 to 2.13, maximﬁm frictional
fesistance was again attributable to the depressed
configuration. All but the axial case set generated a
sand wedge, this being, relatively, of decreasing
magnitude as e was increased. For the resting
configuration, full lateral mobilisation signified
maximum resistance for values of e < 7w/4, whilst full
axial mobilisation signified maximum resistance for
values of e>1I1/4. Simultaneous mobilisation
occurred for e =71/4. The trenching effect caused
simultaneous mobilisation to occur as precipitately as
e =J/6, full axial mobilisation governing maximum
resistance thereafter. For each interface config-
uration set, values of the maximum resistance
force decreased as orientation was increased through
to e =J7/2, at which state lateral movement became
negligible. In the cases governed by full axial

mobilisation, the maximum resistance state occurred
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more abruptly with significantly less displacement.
Tables of results for the force-displacement relation-

ships are given in Appendix II (B).

Table 2.1 summarizes the values of friction coefficient
determined from the force-displacement loci.

The resting configuration, involving a relatively small
interface area, exhibits the lowest value of friction
coefficient for each force orientation, whilst the
compacted configuration, involving a higher angle.
of iﬁternal friction, exhibits the highest wvalue of
friction coefficient for each fbrce orientation.
The respective friction coefficients decrease as the
disturbing force orientation e increases. The
relationships between force orientation, interface
configuration and friction coefficient are displayed by
means of computer graphics in Fig. 2.14, together with
the appropriate linear and cubic interpolation
curves. The equations of these least square fit
computer-generated formulae, written in terms of e
and ¢, the pertinent abscissa and ordinate parameters,

take the form;

1.220 - 8.024x10 36 (2.5)

-
]

1.291 - 8.571x10 e (2.6)

©
i}
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5] FRICTION COEFFICIENT (@)
(DEGREES) R E P
0 1.21 1.26 1.32
15 1.11 1.17 1.20
30 1.01 1.10 1.13
45 0.84 0.91 0.93
60 0.72 0.73 0.75
75 0.59 0.62 0.65
90 0.53 0.55 0.59
Table 2.1 Friction Coefficients
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6 = 1.332 - 8.738x10 e (2.7

for the linear resting (R), entrenched (E) and

compacted (P) cases respectively with;

- - -6 3
5 = 1.208 - 4.094x10 Je - 1.312x10 76? + 1.030x10 "
(2.8)
- - -6 _3
¢ = 1.252 - 6.105x10 %6 - 2.315x107%6? + 1.682x10 "
(2.9)
- | - -6 3
d = 1.311 - 2.428x%10 36 - 2.062x10 2e? + 1.061x10"°e
(2.10)

for the cubic resting (R), entrenched (E) and

compacted (P) cases respectively.

The maximum variation between interface configuration
friction coefficient values for any of thé orientations
considered is of the order of 10%. The displacements
corresponding to the attainment of fully mobilised
resistance do not show great variation with interface
configuration. These values range from 180 mm in
the lateral orientation to 5 mm in the axial orient-

ation. It is to be noted that the frictional
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resistance-displacement loci produced are of inelastic

form.

Clearly. the foregoing data relates to model tests. 1In
practice, submarine pipelines possess, typically,
diameters in excess of 200 mm. With regard to this

matter, the values for ¢L (e = 0) follow the trend set
by LyonéSz) and Gulhati et al(53), indicating that

values for ¢L will decrease for larger diameter pipes

in accordance with the surface roughness effect.
References also indicate that the displacements
appertaining to the onset of fully mobilised lateral
frictional resistance decrease with an increase in

(53,54)

pipe diameter. In respect of these factors,

suggested values for the full scale pipeiine parameters
given in Table 1.2 are 1.0 for the lateral friction
coefficient and 30 mm for the displacement correspond-
ing to full mobilisation. It is to be noted that the

suggested ¢L value of 1.0 1is higher than those

assumed in the former fully mobilised analyses; that

is, 0.1 <¢, <0.7. Validation of these values is

detailed in the ensuing design consideration.

(54) give similar values for

Anand and Agarwal
¢A(e =7T/2) with respect to model tests. Corresponding

large scale tests result in QA increasing with

pipe diameter although the displacement corresponding
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to the onset of full mobilisation appears to be
largely independent of scale effects. (Results

(52,55,56,57)

for clay media are not considered to be

applicable to the present study.) In view of
these observations, therefore, indicated full
scale values for the axial friction coefficient and
the corresponding displacement for full mobilisation
are 0.7 and 5 mm respectively. Further wvalidation
of these values will be given in the design discuss-

ions.

With regard to orientations 0 < e <m/2, the inter-
polation loci given in Fig. 2.14 afford wuseful
insight with respect to the corresponding full scale
values. The differing scaling factors involved in the
lateral and axial orientations would indicate, for
example, the necessity of a change in the gradient of
the loci given in Fig. 2.14 (a). The effect of

trenching has been demonstrated to 1lie ©primarily
with the magnitude of . the friction coefficient
rather than with the corresponding fully mobilised
displacements. Again, Fig. 2.14 affords useful data
from which full scale values could be deduced.
Given the nature of the computations delineated in
Section 1.4, however, present concern lies with the
rather more crucial lateral and axial cases, and the
means by which the appropriate parametric values

deduced in this experimental study can be incorporated
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within the design process appertaining to the

possible in-service buckling of submarine pipelines.

2.6 AXTIAL AND LATERAL FRICTION FORCE CHARACTERISTICS

- ASSIMILATION

Noting’ﬂthe small scale experimental 1loci previously
giveh:in Figs. 2.7 (R) and 2.13 (R) for the lateral and
axial cases respectively and the foregoing experimental
discussion, then the small scale values for parameters

¢A’ U, ¢L and Wy take the form

¢, = 0.53 (2.11)
ugy = 20 mm : (2.12)
¢ = 1.21 ' (2.13)
wg = 180 mm (2.14)

with the corresponding loci being reproduced,
in non-dimensional form, in Figs. 2.15 (axial) and
2.16 (lateral). Given the preceding scaling factor
discourse, the suggested full scale values for

¢A' u¢, ¢L and w¢ for the submarine pipeline parameters
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given in Table 1.2 are

Pp = 0.7
u¢ = 5 mm
¢ = 1.0
w¢ = 30 mm

Employing an exponential curve-fit,

full scale design loci employ

-25u/u

' - @
fA/¢A =1 -e
and

-6w/w¢
fL/¢L =1 -e

These loci are superimposed on

(2.15)

(2.16)

(2.17)

(2.18)

then suggested

(2.19)

(2.20)

the respective

experimental curves in Figs. 2.15 and 2.16 accordingly.

The correlation between the numerical and experimental

loci can be seen to be satisfactory.

Alternatively, algebraic functions can be employed to

produce design curves of the following form
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£,/8, = u/ (u+d,) (2.21)
and
£, /8, = w/(w+Bp) | (2.22)

where parameters &A and 6t can be determined through

52,58
the mathematical modelling( ) of basic parameters

such as the angle of internal friction of the
-supporting medium. In the present instance, parameters

QA and 6L are determined using equations (2.15)-(2.18)

in conjunction with the necessary limitations

fA/¢A|u=u¢ = 139/140=0.993 (2.23)
and
fL/¢L,w=w¢ = 0.94 | (2.24)

Employing equation (2.23) with -equation (2.21) and
equation (2.24) with (2.22) affords, upon manipulation,
the appropriate axial and lateral full scale algebraic

design curves

fA/¢A =1 - 1/(139u/u¢+1) (2.25)
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and

fL/¢L =1 - 1/(15.67w/w¢+1) (2.26)

The respective design loci are ‘also depicted in
Figs. 2.15 and 2.16. It can be seen that the
full scale e#poneﬁtialftype‘design curves give better
agreement with the designated non-dimensionalised
experimental curves and, in addition, accord with the

appropriate fully mobilised asymptotes with fA/qSA = 1
at u/u¢ = 1 and fL/qSL = 0.998 at w/w¢:é 1 respectively.

With regard to the full scale algebraic design curves,
noting equations (2.23) and (2.24). the respective
values at the onset of full mobilisation are inferior

with fA/¢A = 0.993 at u/u¢ =1 and fL/¢L = 0.94 at

w/w¢ = 1. Further consideration of these designated

design curves will be given following the determination

of the appropriéte sea bed recovery characteristics.
2.7 SEA BED RECOVERY

With regard to the vertical buckling mode as depicted
in Fig. 2.1, it can be envisaged that as the pipe
lifts off the sea bed, some component of the self-
weight is taken up by the recovery, on unloading, of
the sea bed medium. The required effect can be

obtained by expressing the effective or acting
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g0 = (1-eV/9q (2.27)

in which fM is a non-dimensionalised parameter

0<f, <1 and ¢ is dependent upon the geotechnical
M ~

characteristics of the sea bed. The desired

transition curve is therefore given by

£ =1 - e-v/c (2.28)

this function being graphically represented in

Fig. 2.17. The sea bed recovery (unloading) locus
is - taken to be, under idealised circumstances, a
skew-symmetric form of the loading locus with
respect to axis a-b. Whilst imperfect conditions
would detract from this assumption, it is considered

that the initial tangent (1/c) of the wunloading

locus would be the same as that of the loading
locus and it is with this particular characteristic
that the immediate study is concerned. The vector
ratio v/c is the same for >both the 1loading and
unloading loci. It should be noted that the preceding
axial and lateral friction-response 1loci can be
considered to display similar characteristics.
An exponential-type transition curve is chosen in
view of the previous experience with the frictional
loci. The constant ¢ can be seen to be the vertical
displacement corresponding to the intercept of the

initial  tangent with the asymptote fP]= 1 which
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denotes the onset of fully mobilised self-weight

(qu = q).

Sample data relating to the determination of initial
tangent and secant moduli from three typical drained
triaxial tests is given in Appendixrll (C) whilst the
appropriate deviator stress/strain loci are shown in
Fig. 2.18 which afford the average initial tangent

modulus

E, = Deviator Stress = 39,000 KN/m? (2.29)
Strain

An initial assumption is made regarding the lie of the
pipe section; the pipe is taken to be semi-buried,
affording an effective bearing width of diameter d.
Further, based upon geotechnical engineering judgment .
the effective depth at which the appropriate bearing
stress and strain become zero - that is, the sea bed is
effectively rigid - is taken to be twice the bearing
width or pipe diametef, that is 2d. This is a
familiar feature with regard to geotechnical

footings.(60)

The sea bed foundation stiffness topology is illustrat-

ed in Fig. 2.19. The maximum bearing stress Gb is
given by

b
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where g 1is the pipeline‘é submerged self-weight
per unit run. Noting the pipeline ©parameters
given in Table 1.2, gq takes the value of 3.8 kN/m.
Assuming that the bearing stress distribution

is of linear form, the average bearing strain yields

Average Bearing Strain = ob/(ZEt) (2.31)

The appropriate vertical displacement of the pipe can

thereby be given by
c = 2d x Average Bearing Strain (2.32)

which affords, noting equations (2.30) and (2.31),

¢ = a/E, (2.33)

Based on the average Et obtained from the drained

triaxial tests, then wupon substitution of equation

(2.29) into equation (2.33), yiélds
c = 0.1 mm (2.34)

as illustrated in Fig. 2.20.

However, triaxial tests tend to over-estimate

the field wvalue of secant modulus, ES, since any

confining pressure 'stiffens' the so0il so that a

larger initial tangent modulus, Et is obtained.(60)

A suggested realistic modulus value would perhaps

be of the order 20,000 kN/nf ('loose' sand, 10,000-

24,000 kN/m2; 'dense' sand, 48,000-81,000 kN/m2(60),

~114 -



1207 A18A029Y pag Dag o7z 614

(Ww)A .
9 g Vi € Z |
- 4 4 -4 4 -1 0
-2 b= "
0
oo -70
G
0 ﬁw.o
1
\) 80
0./.
-0l

sn207 pasiiqow ANy

-N5 -



which gives a value for c¢ of 0.2 mm. Studies in a
related field indicate values of ¢ to lie in the range

(61)

0.1-1.0 mm lending support to the above figures.

