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SUMMARY

As an.aid to jet pump design and performance analysis, 
a theoretical investigation oh turbulent confined jet mix
ing in a non-uniform axisymmetric duct typically used in 
jet pumps and ejectors has been undertaken. A so-called 
Prandtl-Kolmogorov two-equation turbulence model, with 
turbulent kinetic energy k and turbulent energy dissipation 
rate £ as the two parameters, is incorporated into the 
time-mean lTavier-Stokes equations to form a complete set 
of partial differential equations which describes the 
turbulent flow mathematically* The equations are solved 
numerically via a primitive pressure-velocity finite- 
difference procedure using a digital computer. The time- 
mean static pressure, velocities, turbulent kinetic energy 
and dissipation rate are predicted directly throughout the 
whole flow field.

To validate the computer model, predicted time-mean • 
static pressure and velocity as well as turbulent shear 
stress for flow in a uniform bore mixing tube are compared 
with the published results. The method is then extended 
to predict flows in conical diffusers and typical jet 
pumps. The predictions are also compared with the availa
ble experimental data.

A laser Doppler anemometer is used to measure the 
mean and fluctuating velocities of water jet mixing in a 
uniform perspex mixing tube with a centrally located



nozzle. The measured data which enable turbulent kinetic 
energy to be evaluated, are compared with the computer 
predictions to further consolidate the theoretical model.

Finally, the computer model is used to predict the 
performance of a proposed jet pump and to investigate the 
influence of various geometrical parameters on jet pump 
performance. The capability of the computer model as 
a useful design tool is also demonstrated via an optimi
zation procedure to give the optimum geometry for a given 
design specification.

viii



NOMENCLATURE

The symbols are explained as they are introduced 
throughout the thesis. Inevitably, some of the symbols 
are used to represent more than one quantity. Unless 
otherwise stated, the symbols will have the following 
meanings.

Symbol

u v a ,a

aa’V cj’d;j

o v o z

CD

c ,c ,c ,ce 9 w* n* s

ct
OjJL

D ,D ,D ,D 
e 9 w . n s

d
E

F
f

Meaning
Coefficients in the general difference 
equation
Surface areas of control volumes for 
U and V
Coefficients of the general algebraic 
equation for (f> in tri-diagonal matrix 
form
Constants in the source terms for 
turbulent energy dissipation S

Constant in the source term for turbulent 
kinetic energy
Coefficients in the convective terms of 
the difference equation
Craya-Curtet Number for confined jet flow
A constant in the equation for turbulent 
viscosity
Velocity of light
Coefficients in the diffusive terms of 
the difference equation
Diameter
A function of wall roughness in the 
logarithmic velocity distribution near 
the wall
Force
Frequency of light



Doppler frequency
Turbulent energy production term
Total head
Incident angle of a light beam 
Turbulent kinetic energy 
Unit vector
Roughness parameter of a wall
Length in general or length scale in 
the turbulence models
Mixing length in Prandtl*s model
Plow ratio of a jet pump
Mass flow rate
Head ratio of a jet pump
Time-mean static pressure
Instantaneous and fluctuating static 
pressures
Primary and secondary flow rates of a 
jet pump
Radii of curvature of the nozzle wall 
and inlet duct wall respectively; also 
refer to inner and outer pipe radii in 
Chapter 6 -
Reynolds number
Distance of a point from the axis of 
symmetry; also represents refractive 
angle in Chapter 6
Radii of the central jet and mixing duct 
for an uniform mixing duct
Radii of curvature for x and y surfaces 
respectively
Source term in the differental equation 
for <j>
Source terms in the difference equation 
for



Spacing.between nozzle exit and mixing 
tube inlet
Time in general; also thickness of a 
perspex wall in Chapter 6
Time-mean velocities in the x and y 
directions
Area-mean velocity of a duct
Instantaneous velocities in x and y 
directions
Fluctuating velocity components in three 
orthogonal directions
Turbulent velocity
Velocity vector
Streamwise and cross-stream coordinates 
for a general 2-D orthogonal axisymmetric 
coordinate system
2-D Cartesian coordinates
A turbulent quantity, kmln where m,n are 
constants; also represents the axial 
direction of cylindrical polar coordinates
Angle between the axis of symmetry and 
direction x
Efficiency; also represents refractive 
index in Chapter 6
Diffuser included angle
Wave length of light
Laminar, turbulent and effective viscosi
ties of the fluid
Density
Turbulent Prandtl/Schmidt numbers for 
k and £
Turbulent energy dissipation rate 
Shear stress 
Kinematic viscosity 
A variable represents U,V,k or £



JO von Karman constant in the logarithmic
velocity distribution

Cp Beam intersecting angle

Subscripts
0 Mixing tube inlet section
1 Diffuser inlet section
a Quantity measured in air
c Centre-line value
d , Diffuser
e Entrained quantity
i Refers to inner in general; also refers

to incident beam in Chapter 6
in Inlet condition
D Primary jet
E,S,E,W Pertaining to neighbouring nodes which

lie respectively north, south, east and 
west of node P

n Hozzle exit
n,s,e,w Pertaining to the four sides of the

control volume surrounding node P
o Outer
P Pertaining to node P
p Quantity measured in perspex wall
s Secondary inlet section; also refers to

scattered beam in Chapter 6
t Mixing tube
w Quantity measured in water
x Refers to section at a distance x down

stream of mixing tube inlet

xii



INTRODUCTION

Confined jet mixing is a fundamental fluid flow 
phenomenon of practical engineering importance. It is 
concerned with the mixing of a high velocity jet with a 
slow-moving fluid stream in a duct. The design of many 
devices such as jet pumps and ejectors, gas turbine 
combustors, gas burners, etc., are all benefited from 
the understanding of the mechanism of such flow. Despite 
the wide application of confined jet mixing, the subject 
received relatively little attention in' the past as com
pared with free jet flow or other boundary layer flows.
The present study is mainly aimed at confined jet mixing 
related to jet pump design and performance analysis.

Jet pumps and ejectors are simple pumping devices 
directly derived from the principle of confined jet 
mixing. When a high velocity jet ejects into a mixing 
chamber, the slow-moving adjacent fluid is dragged along . 
in the jet direction. The mixing between the driving and 
entrained fluid results in momentum transfer from the 
high velocity driving jet to the low speed entrained 
fluid. It is obvious that the increase in velocity in 
the entrained fluid is achieved at the expense of the 
energy of the driving j et.

, Unlike other pumping devices such as positive dis
placement, centrifugal or rotary pumps, a jet pump does 
not require any moving part. Its working principle is 
based on a purely fluid dynamic phenomenon. Do mechanical
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energy is being used to increase the energy of the entrained 
fluid. The advantages of such a primitive device are its 
simplicity, reliability, absence of moving parts, and 
cheapness.

Jet pumps are being used in many areas, such as 
process industries; SfOL aircraft augmentation and space- 
oriented systems; recirculation devices in nuclear reactors; 
and more common, in deep-well pumping, booster pumping as 
well as dredging and priming devices. Because of their-low 
cost and easily replaceable nature, jet pumps are especially 
suitable for pumping hostile fluids such as slurry which 
might be harmful to other expensive pumps.

A typical jet pump consists essentially of a primary 
nozzle, a suction chamber, a mixing tube and a diffuser 
as shown in Big.0-1. The nozzle and the suction chamber 
are connected to the driving line and suction line respec
tively. The two fluids undergo turbulent mixing in a 
mixing tube and the combined fluids then pass through a 
diffuser which serves as a pressure head recovery device;
The relevant geometries and flow conditions are also 
indicated in the diagram.

The four fundamental parameters used for jet pump 
design and performance analysis are usually presented in 
non-dimensional forms. These are: . . .

v (i) the ratio of the entrained flow rate to the 
primary flow rate, known as the flow ratio M;

2



(ii) the ratio of total head gained by the entrained 
fluid to total head lost by the primary fluid, 
known as the head ratio N;

Hd - Hs 
H d - Hd

(iii) the area ratio of nozzle to mixing tube, R;

R - ( ^ ) 2

and (iv) the efficiency , which is equivalent to the 
output power divided by the net input power

Q2(Ha “ Hs)
r  ™

driving q2 
line

W;

suction
chamber

nozzle

diffuserentrance mixing tube 
region

suction
line

Fig,0-1 Typical Jet Pump Configuration

Other geometrical variables of significant importance 
on performance and design are mixing tube length 1^, 
nozzle to mixing tube spacing s and diffuser included

3



angle Q  . Wall profiles of the secondary entrance region 
may also have some influence over the performance.

Although jet pumps have- been the subject of extensive 
experimental studies, very few investigations have dealt 
with the basic flow behaviour. The inadequacy of theore
tical and experimental studies on confined jet mixing has 
led to a situation whereby the designs of jet pumps and 
ejectors in the past have largely relied on empirical 
data obtained from model pump testing. Performance 
prediction is unreliable as it varies for each individual 
design. Owing to the large number of geometrical parame
ters involved, the previous research has not been able to 
provide consistent design recommendations. There is also 
a lack of a satisfactory explaination on the limitation of 
jet pump performance such as low head rise, low entrain- 
ment ratio or low efficiency.

This thesis reports the research work carried out 
by the author. The thesis can be divided into three 
parts:

(i) The development of a set of computer models 
which predict flows in (a) the mixing*tube' 
region; (b) the entrance region; and (c) the 
diffuser region of a typical jet pump device.

(ii) Experimental studies of turbulent confined jet 
mixing using a laser Doppler anemometer for the 
measurements of mean and fluctuating velocities,

(iii) The application of the computer prediction tech
nique to the design and performance prediction

4



of jet pumps.
The present theoretical approach, unlike the previous 

analytical methods which relied on large amount of empiri
cal input data, is to incorporate the Prandtl-Kolmogorov 
two equation k~ £ turbulence model into the time-mean 
Navier Stokes equations to form a set of partial differ
ential equations. The equations, which are elliptic in 
character, are solved numerically by a finite difference 
procedure using a semi-implicit line by line method to
gether with a tri-diagonal matrix algorithm. The primitive 
variables,pressure and velocity are solved directly rather 
than using the vorticity-stream function approach.

The flows in the entrance region, mixing tube and 
diffuser are solved through using similar but separate 
computer programs. This enables the use of the most 
appropriate co-ordinates system for each flow configura
tion as well as avoids the excessive storage requirement 
on the computer. The computed time-mean velocity, ^irbu- 
lent shear stress and static pressure distributions in 
these flow regions are compared with the existing experi
mental results from various sources.

The laser Doppler anemometry (L.D.A,) technique is 
employed to measure the time-mean and fluctuating r.m.s. 
velocities in the mixing tube where turbulent mixing of 
two co-axial jet streams takes place. The turbulent 
kinetic energy in the mixing tube is calculated from 
the three orthogonal r.m.s. velocities. The measured

5



time-mean velocity and turbulent kinetic energy are then 
compared with the computer prediction. The accuracy and 
limitation of using the L.D.A. for the measurement of turbu
lent water jet mixing are also discussed.

