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Abstract

There are many important Systems which involve the flow of dense suspensions of
deformable particles; blood is an example. However, the modeling of such materials
represents a considerable challenge to established methods such as computational
fluid dynamics (CFD). In this PhD project, work has been undertaken to extend the
lattice Boltzmann method (LBM), and enable it to represent a large number of mu-
tually immiscible, deformable, droplets (separated by narrow interfaces). The new
method imposes a relatively small computational overhead and has been validated
against experimental observations. The work has also led to very promising develop-
ments in the simulation of micro_—ﬂuidic systems, allowing much quicker simulations
than traditional CFD methods.

The principal target application of this project is the mesoscale modeling of blood
flow, where the typical length is about 10 red blood cells’ diameters. We address
in here the identified gap in models capable of modeling efficiently, explicitly, many
deformable bodies within a surrounding incompressible fluid. We generalised, im-
proved, and extended an existing LBM model for binary fluids. Our N>>2 non-
coalescing fluids (droplets) are defined to represent the different deformable particles
of the suspension. Their interactions with the walls as well as their deformability
are controlled by local fluid-wall wetting and fluid-fluid surface tensions methods,
which we have also been developed and validated.

All interfacial methods suffer from small but spurious flows that disturb the solution.
Our model ié, unfortunately, no except‘ion when used in a high surface teﬁsion and
low Reynold’s number regime. We describe several steps taken to address this
problem which yield a significant reduction in .these ‘micro-currents’ and important

improvements in stability and flow field noise reduction. This enabled our model to



access successfully the computationally non-trivial problems of binary fluid micro-
fluidics.

Using our model, we also recover the expected behaviour of deformable and solid
particle suspensions with respect to experimental observations on flow of solid and
deformable spheres in pressure-driven straight pipe flow. In order to serve as cali-
bration, we measured the macroscopic effect of the droplets’ effective deformability
against their microscopic properties (surface tension, internal viscosity).

This new model opens very promising and unique grounds of research, by the new

capability its offers.
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Introduction

Numerical techniques provide, very often, accurate answers to numerous problems
that analytical theory cannot address. There exist an endless number of techniques,
more or less general with many suited for a very precise application only, or for
general configurations. Computational efficiency is always a decisive factor when
choosing between techniques, since super-computing is still only available to a few
research laboratories. Constant research is needed to ensure that the existing meth- -
ods are being developed to the full extent of the capability of widely available hard-

ware and also to invent new method where existing models are inadequate.

In recent years, blood flow has been subjected to a high degree of interest by the
scientific community, since it is believed that it is often responsible or a consequence
of numerous pathologies and complications: from the turbulent heart and artery
flow, to the micro-capillary retial flow, improper blood flow is often identified as
responsible.

Better understanding of how blood flows and how biological cells interact is there-
fore needed to assist developing new drugs and surgical techniques. This thesis is
concerned in tackling the very complex problem of suspension modeling, especially
mesoscopic blood flow, where every biological cell has to be explicitly represented

in the surrounding fluid.

The current field of numerical fluid dynamics is heavily dominated by standard
techniques: the well established and widely used body of mainstream CFD (Com-
putational Fluid Dynamics). In this thesis, we use the Lattice Boltzmann Method
(LBM), which is much more recent than the CFD, but has, already, a very promis-
ing future. It is especially designed for fluid-dynamics problems and has (as any
other method) associated disadvantages and artifacts, which will be addressed suc-
cessfully. We identified the Gunstensen LB algorithm extension as being especially
well suited for this application, subjected to improvements and generalisation. We
addressed numerous of the model’s issues, which was hecessary for the development,

of a final stable, efficient, and hydrodynamically accurate technique for the meso-



scopic modeling of deformable particles.
This is an acknowledged non-trivial problem (and therefore highly rewardable). This
thesis sets one of the first mile stone in LB’s application, by opening new research

opportunities and capabilities.

Aims

The primary aim of this project had been to develop a technique capable of mod-
eling, explicitly, a large number of non-coalescing droplets in solution. As a prime
application, the simulation of mesoscale blood flow was obvious, since it is subjected
to a large interest in numerous configurations. Other current models can either rep-
resent a large number of solid particles in solution or a few deformable particles
in solution (and that at high computational cost). There exists therefore, a great
challenge for a model that would resolve explicitly and efliciently, a large number of
deformable particles in solution.

The secondary aim of this project (which turned out to be as important as the
latter) has been to improve the Gunstensen method in Lattice Boltzmann, which
is subjected to significant micro-currents, generating a very noisy flow field and
reduced stability of the simulations at low Reynolds number and Capillary number.
Reducing significantly the micro-currents allowed the efficient simulation of binary
fluid microfluidics devices, which grew into an obvious aim while developing and
realising the potential and advantage of this method.

It turned out that reducing the micro-currents was necessary anyway, for an eventual

simulation of mesoscale blood flow.

Thesis layout

Chaptér 1: General Background. This éhapter begins by introducing general
concepts in Fluid Dynamics, and shows briefly how standard numerical tech-
niques have evolved from it. It then introduces the bases of kinetic theory,

and the subsequent Boltzmann approaches, to provide an alternative, self con-



sistent point of view to fluid dynamics. The link between fluid dynamics and
Kinetic theory is made explicit. A second part consists of introducing and de-
scribing the construction the LBM. It describes in details the steps involved in
the algorithm and how it is closely related to the previous B'oltzmann Kinetic
theory and to fluid dynamics. This chapter contains a literature review of the

main, current numerical techniques for fluid dynamics.

Chapter 2: Specific background. This chapter beings by describing the link be-
tween a previous LB equation of motion, described in previous chapter, and
that of the binary case and the main associated issue: the discontinuity of the
equation of motion induced by an interface. It then describes, the general-
isation of Gunstensen’s LBM, described in the previous chapter. Each step
is detailed and the explicit link to LBM is made explicit. Surface tension in
the Gunstensen algorithm is then described, showing the original Gunstensen
method and the more recent Lishchuk method, which provides a more accurate
answer, introducing by the.same token, the issue of micro-currents. This chap-
ter finishes by a discussion on stability issues in the binary LB model, mainly
centered on the microcurrent issue (omnipresent in this thesis). This chap-
ter also describes a method to implement no-slip solid boundary conditions
in LB simulations (moving or static) and a review on the different numerical

interfacial methods, in CFD and LB.

Chapter 3: Novel method to reduce the micro-currents. This chapter begins
by reviewing the previously introduced micro-currents. It shows that these are
not LB related issues only and that most numerical methods have a form of
associated unwanted flow. It then describes and investigates their possible
origin in the original Gunstensen surface tension method, in an ab — initio
discussion. It then describes a new method, addressing this issue, showing
significant improvement of the model. A few additional improvements to the
method are also described. This chapter finishes by describing a novel method
of implementing wall wetting behaviour within the Gunstensen algorithm, and
provides a series of proof of capabilities. This chapter contains a review on the

micro-currents associated with different LB and CFD numerical techniques.



Chapter 4: The N-component algorithm. This chapter begins by reviewing
the current models for the simulation of suspensions, in the blood flow appli-
cation especially. R demonstrates that current models are unable to simulate
realistically and/or efficiently mesoscopic blood flow or deformable particle
suspensions. It therefore introduces the main assumption of this thesis: the
representation of biological cells as viscous, liquid, non-coalescent droplets in
suspension. It then describes how to generalise the previously described Gun-
stensen LB algorithm to N > 2 droplets. The generalisations of each step
of the algorithm previously described in chapter 1, 2 and 3 are described in
details. This chapter finishes by providing proofs of capability for our new

model, related to the current application.

Chapter 5: Validation of the N-component method. Previous chapters had
shown how to generalise and obtain a new technique for the simulation of the
a large number of deformable particles, but only provided proofs of capability. -
This chapter consists, therefore, in a series of simulations validating the hy-
drodynamics of our N-component model against experimental observations. It
shows that our new model recovers, correctly, some experimental observations
of mesoscopic suspensions. It also provides a calibration of the solidity of the
droplets in suspension with respect to their parameters (viscosity and surface

tension).

Chapter 6: Microfluidic and other applications. This last chapter begins by
introducing the other targeted application of this project: the binary micro-
fluidics. The reason why this configuration is acknowledged as computationally
non-trivial is made explicit. This chapter describes the ‘flow-focusing’ config-
uration that will be our target benchmark for our model. It shows .how our
model, taken as it stands, does not allow the simulation of micro-fluidic de-
vices and it shows also how to improve further our N-component algorithm,
by numerous corrections and the generalisation of the Lishchuk method. It
then demonstrated that our new, greatly enhanced model can be applied suc-
cessfully to binary fluid microfluidic devices. Chapter 6 finishes by describing

~ some pfoofs of capability of our new model in the blood flow application and



Chapter 1

General Background: Classical

Fluid Dynamics

Introduction

This seétion sets the general background necessary for the understanding and ref-
erencing of this thesis. Mainly theoretical, it shows how the different approaches
to fluid dynamics interlock and how they can be derived from the same general
concepts. First, the fluid dynamics section derives the Navier-Stokes Equations
(NSE), which are a set of highly non linear coupled partial differential equations
representing fluid motion. Second, the Computational Fluid Dynamics (CFD) sec-
tion describes traditional techniques to discretise the NSE onto meshes and solve
them digitally. Whilst CFD is an immense subject very relevant to put the Lattice
Boltzmann Method (LBM) into the digital context, it is not the main subject of
this thesis, so it will not be covered in detail. Thirdly, a Kinetic theory section sets
the basis for the derivation of Lattice Boltzmann Equation. It is essential to do
fhe derivation ab initio (i.e. from the atomistic level) to realise the limitations and
power of kinetic theory and ultimately LB. And finally, a section on Lattice Boltz-
mann (LB hereafter) describes the derivation of the technique, showing that it can
be understood physically from the previous kinetic theory section, which creates its
beauty and power compared to other methods: it is designed in essence to resolve

fluid dynamics related problems.



1.1 Introduction to Fluid dynamics

It is unavoidable, within the context of this thesis, to describe the derivation of the
equations of motion of a fluid (despite being very interesting by themselves). They
are the eqﬁations that any computer model (including CFD or LBM) has to solve in
order to be able to claim that the output post-processed pictures and extracted num-
bers have any physical meaning. It will be shown first that the macroscopic fluid
motion can be derived without ény reference to the detailed microscopic atomic
structure, only by considering physical fundamentals (which is actually quite fortu-
nate, since it simplifies the task a lot: it would be rather complicated and expensive

to consider the individual motion of each individual molecule involved!).

1.1.1 Different points of view

Different fluid flows have common properties. As an illustration, let’s consider the
flow of the explosion of a supernova. It is believed that when a supernova explodes, a
shock wave rushes towards the outer space, inducing a compression zone on its front
and depression zone on its tail (standard shock wave). Before exploding, the star had
a well defined radial structure, with heavy elements concentrated within its inner
layers and lighter elements towards the outside. The negative pressure gradient
is directed from the outside to the inside (due to the shock wave), accelerating
heavier matter towards lighter matter. It can be shown that acceleration due to a
pressure gradient is equivalent to the acceleration due to a force such as gravity,
acting towards the centre of the star [209], [63]. This leads to the rather surprising
result that the flow of the explosion of a super-nova can be correctly described by
the flow of the Rayleigh-Taylor instability (or density fingering), where a heavy fluid
sits on the top of a lighter one and both are subjected to the same gravitational
field. This is very useful to understand the dynamics of these explosions, since the
Rayleigh-Taylor instability is much easier to investigate (analytically, numerically
and obviously experimentally).

This analogy is based on the fact that non-relativistic, non-quantum systems obey
exactly the same fluid physics, so that explicit detailed resolution of the system is not

necessary, only its ‘small group behaviour’ is enough. As a consequence, the most

7



commonly used way of imposing numerically a pressure difference in the simulation
of a pipe for example, at low Reynolds number, is to set an explicit body force (like

gravity) to drive the flow.

1.1.2 Fluid macroscopic continuum motion

This section follows essentially Anderson’s second chapter ([2]) and concentrates on
setting the general fluid flow equations >(that any model must recover), namely the
NSE (including the continuity equation).

In obtaining these basic equations of fluid motion, one always begin with the fol-

lowing fundamental principles frpm the laws of physics:
e Mass is conserved.
e F =ma (Newton’s second law).
e Energy is conserved.

Each of these fundamental principle will be the starting point of an analysis leading

to a fluid motion equation.