Accordingly, a family of curves corresponding to
equation (2.28) are included in Fig. 2.20. The larger
values of ¢, 2.0, 5.0 and 10.0 mm, are an order of
magnitude higher than those discussed above; they
relate to a soft foundation; for example, soft |

clay.(61)

2.8 PRELIMINARY DESIGN CONSIDERATIONS

It was decided that a limited numerical assessment»of
the effects of the foregoing empirical parameters,
fA’ fL, fM, upon the structural modelling of the
pipeline' system should be undertaken in order
to provide preliminary data. To this end, the
effects of the sea bed/pipeline frictional behaviour
delineated in Section 2:6 can be suitably demonstrated
by considering the ﬁature of the axial friction
resistance force, FA' generated through slip length LS’
This force is common to both the wvertical and
lateral buckling modes (except lateral mode o).
Recalling Fig. 2.3 and equation (2.4), the relatively
cruder algebraic axial. friction-response locus given

in equation (2.25) is employed instead‘ of the

superior exponential-type modelling of equation (2.19)
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so as to avoid complicated numerical integration of
equation (2.4) for the determination of the axial

friction resistance force, I%. Therefore, employing

equation (2.25) with -equation (2.4), the revised

modelling then takes the form

b (2.35)
FA =§L ¢Aq [1—1/(1'139U/U¢)] dx .

noting that the sign of the u/u¢ term has been adapted

to allow for u and fA being co-oriented within the
slip length region - note that Fig. 2.3 employs a
different convention from Fig. 2.15. It is necessary
to assume an axial displacement function for this
deformation-depehdent force. Utilising a cubic

function, then

- 2 3
U = ag * agx + ax’ + asx (2.36)
where a; , i = 0,1,2,3, represents some unprescribed
coefficients - compare with fully mobilised quadratic

function of equations (1.52) and (1.172). With regard
to thé topology of Fig. 2.3, the appropriate boundary
conditions, noting Table 1.1 and Section 1.3.5,

take the form

u|L+Ls =0 (2.37)
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u’x'L+LS =0 (transyersallty) (2.38)

(2.39)

[
o

Yryex L+LS -

ulg = ug (2.40)
It is to be noted that the field/boundary condition
given 1in equation (2.39) has not previously been
defined. This condition can, however, be shown to be
valid by substituting equations (2.25) and (2.37)
into the linearised field equation delineated in
equation (1.27). Substituting the boundary conditions
given in equations (2.37) through (2.40) into
equatiOn (2.36) yields the axial displacement

expression -

3
u =u [L+Ls-x} ' (2.41)
ol
s

The integration of equation (2.35), noting equation
(2.41), can be simplified by introducing a change of

variable based on (L + LS - Xx). Letting

z =L + Ls - X (2.42)
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with

dz = -dx (2.43)
results in equation (2.35) being replaced by

LS (2.44)
FA = XO ¢Aq [1-1/(1—139u/u¢)] dz . .

and the boundary conditions given in equation (2.37)

through (2.40) taking the new form

ujy =0 (2.45)
u'le =0 (transversality) (2.46)
Wl = 0 (2.47)
ulLs = ug (2.48)

Substituting equation (2.42) into equation (2.41)

affords
u = u (z/L )3 (2.49)
s s

Equation (2.44) can now be expressed in the form
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Fa_ o 1| 159%/34957/3
$adLlg 6g1/3 1+52/3_5173
2J§‘<tan-1 [2J1/3/B - 1/./3] + tan_11/J3') (2.50)
in which
J = =139 us/u¢ : (2.51)

Equations (2.50) and (2.51) can be compared with the
established fully mobilised modelling, as denoted by

equation (2.1),

F
A = 1. (2-52)

P9l
The two modelling systems are compared in Fig.

2.21 where the total axial friction resistance

force F is related to overall movement of the

slip 1length (us). The improvement in modelling,
utilising deformation-dependent axial friction
behaviour, is important 1in that the employment of
sub-fully mobilised friction resistance forces is
necessary if a critical temperature rise, T.. is to be
established together with the appropriate post-
buckling behaviour. The established fully mobilised
modelling can be seen to overestimate the axial

friction resistance.
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Preliminary buckling design computations can be
undertaken employing the foregoing findings.
Combining the linearised slip length field equation
given in equation (1.27) with equation (2.49),noting
the change of wvariable in equations (2.42) and
(2.43), affords |

u,,, =-féf [1—1/(1—139u/u¢)] 0 £zgL (2.53)

AE

which vields, upon integration and noting equation

(2.46),
o, =t | Ig (1 14523 (z/1) 24237 3 (2 /1)
'z =— |2 - n

AE 631/3 14323 (z2/1) 2~ 3 (z/1 )

+2 Ji?[tan‘1 (2J1/3(z/Ls)/j§ - 1/F) 4 tan'11//3])

(2.54)

It is to be noted that this expression affords, upon

incorporation of the condition u, —FA/AE, the

zlLS

total axial friction resistance force (FA) expression
given in equation (2.50). Integrating equation (2.54),

noting equation (2.48), vields
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¢AqL2 { L 1+J2/3(Z/Ls)2+2J1/3(z/LS)
u_ =- s
Pa%s 1 5(1n

S 2AE 3J1/3Ls . 1+J2/3(Z/Ls)2_J1/3(Z/LS)

+2 BW}an—1(2J1/3(Z/LS)/I§—1/f§)¥ tan_11/J§Dd%(2.55)

The second part of the above expression requires
numerical treatment. This expression can be compared

with the fully mobilised equivalent,

2
ug L o (2.56)
2AE

Equations (2.53) to (2.56) appply to all modes

(trivial for 1lateral mode o , LS = 0). Accordingly,

the above results are depicted in Fig. 2.22 which
illustrates the axial slip length ratio appertaining

to the revised (L and established fully

s-revised)

mobilised (L friction models. The latter is

s—fm)

shown to underestimate the length of slip. -
Full buckling analyses have been undertaken employing

the foregoing revised axial friction model in the

slip length region and fully mobilised lateral
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revised slip length analysis can be' combined with
the appropriate established (fully mobilised)
buckling length analysis delineated in Section
1.4 wusing the compatibility expression given in
either equation (1.29) or equation (1.30). The
procedure of the numerical evaluation can be outlihed
by considering, for example, lateral mode 1.

Employing the pipeline parameters given in Téble 1.2,

Ls can be determined in terms of any discrete

(negative) values of Ug (mm) from equation (2.55),
noting equation (2.51). F, (ie; P - P) can then be
obtained from equation (2.50) by substituting the
appropriate_ values of us and 'LS. Employing the
above mentioned ébmpatibility expression | given
in equation (1.29) which vyields equations (1.55)
and (1.56), L can now be determined by solving the
seventh order polynomial. Finally, the temperature

rise T can be obtained from equation (1.6).

A similar procedure can be employed for the remaining
lateral modes except lateral mode © in which axial

friction resistance does not exist (ie; L_ = 0).
s

In the case of the vertical mode, the procedure of
numerical evaluation is similar to those of 1lateral

modes except that FA is now (Pb - P - ﬁAqL) - note

equation (2.2). The revised action-response loci are

of similar nature to those depicted in Figs. 1.12-1.17.

- 124 -



They differ only slightly from their fully mobilised
equivalents; the respective minimum safe temperature

rises (T_.
( m

ln) are reduced by less than 0.1°C employing

this particular modelling of variable axial resistance.
The above findings can be explained by the fact that
whilst the established fully mobilised modelling
overestimates the axial friction resistance, it also
similarly underestimates the length of slip and, thus,
any significant difference between the fully mobilised
and revised modellings 1is thereby greatly reduced.
With respect to Figs. 2.21 and 2.22, for example, then

the value of us/u¢ corresponding to the minimum safe
temperature rise, Tmin’ state is of the order of 14.3

(lateral mode 1). Further, critical temperature rise
values are not obtained due to the inclusion of
fully mobilised lateral friction force and self-weight
characteristics. Clearly, superior modelling to
this briefly described procedure is to be anticipated

from the ensuing work.
2.9 SUMMARY -

In all, some eighty-four individual geotechnical
tests have been undertaken and the appropriate
resistance force-displacement loci produced. A

62)

published articlé concerning the geotechnical

experimentation 1is given in Appendix I (B). In
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particular, information on friction coefficients has
been determined for a variety of force-displacement
orientations and interface configurations; appropriate
interpolatioh formulae have been‘produced. Full scale
values for the primary friction coefficients,
that is for the axial and lateral cases, have
been deduced upon the basis of the model tests. The
displacements at which these friction resistance
forces become fully mobilised have been similarly
identified. The appropriate axial ahd lateral
friction-response design loci have been produced using
two types of semi-empirical formulae; that 1is, a
superior exponential-type curve and the corresponding
algebraic curve. The latter has been employed in the
preliminary design calculations in order to avoid
complicated double integral numerical - analysis.
Further, these preliminary calculations have affdrded
additional insight into the requirements demanded of

the enhanced analyses that ensue.

Finally, using the superior exponential-type curve, a
novel interpretation of the pipeline's submerged self-
weight inertial characteriétics associated with the
vertical buckling mode has also been made available.
The three exponential-type design curves discussed
above will be employed in the rational modelling
of submarine pipeline buckling behaviour given in

Chapter 3.
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CHAPTER 3

QUASI-IDEALISED CRITICAL STATE STUDIES

3.1  INTRODUCTION

A crucial part of stability studies relates to
the establishment of the critical state - the
bifurcation point at which, in the present context, the
system response changes from axial to predominantly
flexural behaviour. As noted in Chapter 1, analyses
to-date with regard to the buckling of submarine
pipelines have employed the simplifying non-
conservative assumptions that the axial and lateral
friction forces together with the vertical submerged
self-weight characteristics are fully mobilised
throughout. It is the inclusion of fully mobilised
lateral friction resistance and fully mobilised
submerged self-weight characteristics with regard to
the lateral and vertical buckling modes respectively
that precludes the ability to define the appropriate
critical temperature rise at which idealised axial-
flexural bifurcation occurs. Thé work set out
in Chapter 2 1is designed ¢to overcome the above
limitations and enable, for the first time, definition
of critical state temperature rises, and thereby
afford more realistic buckling analyses to Dbe
undertaken. Further, and equally importaht,

quantitative evaluation of the respective post-
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buckling characteristics should be similarly afforded
for the first time. That is, a rational modelling of

‘submarine pipeline buckling is to be made available.

Fig. 3.1 illustrates a diagrammatic interpretation
of the desired, appropriate action-response loci.
By determining the critical state in thermal and axial
force terms, denoted by TE and IE respectively, the
associated snap phenomenon will lead to definition of
the critical post-buékling state denoted by TS and PS
in the figure. Ensuing post-buckling behaviour can
also then be defined. The falling paths given in the
figure are of wunstable form. Should TC <'Tmin’
completely stable post-buckling path will be incurred
in the absence of snap. Determination of the

post-buckling path is important to the design

engineer in so far as it will afford 1location of the

pipe should buckling occur. Knowledge of both the
TC and Tﬁin states will also enable the design

engineer to take preventative measures at the

design stage.

With regard to the lateral modes, the following
énalyses present a rational modelling of the

deformation-dépendent friction forces which employ
the axial and lateral friction-response loci obtained
from the geotechnical experimentation delineated in

Chapter 2. The appropriate axial and lateral
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friction design curves are given 1in Figs. 2.15 and

2.16 and employ

-25u/u

-1 - ¢ .1
£,/9, =1 - e (3.1)
in which
¢A = 0.7 ’ U.¢ = 5 mm (3.2)
and

-6w/w¢
fL/¢L =1-e (3.3)
with
¢L = 1.0 ’ w¢ = 30 mm (3.4)

With respect to the vertical mode, inclusion of the
appropriéte axial friction-response 1locus given in
equation (3.1) overcomes the inherent limitation with
regard to the established fully mobilised modelling,
noting equations (1.180) and (1.181), which is
shown to be invalid at small wvalues of vertical
displacement. Further, by incorporating the vertical
lift-off characteristics discussed in Section 2.7,
an attempt is made to model the gradual nature by
means of which the pipeline's submerged self-weight
is incurred at the onset of buckling. Effectively,

this feature enables the ability to define a critical
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temperature rise. The appropriate sea bed recovery
loci represented in Fig. 2.20 employ the transition

curve

£ =1 -eV/C ! 9 (3.5)

where ¢ is shown to lie in the range of 0.1-1.0 mm
for a sand sea bed foundation. The larger values
of ¢, 2.0, 5.0 and 10.0 mm, are an order of magnitude
higher than those above: they relate to a soft

(61))_

foundation (eg; soft «clay Further, their

empldyment assists in determining the sensitivity of
critical temperature rise to the sea bed geotechnical
characteristics constant c. Buckling studies are

thereby to be carried out for this range of wvalues.

Not withstanding the foregoing attention being paid
to the conceptual aspects of the problem, it is to be
noted that  practical buckling | studies require
consideration to be made of physical imperfections
as denoted in Chapter 1. This important feature
will be studied once the conceptual idealised
factors regarding critical state analyses have
been established. In view of the importance of
imperfection studies, however, the rational modelling
to be presently undertaken will concentrate on
showing the important features concerned rather
than attempting to deal in detail with each mode

in formal terms.
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3.2 ESSENTIAL STRUCTURAL RELATIONSHIPS

Prior to incorporation of equations (3.1) to (3.5)
within the proposed analyses, it 1is useful to
list all the essential structural relationships,
based on the established fully mobilised analyses
delineated in Section 1.4. Noting the constants given

in Table 3.1, the buckling force set up 1in the L1

region is given by
_ 2 o (3.6)
P = k1EI/L1

where L1 is as denoted in Fig. 1.5 et al.

The maximum amplitude of the buckle takes the form

- 4 , (3.7)
Ym © kZ ¢LqL‘l
EI

where constant k2 relates to the differing general

displacement expressions, noting equations (1.39),
(1.64), (1.76), (1.106) and (1.141). The resultant
longitudinal movement at each buckle/slip length

interface is given by

ug = k3 (P P)L - (¢Lq L (3.8)

whilst the relationship between the pre-buckling
force Ig, given by equation (1.6), and the buckling

force P for lateral modes 1 to 4 is derived to be
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3
. 2 5 _
P, = P + kg¢,qLly, Q + k6 AE [¢Lq] L1> 1 (3.9)
929 |ET

For lateral mode @ , equation (3.9) is replaced by

P, =P + 3. 0112x10" AE<¢Lq) (3.10)

In the case of the vertical mode, subject to wm and ¢Lq

being replaced by Vi and q respectively, equations

(3.6), (3.7) and (3.8) remain valid with equation (3.9)

being replaced by

-3 5 _

3
P =D + qL1[2.045x10 AE$. L (¢AEI)2] (3.11)

o ——
EI

As in the lateral modes, constant ké for the vertical

mode relates to the vertical displacement expression
given in equation (1.158). It should be noted that

expressions for LS are also available from equation

(1.153) for lateral modes 1 to 4 and equation (1.73)

for the vertical mode.