Finally, the computer programs are used to predict 
pressure and velocity fields for various geometrical 
combinations, i.e. area ratio, nozzle spacing, mixing 
tube length and diffuser included angle. The effect of 
varying any geometrical parameter on jet pump performance 
is also studied. The final development computer model 
provides a useful tool for jet pump and ejector design.
The designer needs only to specify geometry and required 
flow ratio in order to obtain information such as pressure 
rise, thrust augmentation, and efficiency. An optimiza
tion procedure is also developed to enable the designer 
to obtain optimum geometrical combination with best 
efficiency for a given design requirement.
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CHAPTER 1 
PREVIOUS RELATED STUDIES

1.1 Historical Development of the Theory of Jet Pumps
The use of water jet pumps has existed for more than 

a hundred years. The first known application of a water 
jet pump was made hy James Thomson in 1852. Since then, 
numerous theoretical and experimental studies on jet pump 
design and performance have been carried out. The theory 
of pumping through the mixing of two jet streams was first 
developed by J. M. Rankine (1870) based on the one
dimensional continuity and momentum equations. This 
concept of analysis is still widely used at the present 
time, with little or no addition to improve the prediction.

Gosline et al (1934) applied the one-dimensional 
concept to derive the head ratio and efficiency for water 
jet pumps with cylindrical mixing chambers. The details 
of the derivation are described in Appendix A.1. Reasonable 
prediction of performance was obtained by the authors 
using the analysis but only by assuming empirical loss 
coefficients for the driving line, suction line, mixing 
tube and diffuser. The treatment is a simple method used 
in general fluid flow analysis which ignores the details 
of the mechanism by which the two streams mix with one 
another. No generality can be claimed by such an analysis 
as its prediction is based on the experimental-determined 
loss-coefficients on specific jet pumps. However, owing

7



to its simplicity, the method was employed by many other 
workers, including Cunningham et al (1954-)9 Mueller (1964)? 
Reddy et al (1968), and Sanger (1968a, 1971) etc. An 
attempt was made by Mueller tq improve the prediction 
using two frictional loss-coefficients to account for 
the developing and developed flows in the mixing tube, 
but the modified version did not improve the prediction 
(Sander, 1968a). A method of designing liquid-to-liquid 
jet pumps using a simple computer program based on the 
one-dimensional analysis was developed by Sanger (1971)*

Cunningham (1975) also derived a modified head ratio 
expression which took into account the ’jet loss1 due to 
the space between the nozzle and the mixing tube. It was 
found that the improvement in prediction was only marginal 
and not applicable to all cases.

Two-dimensional analysis of axisymmetric confined 
jet mixing using momentum integral methods has been carried 
out by several researchers. The earlier works of this 
kind can be found in Curtet (1958), and Dealy (1964).
More comprehensive theoretical analysis was done by 
P. G-. Hill (1965, 1967). After assuming a virtual source 
located at nozzle exit plane, Hill divided the downstream 
into three distinct flow regions, namely, potential outer 
flow region, recirculation region and wall-jet interaction 
region as shown in Pig. 1.1-1. He was able to predict the 
mean velocity and pressure distributions using empirical 
data of velocity and turbulent shear stress distribution 
from a round free jet. However, Hill’s method was limited

8



to confined jet flow with relatively small nozzle diameter 
as compared with that of mixing tube. The main deficiency 
was thus its inability to predict the flov; behaviour in 
the potential core region for -high nozzle to mixing tube 
diameter ratios frequently used in jet pumps and ejectors. 
The analysis is fully described in Appendix A.2.

Nozzle Mixing Duct

A : Potential outer flov; region 
B : Recirculation region 
C : Wall-jet interaction region
Fig.1.1-1 Plow Regimes of HillTs (1965) Analysis

The development of momentum integral method was 
carried a step forward by B. J. Hill (1971> 1973)* He 
extended the analysis to include the potential core region 
and used empirical data directly derived from jet pump 
measurement. The major shortcoming of the integral method 
is the necessity to use a large amount of empirical input 
data. The accuracy of analysis thus depends on the range 
of geometrical and flow conditions under which the empiri-' 
cal data was evaluated.

More recent theoretical development of jet pump and 
confined jet mixing is focused on solving turbulent trans-

9



port equations using finite difference procedures,
Hedges et al (1972, 1974) devised a finite difference 
model based on the conservation equations and Prandtl's 
mixing length hypothesis to predict the mean velocity 
and pressure distributions. Pope (1972) also used the 
Patankar-Spalding finite difference procedure (1967) 
incorporating a mixing-length hypothesis to solve for 
the mean flow behaviour. However, no prediction of 
turbulent shear stress or other turbulent quantity is 
reported. It is clear that in order to study the 
turbulent nature of confined jet mixing and to .predict 
jet pump flow more reliably, a more advanced turbulence 
model must be employed. .

1.2 Numerical Methods for Predicting Turbulent Plows 
, In.the past twenty years, following the development 

and application of high speed digital computers, tremen
dous amount of research works have been devoted to the 
field of numerical methods for predicting turbulent 
flows. To summarized the various methods being used 
and published, it would require a relatively long 
chapter. However, despite the great variety of methods, 
it is possible to divide them, according to the computa
tional procedures involved, into two main categories, 
i.e.,(i)integral methods, and (ii) finite-difference 
methods.
1.2.1 The Integral Methods

The integral methods require empirical data obtained

10



from experimental measurements, such as the shape of the 
velocity profile, the shear stress distribution and skin 
friction coefficient for the solid wall, to incorporate 
into the integral equations of conservation* The result
ing set of ordinary differential equations are then solved 
by some appropriate numerical integration procedures such 
as Runge-ICutta method. The applications of these methods 
to predict turbulent boundary layer flows were reported 
by Truckenbrodt (1952), Head (1960), Escudier and Spalding 
(1965) and Escudier and Hicoll (1966). Curtet (1958), 
Mikhail (I960), Eealy (1964), Hill (1965), Exley and 
Brighton (1971) and Hill (1975) have applied the integral 
methods to predict confined jet flows. The detail des
cription of Hill’s (1965) approach which is a typical 
integral method is included in Appendix A.2.

The widespread use of integral methods lies on the 
fact that much less computer time is required as compared 
with the finite difference methods. However, the inte
gral methods are lacking in. generality and large amount 
of empirical information is required. In order to 
predict different flow regions, various empirical forms 
for velocity profile and shear stress distribution to 
suit various'flow components are therefore needed a s # 
input data to obtain reasonable result. In view of 
these deficiencies, the search for more general methods 
to predict turbulent flows through solving the governing 
partial differential equations numerically was the main 
concern in this field for the past two decades.

11



1*2*2 The ITin.ite Difference Methods
The solving of partial differential equations of 

mass, momentums and other variables for turbulent flows 
could only be achieved if the flow could be treated as 
obeying the Newton*s viscosity law with an appropriate 
effective viscosity* Such concept of 11 turbulent” or 
"eddy” viscosity was first introduced by Boussinesq in 
1877* He proposed that the effective turbulent shear 
stress Tt could be replaced by the product of the time- 
mean velocity gradient and the turbulent viscosity p - t

? t = A  I? (1-2"1)

where U is the time-mean velocity and y is the cross
stream distance.

The introduction of the turbulent viscosity concept 
does not solve the problem completely but at least 
provides a basis for turbulence modelling. The main 
task left behind is to express the turbulent viscosity 
in terms of quantities which can be determined, either 
by solving some algebraic equations or partial differen
tial equations.
Prandtl's mixing length hypothesis Based on the analogy 
to the kinetic theory of gases, i.e., the viscosity is 
proportioned, to the product of the density, the r.m.s. 
velocity of the molecules and the mean free-path,
Prandtl (1925) proposed that the turbulent vis cos it3r 
might be determined by the local product of the density

12



the turbulent velocity u^ and a length 1 called mixing 
length,

/a t = e 1m ufc (1.2-2)

He then further proposed that the turbulent velocity was 
equal to the mixing length 1 times the longitudinal time- 
mean velocity gradient,

(1.2-3)lu ~ 1™ t m ^2
^y

Thus, the complete mixing-1 ength hypothesis will 
have the following mathematical relationship

_ -i 2
M t  “ P m (1.2-4)

Prandtl went on to suggest that 1 was proportional to 
the distance from the nearest wall. In the case of 
free turbulent flows, Prandtl made an assumption that 
■1 was proportional to the width of the turbulent 
mixing zone and thus only dependent upon the distance 
along the main flow direction but not the lateral 
direction.

Prandtlfs mixing‘length hypothesis was incorporated 
into the partial differential equations of conservation 
for boundary layer flows and solved numerically by 
Patahkar and Spalding (1967). The predictions of 
time-mean velocity distribution in free jets and in

13



turbulent flow on flat-plate were found to agree reasona
bly well with measurements. The method was also extended 
to predict the temperature, mass concentration in boundary 
layer flows by the same authors. Application of the method 
to predict mean flow behaviour of jet pump was reported 
by Pope (1972).

The main shortcomings of the mixing length hypothesis 
are (1) turbulent viscosity is zero at those location

~\TJwhere —  = 0 whereas experiments have shown otherwise;
(2) no account is taken of the processes of convection 
and diffusion of turbulence in which the local turbulent 
velocity is affected by the neighbouring fluids. 
One-equation models of turbulence The shortcomings of 
the mixing length hypothesis was overcome by the proposals 
of Prandtl (1945) and Kolmogorov (1942) who independently 
suggested that the turbulent viscosity was proportional 
to the square root of the turbulent kinetic energy k. as

/it (1.2-5)

where k = M u ’̂  .+ .v1̂  + w 1̂ ) . .
u 1, v* and w* are the three orthogonal r.m.s. velocities,
1 is a length scale and k is to be determined from a. 
transport equation. Prandtl and Kolmogorov derived the 
lc-transport equation separately from the Navier-Stokes 
equations. The final approximated form of the k-equation 
can then be solved simultaneously with the momentum and 
continuity equations. The model was used by Runchal(1969)
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to predict the turbulent flow in a sudden enlarged pipe 
and by Wolfshtein (1968) in predicting the impinge jet 
flow* Pun and Spalding (1967) also succeeded in apply
ing the similar model to predict turbulent confined jet 
mixing in cylindrical combustion chamber*

Instead of using the concept of turbulent viscosity, 
Bradshaw et al (1967) assumed that the turbulent shear 
stress is proportional to a variable called turbulent 
energy k 1,

T t = CflC
where C is a constant* They derived a transport equation 
for k 1 which was then solved together with other conser
vation equations. Satisfactory predictions were obtained 
for a number of external wall boundary layer flows. Nee 
and Kovasznay (1969) also proposed that the kinematic 
turbulent viscosity should be determined directly by a 
transport equation* All the above methods are always 
referred to as. one-equation models of turbulence. The 
major shortcoming of these models is that the length 
scale 1 which always appeared in the transport equation is 
needed to be prescribed algebraically. A precise pres
cription of 1 is, however, rarely possible except for 
boundary-layer flows*
Two-equation models of turbulence The deficiency of the 
one-equa.tion models has led to the search for more compe
tent models to be able to predict turbulent flows with
out prescribing the length scale algebraically. Such
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models require that another variable related to the 
length scale should be determined by an additional 
transport equation and can thus be referred to as two- 
equation models. Perhaps IComogorov (1942) was the first 
person to propose the idea of two-equation model. In 
1942, he suggested that the turbulent viscosity could 
be determined by the turbulent kinetic energy k and the 
characteristic frequency of energy-containing motions f 
so that

A t = f T  (1.2-6)

Both k and f should be determined from separate differen
tial transport equations. Comparing equation (1.2-6) 

with equation (1.2-5), it can easily be seen that IComo- 
gorov actually chose k2/l as his second dependent variable. 
Prom then onwards, many authors have proposed various 
two-equation models using different dependent variables *
among them are Rotta(1951) and Spalding (1967) who used

3/2k and 1; Harlow and Nakayama (1968) who used k and k /1 

Rotta (1971)> Ng and Spalding '(1972) who used k and kl 
and Spalding (1969) who used k and k/l^. It is apparent 
that the difference among various two-equation models is 
the choice of the second dependent variable to determine 
the length scale. If the second variable is designated by 
z = kmln with m and n being constants, a summary of various 
two-equation model can be listed in Table 1.2-1.
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Proposer(s) z Symbol

Kolmogorov 1942) . lŝ /l f

I-Iarl ow-Rakayama 1968) k 5/2/l £

Rotta
Spalding

1951)
1967)

1 l

Rodi-Spalding 
Kg-Spaiding

1970)
1972)

kl kl

Spalding 1969) k/1 2 W

Table 1*2-1 Some proposals for the .dependent variable 
of the second equation

All the two-equation models provide facility for 
both variables k and 1 to appear in the Prandtl-Kolmogorov 
formula for and they are both determined by solving 
the appropriate transport equations.