The continuity equation

The continuity equation is the fluid dynamics analogue of the chemical law by the
French Chemist Lavoisier: ‘nothing is created, nothing disappears’ applied to a set
volume of fluid. A control volume, V, represents a finite volume of fluid, where
matter is counted. It is bounded by its control surface. First, these control volume
and surface are considered to move with the flow, expanding or shrinking along any
flow velocity streamline. The mass conservation principle implies that the total mass

in this control volume has to be constant throughout time, in equation:

Dt///vpdV=0. | (1.1)

Equation 1.1 is refered as the integral form of the continuity equation, and because
the control volume is moving along with the fluid, it is also designated as the non-
conservation form. In this equation, the control volume it involves represents, in

fact, the volume occupied by a finite and constant (large) number of particles (the

8



observer is going along or ‘advecting’ with the pa}rticles). Despite being the most
fundamental form, the ‘material derivative’ in equation 1.1 is not easily obtained or
very useful in any analysis, and is very often replaced by an expression containing its
subsequent set of partial differential operators. They can be obtained by fixing the
coordinate of the control volume (the observer now looks at the fluid from above, and
is still unable to distinguish any atomic structure) which splits the total derivative
D into partial derivatives. For quantities depending on time and position only (such

as velocity), D; becomes (from e.g. Batchelor [6]):
Dt':at—l-V'V. (12)

D; is also called the substantial derivative, which is physically the rate of change
following a moving fluid element, 9; is called the local derivative, which physically
represents the time rate of change at a fixed point and V - v is the convective
derivative, which is physically the time rate of change due to the movement of the
fluid element from one location to another in the flow, taking spatial difference into

account (from e.g. Anderson [2]). The continuity equation (1.1) becomes:

///V[@tp—l—v-(pv)]dV=0. (1.3)

This form is designated as the integral conservation.
The integral in equation 1.3 would make it necessary to make explicit the control vol-
ume V, which could be a drawback in the following derivation. This can be avoided

by making the control volume infinitesimally small, and equation 1.3 becomes:
8p+ V- (pu) = 0. (1.4)

This latter form is the differential conservation form of the continuity equation, for

compressible fluids. Note that u denotes the macroscopic velocity and is defined as

u=///vvdV. (1.5)

The first form of the continuity equation (equation 1.1) is said to be the most

follow:

fundamental since its control volume represents in fact the volume occupied by a

constant finite number of particles (the observer is going along with the particles).
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The last form of the continuity (equation 1.4) is said to be least fundamental since it
does not allow for the presence of discontinuities, for it assumes the flow properties
to be differentiable, hence continuous. It is therefore not surprising that it .leads
to significant errors when investigating real flow discontinuities such as shock waves
(very local zones of high and low pressures). However, this latter form is just as valid
for the type of flow involved in this thesis (incompressible, low Reynolds number).

We will consider incompressible fluid only, in which the time derivative the continuity
equation vanishes (by definition, no spatial or temporal gradients in density), and

from equation 1.4: _
V-(pu)=0. (1.6)

This is to be the equation referred to as the continuity equation throughout this
text, even though the three forms of the continuity equation (equations 1.1, 1.3 and
1.4) all represent the same behaviour (conservation of mass), applied under different

circumstances.

Momentum equation

In continuing to derive the ﬂuid motion equations, one needs next to consider the
second listed law of physics: Newton’s second law. This section considers the forces
moving and deforming the control volume V' considered in the previous section.
The control volume experiences two types of forces: body forces (represented by A
hereafter), which act on the volumetric mass of the fluid element (gravity, electric
and magnetic forces) and surface forces, which act on the surface of the fluid element
[2]. The surface forces are from two sources only: (a) the pressure distribution acting
on the surface by the static surrounding fluid (represented by P) and (b) the shear
and normal stresses acting on the surface by the outside fluid tugging or pushing
on the surface by means of friction (represented by cag). Within these frames, the
total net force per unit volume acting on the moving fluid element in the « direction

can be written as:

P, = aﬂO'a,@ + pAa , V (17)
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where 0,5 represents the stresses exerted on the fluid element by the surrdunding
fluid and relates to its time rate of change of its deformation. The Vdiagonal and
non-diagonal components of o,s have different physical meanings, yielding to its
explicit separation: the diagonal terms are written o/, and the non-diagonal terms

are written as o,

o=\ o_ o o . (1.8)

Thie viscous shear tensor (or shear stress tensor), denoted above by ons (@ # B)
relates to the time rate of change of the shearing deformation of the fluid element,
responsible for the strains of the elements of the fluid. The normal stress tensor,
on the other hand, denbted by ol relates to the time rate of change of volume of
the fluid element (pressure). It must be understood as mechanical pressure, defined
in terms of the mechanical stresses that act on an element of fluid. As a result of
equation 1.7, both shear and normal stresses depend on velocity gradients of the
flow and the rest of this section consists of describing the relation between o,3 and

Bauﬁ.

The normal stress tensor

Let’s consider the normal stress tensor first. Pascal’s theorem states that stress in a
fluid in mechanical equilibrium (no flow) is a scalar quantity (unaffected by changes
in the reference frame), completely described by an invariant isotropic pfessure P
(also called thermodynamic pressure since it is the quantity used in thermodynamics
[57] or hydrostatic pressure since it applies to stationary fluids [81]). This means
that all three normal components of stress are equal to one another and to P. The
normal component of the stress tensor can therefore be written in terms of the fluid

pressure only:



where P is the thermodynamic pressure. Therefore, in a stationary fluid, the ther-
modynamic fluid pressure is defined as the average value of the three components

of normal stress, i.e.

Oaf 6&5 )

W=

P =2 (ool +ol) =

where J,p is the Kronecker function.
Stokes, in 1845, obtained that the three normal stresses are unequal in a moving

incompressible fluid and defined as [2]:

o =P —p28u,—CV-u,

where p is the molecular viscosity coefficient and ( is the second or bulk viscosity.
The term associated to { corresponds to the changes in the volume of the fluid due
to compression effects (note that V-u is the left hand side of the continuity equation
1.4) and as a consequence, for incompressible fluids this term vanishes. ¢ ai)pears
only in measurements of attenuation of sound- the propagation of sound in any fluid
(including one which is incompressible) is nebessarily accompanied by compressive
effects (otherwise the speéd of sound would be infinite) [81]. In the case of ordinary
fluids, measurements lead to very small value of ¢ (or big values of the speed of

sound). For incompressible fluids:
o =P —2108,uq. (1.9)

Note that the repeated subscript here is not a sum and that 3> 0% is still the
thermodynamic pressure P (through the continuity equation for incompressible flu-
ids V - u = 0). Even with moving fluids, the differences between o, 0, and o, are
most often found to be small and they are ignored for most practical purposes [208].
Viscoelastic‘ fluids however are characterised by a significant direction dependance

of o - that is, there are important differences between the normal stresses (i.e.
ol # 0l # o).
The shear stress tensor

Let’s now consider the shear stress tensor Ufw. In the late seventeenth century, Isaac

Newton stated that shear stress in a fluid is proportional to the time rate of strain,
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i.e. velocity gradients. These fluids are therefore called Newtonian fluids and the

non diagonal of the stress tensor is written as:
Opp = 12 Sap, (1.10)
where S, is the strain rate tensor defined as follow:
1
Sap = 5 (Bauﬂ + Bgua) . (111)

Recalling equation 1.7 giving the net force the fluid element is subjected to, together
with the definition of the shear stress tensor 0,4 (equations 1.8, 1.9 and 1.10), leads

to the following momentum evolution equation of the velocities:
pDiug = Py = pOitg + p(u-V)ug = —080,5 + p Aa,
and after rearrangement, we obtain the momentum equation:
p Oiug + p (uglp) ue = —B/QP + 1£08Sap + pAs .

Sap relates to the dissipation in the tangential stresses due to the relative motion
of the various layers of fluids (u is the molecular viscosity coefficient). The shear

viscosity of a fluid is therefore the ratio between the rate of strain and the shear:

. Strain

= 1.12
P= Shear ’ (1.12)

and represents the dissipation of local stresses into the fluid. It can be understood
as the molecular friction: a non viscous fluid would have its molecules sliding easily
next to each other while the molecules of a highly viscous fluid would exchange much
more momentum through collision. . Accordingly, the density of the fluid obviously
plays an important role in the rate of diffusion of momentum and needs to be taken
into account for the quantification of the rate of dissipation of stresses. Therefore,
the quantity v defined by:

7
v=~— 1.13
5 (1.13)

is called the Kinematic viscosity or simply viscosity, where p is the shear viscosity
defined by equation 1.12 and p is the density of the fluid. -
Colloids or particles embedded in the fluid change the linear relation of equation

1.10 to a non linear relationship. These fluids are called non-Newtonian, blood is
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one example as is discussed in chapter 4. If the stress increases faster than the rate
of strain (viscosity increasing with the rate of strain), the fluid is said to be shear-
thickening (wet sand for example), and shear-thinning vice-versa (paint, blood, or
ink). Other examples of complex behaviours are Bingham fluids (no flow is observed
until a critical value of the stress: clayey muds, toothpastes and fresh cement are
few examples), or thizotropic fluids (effective viscosity decreasing with time) such

as ketchup or drilling muds.

Energy equation

Following similar steps as previously for the second Newton’s law, which lead to
the momentum equation, the energy conservation principle leads to the derivation
of the energy equation for the fluid. One first states that since energy is conserved:
the rate of change of energy inside a fluid element has to be equal to the sum of the
- net flux of heat into the element and the rate of work done on the fluid element due
to body and surface forces. One then obtains an equation which allows the study
of temperature diffusion or combustion. This energy equation won’t be discussed
further since the LB method used in this thesis does not allow any temperature
gradients. Moreover, the energy equation does not bring any more information on
the flow of an isothermal fluid, the previously described NSE and continuity are

sufficient to close the description.

Summary: Equation of motion of the flow of interest

The flow of incompressible (8;p = 0) non-viscoelastic (isotropic pressure) newto-
nian (linear relation between strain and stress, or constant viscosity) fluids can be
described by two equations: continuity and momentum equations. The continuity

equation reads as follows:

V-u=0, (1.14)

which ensures that the fluid is incompressible. The momentum equation dictates

the effects of external forces and the dissipation of stresses:

p Oitie + p (up0p) tia = —0u P + 11 GpSap + p Aa, (1.15)
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The momentum equation is called the Navier-Stokes equation, but it is widely under-
stood, however, that the term Navier-Stokes equations encompasses the-continuity,
Navier-Stokes and Energy equation (not described here). .

For completeness, it should be noted that Euler had derived the continuity and mo-
mentum equa‘éion for inviscid flow (null viscosity) but had not derived the energy
equation since the science of thermodynamics did not exist at the time. Therefore,
a fluid with no dissipation due to viscous stress is identified as a Eulerian fluid,
obeying the Euler equations (NSE with p = 0):

6tu+(u-V)u=F——vp£. (1.16)

1.1.3 Boundary conditions for fluid flow
Geﬁeral remarks
The NavierStokes equations can take on different forms depending on flow regime:
e Incompressible, steady: Elliptic,
e Incompressible, unsteady: Parabolic,
e Compressible, steady: Elliptic/Hyperbolic,
e Compressible, unsteady: Parabolic/Hyperbolic.

Different numerical methods will succeed in different regimes and therefore different
formulations are used to handle compressible and incompressible flow cases.

Mathematical principles on PDEs states that the NSEs should have u defined over
all the boundaries. of the flow domain. Therefore, boundaries can’t be overlooked
and should be subjected to great care. The two main types of boundaries that will

be considered are walls and other non-miscible fluid.

Boundary conditions: solid walls

A fluid cannot pénetrate into a non-porous wall, which requires that the normal
component of the velocity to the boundary of the fluid should be equal to the
velocity of the boundary (Useid - 1 = Wiguiq - 1). In addition to that, in the case

of a non-Eulerian fluid (non-zero viscosity), it can be shown that any discontinuity
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between the tangential velocity of the fluid and the boundary would lead to infinit
energy dissipation at the surface as a result of the non-null viscosity and therefore

cannot be allowed. This leads to the non-slip boundary condition:
Ufpuid * = Ugoig £ (1.17)

Note that this condition is valid for a solid wall as well as for deformable (moving)
walls. Cavitation happens when nearby layers of fluid cannot keep up with the
layer of fluid immediately next to the very fast moving wall, due to too small a
viscosity, leaving an increasing space between them, leading to low pressure and
the formation of bubbles (very often accelerated to supersonic velocities by the very
important pressure gradient). On the other hand, in the case of non-moving walls,

fluid immediately next to it should have zero velocity.

Boundary conditions: fluid interface

The other type of boundary is the an interface between two fluids. Fluid interfaces
can be considered at two levels: the macroscopic (continuum) level and the micro-
scopic (discrete) level. This section concentrates on continuum fluid dynamics and
will therefore consider the continuum representation of fluid boundaries. We refer to
Rowlinson and Widom [171] for microscopic information about interface structure.
In the case of an interface between two fluids ( (1) and (2) ), the tangential stresses

should be continuous thfough the interface (to avoid any cavitation of the two fluids):

(0’&2 ’na) 'ta = (0&23 * 'I’La) 'ta7

where n, and t, are the normal and tangential unit vector of the interface. It can
be understood as the necessity for the interface to have no structure and therefore
cannot be the host of any discontinuity (at least from a continuum point of view).
Therefore, the condition that the tangential stresses should be continuous leads

immediately to the condition (after equation 1.9):
M1 3;/“&1) = M2 ayug ) )

where the interface is located in the z — z plane. However, the normal stresses

experience a step through the interface due to the effect of surface tension of the
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interface of the two fluids. This surface tension if the consequence of the difference
of affinity and density of the two fluids in contact. The standard condition on the

normal stress at the fluid interface boundary is given by ([116]):

(1) @ _ 1 1
Oop B — Onp g = 12 <E + E;) n,.

As seen previously, normal stresses are closely related to pressure. The normal stress
step of the interface corresponds macroscopically to a pressure step from the inside

to the outside of the droplet, as defined by the Young-Laplace law:

1 1
AP=P - P = — 4+ — 1.18

1 2 = M2 ( R, Rz) . ( )
where 715 is the surface tension coefficient between fluid 1 and fluid 2, and R; and
R, are the local principal radii of curvature. The surface tension parameter is most

~ often positive, indicating that the pressure is higher on the concave side of the

interface.