As a corollary, it is instructive to assess the degree

of full mobilisation 'actually involved in the
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established analyses above. With regard to the
lateral buckling modes, noting the values for

¢A’ ¢L, u¢ and w¢ given in equations (3.2) and (3.4),

then Table 3.2 affords the appropriate information with
respect to the state corresponding to the reSpective

minimum safe temperature rise,Tmin . The most obvious

deduction is that, employing the fully mobilised
criterion, the axial friction modelling is relativeiy
cruder than the lateral friction modelling throughout.
In the case of the vertical buckling mode, 72.9% of the
slip 1length 1is subject to fully mobilised axial

friction force at the Tmin state whilst the appropriate

degree of full mobilisation of the submerged self-
weight in the buckling (lift-off) region ranges from
90% for ¢ = 10 mm to 97.8% for c¢c = 0.1 mm. Initially,
therefore, it 1is proposed to re-define the axial
friction resistance employing the locus given
in Fig. 2.15 as designated by equation (3.1).
Lateral friction resistance and submerged self-
weight with regard to the lateral modes and the
vertical mode respectively remain fully mobilised.
Such analyses will serve to introduce the rational
modelling techniques emploved and overcome the
inherent error in the established vertical mode
modelling. it is to be noted that the proposed
rational axial friction force modelling involves an
additional procedure to the inclusion of equation

(3.1). Treatment of the governing 1linearised slip
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length field -equation given in equation (1.27)
apparently requires the assumption of some function
u = f(x) and ensuing double integration. The
problems associated with this approach have already
been discussed in Section 2.8. These problems,
however, can be overcome by employing the regularity

slip length boundary condition

lim [ u , U, 1=0 » (3.12)

X =—» QO

and the identity

_ 2 |
20, = [ (w0, 0% 1, , (3.13)

The former assists in precluding the prejucicial
requirement of assuming séme function u = f(x)
whilst the 1latter avoids double integration of the
slip length field equation. In addition, noting the

regularity boundary condition in equation (3.12), LS

is effectively of infinite length, indeterminate and
no longer an unknown. This particular feature

will be further considered in due course.
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3.3 LATERAL MODE ANALYSES: Deformation-Dependent
Axial Resistance in Conjunction with Fully

Mobilised Lateral Resistance
3.3.1 Lateral Mode 1

The essential features of lateral mode 1 are shown
in Figs. 3.2 (a) and (b) which depict the revised
topology and axial force distribution respectively.
The formulation of the buckling region is the
same as that undertaken in Section 1.4.2 in view of the
fact that the lateral friction force remains fully
mobilised; that is, fL = ¢L’ Equations (3.6), (3.7)
.and (3.8), together with the appropriate values

given in Table 3.1, thereby remain valid.

With regard to the slip 1length region, combining
equations (3.1) and (1.27) affords the slip 1length

field equation

25u/u

AEu,x = -¢Aq(1 -e ¢) L € X £ L+LS (3.14)

X

noting that the change of sign of the e#ponent is
due to u and ﬁA being co-oriented within the slip
length region - note that Fig. 3.2 (a) employs a
different convention from Fig. 2.15. Apart from the

regularity slip 1length boundary condition given in
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equation (3.12), there 1is, noting Table 1.1, an
additional boundary condition at the buckle slip

length interface

_ (p_-P) (3.15)
1 AE |

u'x|L

Employing the identity given in equation (3.13),

then equation (3.14) becomes

‘ 25u/u
(u, )2 = 29,9 (e ¢ _ u) +k (3.16)
X AE 5
where k is a constant of integration. Substituting

‘equation (3.12) into equation (3.16) for the evaluation

of k gives

3

’ 25u/u :
u,,. = 2¢)Aq e ¢ 1 - u (3.17)
AE 5

Equating this expression with the boundary condition

given 1in equation (3.15), and noting u,L = us,
1
yields
ZSuS/ud, } (3.18)
(PO—P) = |2¢,QAE (e - -1 - ug .

Accepting that equation (3.8) remains valid in view

of the fact that the 1lateral friction force is fully
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mobilised, then, noting the values given in Table 3.1,

2
a = (Bo~PILy _ 4 0225x10 3<¢Lq LZ (3.19)
S AR EI
Solutions for (g) - P) and u, are thereby obtained

in terms of discrete values of Ly employing a

computerised non-linear iterative algorithm involving
equations (3.18) and (3.19). The pipeline parameters
employed are given in Table 1.2 and the geotechnical
data given in equation (3.2) completes the requisite
numerical definition. Again noting that equations
(3.6) and (3.7) together with the respective wvalues
given 1in Table 3.1 remain wvalid, then locus 1,
depicted in Fig. 3;3 is produced by substituting

the results for (PO - P) into equations (1.6), (3.6)

and (3.7). The dashed portions of fhe locus denote
computations involving buckling slopes in excess of
0.1 radians. | Prior to discussing the implications
of this analysis, it is proposed to briefly,consider~

‘the equivalent analyses of the remaining lateral modes.
3.3.2 Lateral Modes 2, 3 and 4

Equations (3.12) through (3.18) remain valid for these
three modes. Equation (3.8) 1is again employed in

conjunction with Table 3.1 to generate equivalent

expression to that of equation (3.19). The analysis
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of lateral mode o , in which there is no generation
of axial friction force, remains as in Section 1.4.6.
The appropriate behavioural loci are depicted

in Fig. 3.3.
3.3.3 Assimilation - Lateral Modes

The action-response loci for lateral modes 1, 2, 3
and 4 in Fig. 3.3 differ only slightly from their
fully mobilised equivalents - lateral mode o© remains
unchanged. For example, with regard to lateral

mode 1, the minimum safe temperature rise (T | )
min

is reduced by only 0.03°C whilst the corresponding

buckle amplitude (Wn) remains virtually unchanged

employing deformation-dependent axial resistance.
This should not detract from the study, however, in
as much as the effect of employing the simplifying
fully mobilised assumption, with respect to defining

the Tmin state (w.. = 2.4 m, T = 63.6°C), has been

m min
shown to be reasonable from the findings of a
semi-rational model. Further, the ordering of
the 1lateral modes in terms of their respective

minimum safe temperature rise is also shown ¢to

remain unchanged.
It should be noted that the solutions for the

respective w = f(x) remain the same as in Section 1.4.

As 1illustrated in Fig. 3.3, the behavioural loci
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approach the thermal axis asymptotically; this is
a consequence of assuming the lateral friction
resistance to be fully mobilised even for vanishingly

small displacéments.

3.4 VERTICAL MODE ANALYSIS: Deformation-Dependent
Axial Resistance in Conjunction with Fully

Mobilised Submerged Self-Weight

The essential features of the vertical mode are
depicted in Figs. 3.4 (a) and (b) which illustrate
the revised topology and axial force distribution
respectively. The analysis is similar to that
of laterai mode 1 given in Section 3.3.1. Equations
(3.12) through (3.17) remain valid except that

equation (3.15) is replaced by

u, = (PO-—P)—Pa (3.20)

AE

e,

where Ra is the axial force component frictionally

induced in the pipe by the vertical shear reaction

at the buckle/slip length interface. Noting Fig. 3.4

and ulL = Ug, this force can be represented by
1

25u_/u
P, = ¢,qL,(1 - e s'79) (3.21)
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Substituting equations  (3.20) and (3.21) into

equation (3.17) and noting ulL = ug yields
1
25us/u¢ ¥
(PO—P) = 2¢AqAE (é s -1 - us)
25u_/u
+ gL, (1-e = % (3.22)

It is to be recalled that equétions (3.6), _(3.7)

and (3.8), subject to w.,

and ¢Lq being replaced by vp
and q respectively, remain valid in view of the fact

that the submerged self-weight is fully mobilised.
Employing equation (3.8) together with the appropriate

value given in Table 3.1 yields

_ (P_-P)L,
AE

(3.23)

- 1.0225x1o’3(g_ 21!
ET

The solution ' procedure for (P0 - P) and uS is as

previously; equations (3.22) and (3.23) are solved

iteratively in terms of discrete values of Ll' It

should be recalled‘ that the inherent 1limitation on
the established fully mobilised axial friction

modelling elucidated in Section 1.4.7 - note equations

(1.180) and (1.181) - requires, for the pipeline

parameters employed, > 68.2 mm. In the present

Ym
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revised analysis there 1is no such restriction upon
equations (3.22) and (3.23) due to the wvariable,
deformation-dependent axial friction modelling;
that is, equation (1.179) is valid for all values of
Po, P and Qa. The appropriate revised action-response
characteristics are depicted in Fig. 3.5 in the form
of the dashed 'rigid' 1locus. AS with its lateral
mode equivalents, the action-responée locus differs
only slightly from its fully mobilised equivalent

with its Tmin value reduced by only 0.03°C whilst

the @ corresponding buckle amplitude Vi remains

virtually unchanged. The asymptotic nature of
the locus is due to assuming fully mobilised submerged
self-weight; thatA is, the sea bed 1is effectively

rigid (c = 0).

In order to define the critical temperature rise,
therefore, it 1is necessary to model the lateral
friction force and the pipeline's submerged self-
weight, with regard to the lateral and vertical
modes respectively, in a rational manner. Further,
this will serve to pfovide an appropriate fully

rational modelling of the buckling problem.
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3.5 LATERAL MODE 1: Deformation-Dependent Axial

and Lateral Friction Resistances

In order to establish a critical temperature rise, TC,

it is necessary to incorporate the lateral friction-
response locus giVen in Fig. 2.16 and designated by
equations (3.3)'and (3.4). The appropriate topology
and axial force distribution are depicted in

Figs. 3.2 (a) and (b) except that the lateral

resistance, ¢Lq, is now replaced by ¢Lq(1 - e-6w/w¢).

With regard to the formulation in the buckling
region, noting equation (3.3), the flexural field
equation given in equation (1.23) can be rewritten

—6w/w¢)

ElIw, + Pw,xx = -¢Lq(1 - e 0 £ x L (3.24)

XXXX
The complexity of this field equation prevents a
closed form solution being obtained. A boundary
collocation procedure is therefore instituted

employing the assumed series

SIS

=4 2i
= > ai(x/L) (3.25)
m i=0

where a; denotes a typical unprescribed coefficient.

The symmetry of the buckling mode is incorporated

directly 1in equation (3.25). Accepting that
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relationships are sought between .P, L. and wm as

indicated by equations (3.6) and (3.7) with regard to

the previous study, then a seven point collocation

procedure 1is required. Employing the following five

conditions and identities

Wi, = 0 ]
Wieln = 0
Wogwln = 0 (transversality) — (3.26)
Yo = Ym
= -0, .
(EIW, pxxx PP i) [, = ~#pa(1-e 7)) =0 -

the respective coefficients of a; can be defined,

such that
Yo 2 4 6 8
w = 7—[7-24(X/L) +30(x/L) "-16(x/L) " +3(x/L) "] (3.27)

Further, equilibrium demands that the shear force at

the ends of the buckle length takes the form

L -6w/w¢
'EIw'xxle = ¢Lq 80(1 - e )ydx (3.28)
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which gives

3 ¢L -6w/w
w = 194 K (1 - e ? ax (3.29)
M 992 JoO

and that the central bending moment affords

L -6w/w

- - ¢ -
EIw,xxl0 = ¢LqL X0(1 e )dx Pwm
L -6w/w
- ¢.q X (1 - e ?)x dx (3.30)
L= Jo

resulting in, given equation (3.29),

-6w/w
¢)x dx

-6w/w

L,
o - e (3.31)

L 5%(1 - e

¢)dx

Slip length considerations are incorporated as
previously - note Section 3.3.1 - employing equation
(3.18). The matching compatibility condition
at the buckle/slip length interface, recalling

equation (1.29), takes the form

— _ (p_-P)L L 2
ujp = ug = XE ~ 0.5 Xo(w,x) dx (3.32)

-151-



which yields, noting equations (3.27) and (3.29),

| 2
_ _ 2 -6w/w
u = Bo™PIL g 402x10 4L5<¢Lq) B{;u - e ¢)dx]
—AE ET

(3.33)

This represents the ratibnal equivalent of the
fully mobilised expression given in equation (3.19).
>Thé solution procedure is as ’previously; equations
(3.18) and (3.33) are solved iteratively, the
integral steps being carried out numerically for any

specific value for W (mm).

Fig. 3.6 depicts the resulting action-response locus
together with the formerly defined 1locus given in
Fig. 3.3. As detailed in Fig. 3.6, a critical
temperature rise has been established (Tc = 774°C);
this enables, in formal terms, superior definition of
the post-buckling state. Scaling factors preclude
inclusion of those parts of the locus in the vicinity

of the minimum safe temperature rise (wm = 2.4 m

as per Fig. 3.3). The rational curve becomes
effectively, or graphically, indistinguishable from
the former locus well before the minimum safe

temperature rise C%in) state. At this state, the
rational wvalue for~ Tﬁin is 63.1°C, 0.8% lower than

that for the previous analysis (63.6°C) whilst the

corresponding buckle amplitude wm again remains

virtually unchanged (wn]= 2.4 m). The fully mobilised
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assumptions with respect to defining the Tm. state

in
(wm = 2.4 m, Tmin = 63.6°C) again appear to be
essentially acceptable. However, post-buckling
characteristics can now be delineated. Further

discussion will follow establishment of a fully

rational vertical mode study.