The successful applications of two-equation models, 
especially the k - £. model, for predicting turbulent flows, 
both boundary layer type and recirculating type, were 
reported by many authors. The decay of a plane jet in a 
moving stream was predicted by Launder et al (1972) and 
the agreement with experimental data was found to be 
much better as compared with predictions using mixing- 
length and one-equation models. Other boundary layer 
flows predictions include the turbulent pipe flows 
obtained by Jones and Launder (1973) and wall-jet flow
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predicted by Sharma (1972). In recirculating flows, 
prediction of film cooling was obtained by Matthews and 
Whitelaw (1971)> cylindrical furnace flow was predicted 
by Elghobashi and Pun (1974) and forced cavity flow was 
reported by Nielson (1973).
Multi-equation models of turbulence Other turbulence 
models being proposed include the three-equation model of 
Hanjalic (1970) who used k, £ and u ’v*" as dependent 
variables and the five-equation model of Paly and Harlow

— — 77

(1970) in which the normal turbulent stresses u* , v ! 
and w* together with u^v1 and £ are determined by five 
differential transport equations* However, few successful 
prediction based on the multi-equation models has been 
reported, This suggests that a model of such complexity 
is not.yet-well established for general application.
The solution procedures employed Almost all the early 
solution procedures for calculating turbulent flows 
using finite-difference method were based on the.computer 
code developed by Patankar and Spalding (1967) and 
Gosman et al (1969). The former solved parabolic equations 
in boundary layer flows and the later solved elliptic 
equations in recirculating flows. Both procedures employ
ed the stream function-vorticity approach which solved the 
stream-function and vorticity together with the turbulent 
parameters and then transformed back to time-mean velocities 
and pressure. New solution procedures which solved the 
primitive variables,velocities and pressure,were develop
ed by Patankar and Spalding (197^) and Caretto et al (1972).
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They were widely tested in many flow predictions as 
reported by G-osman and Pan (1974) and Pun and Spalding 
(1976).

1.3 Previous Experimental Studies
1.3.1 Experimental Studies on Confined Jet Mixing

The early experimental studies of confined jet 
mixing were mainly concerned with mean'.flow, behaviour.
The centre-line velocity, the static pressure and the 
velocity profiles were the main interests to many 
researchers. Measurements of centre-line velocity 
decay and velocity profiles across various sections in 
uniform duct were first obtained by Eorstall and Shapiro 
(1950). Static pressure along the duct wall and velocity 
profiles were measured by Helmbold et al (1954) who used 
both uniform and non-uniform mixing ducts. Other similar 
measurements- of mean flow behaviour include those made by 
Mikhail (1960), Becker, Hottel and Williams (1962), Dealy 
(1964), etc., all using Pitot static tube for their velo
city measurements.

Turbulent fluctuating velocities in both longitudinal 
and radial direction of a confined jet flow were first 
measured by Curtet and Ricou (1964) using a constant- 
temperature hot-wire anemometer. The most complete 
measurement of confined jet mixing to date was probably 
done by Razinsky and Brighton (1971) who measured the 
centre-line velocity, the wall static pressure, the 
velocity profiles, the longitudinal r.m.s. velocity as
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well as the Reynolds stress. The mean velocity was 
measured hy a Pitot static tube and the turbulent quanti
ties were measured by a constant-temperature hot-wire 
anemometer. All these works have contributed a great 
deal to the understanding of the mixing behaviour in 
ducts.
1 . 5 . 2  Bxperimenta.1 Studies on Jet Pumps and Bjectors

Large amounts of literature on experimental studies 
of jet pumps' and ejectors have been accumulated in the 
past fifty years. Most of the literature is summarised 
in a BHRA Review compiled by Bonnington and King (1972). 
The earlier works on jet pumps are mainly concerned with 
performance tests and pressure rise measurement along 
the duct wall. Typical works of such are those of G-osline 
et al (1934), Keenan et al (1942), Polsom (1948) and 
Kastner et al (1950).

Many experimental investigations have also been 
devoted to various geometrical effects on jet pump 
performance. G-osline et a l (-1934), Vogel (1956),
Mueller (1964) and Hansen et al (1965) carried out 
experimental tests and recommended 'a mixing tube 
length ranging from 3.5 to 8.0 diameters for optimum 
performance. As for the effect of nozzle to mixing 
tube spacing, Schulz (1952) established that the 
optimum spacing lie between 1 and 2 nozzle diameters 
whereas Hansen et al (1965) recommended a value between 
0.8 and 1.4. -Schulz (1958) and Mueller (1964) also 
discovered that a better performance was obtained by
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having the secondary flow inlet in the shape of a round
ed bell mouth. The diffuser angle is another geometrical 
variable which many workers have made considerable experi
mental studies in order to give a recommendation to achieve 
a good performance. Mueller (1964) recommended a 5° 
diffuser included angle for best efficiency whereas an 
8° included angle was proposed by Vogel (1956). It is 
clear that although many efforts have been devoted to the 
investigation of geometrical effects on jet pump perform
ance, no consistent recommendation of optimum geometrical 
configuration has been made. The facts that a large number 
of geometrical variables are involved and their interre
lated effects on the flow behaviour in mixing tube and 
diffuser make it extremely difficult to generalize the 
problem.

Experimental studies of several low-area-ratio water 
jet pumps were carried out by Sanger (1968a, 1968b, 1970). 
Static pressure and efficiency were obtained for two' area 
ratios of 0.066 and 0.197. .The mixing tube lengths used 
were 7.25 and 5.66 diameters whereas nozzle spacing rang
ing from 0 to 2.9 tube diameters. It was observed that 
the efficiency for the shorter mixing tube pump was about 
2% higher for both area ratios which suggested that 
for these area ratios, mixing tube length, between 5 and 
6 diameters was sufficient for optimum mixing. -However, 
it was concluded by the author that because of the inter
dependence among, the various geometrical parameters, no 
optimum geometries can be established for all jet pumps.
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Other experimental studies on jet pumps are concerned 
with applications of jet pump devices under various operat
ing conditions, cavitation studies and using jet pumps to 
pump a dissimilar fluid*

1.4 Previous Applications of Laser Doppler Anemometry on 
Related Plow Measurements 

I The first successful application of laser Doppler 
anemometry to.the measurement of fluid velocity can he 
attributed to Yeh and Cummins (1964)* In their pioneering 
work, they measured the velocity in a fully developed 
laminar pipe flow of water. The technique was later 
applied to turbulent water flows by others including 
Goldstein and Hagen (1967)» Welch and Tomme (1967)? etc.
The measurement of turbulent air flow was carried out by ......
Lewis, Foreman,. Watson and Thornton (1968) and Haffaker, 
Puller and Lawrence (1969). The technique has been used, 
for example, by Durst and Whitelaw (1971) to measure the . 
mean and fluctuating velocities of an axisymmetric air 
jet; by Helling and Whit el aw (1973) to measiire the three 
orthogonal components of mean and r.m.s. fluctuating 
velocities of a rectangular water channel flow* Measure
ments' of turbulent shear stresses in pipe flow using two 
trackers and a correlator were obtained by Bourke et al
(1971) and Morton and Clark (1971)*

More recently, laser. Doppler anemometry has been 
applied to measure some highly turbulent flows using 
frequency shifting techniques. Durst, Wigley and Zaire
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(1974) carried out measurement of mean and fluctuating 
velocities downstream of a square flow obstacle with 
turbulent intensity up to 50%, Baker (1974) reported the 
measurement of three orthogonal r.m.s. velocities in the 

fully developed region of a turbulent jet. The mean and 
fluctuating velocities downstream of an annular jet with 
substantial recirculation were measured by Durao and 
VJhitelaw (1974). It is obvious that the laser Doppler 
anemometry, although a rather new technique, will emerge 
as a very powerful tool in the future fluid flow measure
ments.
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CHAPTER 2 
THE MATHEMATICAL MODEL

In this chapter, the partial differential equations 
governing the basic lav/s of conservation of mass and 
momentum for a incompressible viscous fluid are first 
described. The equations, when apply to a turbulent 
flow, require the additional terms to account for the 
fluctuating components of the variables. A two-equation 
k- £ turbulence model which provides informations for the 
extra terms is incorporated into the time-mean differen
tial equations to form a complete mathematical model for 
the two-dimensional axisymmetric turbulent flows. Appro
priate boundary, conditions which simulate the practical 
jet pump situation in order to obtain realistic prediction 
are discussed.

2.1 The Equations of Motion for an Incompressible Yiscous 
Pluid
The derivation of the equations of motion based on 

the basic laws of conservation are readily available in 
many standard text books on fluid mechanics such as 
Schlichting (1960) and Hinze (1975)• The equations, 
according to Hinze (1975)? when expressed in a tensor 
notation, using Cartesian coordinates takes the following 
forms:

Continuity: ~  + ^ 7  j ~ 0 (2.1-1)

j — * ? 2, 3
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Momentum equation in x^-direction:

Du.
P d F  = ^xT^ji * Fi (2.1-2)

3 = 1, 2, 3

where ( f . .  is the stress in the x.-direction operates in a ji l
plane which is perpendicular to the direction x.. F. is 
an external force per unit volume acting on the fluid 
in x^-direction.

For an incompressible fluid,

- 2 - c T.. = _ + _2_
■2>Xj 31 '^ x i  bx..

equation (2.1-2) can be written as

'„(^i + H h )
d x .a

Du. ^ >u. -ju. -
l ^  / < H 7  + Scf)i ~ D L D i J

p — —i. ~ — _j.\ Dt b x . b x . + F± (2.1-3)

d = 1» 2, 3
where p is the static pressure and j x  is the dynamic 
viscosity of the fluid. Equations (2.1-1) and (2.1-3) are 
usually referred to as the Havier-Stokes equations which 
form the basis of the whole theory of viscous fluid mecha
nics.

2.2 The Need for Turbulence Modelling -- v •
The equations of motion described in section 2.1 

are generally applicable to laminar flows but not turbu
lent flows. In brief, a turbulent flow is defined as an 
irregular fluid motion in which the various quantities 
show a random variation with time and space coordinates. 
Turbulent flows can occur when fluids flow through
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conduits (turbulent pipe flow), pass over solid bodies 
(wake), or when neighbouring stream of the fluids with 
different velocities pass over one another (jet mixing).
At present, one is unable to obtain solution for the time- 
dependent turbulent flow field using existing computers. 
Fortunately, it is possible to describe turbulent flow 
with distinct average values of various quantities such 
as velocity, pressure and temperature, etc. If a turbu
lent flow field is quasi-steady, averaging with respect to 
time can be Lised. But for a homogeneous turbulent flow 
field, averaging with respect to space is preferred. In 
most of the engineering problems, time-averaged values 
are more useful for engineers and designers.