Multi-component(>2) fluid interface

The same approach is taken in the case of an interface between N fluids: a line
of contact is subjected to the tensions of the N different surfaces and, since it is
without mass (by definition), the vector resultant of the N tensions must have zero
component in any direction in which it is free to move. When one of the N media
is a solid, the local surface of which will normally be a plane, the line of contact is
free to move only in one direction parallel to the solid surface. The following single
scalar condition for equilibrium is then given by (in the case of three media, where

media 1 is the wall, and 1 and 2 are fluids) by:

Y12 = Ys1 + Ye3 cosbe (1.19)

which determines and defines the angle of contact 6. (see figure 1.1).

1.2 Classical Fluid Dynamics modeling techniques

1.2.1 Euler vs Lagrange

A fluid particle is defined as an element of fluid V such as its size is very small

relative to the length scale that characterises the flow and very large relative to the
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will then be described, showing its essential difference: it is restricted and designed
to solve the NSE (with additional terms as well such as gravity, surface tension, and

other effects if necessary).

Finite difference

The whole idea of discretisation is to replace the (infinitesimal) partial derivatives
of the NSE with a suitable (finite) differences quotient (definition of a derivative),
i.e. a finite difference. This implies a discretisation of the simulational space. Most
common finite-difference representations of derivates are based on the Taylor series
expansions, where the zeroth order is a first guess (not really good), the first order
adds information to captiire the slope of the curve and the second order its curvature.

It can be shown that partial derivatives can be written as:

8y(u) = BT 4 0(Ag) = S 4 (Aa)?,

Bi(u) = =T 1 o(Ag) = ST 1 0(Aa)?,

where u;; is the quantity of interest, 4 is the spacial index and j is the time index.
It can be noticed immediately that the accuracy of the solution will depend greatly

on the chosen accuracy of the finite difference.

finite volume methods

Finite volume methods do not differ much from the finite-difference technique in
that they also involve a discretisation, but now of the integral form of the evolution

equation this time. For example, the equation:-

o [ [[savs [ [ uas=o

is the integral form of the continuity equation (where S is the control surface bound-
ing V). Replacing these integrals by finite volumes (which is what an integral rep-
resents) enables integral equations to be solved.

These are standard numerical methods for solving non-linear PDE, which can be '
used for any (including non-fluid dynamics related) problem. Another approach is
kinetic theory, which is purposely designéd to solve fluid dynamics related pfoblems

and described below.
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1.3 Kinetic Theory: from Atomistic Dynamics to
Thermodynamics

The last section derived the NSE describing the macroscopic fluid flow that fluid
dynamics solvers (like LBM) have to recover, it is however necessary to start from
the atomistic level (microscopic) to derive the LBM which, as we will see, recovers
the NSE to a very good accuracy. This first part follows essentially S. Succi’s ap-
proach towards LB, from his book The lattice Boltzmann equation. [190]. Additional
information has been taken from the on line lecture notes by J. R. Graham’s from
Berkeley University on Astrophysical Gas Dynamics [77], from Statistical Physics
and the Atomic Theory of Matter, frdm Boyle and Newton to Landau and Onsager
by S. G. Brush [21], and from the unavoidable text book by S. Chapman and T.
Cowling (28] (The Mathematical Theory of Non-Uniform Gases).

1.3.1 Atomistic dynamics

Boltzmann’s original concern was to derive the second law of thermodynamics for
continuum physics from principles of classical mechanics, and gather more insight
on the apparent contradiction on irreversibility of continuum mater (second law of
thermodynamics) and reversibility of discrete matter (classical Newfonian mechan-
ics). Through this process, in 1868, he derived a law of velocity distribution for a gas
at equilibrium, with an external force field such as gravity present (thus expanding
the previous Maxwell’s law) [21]. This had been one of the first milestone of kinetic
theory, which lead to the description of the motion of a fluid four years latter (still
by Boltzmann). In that sense, kinetic theory describes the motion of a fluid by

considering a large number of molecules rather than each of their individual motion.

1.3.2 Boltzmann approach
Momentum distribution fun_cfion

First, the following key quantity has to be defined: what is the number of molecules
in a volume (Ax)3 with velocities in the range v and v & Av?

The answer is represented the quantity f(x,v) [28]. This very simple statement is
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indeed very powerful since the quantity f does not have to be quantified, precisely
its evolution and statistics are enough to derive the laws of fluid motion. Making Ax
and Av infinitesimal, the number f becomes a probability depending on position x
and velocity v. In fact, this infinitesimal point of view is from the continuum level,
where the number of molecules considered in V is large and V itself is very small
compared to the macroscopic length scale (which crosses the definition of fluid’s
particle mentioned previously). This distribution f is the pivotal object in kinetic

theory, and will be omnipresent in this thesis.

Macroscopic observables from the momentum distribution function

Integrating the distribution f over v won’t necessarily add up to unity, since f is

derived from a non-normalised number of molecules, and leads to:

/ f(x, V) dv = Npa(%),

where N0 (%) is the total number of molecules at V' and x. In addition, since f

relies to a constant finite volume of fluid (taken to be unity), we have:

m /f(x,v) dv = p(x), | (1.20)

where m is the mass of the fluid particle and p(x) is the fluid weight at x, in the
volume V: its density. The distribution’s total momentum and total energy are
simply the sum (or integral) of all the associated momentum and energy of each

molecule. They can be computed by ‘moments’ of f:

m/f(x,v)vadv=p(x)ua(x) | (1.21)

m f £, v) V2 /2dv = p(x) e(x) (1.22)

where u, is the macroscopic flow speed (by convention, v, is the microscopic molecule’s
velocity) in the a direction and p(x) e(x) the energy density. This had been the only
way to deal with large numbers of particles whose precise positions and velocities
at any instant are unknown. Laplace believed in the deterministic property of the
evolution of a gas, and imagined that if a super-intelligence (such as current super-

computers) were supplied with complete information about all individual atoms at
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one time, it could compute their positions and motions at any other time as well as
the macrqscopic properties of that gas. Modern quantum physics, however, opposes
such an idea through the Heisenberg uncertainty principle, that the accuracy on
the position of a quantum particle (such as a gas molecule) and the accuracy on its
speed are balanced (there would be no point in wanting to find the precise trajectory
of a molecule if its position or velocity were to be subjected to a great uncertainty).
Quantum restrictions don’t allow a direct bridge to continuum physics, but kinetic

theory does!

1.3.3 The Boltzmann equation

In 1872, Boltzmann presented, in a long paper, the evolution equation of the pre-
vious quantity f derived from atomistic interaction, which became known as the
Boltzmann Equation (BE). It is important to realise the apparent contradiction of

the BE: it represents the non-stochastic evolution of an unquantified quantity!

Exact evolution

The first step towards the BE is to find the rate of change in time of f. As men-
tioned previously, f represents a large number of molecules rather than a single
particle, and therefore its evolution cannot be represented by a simple time deriva-
tive (recall the Eulerian approach). The partial derivative with respect to time 0/0t
represents the rate of change of a quantity at a point which is fixed in space and
which is occupied by a succession of different fluid particles in turn. The quantity
" f represents a large number of particles on the move, on the other hand, and there-
fore these particles occupy a succession of different points (recall the Lagrangian
approach). The answer to this paradox is readily found by the Taylor expansion,

keeping the first order terms [77):
of ., of of of

Df =—dt : .
f 8t + 8$1v1 + 81172 v2 + 8$3v3
We will use the following symbol convention:
0 0 0]
3t—a, 80[-—3_7}1’ 5ca—a—ca-

22



Following the fluid, the rate of change (or total change during dt) of the quantity f

subjected to an external force F' can be re-written as:
f(x+cdt,c+ Fdt,t+dt)dxdedt — f(x,c,t) dxdcdt = Q(f) dxdcdt,

where Q(f) is the collision operator since D;f is also equal to the rate of change of

the particles undergoing collisions. Letting dt — 0 gives the BE [28]:
Dif =0if + (ua - On) f+ Fo - Oce f = Q). (1.23)

First assumption

The simplest case is to consider the one body distribution f; (note that in this
chapter, unless otherwise stated, the subscript C' on fc represents the number of

bodies of the distribution), and equation 1.23 reads as follow:
thlzatf1+(ua'aa)f1+Fa'acaf1=O2a ' (124)

where C; is the binary collision operator (note that C; is absurd) and represents the
effect of intermolecular (two-body) collisions takiﬁg molecules in/out the streaming
trajectory (Co = D,f1). Equation 1.24 is the beginning of the so called BBGKY
hierarchy, after Bogoliubov, Born, Green, Kirkwood and Yvon [12] where the dy-
namic equatioh for f; depends on the three-body distribution function f3 which in
turn depends on f4 and so on down an endless hierarchy [190].

To close this hierarchy, Boltzmann made few stringent assumptions on the na-
ture of the physical system that was considered: a dilute gas of point-like and
structureless molecules was assumed. This assumption has the consequence (un-
fortunately) of erasing any dependance of the dynamics upon the detailed chemistry
of the molecules. However, within this picture, the collision operator of equation

1.24 becomes the (self sufficient) integro-differential function:
Cy = /[fz('l);,’l);) — fa(v1,v2)] G(v1, v2, v}, ) d3v, (1.25)

where the function G depends on the nature of the forces between the molecules,
{v1, vo} are the pre-collisions velocities of the colliding particles (remember that Cy

considerers binary collisions) and {v}, v} } are their velocity after collision.
y 1y Uy y
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Second assumption

At this point, Boltzmann made another assumption: there is no statistical corre-
lation between the velocities of two molecules before they collide (and therefore
after collisions). In other words, they interact via short-range two-body potentials.
Elementary statistics reminds us that the probability of two uncorrelated events
is simply the product of their respective probabilities, which leads to the famous

Boltzmann closure assumption, molecular chaos or Stosszahlansatz [11):

fo(vy,v5) = fi(vi) fu(ve) .

This is the main assumption in his theory and is still the subject of active dis-
cussions because even-though this assumption is reasonable for dilute gas where
molecules spend most of their life traveling alone and being absolutely unaware of
their surroundings, it is certainly ﬁot so true for liquids. It should also be noted that,
even-though it is reasonable to assume no correlation between the molecules before
they have ever collided (at the beginning of time say), this lack of correlation for
a particle is immediately lost after its first collision, by virtue of mass, momentum
and energy conservation.

Summarising, the BE takes the following form ([125]):

(Oc+u-V+F-0p)fr = / [f1(v1) fo(v3) = fi(01) fi(v2)] G(v1, v, ], v5) A
The beauty of this equation is that it links atomistic and continuum behaviour.
The left hand side is the faithful microscopic reversible Newtonian single-particle
dynamics while the right hand side describes continuum intermolecular interactions
which, we will see in next section, is irreversible. Additional terms can be added
to take account of gradient of temperature and fluid velocity, and are known as the
Boltzmann’s transport equation. Boltzmann then showed that collisions always push
the distribution f towards the so called Mazwell-Boltzmann equilibrium distribution
function (note that Maxwell had first given the definition of this distribution [28] by

deriving the equilibrium velocity distribution of gases, but without external force).

Dynamical evolution of any fluid velocity distribution: the H-theorem

Although processes are generally reversible at the molecular level, it is known that

most macroscopic processes are irreversible. The BE must hold the key. Boltzmann
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showed that the following quantity:

H= / flog(f) dv

was always decreasing (a formal derivation can be found in [164] or [125] for exam-
ple):

D:H <0.
In other words, this (H-) theorem states that a uniform gas with a random distri-
bution of velocity will decrease monotonically to an equilibrium state through the
effect of collisions. That is, only when f; (v1) fi(vh) = f1(v1) fi(ve) (hence D:H = 0),
which introduces the notion of local equilibrium: when the distribution remains un-
changed under the effect of collision (hence time). It should be emphasised that
the H-theorem is not in general the same as the principle of monotonic increase of
entropy (second law of fhermodynamics), in that A is only defined for a uniform gas
(see previous Boltzmann’s assumptions) while the entropy can be defined for com-
plex systems. Moreover, H is defined for any distribution while entropy is only for
system in thermodynamic equilibrium. Therefore, only the special case of a dilute
gas in thermodynamic equilibrium can H and entropy be defined at the same time.
Under these circumstances, the entropy is related to H by S = —kgpH + K where
S is the entropy of the system, kg is the Boltzmann constant and K is a constant
[125].
Boltzmaﬁn further showed that the collisions are pushing the distribution f towards
the equilibrium Maxwell distribution. The H-theorem is equivalent to the generali-
sation to a dilute gas at non-equilibrium to the statement that the entropy always
increases or remains constant (2nd law of thermodynamics) [21].
A first justification could be the general tendency for systems to pass irreversibly
towards thermal equilibrium. Boitzmann had another justification, less clear, that
the entropy-increasing process corresponds to a transition from less probable to
more probable microstates, and entropy itself can be interpreted as a measure of
probability. In this view, the Maxwell distribution is therefore the c;ne most likely
to be found in thermal equilibrium because it corresponds to the largest number of
micro-states. For further reading, see [21] (pages 64-104).

The idea of unavoidable increase of entropy and decrease of the quantity H relate
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both ultimately to Clausius’ idea of Heat Death, namely the universe as a whole
evolves in a unique way towards a state of maximum entropy (and minimum H)
where all energy is diffused uniformly through space at a temperature very close to
absolute zero, so that no mechanical work can be done and life cannot exist. This
rather disturbing idea goes along side the idea of undvoidable and unidirectional
decay of matter into lead. For further readings, see the section irreversibility of D.
Levermore’s website from the University of Maryland [123].