3.6 VERTICAL MODE: Deformation-Dependent
Axial Resistance in Conjunction with Sea Bed

Recovery Characteristics

The appropriate topology and axial force distribution
of the proposed rational modelling are depicted in
Figs. 3.7 (a) and (b) respectively. The analysis is
similar to the rational modelling of lateral mode 1 as
denoted in Section 3.5. With regard to the formulation
in the buckling (lift-off) region, noting the
sea bed recovery loci 1illustrated in Fig. 2.20 and
designated 1in equation (3.5), ¢the flexural field

equation given in equation (1.24) can be rewritten

-v/c
= - - 0 ¢ x <L (3.34)
EIV, ux * PV, o q(1 e ) < <

Equations (3.25) and (3.26) remain valid except that w,

together with 1its related components, and ¢Lq are

now replaced by v and q respectively. Hence, the
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vertical displacement expression can be determined,

such that

<

v = 7E[7—24(x/L)2+30(x/L)4-16(x/L)6+3(x/L)8] (3.35)

Further, equilibrium demands that the shear force at

the ends of the buckle takes the form

_ L _ _-v/c
-EIV,XxxlL = q XO(T e ydx (3.36)
which gives
v_ = 791> _ SL(1 - e V/Cyax | (3.37)
m 192EI JO -

and that the‘céntfal'bending momént affords

EIV, . |o = GL 53(1 - e7V/clax = Py,

L -— .
-q fEe - eVO% ax (3.38)
resulting in, noting equation (3.37),

58(1 - e-v/c)x dx

(3.39)
7L L {ta - e~ V/%) ax

U

Slip length considerations are incorporated as

previously - note Section 3.4 - except that the axial
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force component is now

25us/u

P_ = ¢,a(1 - e ?) gg(1 - e V/%ax (3.40)

which results in equation (3.22) being replaced by

3
25u_/u
(P,-P) = |2¢,9AE <e S 5¢ -1 - us)]

: 25u_/u
+ gall - e 59 §§(1 - o~V/c)dx (3.41)

whilst the matching compatibility condition at the
buckle/slip length interface, given equations

(1.175), (3.35) and (3.37), takes the form

2 2

_ (P -P)L -4_5/qg [ L -v/c }

u_ = "o = 9.102x10 "L7 (3= (1 - e ) dx

—aE (EI) XO

(3.42)

The solution procedure is as previously; equations
(3.41) and (3.42) are solved iteratively, the
integral steps being carried out numerically for any

specific value for v”](mm). The numerical evaluations

have been carried out for a series of values of c from
0.1 through to 10.0 (mm) as previously mentioned,

although Fig. 3.5 only shows the appropriate loci for c
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in the fine to medium sand range (0.1 <c < 1.0 mm).
The rational action-response loci® depicted in
Fig. 3.5 display the respective critical temperature
rises, Tb, and the relevant idealised post-buckling
characteristics; the 'rigid' 1locus is asymptotic due
to the submerged self-weight of the pipe being taken
to be fully mobilised throughoutv the buckling
(lift-off) region even for vanishingly small vertical
displacements. Scaling factors preclude inclusion
of those parts of the 1loci in the wvicinity of
the important minimum safe temperature rise state
(Tmin)' The rational loci become effectively
indistinguishable from the fully mobilised locus well
before the minimum safe temperature rise state; a

composite locus is accordingly illustrated in

Fig. 3.8. The rational values for Tmin are lower than

the fully mobilised wvalue (65.3°C) but lie within 1%
of this value. Clearly, the rational values for the

vertical amplitude corresponding to the Tmin state

(vmm) are also indistinguishable from the appropfiate

fully mobilised value (%“ 2.35 mm). With regard to

m=
Fig. 3.8, the onset of buckling slopes in excess of
0.1 radians is indicated. The appropriate limitation

with regard to the fully mobilised modelling is also

indicated in Fig. 3.8.

Table 3.3 shows the effect geotechnical parameter ¢ has

upon the critical temperature rise Tc for all wvalues
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Vertical deflection, v (mm), at

c Te

(m) | (°C) fy = 0.9 |fy =0.95 | £, =0.99
0.1 5470 0.230 0.300 - 0.461
0.2 3868 0.461 0.599 0.921
0;5 2446 1.151 1.498 2.303

1 1730 . 2.303 2.996 4.605

2 1223 4.605 5.991 9.210

5 774 11.513 14.979 23.026
10 547 23.026 29.957 46.052
Table 3.3 c - Dependent Output Data
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of c considered. The higher values of ¢ correspond to

(61)

soft  clay type sea bed conditions. These

higher c-value critical temperature rise values would
be applicable to such conditions for the pipeline
parameters considered;rlthe appropriate post-buckling
loci would not. be ‘applicable, however, due to
the differing valuesvof axial friction coefficient ¢A
and the corresponding fully mobilised axial deformation

u¢ required for clay studies. Accordingly, such loci

for ¢ >1.0 mm are omitted from Fig. 3.5. The
relationship between Tc and c¢ (all - values) Iis

graphically represented in Fig. 3.9. A linear

%

relationship between Tc and ¢ 2 is therefore available,

the explicit relationship being

3
_ 3.4124 (EIg
Te "~ TAEcc ( c) (3.43)

The above enables rapid evaluation of the critical

temperature rise for any relevant set of data.

Further to this, it is necessary to review the effect,
in readily understandable physical terms, of the
values of c considered. This can be done by evaluating
the wvertical displacement at which the submerged
self-weight of the pipeline becomes fully mobilised.
Given the asymptotic nature of the geotechnical loci
illustrated in Fig. 2.20, full mobilisation is

deemed to onset at some prescribed proportion of
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the actual submerged self-weight. Table 3.3 therefore
giQes the appropriate values of vertical displacement
for the onset of 90%, 95% and 99% of the actual fully
mobilised submerged self-weight. Given the pipe.
diameter to be 650 mm, the values given in Table 3.3
correspond to vertical displacements of Dbetween
0.035% and 7.08% of the pipe diameter. It 1is
considered that the trend of these values is of a
valid nature, particularly in view of the minimal
effect of their incorporation upon the Thin values
obtained. It can also be seen from Table 3.3 that
the critical temperature rise T. appropriate to the
fine to medium sand range of c varies by a factor of
three as the vertical displacement corresponding
to the onset of fully mobilised submerged self-weight

varies from 0.035% to 0.708% of the pipe diameter.

It should, perhaps, be noted that the present
study considers the sea bed to exhibit flexibility
only within the buckling (lift-off) region, 2L;
parameter L is unprescribed ‘and variable. Clearly,
some penetration of the sea bed, additional to that
existing in the pre-buckling state, could occur
during buckling, particularly in the vicinity of the
buckle/slip length interfaces, x = :L., due to the
development of the vertical reaction at these
locations. This feature has been neglected, support

for this decision being available from related
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(61)

studies. The present analysis relates to

sea bed recovery and takes the form of a limited
sea bed flexibility study. The post-buckling
characteristics of both the vertical and lateral mode 1

models can now be considered.
3.7 SUMMARY

The fully rational modelling of lateral mode 1 and
the vertical mode has achieved two objectives.
First, it supports the wvalidity of the established
simplifiéd fully mobilised studies denoted in
Chapter 1. Second, the appropriate critical
temperature rise state has been established which is
important, in formal or idealised terms, in that

post-buckling characteristics can now be assessed.

Fig. 3.10 depicts the typical post-buckling mechanism

in qualitative terms. Corresponding values for the
primary parameters indicated in Fig. 3.10 are
summarised in Table 3.4. That is, an idealised

pipeline will not buckle until the critical temperature
rise, T as denoted in Fig. 3.10 (a), 1is reached.
The pipe then snap buckles to point S. The static
topologies defined in Fiés. 3.2, 3.4 and 3.7 only
relate to this and ensuing states. Fig. 3.10 (b)
depicts the corresponding buckling force character-

istics. At the critical state denoted by PC, the
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force in the pipeline is given by R: = R)' After snap.

the force in the Dbuckle reduces to the wunique

static wvalue P-P, B and location S being

prescribed by the statically unique buckling amplitude

W= wms' The chain-dotted locus defines a path which
the «quasi-idealised system cannot, in principle,
follow due to snap at temperature rise Th. This locus

is important, however, in that it forms an upper bound
to corresponding imperfection studies, particularly

the theoretically stable portion between T and
min

state S. State S (noting P ) has not previously been
reported and is of considerable importance to
the design engineer. Care in interpretation must be
taken, however, at high wvalues of temperature
because of the associated effects upon ﬁhe mechanical

quantities involved.

In view of the importance of imperfections wupon
realistic pipeline buckling performance and the
general agreement of the rational loci with their fully
mobilised equivalents, fully rational modelling of the
remaining lateral modes has been left to further study.
With regard to the veftical mode, the ‘inherent
limitation of the fully mobilised approach'denoted in
Section 1.4.7 has been overcome. The effect of
variations in sea bed recovery, that 1is variations

in geotechnical parameter c, has also been discussed.
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A number of further observations can be briefly noted.
First, given the wvalidity of the fully mobilised
analyses in predicting generalised behaviour,

the finite length of slip, LS’ can be determined,
if required, from LS = (g) - P)/QAq for the lateral

modes and LS = (Po

- P - quL)/QAq for the wvertical
mode, at any post-buckling state denoted by buckling
force P. Should the total length of pipe be less than
the overall affected length, that is 2(L + Lg).

the required temperature rise will increase.(33)

Further, post-buckling behaviour may be subjedt to
modal interaction. For example, a pipeline may be
subject to lateral buckling once a trenched pipeline‘
has Dbuckled, initially, in the vertical plane.
This feature is left to fufther study, but, must be

borne in mind in considering the foregoing work.

Finally, the influence of imperfections must be noted.

Diagrammatic representations given elsewhere(zo)

indicate the importance of the minimum safe temperature
rise state. Typical qualitative imperfection loci
are illustrated in Figs. 3.8 and 3.10 (a), one
locus displaying snap buckling (type 1), the other
affording a stable post-buckling path (type 2).
Of particular interest with respect to such loci is
the fact that recovery upon subsequent cooling
would not be total, due to the non-conservative

nature of the frictional forces involved. However, the

-168 -



effect of this with respect to the vertical mode would
not be as significant as itv is in the case of
lateral buckling in which 1lateral friction forces
exist -in the buckling region. This 1leads to the
realisation that, upon recovery, any initial
imperfection would be increased with a consequent
change in post-buckling characteristics should thermal
buckling recur. For example, an imperfection

locus type 1 could degenerate into a locus type 2.

Finally, the specific parametric values determined
from the foregoing quasi-idealised studies are of
extreme form. However, fhe appropriate data trends
established 1lead to the necessary inclusion of
imperfections in order that realistic or practical
structurai behaviour is determined. Consequently,
imperfection studies will be undertaken in Chapter 4.

(63)

A technical article with regard to the rational

modelling of lateral buckling modes has been accepted

for publication and is included in Appendix I (C).
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CHAPTER 4

IMPERFECTION STUDIES
4.1 INTRODUCTION

Submarine pipelines can be safely assumed to suffer
structural imperfections under' field conditions.
Initial lack-of-straightness will occur during
laying operations and sea bed conditions will also
generally preclude a perfect lie.‘ The present study
concentrates attention on the wvertical mode and
lateral modes 1 and 2. With regard to the five lateral
’modes depicted in Fig. 1.5, it is considered that
lateral modes 1 and 2 are more susceptible than the
remaining lateral modes to the most basic initially
deformed pipeline topologies, these imperfections
taking the form of fundamental symmetric and skew-
symmetric  modal deviations from the idealised
lie. Further support for this choice of modes comes
from the quasi-idealised analyses' stress» trends.

That is, values of ‘Tmin for all six identified

submarine pipeline buckling modes are given in
. Table 4.1 together with the corresponding buckle

amplitudes and maximum compressive stresses; attention

is also drawn to Fig. 1.5. It can be seen that
on the basis of qﬁin (quasi-idealised), lateral

modes 3 and 4 are more critical than lateral modes

1 and 2. This ordering is indicated parenthetically
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MODE T (o0 Ym ©F “h\Tmin (m) On\Tmin (N/mm?2)
Vertical 65.3 (5) 2.35 597
Lateral 1 [63.6 (4) 2.4. 606
Lateral 2 {61.6 (3) 1.4 495
Lateral 3 | 60.6 (2) 1.9 547
Lateral 4 | 60.5 (1) 1.3 479
Lateral « | 77.5 (6) 0.5 261

Table 4.1

Quasi-Idealised / Fully Mobilised

Analyses - Stress Trends at Tm'

-1 -
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adjacent to the respective T in values. However, the
m

corresponding stress levels are consistent with an
underlying and alternative ’ interpretatidn with
the vertical mode and lateral mode 1 generating the
highest stress levels. That 1is, accepting that
imperfections will be present in practice, lateral
mode 1 is notable for generating the highest stress
trend of all the lateral modes. Taken in conjunction
with the basic nature of the physical imperfection
concerned, it 1is considered that, in practical terms,
lateral mode 1 1is the most ’significant symmetric
lateral mode with respect to imperfection consider-
ations. Similar reasoning suggests lateral mode 2 is
the most significant skew-symmetric mode, lateral
modes 3 and 4 being, in engineering terms, subordinate
forms of lateral modes 1 and 2 respectively.