The instantaneous values of velocity and pressure can 
be written as -

ui = Ui * ui l (2.2-1)

and p «'P + p« (2.2-2)

where U. and P are the time-mean values and u . 1, p f are 1 i
the fluctuating values.

' The equations of motion for the average values in 
turbulent flow were first derived by Osborne Reynolds.
He substituted the instantaneous values of u^ and p into 
the equation (2.1-3) to give the following form.

DU. ^  -s ^U. ?>U._____ ____p — 1 j. JS— n( — ~ ~— 1) - puJut )VDt ‘Ox. *ax. / V2x. 7>x. } \ l D1 J L J ^ «
+ P. (2.2-3)l

3 = 1 / 2 , 3
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Compare this equation with the original momentum equation 
(2.1-3), it can he seen that the extra-terms - pu. ’u . ’

1  J

are required to add to the viscous stresses in order 
that the instantaneous variables can he substituted by 
their time-mean values. Because Reynolds was the first 
person to derive the equation for turbulent flow in this 
form, the turbulent terms-p'u. !u a r e  often called Rey-j- j
nolds stresses.

To solve equation (2,2-3), the terms - pu^ ’u m u s t  

be known. Since there is no direct way of knowing the 
magnitude of these terms, a mathematical model to relate 
effect with'known quantities is therefore required. Thus, 
a model of turbulence, in the words of Launder and Spalding 
(1972) will !propose a set of equations which, when solved 
with the mean-flow equations, allows calculation of the 
relevant correlations and so simulates the behaviour of 
real fluid in important respects1.

2,3 The Differential Equations of Conservation Applied 
to Two-Dimensional Axisymmetrical Flows

2,3*1 The Coordinate System
Before making any attempt to express any equation for 

a particular flow configuration, an appropriate coordinates 
system must be chosen. In this thesis, owing to the fact 
that fluid flows take place at various flow components, 
the most general two-dimensional orthogonal axisymmetrical

27



coordinate system is used. Fig. 2 .3-1 illustrates such
a coordinate system in which the coordinates x and y
characterise the members of two orthogonal families of
surfaces of revolution, r and r are the radii of cur-x y
vature for x and y surfaces intercepting at point P and 
r is the distance from P to the axis of symmetry.

Axis of symmetry

Fig.2.3-1 The.Orthogonal Axisymmetric Coordinate 
System.

The merit of using such a general arbitrary ortho
gonal coordinate system is that the coordinates can be 
so chosen that all the flow boundaries are parallel to 
the grid surfaces. In the present investigation, a 
typical jet pump flow field consists of (i) an annular 
entrance region,(ii) a cylindrical mixing tube and (iii) 
a diffuser. By using the coordinate system outlined above 
a grid pattern can be devised to accommodate all the three
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flow regions as shorn in Fig.20'3-2

mixing tube

Axis of symmetrysecondary / 
inlet primary

ini et

Fig.2*3-2 The coordinate system applied to jet pump 
configuration

In general,' r . r and r are function of x and y< x y
In the uniform mixing tube region,

r = o°x
r - ooy
r = y 

In the diffuser region,

rx = 00
r = x + xy o
r = (x + xo)sin|6

(2.3-1)

(2.3-2)

where xQ and p  are given in Figure 2.3-3 and their values 
depend on the diffiiser included angle and the inlet diame
ter.
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__
Axis of symmetry

diffuser 
inlet

Pig.2.3-3 Diffuser geometry 
In the annular entrance region, explicit expressions for 
rx , r̂ . and r are much more cumbersome. However, all the 
variables x, y, r , r and r can conveniently be calcula-x y
ted in terms of Cartesian coordinates. Details of the 
calculation will be illustrated in section 4 .3 .2 .
2.3.2 The Differential Equations of Conservation

. The equations for conservation of mass and momentum, 
when expressed in the general orthogonal x, y coordinate 
system described above for a steady flow, will take the
following forms. __
The continuity equation,

Ie (prTJ) + ^ (rrT) =0 (2*5"3)

The momentum equation in x-direction,

■3/^ . 7>, 3TJ'

BP , Gu 
5x
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where

Su  = 1r dx^efflx^ * ay^efflx^ 
2yUeff(Usin|3 + Y c o s p  )

. £ s dry

s mf (2.3-4)

The momentum equation in y~direction;

^(piJrV) + ^ ( ?VrV) - ^ ( r ^ effg )  - J g r f r ^ f E )

¥  * sT

QV  1 
r

dU-
^x^r /^eff dy^ + ^r^/^eff ̂y^ 

2/eff(Usin/3 + Vcosp )
“ Is

is:
r x

cos, (2.3-5)

where U, V, P are time-mean velocities and static pressure. 
The full derivation of the momentum equations is given in 
Appendix A.3.

The momentum equations are obtained by assuming that 
the fluid is treated as obeying !Iewton!s viscosity lav/.
For a turbulent flow, j Uq^  accounts for both viscous 
stress and Reynolds stress. By comparing equation (2.3-4) 
with equation (2 .2-3)* one can write

OT. 3U. 7>U, 3U._____ ____
/ • e f f f e  + ̂  = / (:s q  + ^  (2*3_6)

J d -1*

An appropriate model of turbulence is thus required to 
relate the turbulent stresses - pu.* u .r to somei j
known quantities throughout the flow field.
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2 .4 The Choice and Application of Two-Equation k - £ Model 
It was first proposed by Boussinesq in 1877 that the 

turbulent shear stress could be replaced by the product 
of the time-mean velocity gradient and the turbulent vis-

Thus, the effective viscosity in a turbulent flow is 
equal to the sum of the molecular viscosity-and the 
turbulent viscosity. Unlike the molecular viscosity 
which is the real property of the fluid, the turbulent 
viscosity can become effective only when there is flow 
and its value varies from point to point in the flow 
depending upon the turbulent structure at that particular 
location.

Many turbulence models have been proposed to relate 
^t to some quantities which can be determined. ... The out
line of various models and their merits and shortcomings 
have been described in section 1.2.2. In the present 
studies of confined jet mixing and jet pump flows, owing 
to the interaction between the mixing shear region and the 
wall shear region, the length scale profile is unable to be 
prescribedthroughout the flow field. The mixing length 
and one-equation models will not be able to predict these

cosity^at , i.e.,

(2.4-1)

Substituting Equation (2.4-1) into (2.3-6), one gets

/<e£f “ Z 1 + (2.4-2)
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flows satisfactorily. However, in view of the fact that 
the multi-equation models are far less established and 
more computing time is required, the choice of a two- 
equation model is a compromise of accuracy and economics 
unless a more complicated multi-equations model is proved 
to be necessary.

The Prandtl-Komogorov two-equation model states that 
the turbulent viscosity can be written as

^  = C « p i A  (2.4-3)

P 2 2where k = J(u* + v 1 + w f ), 1 is the length scale and 
Cyu is a constant, k and.l are to be determined by their 
transport equations. However, it turns out that the 
length scale itself is not the most appropriate dependent 
variable. Various workers have selected different com
binations of m and n of a quantity kmln as their second 
dependent variable instead of using 1 itself. (See 
Table 1.2-1). A quantity, called turbulence energy 
dissipation rate £ , first proposed by Harlow and 
Nakayama (1968) and subsequently favoured by many other 
workers is chosen as the second dependent variables in 
the present work where

v3/2
£ =  (2.4-4)

The reasons for this choice are : (i) it is relative
ly easy to derive the exact equation for £ ; (ii) £ appears
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directly as an unknown in the transport equation for k; 
(iii) the effective turbulent Prandtl Number appeared 
in the £ -equation as a constant irrespective of the 
distance from the wall whereas for other combinations,

and Spalding (1973).
Furthermore, the k - £ model are well established and 

has been incorporated into standard compiiter code by 
Gosman and Pun (1974) for solving turbulent recirculating 
flows. The model was widely tested and enjoyed satisfac
tory predictions for a wide range of flows• Examples 
of such applications of k- £ model can be found in the 
works of Hanjalic (1970), Elghoboshi and Pun (1974)> 
Matthews and Whitelaw (1971) and Nielson (1973).

The k- and £- equations, when using a general 
orthogonal axisymmetric coordinate system described in 
section 2 .3 .1 * may b'e expressed in the following form at 
high Reynolds numbers, 
k-equation:

2such as kl and k/l , this Is not so, as proved by Launder

Ski ff -2kv
3 <rk “ zy crk 2>y

= G - Cd P£ (2.4-5)

£-equation

~d rT eff 3£. _  2  26n
z>xy <f£ z x '  ~  Z j K <rt

= C1 £G/k - C2 f £2/k (2.4-6)
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where

(2*4-7)

These equations are modified from the cylindrical polar 
forms used by G-osman and Pun (1974)* They differ in the 
expression of the turbulent energy production term G.
The derivation of G, equation (2*4-7) is given in Appendix 
A.4.

By-combining equations (2*4-3) and (2*4-4)* ju^ 

related to k and £ as

It is now possible to obtain the five unknown varia
bles, namely, U, Y, P, k, £ by solving five simultaneous 
equations (2.3-3), (2*3-4), (2 .3-5 ), (2.4-5) and (2.4-6) 
with the help of the auxilliary equations (2 *4 -2 ) and

(fe must be prescribed to complete the specification of 
the model. At high Reynolds, these constants are given 
the values listed in Table 2*4-1 as recommended by 
launder and Spalding (1973) and Gosman and Pun (1974)• 
This set of values has been widely used in various 
flow problems and is generally accepted for flows of 
plane jets, mixing layers and the plane and axisymmetric 
wall flows.

j u t  = C ^ p k 2/£ (2.4-8)

(2.4-8)
The values of the constants ar , ^1* ^29 ^k



°/< cd  °1 °2 °k <*£
0.09 1.00 1.44 1.92 1.00 1.21

Table 2.4-1 The values of the constants used in the

In the-present study of jet pump flows, these values 
are chosen for the whole flow field without any modifica
tion.

2.5 Modification of the Model for !Near Wall1 Flow
The model described in section 2.3 and 2.4 is only 

valid for fully turbulent flow* Y/hen close to a solid 
wall, there are regions where viscous effect are signi
ficant compared with turbulent effect. In these regions, 
some modifications on the transport equations are there
fore necessary.
2.5.1 The !haw of the Wall1

In the vicinity of a solid wall, the flow is deter
mined by (i) wall shear stress, and (ii) roughness. The. 
mean velocity component TJ in this region, according to 
the classical theory of turbulent boundary layer along 
a flat plate (Hinze, 1975)> is a function of (i) wall 
shear stress *t'w ; (ii) roughness parameter k^; (iii) 
normal distance from the wall y and (iv) kinematic vis
cosity V .

k - £ model

i. e
(2.5-1)
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*r
where ~  has the dimension of velocity and is usually 
referred to as wall-friction velocity or wall shear stress 
velocity U*, i.e.,

^  = TJ* (2.5-2)P
From the dimensional analysis,

For a smooth v/all where = 0

m  = f ( ^ )  (2.5-4)XJ* “ -‘■v v

In the viscous sublayer,

= r'tfy w
and TT % jU =-zr-y

Prom equation. (2.5-2), it follows that

—  (2.5-5)

If it is assumed that, for the wall region, the 
shear stress remain constant and equal to the wall shear 
stress, the following relationship can be written for the 
turbulent part of the wall region,

/tl| = r w (2.5-6)
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In the neighbourhood of the.wall, it may be assumed that 
turbulent viscosity is proportional to the distance from 
the wall. From dimensional analysis,

JULt  = /4pu*y (2.5-7)

where ^  is a dimensionless constant called von Karman 
constant and having a numerical value of 0.4187. Subs
tituting equation (2 .5-7 ) to equation (2 .5-6 ) gives

I t  U*y|S = U*2

+ U + U*vUsing the dimensionless expression U = jj* an<3- y = “y »
one gets

li. y+ = 1 (2.5-8)
£y

The solution obtained by integration is

U+ = 4lny+ + const. (2.5-9)
K’

For a rough wall with roughness parameter a similar
solution can be obtained

U+ = ilnf- + const. • (2 .5-10)
x

Equation (2.5-9) and (2.5-10) can be combined into a 
general form .

r+ 1 _ _ +U =-£lnEy (2.5-11)
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where E is a function of the wall roughness. According 
to Launder and Spalding (1973)> E approximately equal to
9.0 for a smooth wail.