The next section will concentrate on defining this equilibrium distribution function

introduced by the H-theorem.

1.3.4 Relaxation to local equilibrium

It is important at this point to distinguish between two different equilibria: the
‘state’ or ‘macroscopic’ or ‘global’ equilibrium and the ‘thermodynamical’ or ‘mi-
croscopic’ or ‘local’ equilibrium. The main difference lies in the scale at which they
may be represented. Global equilibrium is reached when the macroscopic properties
of a system’s constituents are not observed to change as further time elapses (density,
pressure, temperature, magnetisation, etc) while thermal equilibrium is compatible
with rapid spatial variations in the state of the system at the microscopic level of
its constituent molecules. Local equilibrium is defined mathematically as a local
distribution function f¢, such that gain and loss to the microscopic system are in

exact balance [125], so that from equation 1.24:

Co(f%, ) =0, (1.26)

where the subscript ‘e’ denotes ‘equilibrium’ hereafter. After equation 1.26, this

leads to: '
fi(v) fi(va) = fi(v1) fi(va) . (1.27)

Following Liboff {125], the logarithm of equation 1.27 gives: .

in(fi(v1)) + In(f1(v3)) = In(fr(v1)) + In(fi(ve)) - (1.28)

The equality shows that the quantity In(f¢) does not change under the effect of
collisions (remember the left hand side of equation 1.27 represents the pre-collision

distributions and the right hand side represents the post-collision distributions). In
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addition, at thermodynamic equilibrium, In(f) must be a linear combination of the

three collision invariants defined previously (namely mass, momentum and energy)

([28]): -
In(f®) = A+ By vg + Cu?/2,

where A, B,, C are five Lagrangian multipliers defined solely by the macroscopic
observables (equation 1.20, 1.21, and 1.22). Elementary quadrature of Gaussian
integrals delivers the celebrated Maxwell-Boltzmann equilibrium distribution [190],
giving the number of molecules (or probability) with velocity v with respect to their

local density p at a temperature 7. In D spatial dimensions:
F5(v,0,T) = p (2 1) ~P e/ 2% (1.29)
where c is the so-called peculiar velocity

c=v-—u, (1.30)

| KgT
Ur = ,
m

is the thermal speed associated with the fluid temperature T'. It is interesting to note

and

that f¢ only depends on the fluid’s local macroscopic observables, and is independent
of the local neighbouring, chemistry or external fields (it can therefore be greatly
different from time to time and from a point in space to another). This infers for this
function a notion of absoluteness, which can be viewed as a weakness: it is legitimate
to question its applicability and validity when considering the assumptions made to
obtain this equilibrium distribution, and whether what it represents alongside its
~ dynamics are representative of a real fluid. One could even argue that Boltzmann
did everything he could possibly do to get to this result, which shows the limits of
this distribution function and demonstrates its paradox: even though it claims to
be absolute, it lacks applicability to any real fluid.

These ideas are still highly discussed and argued. To the author’s mind, this should
not be forgotten, especially when developing a simulation technique that is based on
the BE and the Maxwell-Boltzmann equilibrium distribution function (the LBM).
The LBM, on the other hand, has been shown to provide (surprisingly maybe?) great

results and it has a great advantage to other techniques: locality and ‘physicality’.
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1.4 From kinetic theory to fluid dynamics

1.4.1 The Boltzmann transport equation

General statements cannot be easily extracted from the BE apart from the H-
theorem. A more fruitful approach considers its moments: the one associated
with the mass and momentum in particular. Multiplying the BE by some func-

tion Q(x,v,t) and integrating over all velocities, gives after some algebra:

at/flczdv—/flat@dea/Qflvadv—/flvaaac;dv
+ [ Fadia £1Qav = [@Dipadv. (1.31)

Equation 1.31 is the transport equation, and tells us how the volume density [ /,Q dv
of any quantity that is conserved in binary collisions evolves with time. For a such
a quantity ¢, the second term f f10;Qdv and the collision integral [ Q D,fydv
vanish [77]. 4

First, setting @ to m (the particle’s mass), the volume density [ f; @ gives p and
any of gradient in @) (spatial or temporal) vanish (because the fluid is considered
as incompressible). Therefore, equation 1.31 yields the mass conservation equation

seen previously in this chapter (continuity equation 1.6):

Ot p+ O0n(puys) =0.

Second, setting @ to mu, (the particle’s momentum), the volume density [ f1 Qdv
gives pu, and (after some algebra), [vaf0, mugdv gives 0,(P op — 0l,5), Where
0, is the dissipative term of the momentum stress tensor (see equations 1.8 and

1.10). Therefore, equation 1.31 yields also the momentum conservation eQuation:
Oi(pug) + Oa(puatg + Pbag — 04p) + pFp =0.

This equation can be recognised as the NSE (equation 1.15) and verifies that the
(microscopic) BE recovers the (macroscopic) NSE introduced in previously.
The transport equation is consequently seen as the gateway from the world of mi-

crophysics to the world of macrophysics through its moments.
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1.4.2 Bhatnagar—Gross—Krook model equation

Since we have defined a (universal) equilibrium distribution function, any distribu-

tion can be written in the form:

fxv,t) = fo(xv,t) + g(x,v,1),

where f¢ is the Maxwellian distribution function (see equation 1.29) and g describes
any departure from it. With this definition, in 1954, Bhatnagar, Gross and Krook
[9] re-wrote the BE (equation 1.23) in terms of equilibrium and non-equilibrium
parts:

Qf) =-v(f = f), (1.32)
therefore,

Dy f=—ve(f—f°). (1.33)
where v, is the collision rate associated with the collision time 7. = 1/v.. This is
the so-called BGK collision operator. Equation 1.33 is named the BGK equation
and is much easier to solve than the integro-partial differential equation that is the
BE, and most of all, without spoiling the basic physics. Since v, can be regarded as
independent of f, the BGK equation is linear in f. This allows much easier com-

putation of the transport coefficients and provides a great advantage in subsequent

computer models (like LBM) [190].

1.4.3 The Chapman-Enskog procedure

Since the BGK equation provides a simple alternative to the BE, it is interesting to
investigate the consequence of the simple collision operator structure on its moments.
To do so, a characteristic small parameter needs first to be defined. It is usually taken
to be the Knudsen number (see J. R. Graham [77] for a justification of this choice),
namely the ratio between the molecular mean free path and the shortest scale at
which macroscopic variations can be appreciated (note that the bridge between

micro and macro becomes explicit here):

lmfp

€= .
lM acro

The Chapman—-Enskog procedure is based on a double expansion in the smallness
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parameter of both dependent f(x,v,t) and independent space-time (z,t) variables
(see [125], [28] for a detailed derivation of this expansion). First, the momentum

densities are separated between equilibrium (f() and non-equilibrium (f®) parts:
f=fO pef@,

Note that the major difference between g defined in the BGK equation and f) here
is that f() is assumed O(1) (the smallness of the non-equilibrium part is carried by
the pre-factor €) while g carried the smallness and is therefore much smaller than
f®. It should also be understood that f() defined as above contains implicitly a
whole series of terms: f = 3.2 " f™ (where each f is O(1)).

Second, time and space are expanded up to the second order:

T =€tz

t ze“ltl-}-e"%g,

and the differential operators likewise:

Or =€0g,
6t ~ 68t1 -+ 62 atz y

hence the streaming operator becomes:

v 1
D, = €0, + €0, + €U0, + 562 Ug UG Ony O, -

This analysis will be restricted to the second order of the time expansion for reasons
that are explained latter. In this analysis, z; and %; represent the li.near (sound
wave) fast regime while ¢, represent the long-term (slow) dynamics. This segregation
between equilibrium term (fast) and non equilibrium term (slow) is explicit in the
moments of the subsequent equations. The zeroth order term of the distributions
f© is the local Maxwell-Boltzmann distribution function defined in equation 1.29.
Similarly as in section 1.4.1, we integrate the BE over v and take its zeroth and first
moments. The first order solutions are found by considering O(e) in the integrated

BE and give (for the zeroth and first order momentum respectively):
Oup + Ooy pia =0,
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B11pua + Op, (puaup + Plag) =0,

where P = pT is the fluid pressure. These equations are recognised to yield the
Euler equations of inviscid flows (equatibn 1.16). However, although this represents
a dynamical evolution of a fluid, the fluid’s viscosity is missing in the equation: the
distribution of the fluid had been assumed to be the local Maxwellian distribution af
all points at all times. Transport phenomena occur when there are large gradients
of temperature or velocity, and this should be taken into account in the evolution
of f (not only f©@). |

It is therefore important to investigate the non-equilibrium moments. The second
order solutions are found by considering O(e?) in the integrated BE and read as

follow:

6t2p: 0,

Ot PUo + B, M / (FO + 8,0, FO) uqugdv = 0.

In fact, by splitting f into equilib_ﬁum (f©) and non-equilibrium (f*)) components,
it can be shown that the two integrals represent the equilibrium and non-equilibrium

components of the momentum flux tensor P,z defined as follows:

Pyg=m /f'ua'vgdv.

Respectively (for an incompressible fluid):

P =Top+ Tap,
Tos=m [ fOvavg = pugug+ Plag,
Tap =M [ [P Uqvp =255

It is important to notice here that the dissipative term of the momentum flux tensor
(Tap) is equal to the viscous stress tensor o, (equation 1.10) which can therefore
be computed purely locally. It provides a great reduction in its computation in the
subsequent method (LBM). '
Finally, joining the non-equilibrium and equilibrium parts of the zeroth and first
moment of the BE order by order gives the NSE.

This demonstrates that a distributions can be explicitly spit into equilibrium and

non-equilibrium parts and yet, its evolution still recovers correct continuum viscous
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fluid behaviour, despite the assumptions necessary to get to this result. It therefore
demonstrates the fact that the NSE contain, implicitly, the same assumptions as
Boltzmann’s (hidden in its large time and length scale). It can also appear rather
surprising that the second order in the truncation of the Knudsen number € does re-
cover the full NSE, but it is fortunate on the other hand, since the Chapman-Enskog
treatment of the BE does not converge for higher orders of the Knudsen number: for
example, Bobylev [10] has shown that the Burnett and super-Burnett hydrodynam-
ics (from the third and fourth order respectively) violates the basic physics behind
the Boltzmann equation (which is now known as the Bobylev instability) and Succi
notes that they are exposed to severe numerical instabilities [190]).

In order to recover non-ideal fluid motion (i.e. non Newtonian or visco-elasticity),
the ’trick’ is to impose additional dependence on the hydrodynamic parameters.

This is precisely what CFD solvers do.

1.5 LB: the construction of the algorithm

Historically, U. Frish, B. Hasslacher and Y. Pomeau developed the first simple cel-
lular automaton obeying nothing but conservation laws (see section 1.1.2) at a mi-
croscopic level, and were able to reproduce the complexity of real fluid flow [62]: the
Lattice Gas Cellular Automaton (LGCA). Then, the earliest example of LBM was
essentially an attempt to address statistical noise inherent in LGCA ([137]). With
time, the LB technique evolved into a self-standing research subject ([190]). He and
Luo [86] showed that, theoretically, the lattice Boltzmann equation (LBE hereafter,
equivalent of the BE) is independent of the lattice-gas automaton. Therefore, rather
than providing a long genealogical tree (see Succi [190] for more details), this section
concentrates on showing how the LBM relates to the continuum and statistical fluid

dynamics just described, in a self-consistent matter.

1.5.1 The LBE: a discrete form of the BE

It is interesting to note that other approaches are available to validate the dynamics
of LBE. Luo et al. for example have shown rigorously that the LBE is a specially

discretised form in both space and time of the continuous BE which provides solid
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theoretical foundations in order to address several issues inherent to the LBM [85],
[86].

First of all, time has to be discrétised, decomposing the algorithm into a repetition
of two procedures: collision and propagation. The collision step is taken to be
instantaheous (following Boltzmann’s assumption), and time evolution is carried by
the propagating step. Second, space is discretised, by choosing an adequate lattice

element enabling a regular pattern for the nodes and links to be used.

1.5.2 Lattice geometry

Most of LB models deal with a regular lattice, simplifying greatly the algorithm.
However, there is nothing preventing one from inventing a complicated geometrical
lattice with irregular pattern with appropriate interpolation schemes (multi-grid
via recursive sub-division or adaptative meshing) such as the one from [43], [112],
[102] for example. The distribution densities f’s are transformed into a discrete
distributions f;’s that are restricted to exist only on nodes of the lattice and to
travel to a neighbouring nodes only (through the links of the lattice). In this way,
the continuous quantity f(x,v,t), described in previous sections, is restricted to
exist only on a small number of velocities (equal to the number of neighbouring -
nodes) and becomes the discrete momentﬁm distribution f;(x,t): the probability
density of the discrete velocity c; at posjltion x and time £. In LB, geometries are
commonly designated D,,Q,, for m discrete speeds and n dimensions (i can take

only m different values).