All four modes can be considered to be localised
versions of lateral mode oo , this feature being
reinforced by the presence of a particular imperfection

in a particular locality.

In the three cases studied, the variable or
deformation-dependent axial resistance forces
introduced in the previous chapter are incorporated
in the respective analyses; this feature 1is of
particular importance with respect to the vertical
mode study as the established modelling - note

equations (1.180) and (1.181) - has been shown to be
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invalid at small values of vertical displacement.
The refined axial friction-response locus obtained
from the geotechnical experimentation- in Chapter 2,
noting Fig. 2.15 and equations (2.15), (2.16) and

(2.19), accordingly takes the form

T —25u/u¢
£prfop =1 - e (4.1)
where
¢y = 0.7 ug = 5 mm (4.2)

In view of the fact that the boundary collocation
analyses associated with the variable or deformation-
dependent nature of the lateral friction resistance
and submerged self-weight with -regard to‘ lateral
mode 1 and the wvertical mode studies respectively
support thé validity of the simplified fully mobilised
studies denoted in Chapter 1, it 1is proposed to
employ the appropriate fully mobilised charactéristics
of the above features in the ensuing analyses.
This will enable a set of formal analyses, using the
Principle of Stationary Potential Energy Approach,
together with the incorporation of structural

imperfections, to be undertaken in a concise manner.

Briefly, +the total potential energy of a system

is given by(25)
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V=U-W (4.3)

where V is the total potential energy function, U is
the generalised strain energy and W is the external
potential work function. The corresponding equilibrium

state equation takes the form

Sv

0 _ _ (4.4)

This Potential Energy Approach can be demonstrated
by considering the well-established pin-ended
Euler strut, typified in Fig. 1.2 (b), with an
‘initial dimperfection as shown in Fig. 4.1. The
transverse displacement expression obtained from
the corresponding idealised equilibrium analysis

-can be shown to be(51)

w = w_ sin(Tx/L) ' (4.5)

For imperfection studies regarding the pin-ended strut,
the initially deformed shape can be assumed ¢to

take the 'sympathetic' form

Yo = Yon sin(7rx/L) (4.6)

in which Vo and Yom denote the respective transverse

displacement and maximum amplitude of the imperfection
topology. The total potential energy relating
to the deformed state, noting equation (4.3),

affords
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L _ 2. _ L 2_ 2
vV = SO O.SEI(w,xx wo'xx) dx SO O.SP[(W,X) (wo,x) ]Jdax

(4.7)

Incorporating the equilibrium state equation (4.4)

in terms of Kkinematic generalised coordinate wm(25)

such that

dav _

S ° 0 (4.8)
m

the buckling force P can be derived, noting equations

(4.5), (4.6) and (4.7), to be

2
- WEL ._ 4.9
P = L2 (1 wom/wm) | ,( )

This expression is graphically represented as

imperfection locus type 2 in Fig. 1.2 (c).
4.2 LATERAL MODE 1 ANALYSIS

The essential features of lateral mode 1 are shown in
Figs. 4.2 (a) and (b). The former figure details the

topology whilst the 1latter depicts the axial force

distribution within the pipe. Regarding the
imperfection parameters, Wy and Yom represent the

respective lateral displacement and maximum amplitude
whilst the appropriate buckling 1length parameter is

denoted by L'

o - where Lé = 2L_.. Given that the .

o)

buckling length is a wvariable, then %In/Lé forms
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the quintessential imperfection parameter. This

parameter is unique in as much as Yom

and L, or Lé
are dependent. In the absence of sumbarine pipeline
data relating to practical or field values for this
imperfection ratio, data trends.were to be sought on
the basis of the ratio varying from 0.003 through to
0.010; it was noted that BS 4848 : Part 2 : 1975
stipulates a limit of 0.002 for structural steelwork.
The linearised lateral displacement equation appértain—
ing to quasi-idealised pipelines involving fully
mobilised lateral resistance and given 1in equation

(1.39), can be rewritten

¢.q
W = _2_4 (1 + n®L%/2 - n®x%/2 - cos nx/cos nL)
EIn ,
0 £ x«L (4.10)
where
nL =4.4934 ’ (4.11)

The maximum amplitude of the buckle, at x = 0, can

then be given by

K.$.g - 4
w o= 1 - = 3.8512x10 ¢ ¢ral (4.12)
EIn “ET

where L 1is the unprescribed buckling length and

K, = (1 n12 /2 - 1/cos nL) = 15.698465, such that

substituting equation (4.12) into equation (4.10)
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yields the transverse displacement expression

Y 2.2 2.2
WS g (1 + nL°/2 - n"x" /2 - cos nx/cos nL) (4.13)
1
From the foregoing, the imperfection displacement
expression can be 'sympathetically' assumed to be
= YQE (1 + 2L2/2 - n2x2/2 - cos n_x/cos n L)
Yo K, oMo o o oo
0 < x <L (4.14)
where
= (4.15)
nOL0 4.4934
and, Wom’ the maximum imperfection amplitude,

noting equation (4.12), takes the form

4
w__ = 3.8512x10 2 9p9Ly (4.16)
om “EI

This equation displays the previously denoted

dependence of Wom and LO. The physical imperfection

corresponding to equations (4.14), (4.15) and
(4.16) takes the form of a basic symmetric wave-and
relates, in practical terms, to a lateral deviation
from the intended or idealised lie. Employing
symmetry, the total ©potential energy relating to

the deformed state is given by

-179 -



L
vV = S 0.5EI (W, ~Wgry,) dx

) “dx

-+

T
§Lo O.SEI(W,XX w

o’'xx

L
o L
go q(w—wo)dx + SLO q(w-wo)dx

+

L
o 2 2
go 0.5P[ (w,x) -(wo,x) ldx

- {2 0user (w0 %y, 0 Tax

o X

the corresponding equilibrium state equation

written

dav  _

aw_ 0
m

It can be seen from Fig. 4.2 that

L 2. _ oL
XLO O.SEI(wo,XX) dx = gLO aw,, dx

= Si 0.5p (w_, ) dx = 0
o
and, further, with
%W; §E° 0.5EI(wO,XX)2dx = %W; S§° qw, dx
= %W; SEOVO.SP(WO,X)de =0
then equation (4.18) Dbecomes, upon

from equation (4.17)
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being

(4.18)

(4.19)

(4.20)

substitution



o L
av__d L 2 _go
@ = @ [So 0.5EI(w, )“ax o0 EI(w, ) (W, )ax
L L 2
+ So gw dx - go 0.5P (w,) dx]= 0 (4.21)

Upon substitution from equations (4.13) and (4.14) and

integrating, equation (4[21) becomes

av d

[22.68130 E1n3wi/Kf - R

dw_ =~ dw
m

EIw_w nnz/K?
m

1 mom O

2,2 _
+ 30.24174 qwm/(nK1) - 37.80217 inm/K1] =0

(4.22)

where

R1 = 4.60314 [sin(4.4934 LO/L)

+ 2.30157 (sin 4.4934(1+L_/L) , sin 4.4934(1—LO/L0
(TL/L_+T) (T/T,-T)

(4.23)

Differentiating, equation (4.22) becomes

2,2
EIwomnno/K1 + 30.24174 q/(nK1)

3 2
45.36260 EIn wm/K1 -,R1

- 75.60434 pnwm/xf =0 (4.24)

which upon simplification, noting equations (4.11),

(4.12), (4.15) and (4.16), vyields the buckling force
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2

R L :
_ EI - __l__(_g) 4.25)
P = 20.19 1 = 5=—5\F (

Bending moment is afforded by

M = EI (w,Xx - wo'xx) (4.26)

which gives the maximum moment, at x = 0, upon
substitution from equations (4.13) and (4.14), to be

_ 2 2
M = -0.27751 ¢ q (L -Lg) (4.27)

the negative sign correctly indicating flexural
compression to be acting on the 1lower part of
the pipeline section. The maximum compressivé
stress Gp, induced in the pipe 1is thereby, noting
equations (1.31), (4.25) and 4.27), obtained
to be

2
_ 20.19ET _ R, /L 2 2
o, = S [1 1 (_%> }+ 0.27751 ¢ qr(L L) /I

(4.28)

Having established the relationships between w, L, MhY

O and the buckling force P, it 1is now necessary

to determine the dependence of P wupon T, the
temperature rise. This 1is achieved by considering
the slip length characteristics. It is proposed to

/
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employ a deformation-dependent axial friction force
modelling as denoted in Figs. 2.15 and 4.2. The
formulation of the slip length region is the same as
that given in Section 3.3.1; that is, equations (3.14)

through (3.18) remain valid.

It is not necessary to set up a matching compatibility

expression at the interface of the slip and buckling

lengths, x = L. Incorporating the ©presence of
the imperfection wo/Lo, equation (1.29) gives
| L
_ (P -P)L _ L 2. S o, 2
vy = oo 0.5 [ So‘w'x) ax - },%tw_, )%dax 1 (4.29)

which vields, noting equations (4.13) and (4.14),

2
u = (Po™PIL _ 1.0225x1o'3(¢Lq> (L7-LZ) (4.30)

AE EI

Solutions for (P, - P) and ug are thereby obtained in
terms of discrete values of L employing a computerised
non-linear iterative algorithm involving equations
(3.18) and (4.30). The numerical evaluations have
been carried out, noting equation (4.16), for
a series of eleven imperfection ratios M@n/L' ,
noting that Lé = 2L, from 0.003 through to 0.010.

The pipeline parameters employed are again as

denoted in Table 1.2. Results for (P, - P) are then
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substituted into equations (1.6), (4.12), (4.23) and
(4.25) to produce the loci depicted in Figs. 4.3 and
4.4 (a). Only those loci for w,,/Ly of 0.003, 0.007
and 0.010 are shown for reasons of clarity. The loci
in Fig. 4.4 (b) are obtained by substituting the

respective values of L into equation (4.28).
4.3 LATERAL MODE 2 ANALYSIS

The topology and axial force distribution depictéd in
Figs. 4.5 (a) and (b) respectively represent the
essential features of lateral mode 2. The linearised
lateral displacement equation, relating to idealised
pipelines based on fully mobilised lateral resistance,

is given by, noting equations (1.64) and (1.65),

iy
w = ¢Lq [1 - cos(27x/L) + =nsin(2wx/L)
167 EI
+ 27 (1-x/L) x /L] 0 ¢ x<L (4.31)

The maximum amplitude of the buckle, at x = 0.3464L,

is

K. ¢ qr? -3 ¢ _qut
w_ = 2%L = 5.532x10 L (4.32)
m 3 EI

16 7w EI

where L is the unprescribed length and K2=8-6211496.
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Substituting equation (4.32) into equation (4.31)

yields the lateral displacement expression

dﬂaz

[1 - cos(2nx/L) + wsin(27x/L) + 2ﬂ2(1-X/L)X/L]
(4.33)

From the foregoing, the imperfection displacement

expression can be assumed to be

W
om .
W, = K;— (1 - cos(2nx/LO) + n51n(2nx/Lo)
2
+ 27" (1-x/L ) /L] 0 ¢ x & L (4.34)
where Yom represents the maximum imperfection

amplitude which, noting equation (4.32), takes the

form

A
w__ = 5.532x10 > %9, (4.35)
om ——E T

The physical imperfection corresponding to equations
(4.34) and (4.35) therefore takes the form of
a basic skew-symmetric wave. Employing skew-symmetry,
the energy formulation is similar to that of lateral
mode 1 analysis. Accordingly, equations (4.17) through
(4.21) can again kbe employed. Upon substitution

from equations (4.33) and (4.34) and integrating,

equation (4.21) becomes
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' 4 . 6 2 3
av _ d (127 +4n-)EIwm _ 8 EIwmwomR2
dw_ _ aw 2 .3 2 .2

m m

K2 L K2 LO L
Pp v, L 2 Pw’ 2 4
+ =" (147°/3) - —2 (107 +107 /3)|= 0 (4.36)
K )
2 K; L

where

(L/L_) (7% +L/L )
R, = sin (27L /L) o 2° + 27L /L
| 1 - (L/L) ©

+ w[1-cos(ano/L)1(E§f;> (4.37)

Differentiating, equation (4.36) affords

4 6 3
(2477 +87r )EIwm 8o EIwomR ¢Lq

2 2
- + (147 /3)
73 732 R
K2 L K2 LO L 2
Pw :
- (107241072 /3) = 0 (4.38)
KZ L

which upon simplification, noting equations (4.32) and

(4.35), yields the buckling force

. 7
P = 4y E% 1 - %( Z JG;% (4.39)
L 3T+ T
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Noting equation (4.26), the maximum bending moment Mm

at x = 0.299L, upon substitution from equations (4.33)

and (4.34), is given by
- - 2_.2 (4.40)
Mm = =-0.10884 ¢Lq (L Lo)

Further, the maximum compressive stress oh}induced in

the pipe is thereby, noting equations (1.31),

(4.39) and (4.40), obtained to be

2
2 R L
G = .41%1 1 - %(——3—3)(L—°) + 0.10884 ¢Lqr(L2-L(2))/I
m AL 3T+ Y
(4.41)
Having established the essential relationships

appertaining to the buckling region, those concerning
the slip length are now determined. The formulation
is similar to that given 1in the lateral mode 1
analysis; that 1is, equations (3.14) through (3.18)
again - remain wvalid. The matching compatibility
expression at the interface of the slip and buckling
lengths, X = L, noting equations (4.29), (4.33) and