Equation (2.5-11) is the well-known expression of the 
logarithmic Tlaw of the wall1 applied to the turbulent 
part of the wall region and only determined by the wall 
roughness and the distance from the wall. Even in the
outer region of the boundary layer, the logarithmic ve-

(
locity distribution only deviates slightly from the actual 
experimental results. Thus, from a practical engineering 
viewpoint, the logarithmic velocity distribution can pro
vide acceptable mean-velocity profile for turbulent flows 
in a pipe or boundary layer.

In the near-wall region where generation and dissi
pation of energy are in balance, it can be shown that

~  = (C^CD A c  (2.5-12)

Combining equations (2.5-12) and(2.5-11) gives

(2.5-13)

This is the final expression where the turbulent wall  ̂
shear stress can be evaluated from the values of k, y and 
U adjacent to the wall. If the value of y+ is less than

— ir-■( V V *  = i ln Ey+
( J H  i 

P
where + e W * * 4

y =  >   y
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11.63> the laminar shear stress expression is used

T w = /*§ (2.5-14)

The wall shear stress is then incorporated into the 
source term Su of the U-momentum equation (2*3-4) for flow 
next to the duct wall.
2.5.2 Modification of k and £ in the TNear Wall1 Region 

In the near wall region the shear stress components 
can no longer be calculated from the fully developed 
turbulent flow. Thus the turbulent energy production 
term G- appeared in k- and £~ equations has to be modified. 
Using the original G- term from Appendix A.4f

^u
G = Tlj5xJ <2*5"15)

The normal stress components T  and T  remain* xx yy
unchanged ,

hex ~ + ?y ) (2.5-16)

(2-5-n)

The shear stress components T  x and T  should be cal-y
culated from equation (2.5-13) or (2.5-14). The modified 
G- near the wall then takes the following form:
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G = 2 A (22)2 ,27)2 V ,22) u.(w }ax + 'By r 'ax' r 'ay'x y .
+ r  (—  + 2 E)H r  ay ax' (2.5-18)

To determine the near wall value of £ , equation 
(2.5-7) is substituted into equation (2.4-8),

/CU*y

Prom equation (2.5-12)

U* = Tv x  i
jr = « A C D )4 k® ,

the near-wall £ - value can now be expressed as follows :

£ =
(oA )* ^3/2

CpK-y (2.5-19)

It should be noted that equation (2.5-19) does not give 
the value of £ at the wall but the value of £ at the 
point P next to the wall as shown in Fig.2.5-1.

/ / /  ft //j t / // ////// S // A/

i_L

Pig.2.5-1 The *near wall* node
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2*6 The Boundary Conditions
-There are basically four different types of boundary 

conditions needed to be specified so as to complete the 
flow description. They are: (1) the wall boundary, (2) 
the axis of symmetry, (3) the inlet flow condition, and 
(4) the outlet flov; condition.

At a solid wall, both velocities along the wall U 
and normal to the wall Y are set to zero for no-slip 
and non-permeable conditions. The shear stress at the 
wall is calculated from equation (2*5-13) or (2.5-14) 
so that it can be included in the source term Su for 
those grid nodes adjacent to the wall.

For k and £ , the near-wall values are calculated 
with a modified-G-terms and the modified £ values, i.e., 
equations (2*5-18) and (2.5-19) respectively*

On the axis of symmetry, radial velocity Y is zero 
and the gradients , ~  and are all zero too.

Appropriate profiles for U, Y, k and £ are necessary 
to specify in the inlet section. The outlet U-velocity 
is specified by considering the overall mass conservation, 
Y can be set to zero and k and £ are assumed to be fully 
developed. The assumption for outlet flow specification 
is acceptable when the outlet section is fixed beyond the 
region of interest.
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CHAPTER 3 
THE NUMERICAL METHODS

3.1 The Finite Difference Equations
The steady two-dimensional axisymmetrical turbulent 

flow without swirl which occurs in jet pumps can be des
cribed by the five partial differential equations given 
in Chapter 2. It is possible to solve these equations 
by some appropriate finite-difference techniques. There 
are basically two distinct methods of solution. In the 
first method, the continuity and the momentum equations 
are transformed into two partial differential equations 
of stream function \jJ and Vorticity to eliminate the 
pressure. Together with k and £ , the four partial diff
erential equations are solved numerically throughout the 
flow field first and the pressure field is then deduced 
separately. The second method is based on a novel proce
dure known as SIMPLE (Semi-Implicit Method for Pressure 
Linked Equations) developed by Patankar and Spalding
(1972), Caretto et al (1972), etc., which solve for the 
primitive variables U, V and P together with k and £ .

The advantage of the velocity-pressure approach over 
the stream function-vorticity approach is that flows with 
pressure-dependent density can be handled which provides 
wider scope of applications to compressible flows. In 
an attempt to compare the two procedures, Ha Minh et al 
(1978) applied both methods to predict flow in a sudden
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enlarged pipe and observed that the velocity-pressure 
approach gave better predictions of pressure and turbu
lent properties (k and u fv T) as compared with measuring 
data. It is the velocity-pressure approach which is 
being employed in the present work and is to be discuss
ed in the following sections,
3,1,1 The Staggered G-rid and Control Volume

Before deriving the finite difference equations 
from the governing partial differential equations , a 
gird arrangement and the control volumes for the varia
bles have to be specified. Fig.3.1-1 illustrates part 
of the grid arrangement for a general 2-D orthogonal 
coordinate system. The intersections of the solid lines

* P. k , £ 
*■** u

t V

Fig.3.1-1 A typical grid arrangement

mark the grid 'nodes where all the scalar variables (i.e., 
p, k, & ) are calculated and stored. The U and V velocity
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components are computed and stored at the midway between 
a node and its upstream neighbour as shown by the arrows 

and I respectively. The control volume boundaries 
are placed midway between the locations where the values 
of the variable are stored. Thus, for any point P, there 
are three different control volumes as shown in Pig.3.1-2. 
Such a grid arrangement is often referred to as staggered 
grid.

NN

I-------
W ]

-----,
i

P ! E111l_
ii
ij

-

s

(a;

I—
IW

- 1

R

IE.

W r

-hr

Pig. 3.1-2 Control volume 
for (a)P,k,£ (b) U and 
(c) V.

(t>)

The advantages of the staggered grid are: (i) Prom 
a computational viewpoint, since the U and V velocities 
are placed between the pressures which featured in the 
momentum balance, the pressure gradients can be evaluated
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directly without interpolation; (ii) based on the same 
argument, these velocities lie on the boundaries of the 
control volumes of P, £ and k and can therefore be used 
directly for the calculation of convective fluxes across 
these boundaries; (iii) the flow boundaries which are 
located midway between the grid lines can easily be 
simulated by specifying the U and Y values.
3.1*2 The General Expression of the Finite Difference 

Equation •
The partial differential equations for U, Y, k and 

£ are in fact similar and can be expressed in a general 
form for a 2-D orthogonal axisymmetrical coordinates des
cribed in Chapter 2, i.e.-,

2(eurd>) + -2(pVr<f>) _ 2i) _ 2i)+ a y ^ ' 1Y-' ax', a - ax' 3y di 3y

= s<j, (3.1-1)

where §  is a dependent variable stands for U, Y, k or £  

. and have the values given in Table 3.1-1.

(5̂> S (j>

u 1 -2E + suax

V 1 -22 + sv<>y
k g - cDe£

£ (C.,£G - C2pe2)/k

Table 3.1-1 Yalues of and S<f> for U, Y, k and £
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A finite difference equation for <p can then he deriv
ed by integrating equation (3 *1-1) over a control volume 
enclosing a point P in the flow field. Pig. 3.1-3 shows 
a curvilinear orthogonal grid around P of which the double

Axis of symmetry

Pig. 3.1-3 Control volume around point P.

integration will take place. N, S, E, W represent the 
four neighbouring points around P. The control volume 
boundaries in x and y directions are placed at midway 
of the main grid lines. Integrating equation (3.1-1) 
with respect to x and y over the control volume bounda
ries surrounding P and rearranging gives (detailed 
integrations are given in Appendix A.5)>

'}*B + + >  + V  + <Ce - Cw + Cn -:°b> " Sp] <Pv

= ae ^ e  + - M v  + + AS 0S + Su (3.1-2)
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where the A fs are the coefficients expressing the comb
ined effects of convection and diffusion and the C*s 
are the convective coefficients account for the mass 
flow.rate across the surfaces of the control volume 
surrounding P, i.e.,

Ce = (eur%)e 

Cw = (ptJr*y)w 

Cn = (pTr6x)n 

C„ = (?Vr6x)

(5.1-3)

The subscripts e, w, n, s denote the four surfaces of 
the control volume as shown in Pig.3*1-3. The values 
of A*s depend on the difference scheme. If the central 
difference scheme is employed to evaluate the convective 
terms,

L = D  - O t5 C  13 e e

AW = DW + °.5 CW ... (3.1-4)

AH = Dn “ °-5 Cn

AS _ = D S + 0.5 Cs

where the D*s are the diffusive coefficients given as 
follows
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D_ =

D = w

r^eff$y
 ̂ ĉ > 6x ' e 

^ effSy
'w (3.1-5)

d - (Sgsaff)n c%6y n

D =s cĵ sy s

If, instead, a upwind difference scheme is used to 
evaluate the convective terms, the A*s will take the 
following values:

^  - De + 0.5(ice | - 0 )

AW = Dw + °"5( W + CvP (3.1-6)

AH = D n + °.5(|Cn - 0 )

Ag = Dg + 0 ® 5( C. + cs)

S t and S ^P are obtained from linearizing the source
term listed in Table 3.1-1 such that

n I xe
rS^ dxdy = s 4  <j> + (3 .1-7 )

The complete derivation of equation (3.1-2) as v/ell 
as all the coefficients above are given in detail in
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Appendix A. 5.
The choice of central or upwind difference scheme 

depends on the contribution from the convective term.
If the contribution from the convective term is greater 
than that of the diffusive term,■upwind difference is 
used. Otherwise, central difference should be employed. 
Such choice is based on the fact that as the convective 
contribution is greater than the diffusive contribution, 
the directional effect is important. The upwind differ
ence scheme which stresses more on the influence of the 
upstream conditions is thus preferred. The combined 
effect can be expressed in the following mathematical 
relationships

if 0.5Ce 4  Ee

D q - 0.5CI * 0.5 CJ if 0.5C? >I>e e e e e

(3.1-8)

Ds + 0.5CS if 0.5CS ^ Bs
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The term C - C + C - C L  appearing in the left-e w n s °
hand-side of equation (3 .1-2 ) is the net mass flow rate 
out from the control volume. If the continuity equation 
is satisfied, i.e., when the final solution is reached, 
this should be zero. But in the intermediate iteration, 
the net mass flow rate may not be zero and a false source 
can be calculated from the previous value of <j£p, if

then the false source = ip^p0*^ , where ^p0^  is the 
value of <j> at P evaluated from the last iteration. The 
finite difference equation (3 .1-2 ) becomes

( EA. + mp - = Z A . f .  + m p ^ ola + S /
j=E,V,N,S 3=E,W,N,S (3.1-10)

The inclusion of ip^p &ncl n>p^p° into the finite 
difference equation will not affect the final solution as 
when the solution is approached, both ip and - ^p0*̂5') 
are small. It will only be necessary to include these 
terms if they can help to stabilize the iteration process. 
Since the convergence criteria for the above equation is

( 2IA3 + ip - Sp* ) ^  ZA^
;j=E,W,N,S 3=E,W,N,S
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it is clear that only when ihp is positive will the terms 
ihp^p and mp^p°"^ he included in the equation. Thus, the 
complete finite difference equation for <j> can he written 
as

A p ^ p  = XA.^>. + S *

j = N, S, E, w. 
where (3 .1-11 A)

■ ap  =
3 = N, S, E, W

for m-, $ 0P •* .
and .