1.5.3 The propagating step

As mentioned previously, in LB densities travel from a node, along the links of the
lattice, onto a neighbouring node, spending the amount of time 4¢. It is important
to realise that all the f;’s propagate at the same time, and do not interact doing
so (which is consistent with Boltzmann’s assumption): ‘they fly alone, unaware of

each other’.
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1.5.4 The collision step

The collision step is the key to the method: this is the step that provides the method
with most its hydrodynamics. Recalling the (relatively) simple form of the BE,

th=C2)‘

where f is the continuous distribution function and C; is the collision operator. It

can be shown that the LB scheme has the same evolution:

Afi=Ci(f),

where C;(f;) represents the effect of collisions on f;. Recalling also the BGK equation
for continuous distribution (equation 1.33), it can be shown that the complicated

discrete collision operator (C;(f;)) can be replaced by a much simpler form [190]:

Afi=—w (fi = ), (1.34)

where w is the BGK collision time and f;? is the discrete form of the Maxwell-
Boltzmann equilibrium function.

This equation has appropriately been named lattice BGK, LBGK for short. w
dictates the rate at which a distribution relaxes towards its corresponding local
equilibrium and dictates the rate of transport in the same way: it can be shown

that w relates very simply to the fluid’s viscosity [190]:

v = % (% - 1) . (1.35)

Qian et al. [162] note that the physical requirement of positive viscosity (that stan-
dard theoretical fluid dynamics requires [81]) gives the condition for numerical sta-

bility that the relaxation parameter w is bound by upper and lower limit:
O<w<?2. (1.36)

Due to the simplicity and robustness of this method, the BGK evolution became

the most widely used in the LB scheme.

It remains to quantify the discrete equilibrium function f;?. It can be shown that

34



the LBGK equilibrium function takes the form [190]:

eq __ ) Cioq U Qiaﬁ U Uﬁ
[ = pt; (1-%— 2 T 20 ) : (1.37)

(]

where Qiop = CinCip— C20ap is the kinetic projector and w; are multiplying v;/eights to
take the geometry of the lattice into account. Moments and geometrical restrictions
impose a unique set of values to the weights ¢;. Following continuum kinetic theory,
the discrete equilibrium function has to carry the same density, momentum and
energy as the actual distribution function it represents (for these quantities to be
conserved over collisions).

The nodal velocity u, and density p can be computed by the following:

p(x) =32, fUx) =3, f(%)
p(X) Ue, (X) = Zi feq(x) Cio = Zz f(X) Cia

On the top of that, the geometry of the lattice imposes similar links (i.e. identical

(1.38)

associated energy) to have the same weight (isotropy considerations). A whole family
of solutions (DnQm, mentioned previously) follow and close the remaining degrees
of freedom of equation 1.37. It should be noted that the form of f;? is unchanged
with the geometry and the number of dimensions. Only the weights vary, depending
on the geometry and number of dimensions. .

In this project, we use the D2Q9 geometry depicted by figure 1.2.

1 2 3

Figure 1.2: D2Q9 Lattice geometry used in this thesis.
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The associated equilibrium distribution of the D2Q9 geometry is:

‘ o \
fieq(p’ 'l.l) = tip [1 +3u- c + 5 (u . ci)2 — -2-112]
with the associated weights:
4/9 for i=0,

ti=1¢ 1/9 fori=2,4,6,8,
1/36 for i=1,3,5,7.

Conclusion

This chapter has set the essential background in continuum fluid dynamics, kinetic

theory and LBM for the rest of this thesis. It has introduced the general idea of the

BE and shown how Boltzmann reduced a very complex equation to a much simpler

form and how it can be simplified even further to give a very elegant method, very

well suited to be discretised into the a computer strategy- LBE. This chapter also

showed how the Boltzmann approach relates to the continuum fluid dynamics theory

and how the LBM can be derived accurately to recover the NSE.
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Chapter 2

Specific Background: Binary fluids

Introduction

The previous chapter concentrated on deriving the NSE describing the motion of
a continuous fluid. It has also been mentioned that this set of equations is not
sufficient when discontinuities occur in the continuum fluid, in which case extra
rules have to be implemented. Unfortunately for this project, an interface between
two fluids represents a discontinuity for the NSE. Navier-Stokes solvers such as CFD,
(see the excellent introduction by Abbot and Bascoe [1]) or LBM, (see the very good
description by Succi [190]) inherit this problem, since they are primarily designed to
solve the NSE alone, that is for a single fluid. First, some of the most common CFD
technique‘s for interfaces will be described, followed by the current, main interfacial
techniques in LB (fluid interface and solid boundaries). We describe the Gunstensen
LB interfacial method ([80]) in details since it is the method used in this project.
We finish by describing the bounce-back method for implementing LB solid non-slip

walls.

2.1 Equations of motion

2.1.1 Illustration

In order to put the problem of simulating binary fluids into context, let’s consider

the very simple example of a water droplet sitting on a surface, surrounded by air:
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e The equations describing the motion of the fluid inside the droplet (water) are

the NSE with the parameters of water (viscosity, heat conduction, etc).

e The motion of the surrounding air is described by exactly the same set of
equations (NSE), only with different parameters (defining the air properties).
Discontinuities in the domain of application of each set of NSE therefore arise
at the interface of the two sets of parameters for the NSE and the whole art
and idea of any computational method for binary fluids is to bridge as well as

possible these discontinuities.

e The transition from one domain to another has its own physics (wetting or
drying for example here) and it is appropriate to consider the physics of the

interfacial region as defining a particular, problematic boundary condition.

2.1.2 General requisites for numerical techniques

Numerical simulations of multiphase flow primarily requires one to locate the inter-
faces between the different fluids, which shape can vary and become %/ery complex
(break-up or coalescence for example). A very good discussion of this problem can
be found in reference [179]. In LBM however, as Inamuro et al. point out ([99]), (i)
LBM models have great advantages over conventional methods for multiphase flow,
in that they do not track interfaces, rather they can maintain spontaneous, sharp,
interfaces without any additional ‘artificial’ treatments, and (ii) the LBM conserves
accurately the mass of each component. The issue of interface location leads to the
separation of interfacial methods into two distinct categories: Front Tracking (FT),
Lagrangian approach, and Front Capturing (FC), Eulerian approach (as explained
for example by S. Succi in [190]). FT technics consist of following the fluid interface
from the mean position of tracers embedded over the simulational fluid domain,
moving and imposing forces on the flow as they deform. Methods based on this
approach are robust for fairly smooth and continuous interfaces but they face major
difficulties when the interface becomes tortuous, breaks-up or coalesces (as Sethian
points out in reference [178]). FC based methods on the other hand overcome this
problem by defining a data structure within the computational domain: the inter-

face is defined where explicit colour discontinuities occur. However, compared to
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FT techniques, they suffer from much more pronounced numerical diffusion effects

which tend to smear out the interface [190].

The Laplace law (equation 1.18) indicates that a droplet at rest exhibits an inner
pressure higher than its surrounding fluid, proportional to the ratio of its interfacial
pressure step and its radius— defining the interfacial surface tension. As a conse-
quence, there exist two main numerical approaches to impose surface tension on
an interface: (i) imposing a pressure step directly on the interface, which defines
the surface tension and (ii), imposing directly the surface tension and verifying the
pressure step. Both approaches give numerical results which are equally as valid
(the old argument of the chicken or the egg), but have subtle differences by design,

leading to differences in applications and accuracies.

2.1.3 Binary interfaces with CFD

CFD models are especially well suited for the modeling of single component flu-
ids. However, since their very essence is to not retain locality, they inherit difficul-
ties in handling (sharp) discontinuities. Solid walls are not much of a problem as
long as they do not move. Principally, two methods imposed themselves for multi-
component CFD methods: the Volume of Fluid (VOF) and the Set Level Method
(LSM).

The VOF method

The VOF ([144], [93]) was develbped in the 1960’s and is still widely used by CFD
solvers, mostly for liquid-gas interfaces. It consists of three ingredients: (i) a scheme
to locate the surface (interface), (i) an algorithm to treat this surface as a sharp in-
terface moving through a computational grid and (iii) a means of applying boundary
conditions at the surface. A number of VOF programs have claimed a VOF capa-
bility when in reality, théy were only implementing one or two of the three VOF
ingredients, giving incorrect results, as described by Hirt in [92]. Most pseudo-VOF
methods use a fluid volume fraction to locate surfaces, but they then attempt to

compute flow in both liquids by a boundary condition, which produces an incor-
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rect motion of the surface since the boundary is assumed to move with the average
velocity of both liquids. In rgality, the two fluids generally move independently
of one another except for a thiﬁ boﬁndary layer. Other pseudo-VOF practices in-
clude representing the interface by a rapid spatial change in density. However, such
schemes result in smoothed transition regions between gas and liquids that cover
several control volumes rather than sharp interfaces localised in one control volume
as the original VOF method [92]. This is especially important when computational
resources are limited.

The surface tension on a VOF interface is imposed mainly by two distinct methods.
The first consists of a body-force acting perpendicularly to the interface and propor-
tional to the curvature: the continuous surface force method, CSF ([16], [39], [167],
[7]). The second consists of representing the surface tension as the divergence of a
stress tensor : the continuous surface stress method, CSS ([115], [176]). However,
both techniques have spurious or parasite currents described by [176] as “vortices in
the neighbourhood of interface despite the absence of any external forcing. They are
observed with many surface tension simulation methods, including the CSF method,
the CSS method and the LB method, in which they were first discovered’. It is in-
teresting to note that the pattern of the micro-currents obtained in VOF methods
(pattern pictured in [165] and analysed by Brackbill et al. [16]) is qualitatively the
same as with most LB models (pattern pictured by Halliday et al. [82] for the Gun-
stensen model, by Wagner [211] for the free energy approach, by Hou et al. for the
potential approach [95]). Reynardy et al. derived PROST (Parabolic Reconstruc-
tion of Surface Tension) to eliminate these micro-currents for the VOF method by
interpolating the interface (see [165] and chapter 4 for more details).

Despite the very appealing properties of the VOF method, its significant dréwbacks
lead to the development of other interfacial methods in CFD, such as the LSM
(described below). '

The LSM

The LSM is much more recent that the VOF method: it was developed mainly
by Osher and Sethian around the 1990’s (introduced in Osher, S. and Sethian, J.A.
[149], based on Sethian’s earlier work [179]). The main idea of the level set method is
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to consider the original interface and add an extra dimension to the problem, rather
than following the interface itself: in other words, treating the problem of a moving
interfacial curve (in 2D) as a moving surface. Usually, more dimensions usually mean
more work but the trick of embedding the front in a higher dimensional function (the
set level function) is apparently well worth the added cost, and in fact, with some
work, that cost can be made the same as that of FT techniques (according to Sethian
in [178]). The zero level set of a variable ® (representing the high dimensional
interface) is used to determine the position of the interface. ® must be continuous,
smooth and monotonic in the direction normal to the interface. A calculated velocity
field can then be used to advect ®. The 2D technique can be summarised as follow
(from [178]): first, the evolving interface is embedded in one higher dimension, using
a time-dependant function ®(z,y, 2,t = 0) in four dimensional space. And then,
adjust this higher dimensional function corresponding to the motion of the interface,
and compute the ”zero” level set to find the position of the propagating interface. It
should be noted that the LSM is not naturally conservative (because has not been
designed for fluid dynamics problems initially) unlike the VOF method, and an extra
mass conservation condition is required. One of the first attempt at using the LSM
to address fluid problems was by Sussman et al. ([193] and more recently [192]) for
large viscosity and density ratios problems. Chang et al. showed the derivation of
the volume source for surface tension and implemented a mass conserving condition
dependent on curvature ([27]). The LSM has even been combined with the VOF
method to bring the advantages of both techniques: the LSM is used as a predicate
and the VOF for mass conservation (as claimed by Bourlioux [15] and others [196],
[5]). Other (non fluid related) applications, include the computation of optimal
robot paths around obstacles, the extraction of clinically useful features from noisy
output of medical images and the manufacturing steps of transferring a street-map
of circuitry onto a small piece of silicon (more applications, information and links

can be found in J. A. Sethian’s website at Berkeley University [180]).

2.1.4 The main LB interfaces methods

This section details the main competing models in LB for binary fluid flow, showing

their strengths, weaknesses, and where they apply best (see [95], [130], [131] for
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detailed theoretical and numerical comparisons). A comparison of two-phase LB
and VOF methods is available in [177]. Extensive literature on the LB multiphase
and multi-component models can be found in [31], [84], [131], [170] and [169]. All
of the existing LB muitiphase models make full use of one of the main advantages
of LBM over other numerical methods: locality, removing the task of tracking the

interface.

Pseudo-potential approach

This approach derives directly form microscopic considerations of what is happening
at the interface between two fluids: molecules sitting at the interface experience a
net force driven by the different values of the average intermolecular distance and
affinity in the two fluids. This difference is obviously more important for heavy/light
fluid interfaces. This approach was introduced by X. Shan and H. Chen ([29], [182])
hence known as the Shan-Chen, S-C, model within the LB community. It was
further improved and characterised by the same authors and G. D. Doolen ({183,
[184], [185]). In this technique, both phases follow the standard LBGK evolution
(equation 1.34) as a mixture, with a source term S (for the colour &) to distinguish

their behaviour:
AR’L =’_ws(Ri_'R-?)+SiRa

AB; =-—ws(B;— Bf)+ SP.

where R; and B; are the red and blue momentum distribution functions associated
with the red and blue fluid in the lattice.