(4.34), takes the form

2
(P -P)L $:4

_ \ ‘5(___ 717 4.42
us = —X—E—— - 8.715x10 ET (L LO) ( . )
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The solution procedure for (Po - P) and Ug is as

previously; equations (3.18) and (4.42) are solved
iteratively in terms of discrete values of L.
Numerical evaluations have been carried out, noting
equatibns (4.35) and Table 1.2, for the previously

denoted range of eleven imperfection ratios (%In/Lé)’

'Lb = L,- Results for (P, - P) are then substituted
into equations (1.6), (4.32), (4.37) and (4.39) to
produce the loci depicted in Figs.. 4.6 and 4.7 (a).
The loci in Fig. 4.7 (b) are obtained by substituting

the respective values of L into equation (4.41).
4.4 VERTICAL MODE ANALYSIS

The essential features of the vertical mode are shown
in Fig. 4.8 (a) and (b) which depict the respective
topology and axial force distribution. With regard to

the imperfection parameters, Vo and Vo

represent the
respective vertical displacement and maximum amplitude.
The analysis for the buckling region is identical to
that of lateral mode 1. Equations (4.10) through
(4.28) remain valid except that w, together with its

related components, and ¢Lq are now replaced by v and

g respectively. The physical imperfection correspond-
ing to equations (4.14), (4.15) and (4.16) therefore
takes the form of a basic symmetric wave; this

will act as a potential 'pop-up' trigger.
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The formulation of the slip length region is similar
to that of Section 3.4; equations (3.20), (3.21) and
(3.22) remain valid. The matching compatibility
condition at the ends of the buckle remains as given
previously for the lateral mode 1 analysis, subject to
the appropriate replacement of w and ¢Lq by v and q.
That 1is, equations (4.13), (4.14) and (4.29), so

modified, generate

(P-P)L

2’ . N
= - =39\ 7.7
u, = —5=——— - 1.0225x10 (EI) (L'-L)) (4.43)

this expression being analogous to that given in

equation (4.30).

The solution procedure for (P

o - P) and u

S is
as previously employed for the lateral mode 1
analysis, equations (3.22) and (4.43) being solved
iteratively in terms of discrete values of L. It is to

be noted that since ¢L = 1.0 (Chapter 2), the

revised equations are actually the same as equations
(4.10) through (4.28) apart from w being replaced by v.
Numerical evaluations have been undertaken, noting
equation (4.16) and Table 1.2, for the previously
denoted range of eleven imperfection ratios (herein

] t - -
vom/LO ), LO = ZLO. Results for (P, P) are then

substituted into equations (1.6), (4.12), (4.23) and
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(4.25) to produce the v-loci depicted in Fig. 4.9.
The loci in Figs. 4.4 (a) and (b), noting equation

(4.28), are also valid since ¢L = 1.0.
4.5 ASSIMILATION

The imperfection ratios explicitly considered are
denoted in Tables 4.2 and 4.3 together with the
appropriate permissible temperature rise wvalues, based
upon the onset of first yield, and the corresponding
buckling amplitudes. It is to be noted that the
squash load for the pipeline parameters considered,
denoted in Table 1.2 is 13.4 MN, which corresponds
to a temperature rise of 197.7°C. Perusal of
Tables 4.2 and 4.3 therefore shows that buckling
action will occur in practice. Prior to further
consideration of Tables 4.2 and 4.3, and the ensuing
implications, it is pertinent to assess the behaviour
associated with the three imperfection ratios
identified in detail previously - that 1is, with

and %D taking the wvalues 0.003, 0.007

Yom’ Lo m’ Lo

and 0.010.

With regard to the respective temperatur rise/buckling
amplitude loci given in Figs. 4.3, 4.6 and 4.9, it can
be seen that only the relatively small imperfection
ratio case (0.003) displays a maximum temperature

rise, qn, together with the associated snap buckling
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MODE VERTICAL | LATERAL 1| LATERAL 2
Tm (°C) 79.6 78.9 69.7
.0 or w m 0.3 . 0.25
0.003 | v n (m) . 0 1. 0.30 1 1
v orw (m)]|5.95 6.21 2.86
m m
Tm (°C) 72.9 72.1 64.1
0.0035| v _or w_ (m)| 0.38 0.37 0.32
0 i i | | |
~ v_or w_(m) [4.79 5.03 2.21
£ m m
g ,
=3
~ T (°C) 67.8 66.9 *60.0
[o) m ) .
e *
a 0.004 vm or wm (m) | 0.48 1 0.47 1 0.42 l
= .
.0 v, or w_ (m) |3.83 4.05 *1.64
o ,
= T, (°C) 63.9 62.8 *57.1
=
0.0045] v. or w_ (m) | 0.60 0.59 *0,60
S .o | | |
; v or w (m)|2.99 3.20 *1,02
3 m m
5
§ Tm (°C) 60.9 *59.8 NA
= 10.005 v, or w_ (m) [F0.77 *0.74 NA
v orw (m) pF2.18 l *2,41 l A NA
m m
Tm (°C) NA *57.5 NA
0.0055{ v. or w_ (m) | NA *1.06 NA
m m 1
v_or w_ (m) | NA *1,43 NA
m m

* Non-crucial values on basis of yield - refer to Table 4.3

l Indicates snap

Table 4.2

Maximum Temperature Rise, Tm
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MODE VERTICAL | LATERAL 1 { LATERAL 2
(°C) NA NA *64.2
0.004
or wm (m) | NA NA *2.26
(°C) NA NA *64.9
0.0045
or w_ (m) | NA NA *2.37
(°C) *62.3 *60.5 65.6
_0l0.005 y
ﬂ or w_ (m)| *2.67 *2.67 2.49
= m '
)
2
g (°C) 62.3 *60.5 66.3
©0|10.0055
.0 or w_ (m) 2.81 *2.81 2.60
N} m
E
> (°C) 62.4 60.6 67.0
o|0.006 -
H or w, (m)| 2.95 2.95 2.71
<
=
% (°C) 62.8 60.9 68.6
; 0.007
a or w_ (m) 3.22 3.22 2.93
iy
o
ﬁ (°C) 63.3 61.4 70.1
E 0.008
or wm (m) | 3.48 3.48 3.14
(°C) 64.0 62.0 71.8
0.009
or Wm (m) 3.74 3.74 3.35
(°C) 64.7 62.7 73.4
0.010 ,
or w_ (m) 4.00 4.00 3.55

*Snap followed by yield, refer to *

Table 4.3
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phenomenon. The remaining two cases (0.007 and 0.010)
generate stable post-buckling pathé. In all three
modes, -the respective loci are of converging form as is
to be anticipated; indeed, the modes afford character-
istics which are 1in general agreement with thosé
reported in the related field of rail track

buckling(30’34’38) , although in the present study it

is to be recalled that the buckling length L is
unprescribed. It is to be noted that the results
obtained relate to small deformation studies,
the onset of slopes in excess of 0.1 radians being
indicated in the three figures concerned. The loci
are thereforé conservative in this larger deformation

range.(20’28)

The general characteristics for the respective
buckling force/buckling amplitude and maximum
compressive stress/buckling amplitude loci for
all three modal studies, given in Figs. 4.4 and 4.7,
are again of common form. Fig. 4.4 is directly
applicable to both the vertical mode and lateral
mode 1 (¢L = 1.0) studies. As illustrated in
Figs. 4.4 (a) and 4.7 (a), all imperfection ratio
cases generate maximum buckling force states; it
should be noted that in the low imperfection ratio

case, this state does not exactly coincide with the
corresponding maximum temperature rise state.

This feature is again in agreement with studies in the
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(38)

related field of rail track buckling. Figs. 4.4

(b) and 4.7 (b), read in conjunction with Figs 4.3,
4.6 and 4.9, suggest that for the stable config-
urations, the temperature rise required for the
onset of first vield increases with increasing
imperfection ratio. This feature will be discussed
further when consideration is given to all the
imperfection ratios studied. Care 'must bé taken
with the small imperfection ratio snap buckling
cases, however, as the first yield state is incurred
during snap. This implies that vyield is first
incurred with the onset of the respective maximum
temperature rise, this feature being indicated

by use of the dashed locus.

The corresponding quasi-idealised/fully mobilised
buckling loci are included in Figs. 4.3, 4.4, 4.6,
4.7 and 4.9. The inclusion of imperfections can be
seen to result in a significant reassessment of

'safe temperature rise{20’21’50)

, identified in
quasi-idealised terms in Figs. 4.3, 4.6 and 4.9 by
Tmin‘ .Credibility with regard to phe quasi-idealised/‘
fully mobilised loci given in Figs. 4.3, 4.4, 4.6,
4.7 and 4.9 is also to be restricted given the
possible snap phenomenon associated with such studies.
Noting this, it 1is deemed appropriate to employ

'permissible’ rather than 'safe’ with respect

to the design interpretation of limiting temperature
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rise.

Considering the whole set of imperfection ratios
studied, then Tables 4.2 and 4.3' present data
relating to the establishment of permissible temp-

erature rises Tp. The cases given in Table 4.2 are

‘those involving a maximum temperature rise state (ﬂ“) -
recall the 0.003 imperfection ratio loci given in
Figs. 4.3, 4.6 and 4.9 - whilst those cases in which
the first yield state 1is incurred statically, at

temperature rise T,, with or without a prior snap, are

y

listed in Table 4.3. There is some overlap bet@een
the tables due to the fact that there are essentially
three possible configurations dependent wupon the
magnitude of the delineated imperfection ratio.

First, there are those cases involving a 'nﬂ state in

which the ensuing snap buckling results in achievement

of a stable state which involves stresses in excess
of first vyield. 'These cases are associated with
relatively low imperfection ratios and are given in
Table 4.2 with Tb = qﬂ.

Second, there are those cases involving a T”]state in

which snap bucking occurs but the post-snap stable
state is sub-yield; these cases, involving middle-order
imperfection ratios, are denoted in Tables 4.2 and 4.3

by an asterisk, with Tb = Ty> ﬂﬂ. It should be noted

- 202 -



that from the design aspect, for the medium range
imperfection Tratios in which the post-snap state is
sub-yield, it could be argued that the maximum

temperature rise Tﬁlshould be taken as the permissible

temperature rise Tp' This assumes snap to be
undesirable in practice. However, for such cases

involving a relatively large discrepancy in thev

revspective Tp values (eg:  10%) the degree of snap is

small; cases in which the degree of snap 1is more
substantial show only small discrepancies in the

respective values of T.. Design would involve the

P

-application of safety factors, however, and such
matters could be simply resolved by their appropriate

application.

Third, there are the cases relating to higher

imperfection ratios which involve a fully stable

path such that Tb = Ty; these cases are given
in Table 4.3. The pairs of deformation wvalues

(vm or wh) given in conjunction with each Tn]value

in Table 4.2 correspond to the amplitudes associated

with the temperature rise Tm pre- and post-snap.

The single-valued amplitudes given in Table 4.3

simply denote the first yield state.

It can therefore be suggested that there are three
imperfection range classifications, low, medium

and high. Low imperfection ratios are associated
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with permissible  temperature Tises restricted,
subject to safety factors, by maximum temperature
rises associated with snap buckling. Medium ratios
will involve careful consideration of sub-yield snap
buckling whilst high ratios will afford the most
stable and predictable basis for yield stress
based permissible temperature fises. The imperfection
ratio ranges associated with these classifications
vary between the different modes and will be subject
to individual pipeline parameters;  note Table
1.2. The above considerations ére illustrated in
Fig. 4.10 and shown qualitatively in Fig. 4.11.
A possible fourth classification, wherein snap and
yield occur simultaneously, is also denoted in

Fig. 4.11.

Fig. 4.10 1is, subject to the imposition of safety
factors, effectively a design chart for thermal
submarine pipeline buckling with respect to the
particular pipeline parameters emploved. The
general trends are that for low imperfection ratios,
the permissible temperature Tise decreases with
increasing imperfection ratio, whilst for high
ratios, the permissible temperature rise increases
with increasing imperfection ratio. Intermediate
ratios require due consideration to be made regarding
the conflicting requirements of snap buckling and

yield stress onset. With regard to the range
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of imperfection ratiosbchosen (0.003-0.010), it can be
seen that it allows for treatment of each of the
three possible snap/yield configurations. Further,
effective length has been deemed in each mode
to lie between non-transversely-displaced adjacent
nodes of contraflexure. It is felt that each of the
three modes generate related characteristics, note

Fig. 4.10, on this basis.

Finélly, noting the previous argument relating to the
role of the respective quasi-idealised modal maximum
\compressive stress levels in determining the relative
importance of the various lateral modes, it is
sugeéted that for high imperfection ratios, the
(stable) curves | appertaining to lateral modes 3
and 4‘appropriate to Fig. 4.10 will lie between those
given for lateral modes 1 and 2 and above that for
lateral mode 2 respectively. The corresponding
infinity mode locus will then lie above that corresp-

onding to lateral mode 4.
4.6 SUMMARY

An archetypal design chart for use in thermal
submarine pipeline Dbuckling has been produced.
Clearly, such a chart could be prepared for alternative
pipeline parameter and imperfection ratio data.

The study has illustrated the effects of Dbasic
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physical imperfections appropriate to the problem
involved. The modes investigated have been considered
upon the basis of their being the most sympathetic
and susceptible to such localising physical 'triggers'.
The permissible temperature rise values obtained
demand that <careful attention must be paid to
these studies for, as already stated, oil and
gas temperatures under field conditions could be as

high as 100°C above that of the water environment.