V p  = + V p ° ld + Svt

3 = N , W, E, W

where (3.1-11B)

AP = ^ Aj + ^P “ SP^
3 = N, S,~E, W

»for nip> 0

Equations (3.1-11) are the general forms of all the 
finite difference equations for U, Y, k and £ . The 
equations differ in the source term expressions Sp4 and 

which can he obtained by integrating S^ listed in 
Table 3.1-1 via equation (3.1-7). If </> is a velocity 
component, S^.has two distinct parts, a pressure-gradient 
term and an additional term due to radius of curvature.
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The pressure is a unique variable in this solution proce
dure as it is not governed "by a transport equation hut 
enters through the momentum source term. The values of 
S ^ and appropriate for the present flow situation 
are tabulated in Table 3.1-2. The integration and appro
ximation are given in Appendix A.6.

Variable cf> 3 / Su*

TJ 0 0 . 5 ( a ^ ) ( P w-Pp ) + ( ^  )pVp
y

V _(£§|£) v 
r

° .5(a p a p (Ps-Pp )+(£2-)pVp

k _(Cd < K 2*
( A f f  p GPTP

£ k )pvP
C^CyufkG

Table 3.1-2 Values of Sp* ana S , a^ , a^ and
aT are surface areas of the appropriate control s
volumes for U and V. v? is the control volume 
for the variable concerned.

3.1.3 The Finite Difference Equation for Pressure Correc
tion

To solve the finite difference equations for U and V, 
it is necessary to have the values of pressures. However, 
these values are not known in advance. The normal practice
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is to initially guess the best estimated pressure (deno 
ted by P*) so that the velocity field U* and V* can be

ral satisfy the continuity equation. The pressure correc
tions are made such that the velocity field is brought 
into conformity with the continuity equati on. The true 
pressure P is thus given by

where P* is the pressure correction. By applying the 
general finite difference equation for <f> to U*, V* and 
U, V respectively and subtracting the guessed momentum 
equation from the corresponding momentum equation with 
appropriate approximation, one gets

are the coefficient Ap for U and Y respectively.
The substitution of equations (3*1-13) and (3*1-14) 

into the finite difference form of the continuity equation 
gives

obtained. The U* and V* velocity field will not in gene-

p « p* + p« (3.1-12)

(3.1-13)

(3.1-14)

where Du.w and Dg Ap and Ap
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a /  Pp > = Z A . P ? '  + SUP (3.1-15)

j = N, S, E, ¥
where P P

Ap
3 = N, S, E, W

and

The coefficient are given by

h i = K

a e  = D e (er^y>,
(3.1-16)

ak = DI (e r s  x)n

As = D ^ r  Sx)s

The full derivation of equations (3.1-13), (3.1-14) and 
(3.1-15) are given in Appendix A,7.

By solving P* throughout the flow field, a better 
estimated pressure field can be obtained by adding P f to 
the existing pressure field after each iteration; i.e.,

pn+1 = p11 + p'

jl "fcTiwhere P is the pressure used for n iteration, P* is
th n+1the solution obtained from the n iteration and P is
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■4* V)the updated pressure to he used for n+1 iteration.

3.2 The Solution of the Finite Difference Equations 
The finite difference equation for <p at a point 

P(I,J) can he written as

Vi.d = Vi+1,3 + Vi-1, d + Vi,d+1 + Vi,d-1 + S/
(3*2-1)

In such a typical equation , there are five variables in 
existence. If, however, the values of 4>. * . and <f>. , . .i,j i, j
are taken from the previous iteration or in the case of 
the first iteration given hy some initial values, equation 
(3 .2-1 ) can then he reduced to three unknown variables,i.e,,

-b .d . . * + d.<f>. . - a.(6; . A -  c. (3 .2-2 )

where h . = AqJ ^

d3 = Ap

ad = AN

* * *  cj - V i +i,d + V i - 1 ,  j + s/ .

Equation (3.2-2) is an algebraic equation relating 
the value of (f> at P and its two neighbouring points N 
and S. Pig. 3.2-1 illustrates a tjqpical grid line arrange
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ment where the axis of symme
try is placed between j=1 and 
3=2 and the wall boundary is 
placed midway of j=NJ-1 and 
3=NJ. In the case where the 
node is next to the axis of 
symmetry, i.e., 3=2 , the 
usual link between <j>. ? and
its southern neighbour <j>.i , I
longer in existence and A0

j = mct

iViPig3.2-1 The i grid lineis set to zero. Similarly, 
when the node is next to a 
solid wall, no linkage between <j>

A set of such equations for all the nodes along the i 
grid line can then be assembled in a tri-diagonal matrix 
form.

i,HJ-1 and h , K J ,and V °
. th

d2 -a2 
•b-z d~ —a^

V. dd "a3

-bKJ-2 UJ-2 -aHJ-2 

-bNJ-1 dHJ-1

h ,2 c2

h ,  3 c3

h ,  j °D

A , N J -2 cHJ-2

V“ 1 
1&

i CNJ-1

(3.2-3)
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The above set of equations, with a maximum of 3 
unknowns per equation, can be solved by G-aussian elimina
tion using a recurrence formula

(3.2-4)

and

(3.2-5)

(3.2-6)

The solution is obtained by back substitution solving for

The overall procedure is in such a manner that solu
tion start from i=2 , obtaining all the <J>’s values at i=2 
then proceed to i=3 ,4 etc., so that all the <p*s of 
the whole flow field are obtained. This is called the 
Tri-Diagonal Matrix Algorithm (TDMA) of the line by line 
procedure.

It has been found that some degree of under-relaxation 
is necessary in order to achieve stability during the 
iteration. By using an under-relaxation factor f, Ap 
and in equation (3 .2-1 ) will be modified to Ap* and 1 

as follows:

(3.2-7)

S ‘J’1 = S t + (1_£ )□!<*>
U  U  ; f (3.2-8)
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■where <£p is the existing <p value at P. Prom experience
by trial and error, the values of f are set to 0,5 for
U and V, 0.7 for k and £ and 1 for P ’.

3.3 The Overall Procedure of Solution
Before proceeding to the solution of the finite differ

ence equation (P.D.E.) for various variables, initial values 
for all the variables throughout the flow field are speci
fied. The solution procedure is the cyclic repetition of 
the following steps:

(i) The effective viscosity is calculated by equa
tions (2.4-2) and (2.4-8) using the existing 
stored values of k and £ .

(ii) The F.D.E. of U and Y are solved by TDMA using 
the existing pressure field P* to calculate the 
source terms. The resulting values of U* and V* 
are usually not satisfied with the local continui-

a

ty equation and an ’error1 mass source m for each
cell can be calculated.

(iii) The E.D.E. for pressure correction (3.1— 15) is
solved by TDMA using the ’error1 source -ip as 

P ̂ The new pressure field is obtained by
adding P ’ to P*, i.e., P = P* + P 1. The U 
and Y velocities are also corrected using equa
tions (3.1-13) and (3.1-14).

(iv) The F.D.E. for k and 8 are solved by TDMA.
(v) The updated values of the variables are used to 

compute the coefficients and source terms of the
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F.D.E.*s for the next iteration. The above procedure (i) 
to (iv) are repeated until the pressure correction P* is 
small enough throughout the flow field. This ensures 
that both momentum and continuity equations are satisfied 
simultaneously.

To improve the rate of convergence of the procedure, 
certain variable can be solved more than once before pro
ceeding to solve the next variable. This idea is called 
the number of sweep in solving a specific variable. It 
is found that in solving P !, the increase of the number 
of sweep to 2 in the case of jet mixing problem and to 
5 in the case of diffuser problem will improve the rate 
of convergence.

The termination of the iteration procedure is based 
on the ferror1 mass source term m. The procedure is 
deemed to have converged when the sum of the absolute 
1 error1 mass source throughout the flow field is small 
compared with the inlet mass flow rate i.e.,

C - C + C - Ce w n s
“in

^  * (3.3-1)

where & is a small positive value depending on the require
ment of accuracy. In most cases, S=10 will give a 
fairly good accuracy for the solution. Besides depending 
upon the i> which determines the number of iteration, the 
accuracy also depends on the number of gridlines specified 
in the flow field. More grid lines will require more
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computer time. The choices of the number of grid lines 
and the value of S apparently depend on the compromise 
between the accuracy and economy.
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CHAPTER 4 
THE COMPUTER MODEL

4.1 Introduction
The set of partial differential equations discussed 

in Chapter 2 and the numerical method described in Chapt
er 3 were embodied into a basic computer program called 
TEACH (teaching elliptic axisymmetric characteristic 
heuristically) by G-osman and Pun (1974). The original 
program can only handle cylindrical pipe flows. The 
present computer models for predicting the flows in 
various components of a typical jet pump are devised 
based on the basic TEACH program. In order to predict 
the upstream entrance region and the downstream diffuser 
region, the models must be able to accommodate the general 
two-dimensional orthogonal axisymmetric coordinates des
cribed in Chapter 2. The present Chapter describes only 
briefly the basic structure of the computer program as 
more details are available in the report written by G-osman 
and Pun (1974). However, detailed description of modell
ing the various flow components are included.

4.2 The Basic Structure of the Computer Program
The computer program in the present work is written 

in Fortran IT. It consists of a main program and ten sub
routines. The flow chart of the program is shown in Fig.
4.2-1. The geometry specification, grid calculation and
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START

MAIN

SET COMMON BLOCK 
AND FLOW DOMAIN

SPECIFY GEOMETRY 
AND CALCULATE GRID

SET CONSTANTS AND 
BOUNDARY CONDITIONS

SUBROUTINE CALCULATE CONTROL 
VOLUMES AND SET 
INITIAL VARIABLES SUBROUTINE
PRINT GEOMETRY AND 
INITIAL VARIABLES

SOLVE F.D.E. FOR U
•4 V

UPDATE ■/V-
PRINT INTERMEDIATE 
OUTPUT IF NECESSARY

TERMINATION TEST

PRINT FINAL RESULTS

STOP

INIT

PRINT

PROPS

LISOLV

PROMOD

*CALCP

CALCTE

CALCED

CALCU

CALCV

Fig, 4*2-1 Flow chart of the computer program

63



simulation of boundary conditions are done at the beginn
ing of the main program. The duties of the subroutines 
are briefly described in the main program block. The 
solving of finite difference equation for each variable 
is carried out in the individual subroutine, i.e., CALCU 
for solving U, CA1CP for solving P T, etc. The ‘near-wall1 
modification for all the variable is done in the subrou
tine ,PROMOD and the line by line procedure of solving 
simultaneous algebraic equations using the TDMA technicp*e 
is performed in the subroutine LISOLV. The updating of 
viscosity after each iteration is carried out in the 
subroutine PROPS. The solving of finite difference equa
tions is repeated until the termination test as described 
in Chapter 3 is fulfiled and final results are printed.
A complete listing of the computer program for calculating 
typical jet pump mixing tube'including secondary inlet 
region is given in Appendix B.1.