This source tefm represents the mesoscopic interactions between the two fluids and
relates to surface tension and phase separation. It is represented by a force following
pairwise interaction, namely the sum of the momentum exchanges with particles
of all other species in the direct neighbourhood. Shan and Chen simplified their
model, to use a single species to simulate binary fluids, by noting that the interface
between two fluids could be captured by their density: a site with high density
belongs to the one fluid and a site with a low density belongs to the other fluid. The
transition between light and heavy fluids is controlled by a function x(p(x)) [183]
and taken to provide a sharp transition between the two phases. Sankaranarayanan

and Sundaresan ([174]) and Sankaranarayanan et al. ([173], [172]) modified this
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pseudo-potential approach for the analysis of drag, lift and virtual mass forces in
bubbly suspension. Very recently, they derived a multiscale approach based on this
technique for the extraction of continuum-level (coarse stability) information directly
from LB simulations, applied to the computation of coarse bifurcation diagrams in
bubbly flow [201].

The main drawback of this technique however is that the surface tension parameter
depends on the phase’s separation parameter. This leads to either well separated
very stiff droplets or weakly separated sloppy droplets. Another drawback of this
method is the width of its interface per se: whilst it is possible to have a very stiff
interface of width about one lattice node, the most practical applications of the S-C
model seem to require structured interfaces of thickness 2 4 lattice nodes. This
considerably broad interface must have some impact on the length scales accessible
with this technique (requires a very large number of grid points to down scale the
effect of the interfacial width). It should again be noted that this model is subjected,
as is any LB model, to micro-currents flow as depicted by Hou ([95]) and addressed
by Teng ([200], [41]) for example.

This model is however very popular and especially well suited for the simulation
,of important differences of fluid’s density, such as liquid-gas interfaces ([215] for

example).

Free energy approach

A step towards thermodynamic consistency was taken by Swift et al. [195], struc-
turing the fluid to reach the right thermodynamic equilibrium directly under the
effect of an appropriate equation of state, for a Van der Waals fluid (which exhibits
spontaneous separation) which is isothermal. The pressure, P, may be shown to be
given by: '

ov

1
P=pa—p—\ll—1~cpv2p2—§n |Vp|? (2.1)

where WU is represents the free ehergy density functional and & is related to the sur-
face tension. This leads to a modified equilibrium function and pressure tensor for
the model [195]. The advantage of this approach over the previous S-C approach
is that the surface tension appears directly in the pressure tensor,Aavoiding depen-

dance upon segregation. Swift et al. obtained good agreement against the Laplace
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law ([194]). This model is also very well suited for imposing wetting behaviour
as a result of including a suitable external chemical potential, whose gradients act
as an effective thermodynamic force and can be directly added to the RHS of the
LBE. The local property of the LBE (or BE) makes it possible to tune this force
depending on the ﬂuid and whether it is in contact with any wall ([148]). Recently,
Dupuis et al. obtained very convincing wetting behaviour in several configurations
([122], [49] and [50]). Inamuro et al. have designed a method based on.this model,
and proposed an LBM for multicomponent immiscible fluids with the same density
[97], [100] based on the previous work by Inamuro et al. [96]. Inamuro et al. studied
the miscibility of their model and its application to a heat-transfer problem [101].
They improved this method for density ratios up to 1000 and obtained very good
agreement with standard bubble shape diagrams as well as experimental comparison
of coalescence and break up (original method in [99] and [98]).

Swift’s approach, however, does not separate fluids very efficiently and has a wide
interfacial width (again, whilst it is possible to have a very stiff interface of width
about one lattice node, most pracfical applications of the S-C model seem to require
structured interfaces of thickness 2 4 lattice nodes). This model is therefore not
really well suited to simulate large differences of viscosity between the two phases

separated fluids or to be used with small lattices.

Finite density models

All multiphase models described so far include temperature only as a static parame-
ter and do not allow self-consistent thermodynamics: the equilibrium state in these
models cannot be described by thermodynamics (see Swift et al. [195], [194] and
Luo [130]). Moreover, the original BE does not apply to dense gases or liquids, it
only describes rarefied gases where molecules are éonsidered as point like particles
(recall Boltzmann’s assumptions discussed in the previous chapter).

In the Boltzmann gas limit (see chapter 1):
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N — o0,

m— 0,

r— 0,
where N, m and r are the particle number, particle mass, and interaction range,
respectivelly, and Nm — finite, Nr2 — finite, and N73 — 0. Thus, in this limit,
the mean free path | ~ 1/Nr? remains constant, while the total interaction volume
N3 goes to zero (from [130]). Therefore, in the strict thermodynamic sense, (i) the
Boltzmann equation retains only the thermodynamic properties of a perfect gas, (ii)
the finite size of the molecules are being totaliy overlooked, (iii) any molecular finite
size effect such as volume exclusion (term (V-b) in the Van der Vaals equation) are
impossible. This calls for finite density corrections to the BE, and involves the two
body radial distribution function p;2 = [ f12dv (which has been rgplaced by fife
under the assumption of molecular chaos) and binary collisions only (dilute gas) in
the derivation of the BE in last chapter. Luo’s idea ([130]) had been precisely to go
back to the BE and apply the method he had developed with He [86] to analyse the
LBE for multiphase fluids with a non-ideal gas equation of state. This equation is
known as the Enskog equation for dense gas [28]. Luo ([84]) then obtained a LBE for
isothermal multiphase fluids, which had the required thermodynamic consistency.
This neat approach provides a more realistic method for non-dilute gases (i.e. to-
wards liquids) but is still subjected to some approximations (hard spheres, instan-

taneous collisions) and is believed to be less robust than the standard BKG model

([190]).

Chromodynamic models

These models provide two completely immiscible fluids distinguished by their colour.
The original method dates back to the immiscible lattice gas model (ancestor of the
LB, see Frisch et al. [62] by Rothman and Keller in 1988 ([168]), applied to the LBM
by Gunstensen et al. in 1991 ([80]) for two spatial dimensions and extended to three
by Gunstensen and Rothman ([79]), and subsequently improved by Grunau et al.
([78]). Note that in the latter paper, the immiscible lattice BGK was generalising to
two components the ideas of Chen et al. [30] and Qian et al. [162]. Not very popular
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within the LB community, it has however decisive advantages against the other
models described previously: it is the only LB technique that allows the separation
of the treatment of surface tension from the interface tracking (it is a drawback of
the interacting potential method and free energy approach that they are unable to
fix explicitly the coefficient of surface tension a priori [105]). Furthermore, it is the
only LB technique able fully to segregate two fluids (i.e. exactly immiscible fluids).
A detailed description of this model can be found in section 2.2 (below) since this is
the model we based our N-component algorithm upon. Briefly, it consists of fully
separating species within a mixed colour node by a process which can be regarded as
a brutal segregation of colour lacking proper thermodynamical evolution equation
(hence less popular than the free energy or potential approaches). It is subjected
(as any other LB and CFD models) to non-zero micro-currents emerging from the
interface, affecting the dynamics of the interface in a certain regime of flow and,
creating un-physical velocities to the bulk of ﬂuifi and a noisy flow field. In reaching
large capillary number applicafions (surface tension and interface dominated flows),
reducing these unwanted flows has been a constant motivation. Some results in this

application are shown in next chapter.

2.1.5 Large scale LB simulation projects

The great advantages of LB compared to other numerical methods for fluid flow
(locality, efficiency, highly parallélisable, wide applicability, etc.) make it very at-
tractive for numerous projects involving real engineering issues. These applications
only really took off recently, since LB is considerably younger and rather more im-
mature than standard CFD techniques (massively used for a long time for large
scale projects). In these LB projects, fundamental science is not the main issue,
they concentrate mainly on technical and computqtional issues inherent to the large
scale simulations. A few examples of these computationally impressive LB projects

appropriate at the time of writing are given below.
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Ludwig

Kendon and co-workers have developed Ludwig in the late 1990’s, a general purpose
parallel LB code capable of simulating the hydrodynamics of complex fluids in 3-D
(a detailed description can be found in [45]). The aim of Ludwig is to simulate mul-
ticomponent fluids, amphifilic systems, flow in porous media, colloidal particles and
polymers. Desplat et al. note that the modular structure of Ludwig is its strength
and should facilitate its extension to many other problems. So far, Ludwig has been
used numerically to study the late-stage demixing following spinodal decomposition
of a three-dimensional symmetric binary fluid mixture [107], but no further appli-
cations have been reported to the best knowledge of the author. It did however

demonstrate the feasibility of large numerical LB simulations.

VirtualFluids_real

Following the concept of Ludwig, Krafczyk et al. ([112], [42]) are developing a LBM-
CFD based software, VirtualFluids_real, to compute, very efficiently, transient and
steady state flows, the ultimate aim being to provide a very flexible analysis of com-
plex flow phenomena. Doing so, they integrate the three interdependent steps of
computational engineering studies (main difference with Ludwig): (i) preprocess-
ing, (ii) computation and (ii) postprocessing, and report that their LB-CFD kernel
provides major advantages in terms of integrating them [111]. They also note that
- LBM through its locality, provides considerable numerical and algorithmic advan-
tages. The current application of this project is the interactive analyse of indoor
air flow for HVAC systems (Heating, Ventilation and Air Conditioning), with up to
one million discrete grid points, at realistic Reynolds numbers and with an updated
result every 10 seconds [111]. In VirtualFluids_real, the flow is computed in ‘real
time’ accordingly to the user’s inputs: a new computational grid is automatically
generated after each user’s modification to the computational geometry. The bilat-
eral interaction between the simulation and the flow visualisation is done by Virtual
Reality. This project is apparently very successful and gave already very promising

results.
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RealityGrid

" More recently, a more ambitious project sponsored by a major EPSRC (Engineer-
ing and Physical Sciences Research Council, the UK Governments leading funding
agency for research and training in engineering and the physical sciences) grant to
a consortium of universities and collaborating institutions aims to grid-enable the
realistic modeling and simu_latidn of complex condensed matter structures at the
mesoscale and nanoscale levels as well as to facilitate the discovery of new materi-
als. Called RealityGrid, the project is an ambitious and exciting global effort to
develop an environment in which individual users can access computers, databases
and experimental facilities ‘simply and transparently’ , without ha{ring to consider
where those facilities are located. RealityGrid proposes to extend the concept of
a Virtual Reality centre across the grid and links it to massive computational re-
sources at high performance computing centres énd experimental facilities (a com-
puting environment built around the UK’s most advanced computing tecimology
and infrastructure). The Principal Investigator of this grant is P.V. Coveney from
University College London, and more details can be found on the RealityGrid web-
site [163]. Further details on the art of steering simulations can be found in {136},

[33], [20], [32], and some impressive épplications using this technology can be found

in [76], [83], [75).

Exa Corporation and PowerFLOW

A description of the LBM would not be complete without mentioning that K.
Molvig, while on sabbatical from the Massachusetts Institute of Technology (MIT),
founded Eza (in 1991). Exa Corporation is in charge of developing and marketing
Power FLOW, the only commefcial LB based fluid flow software, for engineers to
analyse complex fluid flow problems. Exa Power FLOW claims to be dramatically
faster than currently available solutions (CFD) and to deliver unprecedented accu-

racy. Its applications include automotive, aerospace, petroleum, chemical process-
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ing, environmental engineering, material processing, power generation, and HVAC
(linked to the project VirtualityFluid_Real described previously). More details can
be found on the Exa website [56].

2.2 The Gunstensen method for diphasic LB fluid

2.2.1 Introduction

As with any model, the Gunstensen algorithm is design to address discontinuities
occurring in the NSEs in a physical way. Its great advantage over its competitors
(LB or CFD) is that it remains very local, segregates fully two fluids, and permits
one to set a priori the surface tension parameter; enableling explicit assignment
of parameters for both fluids, as well as the interface. Together these are the key
to a simple and efficient algorithm for our problem here. D. Kehrwald provided
a very detailed (numerical and theoretical) analysis of this two-phase incompress-
ible Navier-Stokes modei, with several approaches to improving the two dimensional
model. Unfortunately, all of them turned out to yield no substantial improvement
[105]. In reference [106], he analysed the Gunstensen model’s physical consistency,
but no attention was paid however to the interface motion or maintenance of im-
miscibility.

This work had set-out acknowledged difficulties around this model, which we as-
sessed during this project. '

As seen with previous multiphase models, the standard LB algorithm (repetitive
collision / propagation steps) is not enough to simulate polychromatic fluids. Gun-
stensen’s original idea was inspired by the immiscible lattice gas method of Roth-
mann and Keller ([168]). It was to keep the core LB algorithm, generalising the
"colourblind” densities f; to r; and b; (denoting red and blue), and adding an extra
step between the collision step and propagation step to, (i) segregate colour and, (ii)
impose surface tension. This extra step is defined as the recolouring step. Ginzburg
and Steiner ([68], [67]) proposed a modified Gunsterisen model to simulate free-
surface flows and obtained very convincing filling process simulations. Tolke et al.

([205]) modified the algorithm slightly for the simulation of variable viscosity and
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density ratios (and applied their model convincingly to the flow in porous media).

2.2.2 The collision step

Let’s see first the evolution of pure nodes (i.e. containing only one colour, typically
in the bulk of either fluids). They undergo exactly the monochromatic collision step

from the standard LBGK relaxation algorithm:

+
5

=1; — w, (r; — 75%) for red pure nodes,
bf =b; —wy(b; — b?) for blue pure nodes,

7

where the equilibrium distribution functions are defined the usual way:

9 3
ril(pu) =1t pft [1 +3u- ¢+ 3 (u- ci)2 - -2-u2] for red pure nodes, (2.2)

bfq(P, u)=1t; pB [1 + 3u- civ + g (u- 01)2‘ — gu2] for blue pure nodes.