A yield stress based permissible temperature rise
criterion, suited to both the design of new pipelines
and the assessment of existing' pipelines, has
beeh suggested. This is vconsidered' to be4 sq§erior
to the somewhat vague fully mobilised safe fehpefeture
rise concept previously delineated despite the
absence of quantitative knowledge of the probable
idealised critical stateisnap. That is, the quasi-
idealised criterion offered little help in determining
the appropriate post-buckling characteristics,
making identification of the location of the pipeline,
should buckling occur, impossible. The proposed
approach affords formal post-buckling displacement
characteristics, including information on the
onset, or otherwise, of plasticity during buckling.
Whilst it 1is not suggested that the present study
totally overcomes such problems, difficulty 1lying

with identifying any given physical imperfection,

- 208 -



data trends can now be determined. Basing permissible
temperature rise upon the maximum temperature
rise state for low imperfection ratios causes such
cases to Dbe imperfection sensitive, a feature
not experienced with the medium and high imperfection

ratio cases; note Figs. 4.10 and 4.11.

Of additional interest is the ©possibility that
recovery upon subsequent cooling would not be total,
due to the non-conservative nature of the frictionai
forces involved. This leads to the realisation
that, wupon recovery; the imperfection ratio would
have increased with a consequent change in post-
buckling characteristics should thermal buckling
recur. Such post-buckling considerations are
perhaps particularly important with regard to
trenched pipelines undergoing vertical buckling
- 'pop—ups'v- in view of the possibility of raised

pipelines fouling, for example, anchor cables.

Finally, it must be recalled that the effects of
residual stresses remain to be considered, although
their effects could perhaps  be interpreted in
terms of equivalent initial lack-of-straightness.
Further, the eccentricity of the frictional forces
with respect to the pipe centreline has been neglected.
Both features require further study. It should also
be noted that the initial assumption that the

material response be deemed to be elastic has been
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shown to be appropriate although medium and high
imperfection ratios lead to yield criteria involving
slopes - in excess of 0.1 radians. That 1is, the

(20, 28)

appropriate data is conservative with a

non-linear kinematic study being required to improve

this situation.
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CHAPTER 5

COMMENTS AND CONCLUSIONS
5.1 PRIMARY ASSESSMENTS

of particular importance to submarine pipeline
buckling behaviour 1is the necessity of determining
not only permissible design parametrig‘:values in
order thaﬁ buckling be avoided but also £he probable
location of - the pipeline should buckling occur.
Construction methods and pipeiaying techniques are
both sophisticated and expensive; investment is
substantial and failure of a pipeline 1is ~costly
.both in terms of lost production and repair costs.
Submarine pipelines therefore require the utmost cafe

in engineering design.

At the commencement of the . research programme,
submarine pipeline buckling studies were essentially

limited to the simplified fully mobilised analyses

detailed in Chapter 1. Indeed, they were not
so succinctly presented, and relied heavily upon
associated raii track studies. Not only have errors

and limitations contained within these studies been
determined and delineated, two enhanced sets of
analyses have been developed employing a variety of
mathematicél techniques. These revised analyses
can be considered to consist of vtwo complementary

computational suites or programmes of study, one
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other oriented quite specifically about the require-
ments of engineers in practice. The former programme
of study deals with «critical state studies, the
latter with imperfection loci. Both programmes make
quantitative post—buckling loci available for the
first time with regard to submarine pipeline buckling.
Taken together, these programmes of study afford a
previously unavailable insight 1into the nature Qf
sumbarine pipeline buckling. Design implications,

based upon these analyses, have been delineated.

Given that the idealised and imperfection studies
are dealt with in Chapﬁers 3 and 4 respectively,
/it has to be recalled that the associated geotechnical
factors developed in Chapter 2 are of crucial
importance in establishing the relevant geotechnical
parameters involved in the aforementioned buckling
computations. These empirical parameters were
established by experimentation and are of novel form
in their own right. Economics determined that model
testing be employed with engineering judgment

being used for extrapolation to full scale field

values.

A concise overview of the research programme is
presented by means of Figs. 5.1 and 5.2 wherein
the established and enhanced behavioural loci

concerned are presented in terms of wvariable scale
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submarine pipeline buckling. Clearly, the analyses
presented could be employed with alternative pipeline,
material and geotechnical parametric values; applic-
ation to submarine pipeline buckling involving

pressure gradients is readily available.

5.2 ASSOCIATED FACTORS

There is widespread use of numerical techniques
in advanced engineering problems where formal
solutions are unavailable; the present study is no
exception. Numerical integrations have been undertaken
employing Simpson's Rule to solve complex integral
functions. In cases involving highly non-linear
simultaneous equations, an in-house developed
iterative solutioﬁ procedure has been employed
using a computerised non-linear iterative algorithm.
Further, relationships between geotechnical parameters
g and e have been determined by means of computer
generated linear and cubic interpolation curves
using the Least Squares method. Several methods of
analysis, each suited ¢to a ©particular problem,
have been employed. Fully mobilised studies have been
analysed in closed form using formal continuum
analysis involving linearised differential equations.
In the critical state studies, the boundary collocation

method has been employed in view of the complex
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non-linear field equations which prevent closed form
solutions being obtained. Lastly, imperfection
studies have been carried out by means of the

Principle of Stationary Potential Energy Approach.

All numerical evaluations have been carried out on
the IBM 4341 8 Megabyte mainframe computer under
the VM/CMS virtual system using Fortran programming
with the appropriate computer graphics being obtained
employing the Gino graphics suite_routines. Indeed,
numerical evaluations of the analyses would have been
virtually impossibie without access to a digital
computer. ‘In order that some appreciation of this
feature be made available, a concise set of typical

programme listings 1is included in Appendix III.

Recourse was made as necessary to experimentation
particularly with regard to the geotechnical parameters
relating to friction resistance and sea bed recovery
characteristics. This experimentation provided the
means for the appropriate development of the research
programme. Employment of empiricism and engineering
judgment has been necessary in order to apply the

aforementioned mathematical techniques.
5.3 SUGGESTIONS FOR FURTHER STUDIES

Perfect elasticity and small deformations (slopes < 0.1
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radians) have been assumed throughout the present
study. Should plasticity and/or finite deformation
occur, the analyses presented cease to be effective.
Further, on unloading, yielding will result in
permanent set of the pipe and this will act as an
additional imperfection on subsequent reloading.
Consequently, more complex kinematic non-linear
analyses would provide for a better definition of
the post-buckling paths involving buckling slopes
in excess of 0.1 radians whilst elasto-plastic
analyses would be appropriate to paths exceeding’
the elastic limit. An investigation into definitive
imperfection ratios would also be apposite. This
would involve assessment of sea bed topologies and
the manner in which a pipeline's sea bed 1lie 1is

actually achieved in practice.

In view of the non-conservative nature of the
sea bed recovery and friction characteristics,
recovery upon subsequent cooling (unloading) .would
not be total, this also leading, as in the case
above, to a revised imperfection topology should
thermal buckling recur. Better understanding
of this feature would require full scale tests,
involving heating and cooling the ©pipeline, in
order to determine the appropriate sea bed recovery
~and friction parameters. Again, in-situ assessment

would appear necessary. .
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Finally, post-buckling behaviour may be subject to
modal interaction. A pipeline may be subject
to lateral (or inclined) buckling once a . trenched
pipeline has buckled, initially, in the wvertical
plane. More 1importantly, a combination of both
léteral and vertical (ie inclined) movements may‘
occur throughout the buckling process, particularly
in cases where the pipeline is initially resting in a
wide trench. In-depth study of this behaviour
could involve a complex three-dimensional analysis

combining both lateral and vertical buckling

behaviours.

The foregoing suggested developments would 1lead to
the institution of highly complex analyses. However,
the assessment of definitive imperfection ratios is
felt to be the most urgeht of the proposals given in
view of the fact that, in quantitative terms, this

is the most contentious issue incurred in this study.
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SYNOPSIS

The buckling of submarine pipelines subject to axial loading has received
attention in the form of linearised study.' Both vertical and lateral
deflection modes have been analysed. This paper concentrates on two
crucial factors which must be considered further before any formal

‘non-linear predictive analyses can be meaningfully undertaken.

NOTATION '

pIEI

(P/EI) 12

Submerged weight of pipeline per unit length.
Vertical displacement of the pipe

Lateral displacement of the pipe.

Cartesian coordinate with d’w/d’x as second derivative.
Cross-sectional area.

Young’s modulus.

Second moment of area of cross-section.
Buckle length.

Slip length. :

Axial force in buckled pipe.

Prebuckling axial force.

Temperature increment.

Coefficient of linear thermal expansion.

45
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da Axial coefficient of friction.
Lo} Lateral coefficient of friction.

1 INTRODUCTION

A uniform temperature increase. T, in a perfectly straight submarine
pipeline will create an axial compression force due to constrained thermal
expansion. Within the elastic range of the pipeline response, this force
can be represented by:

Pn= AEaT ' ‘ (])

where A E is the axial rigidity at the pipe and « is the respective coefficient
of linear thermal expansion. During buckling, part of the constrained
thermal expansion is released in the buckled region, L, which, taken
together with the frictional resistance of the sea-bed/pipeline interface.
results in a reduction in the axial compression to some buckling force P.
The situation, with particular reference to the vertical mode, is illustrated
in Fig. 1. Key parameters include L,. the slip length over which axial

(a)

T

(b) j Po , Po

) "
@ IRy BapL/2 - 1P - MLS Po!

——— ]

Fig. 1. (a) Vertical buckling mode: (b) distribution of axial force before buckling: (¢)
distribution of axial force after buckling,
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Regarding the buckling of pipelines subject to axial loading 47

friction resistance acts; ¢a, the axial coefficient of friction; and p. the
submerged weight of the pipeline per unit length.

2 VERTICAL DEFLECTION MODE

Noting the related study of the buckling of rail track? and referring to
Fig. 1, the linearised differential equation is said to take the form:'

d*v/dx?+ nv+ max*— LY)/8 = 0 (2)

where v is the vertical displacement, n’ = P/El and m = p/EI, El being
the flexural rigidity of the pipe. Ensuing analysis leads to the evaluation of
the critical load and explicit values of deformation, apparently offering a
basis for more refined non-linear study. However, particular care would
be required as such a study, surely incorporating some initial geometric
imperfection parameter, would need to overcome the fact that eqn (2) is
not valid at

v=10 (3)
as the corresponding curvature implies

d*v/dx? = —m(4x* = L*)/8 # 0 )

3 LATERAL DEFLECTION MODES

Again noting the related studies in the field of rail track stability,” the five
basic modes are as illustrated in Fig. 2. For the given problem of pipeline
stability, it could be argued that as action (i.e., temperature rise) is of
distributive form, a distributive response is to be anticipated. This leads
to the logical conclusion that the infinity mode should be afforded as the
critical response. Localisation would presumably then ensue as an elasto-
plastic phenomenon.* The analyses of Modes 1 to 4 are available from rail
track studies® whilst the infinity mode has been separately established.'
This latter analysis indeed claims the infinity mode to be the critical casc
(i.e., that corresponding to the lowest temperature at which buckling will
occur). However, closer inspection shows this claim to be erroneous.
leading to realisation that either the above logical deduction relating to
the infinity mode is incorrect or that the modelling employed' is invalid.
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2N
{a) ' d Ty

Fig. 2. Details of lateral buckling modes (a) Mode 1: (b) Mode 2: (c) Mode 3; (d) Mode 4;
(e) Mode x<,

Noting Fig. 2, the linearised differential equation appertaining to the
infinity mode is given as:'

plx - L7 0

dw/de + ' + &, RET (5)

where wis the lateral displacement and ¢, is the lateral coefficient of
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friction. Incorporation of the respective boundary conditions leads to the
determination of the buckling load as:

P = 47°ElIL? (6)

The buckle length L is then determined from the compatibility
expression:'

Po—P = AEIL [** ydw/do?ds - 7)
which affords:
P, P+(47 05 % 10" AE [d"f] L* (8)

Importantly, this is not in agreement with the previous work in this
field,' although it is supported by analogous computations.™* The crucial
consequence is that the infinity mode, employing the established
modelling,' is not the critical mode.

This can be illustrated by refemng to Fig. 3 which depicts the essential
relationships between the various lateral modes for a typical set of

150 -
1104 1
130 -
120 4
110 -
100 - 2
90 4
80 e
70 -
60-
50
401

30 —————— 7T
0 04 08 12 16 20 24 28 32 36 40
Buckle amplitude (m)

Temperature rise (°C)

Fig. 3. Comparison of lateral buckling modes.
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parametric values.' It can be scen that Mode 4 is the critical mode; it
could, perhaps, be argued that this is a *semi-infinite’ mode. (Further, it
should be noted that the vertical mode can be shown to be non-critical
unless the pipeline is laid in a trench.) ..