It should be noted that except for the subroutine 
INJT, other subroutines are applicable to various flow 
configurations subject to minor changes in evaluating 
the source terms of the finite difference equations. 
Programs for various flows differ in the main program and 
the subroutine I1TIT where the setting up of the geometry, 
grid, boundary conditions and control volumes must be 
able to simulate a particular flow accurately.

4*3 The Simulation of Various Plow Components 
4*3*1 Uniform Mixing Duct

A uniform mixing duct consists of a round nozzle
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located at the centre of the inlet section of a uniform 
diameter mixing duct is shown in Fig.4.3-1. A high velo
city jet meets the secondary fluid at the inlet section. 
Both the primary and the secondary velocities can he 
taken as uniform across the inlet section as indicated hy 
Ihand Uo respectively. The radius of the central jet is 
r^ and the inner radius of the mixing duct is rQ .

I

Fig. 4.3-1 Uniform mixing duct

The general 2-D orthogonal axisymmetric coordinate 
described in Chapter 2 when applied to such a uniform 
mixing duct, is reduced to a cylindrical polar coordinates 
with x and y as coordinates in the axial and radial direc
tions respectively, i.e., x = z'and y = r. The grid for 
such a coordinate system is shown in Fig.4.3-2. The grid 
lines are specified throughout the flow domain which is 
bounded by the axis of symmetry and the duct wall from 
the inlet to the exit. UI radial grid lines and UJ axial 
grid lines are used. Uniform grid spacings are used in 
the radial direction whereas a geometrical expansion of 
grid spacing is used in the axial direction so that the 
up-stream region where the mixing is more vigorous will 
have a finer grid. The radial grid spacing in the central
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N©33lewjo.I(

I

jet region is DY1 and that in the outer region is DY2 
as shown in Fig.4.3-2.

K/J

crsTrpd
CTST BP 

2
1

yoo

t 1=2 x=i h/l-i

c/uc*t luo.ll

DY2

m  .“T~
i=Nl .

%(z)

Fig. 4*3-2 The grid and boundary for uniform mixing duct

The flow boundaries are specified according to Table
4.3-1.

Flov; Boundary Grid Location
Axis of symmetry Midway of J = 1 and J = 2
Duct wall Midway of J = NJ-1 and NJ
Initial jet boundary Between J=JSTEP and J=JSTSP+1
Inlet section Midway of 1=1 and 1=2
Outlet section Midway of I=NI-1 and hi'

Table 4.3-1 Flow boundary specification for uniform 
mixing duct

Thus, the radial grid spacings are given by

•DY1 ~ JSTEP* - 1 (4*3-1)
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and .DY2 s NJ - JSTBP - 1 (4.3-2)

The listing of the main program and subroutine INIT is 
given in Appendix B.2.
4*3.2 Typical Jet Pump Mixing. Tube Including Secondary 

Inlet Region
A typical jet pump mixing tube including secondary 

inlet region is shown in Big.4.3-3. The configuration of 
the inlet region is governed by (1) the profile of the 
secondary inlet duct leading to the constant diameter 
mixing tube, (2) the profile of the external surface of 
the nozzle, and (3) the distance between the nozzle exit 
and the mixing tube inlet.

Big. 4.3-3 Typical jet pump mixing tube including inlet 
region
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The profiles of both the nozzle and the secondary
inlet duct are described by circular arcs with radii R.i
and Rq respectively. The annular passage formed by these
profiles will provide a continuous convergence of flow
area which ascertains flow with less loss. Although other
inlet profiles are possible, it is shown by Mueller (1964)
and Basol et al (1958) that circular arc profiles give
better performance. The distance from the nozzle exit
to the mixing tube inlet is s and the diameters of mixing
tube and nozzle exit are d, and d respectively. By vary-x n
ing these five geometrical variables, a wide range of entry 
configuration can be obtained and investigated using a com
mon computer program.

A general 2~D orthogonal curvillinear coordinate 
system is devised to specify grid positions in the flow 
field. Coordinate x is in the streamwise direction where 
the grid lines are drawn so as to lay between boundary 
wall and the axis of symmetry. The grid lines for coor
dinate y are orthogonal to the x grid lines everywhere.
The complete secondary inlet grid together with part of 
the mixing tube grid is shown in Big.4.5-4. The positions 
of the grid nodes in the annular region are calculated in 
terms of a Cartesian coordinates x^ and ^  as shown in 
Big. 4.5-5. The inlet duct wall can be described by an 
equation of circle in x^ - x^ coordinates with centre 
at (0,0). Similarly, the nozzle wall can be represented 
by another equation of circle with centre at (-s, b) where 
s is the nozzle spacing, i.e.,
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Fig,4« 3-5 Calculation of grid nodes 

For duct wall,

x.,2 + x22 = Ro2 (4.3-3)

For nozzle wall,

(x., + s)2 + (x2 - -b)2 = R^2 (4.3-4)

where b = R. + r - R - r ,x n o t

From any point at the nozzle wall, it is possible to deter
mine the centre and radius of a orthogonal circle which 
forms a y grid line. A series of intermediate circles
which lie between nozzle and duct walls and cut orthogo-
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nally with the orthogonal circle can he devised to form 
the x grid lines. The intersections of the orthogonal 
and intermediate circles are thus the grid nodes in the 
inlet region. The detailed calculation of the positions 
of these grid nodes are given in-Appendix A.8 .

The treatments of the duct wall, the axis of symme
try and the outlet section are similar to those used for 
uniform diameter mixing tube described in section 4.3.1* 
Other boundaries as shown in Pig.4.3.4 are specified 
according to Table 4.3-2.

Plow Boundary Grid Location
Primary Inlet 
(Nozzle exit)

Between I=INOZ and I=IN0Z+1

Secondary Inlet Midway of 1=1 and 1=2
Mixing Tube Entrance Between I=IENT and I=ISNT+1

Nozzle Wall Between J=JNOZ and JNOZ+1

Table 4.3-2 Plow boundary specification for typical 
net pump mixing tube

The selection of INOZ depends on the length of the 
annular flow region. The value of IENT can be calcula
ted from

IENT = INOZ + NJ - (JNOZ + 1) (4.3-5)

The whole flow domain is thus completely specified
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by two inlet sections, the nozzle wall, the duct wall, 
the axis of symmetry and the outlet section. Uniform 
primary jet velocity and secondary annular velocity are 
specified at the two inlet sections according to the 
primary and secondary flow rates of the jet pump under 
investigation. In order to calculate the secondary inlet 
velocity, the annular flow area at the secondary inlet 
section is calculated by a separate short program AREA 
listed in Appendix B.4. Other boundary conditions are 
specified according to section 2.6. The listing of the 
complete computer program for calculating flow in jet 
pump mixing duct is given in Appendix B.1.

4.3*3 Conical Diffuser
Eig. 4 .3-6 shows the geometry of a typical conical 

diffuser with inlet diameter d.̂ , included angle 6  and 
axial length 1 ^ .

Big. 4.3-6 Geometry of a typical conical diffuser
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The geometry of a diffuser is completely described by 
these three variables. If the diffuser wall- is extrapo
lated to meet the axis of symmetry at a point 0 as shown 
in Fig. 4.3-7.

Fig. 4.3-7 Coordinate system for conical diffuser

The position at any point P in the flow field is deter
mined by distance OP or R and the angle between OP and 
the axis of symmetry Q. . The general 2-D orthogonal . 
coordinates x and y as described in Chapter 2 can then 
be expressed in terms of R and 9 j , i.e.,

x = R (4.3-6)

y = R0^ " (4.3-7)

A complete grid of the diffuser flow region using a 8 x 8 
grid is.shown in Fig. 4.3-8.
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Pig. 4*3-8 The grid of a conical diffuser

4-T~The angle 6 . at every node on the j grid line can he J
calculated from 3TJ, j, and 0  as follows

9 - U z h i t * )NJ - 2 '2' (4.3-8)

The value of x at the inlet section x. is obtained fromm
d^ and 0  , i.e.,

xin
di
7 ~

sin-©
(4.3-9)

The specification of flow boundaries is similar to 
the mixing duct problem. However, it is necessary to 
specify the U-velocity at outlet section from the overall 
mass flow conservation considering the increase in flow 
area. The procedures are as follows:

(i) Evaluate the mass flow rate at I=NI-1,
(ii) Calculate the velocity correction UcQr from
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and the inlet mass flow rate mm

Ueor
rnin " mNI-1

•Sfi-iC
(4.3-10)

where is the flow area corresponding to
• I = NI - 1.

(iii) Add Ucor to every U-velocity at I = NI - 1 and 
calculate U at I = NI using the continuity 
relationship.

U(NI,J) = U(NI-1, J) + Ucor 1 C ^ 1 ) (4.3-11)
NI

Other boundary conditions, are specified according to 
section 2.6. A listing of the main program and subroutine 
INIT for solving the diffuser flow is given in Appendix Bo3*
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CHAPTER 5 
FLOW PREDICTION

It is now possible to apply the computer models 
described in Chapter 4 for flow .predictions. In order 
to validate the theoretical approach described in this 
thesis, the computer programs are first employed indi
vidually to predict flows in (i) uniform mixing duct,
(ii) typical jet pump mixing tube with secondary inlet 
region and (iii) conical diffuser. The predicted results 
are compared with the published experimental data. The 
computer models are then used subsequently to simulate 
the flow in a typical jet pump system which consists of 
a entrance region, a mixing tube and a conical diffuser. 
Predictions of the pressure rise and the overall perfor
mance parameters are then obtained and compared with the 
available experimental data.

5.1 Flow in Uniform Diameter Mixing Tube
5.1.1 Introduction

A typical uniform mixing tube with a round nozzle 
located at the centre of the inlet section as shown in 
Fig.4.3-1 is the simplest design of a jet pump. Experi
mental studies of jet mixing in such a uniform duct were 
carried out by many workers. Among them, Helmbold et al 
(1954) carried out the measurements of the axial static 
pressure and the radial total pressure profiles at various
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stations downstream of the nozzle. Razinsky and Brighton 
(1971) measured the mean and fluctuating velocities, sta
tic pressures as well as the turbulent shear stress 
throughout the whole flow field. Sanger (1968a, 1968b) 
carried out comprehensive tests of several jet pumps, 
all having uniform mixing ducts followed by conical 
diffusers.

/Theoretical analyses of confined jet flows were 
carried out by Curtet (1958), Dealy(1964)> Hill (1964)» 
Exley and Brighton (1971) and Hill (1973). Baker, Hottel 
and Williams (1962) derived a non-dimensional parameter 
called Craya-Curtet Number , based on the ratio of 
kinematic-mean and dynamic-mean inlet velocities, to 
determine the character of the flow in the mixing duct.
In a mixing duct of constant diameter, as shown in Big. 