It should be noted that w, and w still carry the viscosity information of the fluid
considered (see equation 1.35), ensuring that pure nodes evolve consistently to the
corresponding NSE. u and p® (« here denotes either colour) are the macroscopic

nodal velocity and density respectively defined as follow:

pfi=3,riand pRu,=),rici, for red pure nodes,
pP =3, b;and pPuy, =3 ,bici,  for blue pure nodes.
Mixed nodes on the other hand have to manufacture a lattice a ‘smooth’ discontinu-
ity in the parameters of the two»édjacent NSE, as well as imbedding the interface’s
own physics. In this case, the algorithm considers the colourblind densities (similar
to the original LBGK note):
fi=ri+b,

evolving in the usual way: -

f;+=ﬁ_w6(fi_ﬁeq)’

where the equilibrium distribution function and the macroscopic observables are
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defined as usual:
ffl=pti[1+3u-ci+ 3(u- )+ 2u?] ,
p=2(ri+b) =3 fi,
Pa = 3 ;(Ti Cia + i Cia) = 3, fi Cia -
A smooth transition of the kinematic viscosity from one fluid to another through

the finite interfacial width, is ensured by the effective BGK relaxation parameter:

_ p
PR JwR+ pBjwB?

leading to an effective interfacial viscosity:

We

PR 4 pBUB
—
The location of the interface emerges from the mixed nodes, very easily tractable:

€

it lies where nodes contain both colours (p® # 0 and p® # 0).

2.2.3 Recolouring step

The lack of an additional step to the standard LBM, in which the propagation
step follows immediately the collide step, would lead to the rapid and nearly total
diffusion of all the dynamic links form mixed nodes into surrounding nodes leading to
a uniform soup of colour. To avoid this, the Gunstensen algorithm segregates colour
at every mixed node, at every time step, ensuring that colour, as far as possible,
goes back where it came from (following microscopic observations of non-miscibility
or differential attraction). The aim of the segregation step is therefore to achieve
a nodal distribution of colour in which each colour is propagated back as much as
possible to its corresponding bulk colour, that is, each side of the interface. To
achieve segregation, the technique maximises the work done by the coloul;-ﬂux q”
of each colour (measure of the net momentum difference at a site) resulting from

the nodal post—segregation distribution, against the colour-field P*. We define the
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colour-flux q* and the colour-field P? as follow:

qa(x’t) = Zci [ai _ai] )
Pg‘(r,t) = Z[aj(x-{-ci,t)—aj(r—l—ci,t)] cig

= Z [*(x +ci,t) — p*(r + 1, 1)] cig- (2.3)

B
where « is the colour considered and @ the other colour (i.e. if a is red then @ is
blue), with the associated momentum densities o; and @; (i.e. if o; is 7; then @ is
b).

Note that Pg(x,t) stay unchanged by any nodal rearrangement of colour. Maximis-
ing the work of the colour-field against the colour-flux for one colour is enough to
ensure maximum de-mixing of mixed nodes since there is a maximum of two colours

only and that the two corresponding colour-fields and colour-flux are opposite:

qg (X) t) = _Qg(x) t) ’
Pg(x,t) = —P§(x,t).

(2.4)

Throughout this thesis, any angle in the simulation has been chosen to be measured
with respect to direction 4 in the D2Q9 geometry (see figure 1.2), which leads to

the following formula for the angle of P°:

PQ
0% = tan™! | =2 2.

This technique makes the assumption that the direction of P represents the direc-

tion of the interface normal. This has been subjected to some discussions but no

valid arguments or convincing measurements could be found to refute this essential -
assumption: no significant difference between the normal of the fitted interface of a

closed drop and the computed local colour-field was found (the difference was typi-

cally less than a degree), which leads to the conclusion that the previous assumption

is valid to a high order of accuracy.

Then, each nodal colour density, p®, is distributed numerically onto the colourblind

post-collided dynamical links fi’_s‘ by the order of decreasing link/colour-field §vork

(c; - 13) until p* is exhausted. Figure 2.1 illustrates the way to find the order of

recolouring, O,. hereafter, for 8 = 10°.
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leads to configuration of figure 2.3 and the following corresponding table of colour

reallocation order which can be used as a look up table in the programme:

Hierarchy order || 1 (2 (3[4 |56 |7|8|9
Segment 1 314152106187
Segment 2 3(412|5(0]1|6|8|7
Segment 3 _ 13]l2/]4 1105|8167
Segment 4 |3 [2|1{4({0[8|5([6]7
Segment 5 112138104 (7|6|5

- Segment 6 112|8|3|0|7(4]6]|5
Segment 7 1(8(2|7|0(3({6[4(5
Segment 8 118|712|0(6|3(4]|5
Segment 9 718(1]6({0]2|5(4]|3
Segment 10 718|6[1|0|5]2|4]3
Segment 11 716|18|15(0(1(4]2]3
Segment 12 7(6|5|8|014]1(2]|3
Segment 13 || 5|6 |7[4(0]|8(3|2|1
Segment 14 5/614|7(0({3]8]2]|1
Segment 15 5(416(|3[(0|7|2|8]1
Segment 16 914 13(6[(0[2|7|8]|1

This numerical step ensures very efficient and effective recolouring and segregation
of colour: we measured that a droplet retained its integrity (total mass within its
closed boundary) to a level better than 1072 % after 10® steps (steady step). For
many, this points out the great advantage to fully recolouring, as it implies stable
segregation in time. However, the recolouring step is relatively crude: each colour is
forced back without direct reference to the hydrodynamics, disabling any possibility
of phase segregation investigation. At the time of writing, the dynamics of the colour
is only approximately understood. However, it appears essential to ‘counter-diffuse’,
at least on short time and (of course) length scales. _

It should be noted that according to equation 2.4, the interface normal can be
considered as lying along either of the red or blue fluid’s colour-field. This property

is used as a short cut when recolouring colours: say 7; is recoloured first, then
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- Figure 2.3: D2Q9 segmentation of the colour-field direction into 16 ranges giving iden-
tical recolouring order

it is legitimate to state that b; = f; — r; (which Would be obtained by applying
the recolouring to the blue fluid). Only half of the re-allocation needs to be done
which, as well as reducing the execution time of the recolouring process, halves the
classification noise added to the r;’s and b;’s (output of the recolouring step).‘

This section finishes with an example to illustrate this complicated step. Let’s say
that 88 = 10° (recall picture 2.1). It therefore lies in segment number 1 of the above
look up table (with figure 2.3), and the recolouring order of the red fluid onto the
links within the node is directly found to be T, = [3,4,5,2,0,6,1,8,7]. As we saw
previously, the blue fluid colour-field will be directed opposite, that is 68 = 190°,
and lies in the segment 9. The blue reallocation table is T) = [7,8,1,6,0,2,5,4,3]
(through the colour reallocation look up table), but can be omitted by recalling that
b; = fi — 7.

59



2.2.4 Original Gunstensen surface tension

Throughout this thesis, we shall make the explicit distinction between the Gun-
stensen algorithm and the Gunstensen method, referring to the general method to
tackle the interface in LB and the original method to impose surface tension, re-
spectively.

Halliday et al. developed and characterised a Gunstensen type method to impose |
surface tension on a Gunstensen-type interface ([82]). It should be noted that the
description of this method (described further later in this section) is the starting
point of significant improvements, ahd is therefore important.

This approach is based on imposing the surface tension (in opposition to imposing
a pressure step). It is inspired by physical observations: the surface tension is, by
definition, a tension, i.e. a tendency of the interface to shl_‘ink. The method consists
therefore in reducing the simulational interfacial length, by removing an amount
Af; of mass density along the surface and adding it to the post collided densities

f(x,t) and is defined by the mass and momentum conservative perturbation:

Afi(x,t) = o(x) cos[2 (Op(r) — 6;)]. , (2.6)

o(x) is the surface tension parameter set by the user, 6p is the angle of the interface
normal (either 6% or 6%), and 6; is the angle of the link 1.

It should be noticed that the interface is effectively broader when lying along diago-
nal links of thé lattice (long links, Il) than along the longitudinal links (short links,
sl). Since the perturbation 2.6 is applied to any mixed node, the interface along
the Il will be subjected to more forcing. This anisotropy was not addressed until
the introduction of the A factor (see next chapter for more details). This difference
creates a local anisotropic surface tension. The activation of surface tension is lim-
ited to mixed sites by inclusion of a concentration factor CC to the perturbation
2.6 ensuring similar effective surface tension radially throughout the interface of the
droplet. It is defined by:,

pR — B

CC(r,t)=1-— prap

: (2.7)

It can be shown that these perturbations (equations 2.6 and 2.7) do not change the

momentum or velocity of the site.
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2.2.5 The Lishchuk method to impose surface tension

In an attempt to reduce the micro-currents, Lishchuk decided not to try to refine the
Gunstensen method further but to invent another way of imposing surface tension
[127]. His strategy had been to impose the pressure step across the interface .via
the stress condition, at multi-coloured nodes, giving an effective surface tension
(in fact, reverse engineering from the previous original Gunstensen method). This
method consists therefore in adding a body force acting towards the droplet, along
the normal to the interface, proportional to the expected surface tension and the
local radius of curvature (note the great similarity with the continuous surface force
method in the VOF model in CFD ([16]). It is in a sense, applying the Laplace
law (equation 1.18), locally , inspired from CFD techniques (seétion 2.1.3). This
is achieved by adding the following step (instead of the Gunstensen’s perturbation,

equations 2.6 and 2.7) to the Gunstensen algorithm, still at the mixed nodes only:

B8R =oW K@ eate (L2

where o(x) is the surface tension parameter, K is the local curvature of the interface
and t; are the usual lattice dependant weights. First, the curvature of the red-blue

interface at a mixed node x is calculated from an identity generalised from the result

K =Vg:n [127):
K(r) =ngn, (O ny + 0yny) — n_?c Opny — ni Oyny, (2.8)

where n, and n, are the z and y component of the interface normal. Spatial gradients

can be calculated as follow to the O(4) accuracy [127]:
1
Bﬁna(x> = 3 Zi:na(x +c;) Cig -

There are no valid argur;lents why the direction of the interface normal direction
could not be represented again by the colour-field’s direction. However, the colour-
field vector P, has to be normalised, since it contains also density gradient infor-
mation, unwanted for the surface gradient computation (so far, only its angle is of

interest):

P, (x+cl
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mid-link bounce back type method is used for the solid — fluid interaction. The
fluid — solid interaction is slightly more complicated. The solid particle should
move and rotate according to the surrounding flow’s stresses. This is addressed
by integrating the total torque and force acting on the particle, and moving it
accordingly. The interior of the particle is filled with fluid which quickly relaxes to
a rigid-body motion of the same mass [114]. Ladd also included some lubrication
force correction to the particles suspensions for more accurate representation of high
volume fraction suspensions [143]. Some applications of this technique range from
particle re-suspension problems by Feng et al. ([59], [58]) to the modeling of the
dynamic of volcanic eruptions [129]. This technique easily address non-spherical
particles, examples include the study of the sedimentation of a fiber in Newtonian

fluid [103] or red blood cell simulations [191], [140].

2.4 Discussions

2.4.1 Stability issues

The overall stability of most LB simulations is set by the appearance of ‘negative
densities’, f; < 0, which do not have any physical meaning (how does a density of
probability be negative?). These negative densities appear mainly for two reasons:
(i) the total forcing applied (sum of body force, velocity forcing, surface tension,
pressure difference, etc) is too high and fully depletes a link (f; < > Af;), or (ii)
the relaxation parameter setting the viscosity of the fluid over-do the relaxation to
equilibrium (the relaxation parameter has to be between 0 and 2 (see equation 1.36)
and ideally, between 0.1 and 1.9 for most configurations). In the case of binary
fluids, instability can rise when the viscosity ratio between two fluids is too high,
leading to a too important gradients and discontinuities (ideally the ratio of the
viscosities should not be greater than 100).

Stability issues are therefore important and great care has been given to the surface
tension methods to provide adequate stability. The Lishchuk method has béen found
to be much more stable than the original Gunstensen method [127], even though

the reasons are not really understood at the time of writing.
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2.4.2 Open discussion

It is important to note that most of the current LBM models for multiphase and
multicomponent fluid flows do not connect directly to kinetic theory. Hov;rever, as
we mentioned, Luo ([130], [131]) and Luo and Girimaji ([132], [133]) have rigorously
derived LBM models for multiphase fluid flows from the Enskog equation (non-ideal
gases) from which is the corresponding kinetic equation, and provided a unified
framework to treat the LBM models for multiphase and multicomponent fluids ([99]).
It would be interesting to analyse methods for a Gunstensen-type algorithm, since
it provides easy implementation and does not depend any evolution equation can

easily be implemented in this technique (contrary to other LB algorithms).