4 CONCLUSIONS -

Essential information is provided in this paper to allow prediction of the
behaviour of submarine pipelines subject to axial loading, should this be
desired. However, it would seem that a distinct improvement in the
respective modelling assumptions is required if the buckling and large
deflection behaviour is to be fully understood. The established approach'
offers very little information on structural behaviour with regard to
definitive load-displacement characteristics; further, the inherent small
deformation assumption raises the problem of whether sea-bed resistance
is indeed likely to be fully mobilised at the critical state. It should be noted
that the relationships between pipeline and rail-track buckling studies are
subject to the considerable differences between the respective ground/
structure interfaces. Perhaps a relatively crude non-linear modelling
would serve as a better introduction to this area of work, offering a higher
degree of consistency.
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ABSTRACT

An important aspect of submarine pipeline behaviour
velates to the possible incursion of structursl buckling
during routine operation. An integral part of this area
of study involves the resistance to movement provided
by the supporting medium. It is with the nature of
these frictional resistance forces that this study is
primarily concerned. Sand was chosen as the support-
ing medium in view of North Sea conditions. The
relative dearth of information available on this subject
led to the institution of an experimental investigation
involving some efghty-four small scale tests. Data
trends are presented and scaling factors discussed;
semi-empirical design formulae are then proposed.

NOMENCLATURE

A cross-secticnal area

14 Young's modulus

£ interface configuration (entrenched)

4 friction parameter

1 second moment of area of cross-section
L buckle length

P pressure difference across pipe wall

P buckling force

¥ interface configuration (compacted)

q submerged weight of pipeline per unit length
T pipe radius .

-} interface configuration (resting)

t wall thickness of pipe

T terperature thickness

u axial displacement of the pipe

- lateral displacement of the pipe

x spatfal coordinate

a coefficient of linear thermal expansion
Y theoretical friction locus coefficient
L] horizontal angle between the direction of pull and

an axis normal to the pipe centre line
v Poisson's ratio
L] generalised friction coefficient

a; generalised coordinate
¥, axial frictional resistance force
Lg slip length

Pp prebuckling axial force .
ug overall extension of slip length

uy fully mobilised axial displacement °
vy fully mobilised lateral displacement
¢ axial friction coefficlent

41, lateral friction coefficient
INTRODUCTION

The cost of fallure with regard to submarine pipe-
1ines is prohibitive both in terms of repair and lost
production, As a result, the design and construction of
such pipelines require the highest degree of rigour.
Amongst the contingencies for which the offshore
engineer must be prepared is that concerned with the
effects of some axial compression being set up within
the pipeline during routine operation. These compress-
ive forces are induced by the frictional restraint of
axial extensions due to change in temperature or
internal pressure. With oil temperatures up to 100° C
above that of the water environment and operating
pressures over ION/mz. these forces can be substantial
given the ability of the pipeline-sea bed interface to
generate the necessary resistance. Clearly, this gives
rise to the risk of structural buckling.

Analyses concerned with the buckling behaviour of
submarine pipelines caused by axial compression have
been carried out in the form of linearised studies (1),
{(2). Both lateral and vertical modes have been fdenti-
fled,- Figure 1 illustrating a typical lateral mode,

~ferein the pipeline snakes across the sea bed, to-
gether with the respective axial force distribution.
Both axial and lateral frictional resistance forces,
identified by distributed forces ¢épq and ¢;q respect-
ively, are involved; vertical buckling only involves
axial frictional resistance forces as typilfied by éaq.
In order to identify the role of these frictional
forces, it is instructive to briefly consider the
essential mathematics concerned.

Initially, the axial force generated in a pipeline
due to restrained thermal expansion can be given by

Py = EAoT m
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figure 1 Typical lateral buckiing mode

where AE i3 the axial rigidity ot the pipe, a is the
respective coefficient of linear thermal expansion and
T represents the temparature increase. Alternatively,
the axial force generated due to restrained pressure
expansion can be given by

Po = 2prio.5 - v)

where A is the cross-sectional area, p i{s the increase
in internal pressure, r and t are the pipe radius and
wall thickness and v denotes the respective Polsson's
ratio. Assuming pipeline response to be elastic and
esploying the appropriate equilibrium and compatibility
relationships, -then, for the mode illustrated in

rigure 1, either Eq. {1) or Bq. (2) is equated with

Po = 26.2ET + 1.60B4,qL
L2

L]
[xoz.xuxlo“‘(o,_’) ABLS] - 1)
ol en? £

wvhere EI represents the flexural rigidity of the pipe,
q is the submerged waight of the pipe per unit length,
4a and ¢y, are the fully mobilised axial and lateral
friction coefficients respsctively, and L {s the
variable buckling length (1),{2). Following the
solution for L, associated expressions afford knowledge
of the critical state and the ensuing post-buckling
path. However, three major assumptions are involved;
both the lateral and axial frictional resistance forces
are taken to be fully mobilised throughout, linearised
curvature is employed and physical imperfections are of
syzbolic form only. Whilst information on the latter
pair of structural assunptions can be said to be
readily available (3),(4) (gross sectional distortion
as sssociated with laying operations (5) is not a
factor here), little information is available with
reqard to the nature of the frictional forces involved.
The established modelling employs, for example, a
resultant axial frictional force ¥y given by
A= éqlg 4
wvhere Ls represents the slip length (6),(7) over which
the axial frictional resistance force is taken to be
developed; this feature is {ncarpnrated in Figura |
al fn mun appreqr fataly detalled In Flyure 2. The
filetional force is denoted therein by fq per unit

) -

509

length where parameter £ is, in formal terms, sow.
variable in x for O¢x#lg,

-4
P
| By, -
- Ly o .
t U
— i
| St~ oo =
p T N N =~ 4

tq per unit length

Figure 2 Stip length detall

Zquilibrium affords the slip length frictional
resistance force to be more formally given by

[ taocarp v ts)
o

where P is the buckling force in the pipeiine. It can
be seen from Eq. (4) and Eq. (5) that the established
modelling therefore assumes f to be a constant ($p)
throughout the slip length, surely a simplification of
some extent, It is with the behaviour of £, therefore,
that this study is primarily concerned. Although there
is data available on the nature of the frictional forces
involved in the related field of rall track instability
(6),(7), the corresponding data for submarine pipelines
is very limited (8),(2),(10), (11), particularly with
regard to the essentially hydrostatic environment
appertaining to relatively deep-water pipelines.

It was therefore determined to undertake an
axperimental investigation into the nature of the
frictional forces involved, Accepting that displace-
ments of the pipeline can occur in arbitrary orientat-
ions due to the interaction of the axial and lateral
displacement components denoted by u and v respectively,
this feature being denoted by the angle 8 in Figure 1,
then the experimental programme also sought to include
this aspect of the problem. That is, values for f were
to be determined for arbitrary ferce-displacement
orientations. Further, three frictional interface
configurations were to be considered as trenching will
cloarly affect buckling response. The configurations
chosen were that with the pipe simply resting on the
supporting medium (R), a basic entrenched topology (E)

..Ag_



and an entrenched arrangement involving compaction of
the supporting medium (F). Trenching constituted a

‘- quarter pipe diameter penetration of the supporting
medium and compaction studies were primarily for
qualitative purposes. Model or small scale tests were
deemed to be the appropriate manner in which, at least
initially, to proceed. Quasi-static behaviour is
stipulated throughout.

EXPERIHE'N’I‘AL PROGRAMME

The objective was, thercfore, to obtain the
frictional force-displacement loci for arbitrary.
orjentations of disturbing force subject to a variety
of frictional interface configurations. Of particular
interest were the corresponding valuea of friction
coefficient together with the magnitudes of the dis-
placements at which these coefficients become effective.
Sand was chosen as the supporting medium in view of
North Sea conditions (12), and a sieve analysis enabled
the requisite medium to fine sand to be identified; the
sieve analysis results are given in Figure 3. Dry
testing was employed for convenience, noting that a
Coulomb medium was involved.

- Risterence}i2) l’_‘EB'/H
£ |
H
<
&
T ©0t X [X) 10 100
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L cor, T s ] sans |

Gravet  [690]

Figure 3 Sleve Ansiysls

The experimental topology is illustrated in
Figures 4 and 5. A discrete element of pipeline was
represented by a 1 m long steel tube of outer diameter
48.3 mm, wall thickness 3,2 mm and self-weight 34,92
N/m. The pipe possessed a 150 mm overhang with respect
to the sand flume employed in order to prevent the pipe
from digging into the sand when undergoing axial move-
ment. Further equipment included transducers for
measuring the longitudinal and transverse displacement
components of the pipe, weights, wires and pulleys,

The disturbing force was applied to the pipe in the
hori{zontal plane at values of § ranging from zero
through to ®/2 in Thcrements of x/12.
face confi{gurations were thereby considered in each of
these seven orientations, The disturbing force
was applied in the form of two equal component forces
acting at the ends of the pipe except in the axial
case studies in which the disturbing force was applied
only to the respective end of the pipe. It was
considered that a long pipeline on the sea bed would
slide rather than roll along its longitudinal axis
under lateral force. Hence the transducer readings
were subject to the prevention of any significant
rolling movement. The onset of full mobilisation for
each of the twenty-one cases considered was taken as
being the state at which displacement continued

510
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without any further increase in the respective disturb-
ing force. Each test case was undertaken four times,
average results being finally recorded.

EXPERIMENTAL UBSERVATIUNS AND RESULTS

The results are given in Figures 6 to 12 in the
form of resistance force-displacement loci. For the
lateral (8 = O) cases, a sand wedge was formed in front
©of the pipe as the force was applied, the wedge
gradually growing in height. Full mobilisation was
preceded by the pipe rising over the respective wedge.
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Both trenched cases initially required the pipe to rise

out of the respective trench, and this effect is
clearly displayed in Figure 6 by virtue of the

appropriately stiffer force-displacement loci obtained.
Further, the maximum resistance values obtained, also

denoted in Figure 6, reflect the greater inertia
possessed by the trenched cases.
of these characteristics, and

With regard to both
i{s to be anticipated

given the respective degrees of sand compaction involv-

ed, the compacted case is to be particularly noted.

Experimental data points, included in Figure 6 (R) for
Information, are suppressed for clarity in the remain-

Axial movement was

—

-

ing force-displacement figures.
negligible throughout.
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For each of the remaining force orientation cases,

illustrated in Figures 7 to 12, maximum frictional
resistance was again attributable to the depressed
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configuration. All but the axial case set generated a
sand wedge, this being, relatively, of decreasing
magnitude as 6 was increased., For the resting config-
uration, full lateral mobilisation signified maximum
resistance for values of 6 < x/4, whilst full axial
mobilisation signified maximum resistance for values of
6 > %/4. Simultaneous mobilisation occurred for

8 = ¥/4. The trenching effect caused simultaneous
mobilisation to occur as precipitately as 8 = »/6, full
axial mobilisation governing maximum resistance there-
after, Tror each interface configuration set, values of
the maximum resistance force decreased as orientation
was increased through to 0 = w/2, at which state
lateral movement became negligible. In the cases
governed by full axial mobilisation, the maximun
resistance state occurred more abruptly with signific-
antly less displacement. *

Table 1 Priction Coefficlents

) FRICTION COEFFICIENT (4)
(DEGREES) .4 T 4

] .21 1.26 1.32
15 1.11 1.17 1.20
30 1.0l 1.10 1.13
45 0.84 0.91 0.93
6 -4 0.72 0.73 0.75
75 0.59 0.62 0.65
90 0.53 0.55 0.59

‘Table 1 summarizes the values of friction co-
afficient determined from the force-displacement loci.
The resting configuration, involving a relatively small
interface area, exhibits the lowest value of friction

" coefficient for each force crientation, whilst the
compacted configuration, involving a higher angle of
internal frictioh, exhibits tire highest value of
friction coefficient for each force orientation.
respective friction coefficients decrea as the
disturbing force orientation 8 increases. The relat-
fonships between force orientation, interface con-
figuration and friction coefficient are displayed by
weans of computer graphics in Figure 13, together with
the appropriate linear and cubic interpolation curves.
The equations of these least squares fit computer-
generated formulae, written in terms of 6 and ¢ the
pertinent abscissa and ordinate parameters, take the
form;

The

¢ =1.220 - B.o24 x 1073 8 (6
$=1.291- B.571 x 107" 0 mn
¢ =1.322-8.78x10 0 ®

for the linear resting (R), entrenched (E) and
compacted (F) cases respectively with;

¢ = 1.208 - 4.094 x 2076 - 1,312 x 20 %82
+ 1.0 x 10”5 9

4= 1.252 - 6.105 x 10" % - 2.215 x 10”%?
+ 1,682 x 10"%3 (10)

——~8rientation.
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4 = 1.311 - 2.428 x 10" % - 2.062 x 10”%?
6,3

4+ 1.061 x 10 8 (11)
for the cubic resting (7!), entrenched (E) and compacted
(F) cases respsctively.

The maximum variation between interface configura-
tion friction coefficient values for any of the orien-
tations considered is of the order of 10V. The dis-
placements corresponding to the attainment of fully
mobilised resistance do not show great variation with
interface configuration. These values range from
160.mm in the lateral orientation to 5 mm in the axial
It {s to be noted that the frictional
resistance-displacement loci produced are of inelastic
form.

Clearly, the foregoing data relates to model tests,
In practice, submarine pipelines ‘possess, typlcally,
diameters in excess of 200 smm., With regard to this
matter, the values for ¢; {6 = O) follow the trend set
by Lyons (8) and Gulhati et al (9), indicating that
values for ¢7, will decrease for larger diameter pipes
in accordance with the surface roughness effect.
References also indicate that the displacements appert-
aining to the onset of fully mobilised lateral frict-
ional resistance decrease with an increase in pipe
diameter (8),(9). In respect of these factors,
suggested values for full scale pipelines are 1.0 for
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