Conclusion

This chapter provided the reader with the necessary background for the discussions
and improvement for the following of this thesis. It showed that the Gunstensen
algorithm for handling binary fluid interfaces is different from all the other interfacial
LB techniques, in that the latter is the only one to provide well separated fluids,
to the expense of the thérmodynamics of the colour flux. Micro-currents have also
been mentioned as a cause of reduced stability of the model. Next chapter addresses

“the later issue.
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Chapter 3

Binary fluid: reduction of
micro-currents and possibility of

wetting properties

Introduction

The previous chapters were to set the necessary background information in fluid
dynamics and LB theory (monochromatic and binary fluid with the Gunstensen
algorithm) to support this and the following chapters. Here, we shall first review
work on micro-currents with other binary models such as CFD and LB methods,
then qualify and quantify the micro-currents activity and seek their origin in the
case of the original LB Gunstensen algorifhm and interfacial surface tension method.
From that, we then show how to reduce the micro-currents by more than an order
of magnitude and, by the same token, improve significantly the circularity of a
suspended droplet shape. Finally, we show a method for imposing wetting properties
on a Gunstensen interface, followed by simple applications. This provides the first

result chapter of this thesis and has been published in [46].
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3.1 Literature revieW and introduction to the micro-

currents

3.1.1 Did you say micro-currents, spurious flow or artificial
velocities?

This section aims to qualify and describe what is meant by what are most commonly
known as ‘spurious velocities’ in multiphase modeling. It should be noted straight
away that there is no difference between the phenomena to which the terms ‘micro-
currents’, ‘spurious wvelocities’ or ‘artificial flow’ refer to, except authors’ habit.
At Sheffield Hallam University, we prefer to qualify any unwanted flow artifact
attributable to the presence of an. interface as micro-currents. R. Scardovelli and S.
Zaleski [176] describe them as ‘vortices in the neighbourhood of an interface, despite
the absence of any external forcing’. Here, the term micro is more historical than
meaningful since, as we will see in this chapter and in chapter 6, some micro-currents
are not so ‘micro’ and, under certain conditions, the hydrodynamic flow can even
be overwhelmed. Micro-currents are, by definition, unwanted and are the cause of
key limitations in the capability hence applicability, and of most multi-component
methods (LB or CFD). It is therefore important to reduce them.

Interestingly enough, the patterns of the micro-currents flow around a stationary
droplet are qualitatively the same for the VOF methods (pattern pictured in [165])
and LB binary models (pattern crudely pictured by Halliday et al. [82] and Kehrv;rald
[105] for the Gunstensen model, by Wagner [211] and Nourgaliev et al. [146] for the
free energy approach, and by Hou et al. for the potential approach [95]).

3.1.2 Literature review on micro—currents
‘Parasite’ flow in the VOF méthods

The existence of spurious currents in the simulation of a spherical drop with zero

initial velocity is a well-known limiting case of the VOF technique [176]. Recall that
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the surface tension in the VOF method is mainly imposed by two techniques: the
CSF and the CSS.

In 1994, Lafaurie [115] identified and compared these ‘parasite’ currents emerging
from the CSF method with the one obtained with the Rothman-Keller lattice gas
model (the ’ancestor’ of the Gunstensen model). They found that in both tech-
niques, the surface tension algorithm induced pathological effects, especially at high
values of the surface tension.

In 1998, some alternative implementations of the CSF method ameliorated the flow,
by smoothing the colour functioﬁ before calculating its derivatives [108].

In 2001, Ginzburg et al. [69] also found that in both the CSS and CFS methods,
anomalous currents ofiginate from an approximation issue of the surface tension
term due, to discretisation methods. They used a cubic spline aligned grid to rep-
resent the surface tension more accurately (based on the original idea of Popinet
and Zaleski [159]). The amplitude of the spurious currents was reduced by a factor

4 — 500, depending on the coarsening of the grids. They found that, generally, the
current strength decreases with the spatial resolution.

In 2002, Renardy et al. [165] showed that the spurious flow in both the CSF and
CSS models in CFD were caused by a lack of spatial/temporal convergence (also
shown in a different way by Brackbill et al. in [16] and [7]): apparently (i) temporal
discretisation error causes drops to stretch rapidly, (ii) while spatial discretisation
error causes them to stretch too slowly. They designed a more accurate representa-
tion of the body force that imposes the surface tension, consisting in (i) a new body
force algorithm, (ii) some improvements in the projection method for the Navier-
Stokes solver, and (iii) a higher order interface advection scheme, which effectively
eliminates the spurious currents. - In this model, the curvature of the interface was
calculated from an optimal fit for a quadratic approximation of the interface over
surrounding groups of cells. The authorskconsequently called this algorithm PROST:
_Parabolic Reconstruction Of Surface Tension [165].

It should however be noted that all these improved methods are generally elaborate
and non-local, against which the Gunstensen method (as well as other LB methods)

has an advantage.
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‘Spurious velocities’ in the Free Energy approach

In 2002, Nurgaliev et al. {146] derived a model based on this FE technique and shown
that the interface spurious velocities were orders of magnitude lower than that for
existing LBE models of non-ideal fluids. They were able significantly to improve the
stability of the thechnique, particularly when used in the modeling of stiff droplets
(high surface tension).

In 2003, Wagner demonstrated that the spurious velocities in diphasic LB mod-
els using this method are caused and driven by a non-compatible discretisation of
the driving forces for the order—pérameter V¥ (see equation 2.1) dictating the colour
evolution and the momentum densities fi [211]. Wagner claims that the same argu-
ments holds for all other LB methods that exhibit spurious velocities but has not
published any similar method for any other LB interfacial methods since (to the au-
thor’s best knowledge) nor have the author and collaborators managed to gain the
same order of improvement by applying similar ideas to the Gunstensen interfacial
method. Moreover, Wagner’s paper is not really clear on the origin of the reduced
overall stability of this modified model (nor is it on the proposed, corresponding fix)
and the need to input a correction term into the definition of the momentum (to
insure invariance).

Teng et al. concluded that the existence of the spurious velocities is due to the errors
of the discreteness of space and time inherent in any numerical simulations (LB and
other macroscopic finite-difference simulations) [200].

It is interesting to note that Nourgaliev, in his previous paper ([146]), argued that
since this model conserves local momentum, the interface spurious velocities are
significantly smaller than that one for non-local inter-particle interaction potential
models (which do not). However, to the author’s mind this implication is suspect,
since the Guntensen’s method conserves local momenta but shows higher micro-

currents activity than the Lishchuk method [127], which does not.

‘Artefact velocities’ in the pseudo-potential approach

As just mentioned, this model does not conserve local net momentum at each site

(note that the total momentum of the system is however exactly conserved [183]).
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Nourgaliev et al. deduced that this is the origin of significant interface spurious ve-
locities, claimed to be caused by the local violation of the momentum conservation
[146] (which, again appears to be suspect to the author’s mind).

In 1997, Zou et al. described this method’s micro-currents in details (while com-
paring this approach with the Gunstensen approach) [95] and observed that the
spurious currents can be directly reduced by reducing the value of the interaction
potential (determining the surface tension and miscibility), but generating higher
miscibility and lower surface tension. We return to this point in next section.

Kato et al. [104] studied the thermodynamics of phase transition using a similar
approach, but Nourgaliev et al. [146] reported that kato’s model was still subjected
to non-negligible spurious velocities at the interface as well as strong anisotropic
effects, even for a static bubble. Cristea et al. [41] also addressed this issue of spu-
rious velocities but no convincing. remedies has yet been found to the author’s best
knowledge.

It is interesting to note that the conclusions of all these authors highlight what we
consider as a general problem (deriving from the Gunstensen method): the need
to maintain (i) narrow interface and (ii) isotropic drops conflicts with the need to

reduce the micro-currents.

Micro-currents in the Gunstensen model

In 1997, Hou et al. [95] noted that in the Rothman—Keller model [168] (ancestor of
the Gunstensen model), the spurious currents are closely related to the value of the
surfaceb tension parameter o and cén be reduced by using smaller values of o, but the
surface tension decreases accordingly. They believed that this could be explained in
the way the particle-particle interaction is microscopically modeled: interactions be-
tween particles exist only in an arbitrarily defined interfacial zone and their strength
is calculated through a maximisation process (the recolouring scheme, see section
2.2.3 for details).

In 1998, Halliday et al. [82] derived an analytical expression for the Gunstensen sur-
face tension method and suggested that an orientational-dependent anisotropy in
the model’s surface tension was responsible, at least in part, for the micro-currents.

However, they noted that any attempt quantitatively to access the theory of micro-
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currents will require substantial work, but would certainly help understaﬁding this
phenomenon and provide a chance to eliminate them [82] To the author’s best
knowledge, such an analysis has still not been done yet. In 1999, Thompson et al.
([203]) provided a more thorough investigation on the drop’s isotropy but did not
push the analysis of their micro-currents further.

More recently (late 2003), Kehrwald ([105]) studied, analytically, the Gunstensen
technique in great detail. He applied equivalent moment analysis and local differen-
tial geometry to examine how the interface motion is determined and how the surface
tension step can be included such that consistency to the two-phase incompressible
NSE caﬁ be expected (validating his theoretical analysis by numerical experiments).
He also found that the Gunstensen method can be closely connected to the conser-
vative volume tracking method (for determining interface motion) and consequently
coupled both methods fogether. Applied to simple flow fields, this coupled method
yields much better results than the plain Gunstensen model. He also observed some
spurious currents and assigned their origins to the discretisation of the surface ten-
sion formula. This work was certainly very promising and more attention should be
paid. Unfortunately, we only discovered this work late in this project and did not
have the time to apply any of these ideas to our model. It could be the base for

future work in the current application.

3.1.3 Tests on micro-currents: from ab-initio

We shall now concentrate on the micro-currents originating from the Gunstensen
surface tension approach (see previous chapter for a description of the method).

As we saw in the last section, the micro-currents in the standard Gunstensen model
have, as yet, no certain origins unlike most other models (although discretisation
error remains the most likely caﬁse). Previous studies have shown that one con-
tribution tb the general trend on the interfacial origin of the micro-currents was
a mismatch in the surface tension forcing. This section consequently describes the
symptoms associated with the micro-currents in the original Gunstensen model, and
their assumed origin from the surface tension perturbation through three tests which
lead to the development of an improved Gunstensen-type surface tension method.

This comprise the first results of this thesis and has been published in July 2003 in
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[46].

Test 1- No surface tension: testing the algorithm

The first test consists of describing the conditions under which the micro-currents
appear. It is widely acknowledged that a monochromatic LB simﬁlation without
forcing does not exhibit any flow (to the extent of the computer’s finite accuracy).
This suggests that the interfacial method is responsible for the generation of the
micro-currents (everybody agrees on that, as last section showed): to test this hy-
pothesis, a droplet (number 1 say) is initialised in a rest fluid, and not subjected to
any forcing (surface tension, gravity or pressure gradient).

The velocity field in this simulation has been measured to be uniformly zero (to
a similar level than similar monochromatic simulations). We measured that the
droplet ‘diffuses’ into the surrounding fluid at a rate of only 107° % of its total mass
every 108 time steps, which demonstrates the very good de-mixing efficiency (im-
miscibility) of this algorithm.

This information on the velocity field and diffusion confirmed, as expected, that
the Gunstensen algorithm does conserve local and total mass, and momentum while
de-mixing very efficiently (unlike other models such as the potential approach).
Micro-currents appear when the surface tension parameter is non-zero (o # 0, from
equation 2.6), identifying the surface tension perturbation as one cause (if not the

major) of the micro-currents in this technique.

Test 2:— Add surface tension: characterisation of the micro—currents

The second test was to add surface ténsion to the previous drop with the origi-
nal Gunstensen method, and investigate the time evolution and dependance of the
micro-currents on different parameters of the simulation.

In order to gain consistency within the results of the different tests, it is important
to note that o alone (equations 2.6) is not appropriate to quantify the interfacial
surface tension: we use the macroscopic (or effective) surface tension ¥ defined as

follow (c.f. the Laplace law, equation 1.18):

AP
2= | (3.1)
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where AP is the pressure step inside the drop and R is its radius.

We define also the normalised micro-currents activity, p, namely the ratio of the

overall flow to the measured macroscopic surface tension ¥ (from equation 3.1) as:
u(x,t

o = Zalatl 52

where u(x, t) is the calculated nodal velocity (see equation 1.38).

The steady state drop’s relative anisotropy (in other words, its general shape) and
micro-currents pdttern do not depend significantly on the simulation parameters
(drop’s viscosity, surrounding fluid’s viscosity, droplet’s surface tension and radius).
Figures 3.1-3.3 shows the typical steady s;:ate shape (the colour represents the pres-
sure) and associated velocity field of a droplet at ‘rest’. The simulation parameters
for this data were: 200 x 200 nodes, w® = wB = 1.7, p° = 1.8, 0 = 0.001, Ryrop = 33,
periodic boundary conditions top/bottom and left-right.

It is interesting to note that the depletion of the interfacial nodes is clearly noticeable
in figure 3.2, where the blue represents low nodal density and corresponds to the
position of the interface. This is caused by the surface tension method which effec-
tively depletes links parallel to the interface and feeds those perpendicular, leading
to a nodal depletion of the interface (through the propagation step).

We quantify the total anisotropy of the droplet by the standard deviation of the

distance of the mixed nodes to the averaged radius of the drop:

: —\2
Ap = \/ 2y (Pmizes ;,x“’”’l ~fia) , (3.3)

where N is the number of mixed nodes in the simulation, X,;zeq is the position. of
the mixed nodes, X4, is the position of the centre of gravity of the droplet and Ra
is the drop’s average radius defined by the average distance of all mixed nodes to
the centre of gravity:

m _ ZN |Xmized - Xgral
N .

We define also the drop’s local anisotropy for a segment (typically 4°) of the droplet

around position x by the distance of the neighbouring mixed nodes to the average
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