4 *3-1 9 can be expressed in terms of the radius ratio 
and the initial velocity ratio.

U
C+ =----- :----- =2----------------- =—  (5.1-1)

fui2 “ u02)(?;)2 + « uo2 - uc2)]

ri ?where Uc = (TL - UQ) ( - f - r  + U p

Hill (1964) proposed that the flow behaviour of confined 
jet mixing was a function of a non-dimensional parameter

— which when applied to a constant diameter mixing
(Me)'2 ~tube gave the following value,
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m + ( V - o )

(Me )5 ^  + 2(1 +^ o ) ( V r o )2] *
(5.1-2)

where
UX -  Q —A o “ U. - U 1 o

It is apparent that both parameters are solely deter
mined by the area ratio and the initial velocity ratio.
The character of jet mixing in a uniform duct is thus 
determined by the radius ratio and the initial velocity 
ratio of the primary jet to the secondary flow.
5.1.2 Results and Discussion

The computer model described in section 4.3.1 has 
been used to predict the flows of the air jet mixing in 
two uniform ducts measured by Razinsky and Brighton (1971) 
as well as the water jet mixing tested by Sanger (1968a). 
The geometries of the ducts and the inlet flow conditions 
are listed in Table 5.1-1. All the results for comparison

Author ri/ro U./U 1 0
r (m) ov ' U^m/s) medium

Razinsky and Brighton 1/3 3 0.15 45.0 air
ti it it 1/3 10 0.15 45.0 air
it tt it 1/6 3 0.15 45.0 air
it tt tt 1/6 10 0.15 45.0 air

Sanger 0.257 3.00 0.0171 30.0 water
it 0.257 4.04 0.0171 30.0 water
n 0.257 5.66 0.0171 30.0 water
it 0.444 2.91 0.0171 22.0 water
u 0.444 5.44 0.0171 22.0 water

Table 5*1-1 The geometries and inlet conditions of ducts 
for flow prediction
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were obtained from an IBM 370/158 computer using a 14 x 14 
grid. However, the effect of the number of grid lines be
ing employed on the predicted result was studied and dis
cussed
The mean axial velocity prediction The axial velocity 
profiles at various stations downstream of the nozzle 
exit are of significant importance in the studies of 
confined jet mixing. They indicate the degree of mixing 
between the two streams as well as the degree of entrain- 
ment. Fig. 5*1-1 presents the predicted velocity profiles, 
non-dimensionalized by the area-mean velocity Um , as 
compared with the four combinations of inlet velocity 
ratio and radius ratio reported by Razinsky and Brighton 
(1971) 0  ee Table 5.1-lJ. Fig.5.1-2 shows the comparison 
of predicted and measured centre-line velocity decays.
The agreement between the prediction and the measurement 
is fairly good despite the fact that no detailed informa
tion regarding the inlet turbulent kinetic energy and 
energy dissipation rate was reported. The inlet k-profile

isotropic turbulence in both primary and secondary flows, 
i.e.

was calculated from the r.m.s. velocity

(5.1-3)

The inlet £ profile was calculated via



2.5 *< ?-©-€>

Comparison of predicted velocity variation
in mixing duct with experimental data from

TT 2? •Razinsky and Brighton, i  i _ J_
%  r0 " 5 •
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x/r.= 3V3

= 5)3 

a Vr„ = Q]/3

vx/r, = l3jj
Prediction

0 .2 -A
Pig. 5.1-1(D)
Comparison of predicted velocity variation 
in mixing duct with experimental data from

TT y\Razinshy and Brighton, i  i, _1_
U -1U» r “ 3 *o o
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Comparison of predicted velocity variation
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Comparison of predicted velocity variation 
in mixing duct with experimental data, fromTT £Razinsky and Brighton, _i _i_ 1

U * r_ “ ~ & '
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u Prediction

Pig. 5.1-2(a)
Comparison of predicted centre-line velocity 
decay in mixing duct with experimental data 
from Razinsky and Brighton, i _ _1_
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m

x/r,

Comparison of predicted centre-line 
velocity decay in mixing duct with 
experimental data from Razinsky and 
Brighton, jjl 1
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where 1^ is the length scale at the inlet section.
Without better information, 1. may be taken as constantm  °

across the inlet section. In the prediction of Razinsky 
and Brighton's work, the following assumption was made 
in order to give a good agreement between prediction and 
measurement.

lin = 0.005rQ * (5.1-5)

The influence of the inlet length scale on the axial 
mean velocity field has been investigated by running the 
computer program with varying 1^ while keeping other 
flow conditions unchanged. The results obtained from a 
radius ratio of 0.25 and inlet velocity ratio of 6.0 are 
shown in Fig.5.1-3 which compares the centre-line velocity 
decays. It is apparent that a larger inlet length scale 
causes the velocity on the axis to decay at a faster rate, 
i.e. larger eddy size can lead’ to better mixing. However, 
the effect is relatively small over a large range of 
Pressure prediction The static pressure rise in the mixing 
tube is of vital important in jet pump performance. v The 
capability of the computer model to predict accurately the 
static pressure variation along a uniform mixing tube is 
an essential indicator to determine the success of the 
model for this particular application. The predicted 
pressure variations along the duct wall of a uniform 
mixing tube with various radius ratios are compared in 
Fig. 5.1-4 with the experimental data from Razinsky and 

See Appendix A>S
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Present Prediction

160 4 8 12

XA
Pig.5*1-4 Comparison of predicted pressure 

rise with, data from Razinsky. and
Brighton, A t 10,



Brighton (1971) for incompressible air flow. In the case 
of water jet mixing, predicted pressures are compared with 
the data from Sanger (1968a) as shown in Big* 5.1-5. All 
the pressures were taken with reference to the inlet sec
tion and non-dimensionalized using the area-mean or the 
nozzle exit velocity. In general, the agreement between 
the predicted and measured distributions are acceptable.
The influence of the inlet length scale on the static 
pressure distribution was studied by the computer program. 
The results are presented in Big. 5.1-6. It appears that 
a.larger inlet length scale will lead to an earlier reco
very of pressure which is resulted from a better mixing 
due to larger eddy size at inlet. However, the effect on 
pressure variation over a wide range of inlet length scale 
is also relatively small.
Turbulent energy and shear stress predictions One major 
advantage of the computer model is its capability of pre
dicting the turbulent behaviour throughout the whole flow 
field. Since the turbulent kinetic energy k and energy 
dissipation 8 are the two dependent variables used in the 
transport equations, k and £ are calculated directly via
the numerical procedure. The predicted k~distribution

U. r. 1
for the case of = 5 and = =■ is presented in Fig. 5.1-7.

o' 2 oThe profiles of k/Um at various stations downstream reveal 
that there is a very thin but high turbulent energy zone 
between the primary and secondary streams at the beginning 
of the duct. This can be explained as the result of vigo-
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rous mixing between the two streams. The jet growth fur
ther down-stream is made clear by the spread of the high 
turbulent energy zone. The peak of the k-profile is in
creased at first and then decreases. This shows that the 
degree of mixing is intensified at first and then dimini
shed gradually. The profile at about 12 radius downstream 
suggests that the mixing is almost completed there as no 
obvious peak is observed. Since there is no existing 
experimental data of k for comparison, experimental studies 
using a laser Doppler anemometer to measure the mean and 
the three orthogonal fluctuating velocities were carried 
out in a uniform mixing duct. The results are reported 
in Chapter 6 and compared with the predicted values.

The turbulent shear stresses ..which arise from the 
cross-correlation of fluctuating velocities as given by 
equation (2.4-1) can be re-written for cylindrical polar 
coordinates as

/3U . (5.1-5)

In the mixing duct case,

22 »  22 ?>r ^ ^z

Thus (5.1-6)
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Prom equation (2.4-8),

LLt = ,

the Reynolds shear stress term can then he expressed as

^ = - C ^ J 2  (5.1-7)

As U, k and £ are predicted throughout the whole flow
field, u lV T can he evaluated everywhere• The predicted
u * v 1 profiles across various stations of a uniform mixing

2duct are non-dimensionalized hy U and the results are ̂ m
compared with Razinsky and Brighton's (1971) data as shown 
in Rig. 5.1-8. The agreement appears to he satisfactory. 
The influence of grid spacing To investigate the influence 
of the grid spacing on the predicted results, three diffe
rent grids were used to predict the same flow situation 
with radius ratio of i and velocity ratio of 10. The 
comparison of centre-line velocity decay and static pre
ssure rise are shown in Rig. 5*1-9. It can he observed 
that hy increasing the grid from 11'x 11 to 18 x 18, the 
results do not show drastic change, especially when the 
flow is far enough downstream. However, the computer 
time required for 18 x 18 grid is almost three times 
that of 11 x 11. It is thus necessary to choose an 
appropriate grid size hased on the compromise of economy 
and accuracy.
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Some comments on the accuracy and possible improvements 
In general, the agreement between prediction and measure
ment is acceptable for axial velocity, static pressure and 
turbulent shear stress. The accuracy might be improved, 
especially in the case of high velocity ratio and small 
radius ratio, by specifying a finer radial grid spacing 
in the mixing region where velocity gradient is high. To 
some 'extent, the empirical constants listed in Table 2,4-1 
may have some effect on the accuracy of the prediction.
By improving these constants, a better result can be 
expected, • However, it is anticipated that large amount 
of measurements are necessary before a better set of 
constants can be established.

The results, obtained so far reveal that the two- 
equation turbulence model is capable of predicting, with 
acceptable accuracy, the time-mean velocity and static 
pressure as well as the turbulent behaviour of the flow 
in an uniform mixing duct. The next task is to apply 
the model to predict the flow-in a typical jet pump mixing 
tube with a secondary inlet region where flow area is 
reducing and the nozzle is placed at some distance upstream 
of the inlet section of the mixing duct.

5.2 Flow in Typical Mixing Tube Including Secondary Inlet 
Region

5.2.1 Introduction
The geometrical configuration of a typical jet pump 

mixing tube with nozzle exit placed in the varying-area
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inlet region is shown in- Pig. 4.3-3. A computer model 
which simulates the mixing tube together with such a 
secondary inlet region is developed and described in 
section 4.3.2. The model was -used to predict the flows 
in the domain and compared with the experimental data 
from Sanger (1968a). Plow conditions were varied so 
that their effects on the performance were discussed.
All the predictions were obtained using a 26 x 12 grid.
5.2.2 Results and Discussion

The computer model was used to predict two mixing 
tube tested by Sanger (1968a). The geometries of the 
two mixing tube A and B are listed in Table 5.2-1.

Mixing Tufre dt (m) V dt s/dt Ro(m) Ri(m)
A 0.0342 0.257 1.05 0.127 0.165
B 0.0342 0.444 0.96 0.127 0.1903

Table 5.2-1 G-eometries of mixing tubes used for prediction

The predicted pressures along the duct wall were 
plotted and compared with the measured values obtained 
by Sanger as shown'in Pig. 5.2-1. It is clearly demon
strated that the correlation between the predicted and 
the measured values is fairly good. The predicted pressure 
profiles for various flow ratios in mixing tube A are also 
presented in Pig. 5.2-2. The results shows that the loca
tions of minimum and maximum pressure points are closer 
to the nozzle exit at lower flow ratio. As the flow ratio 
increases, these locations move further downstream from
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the nozzle exit. This tendency is more obvious for the 
maximum pressure point. It is also observed that the 
pressure in the mixing tube increases more abruptly in 
the case of smaller flow ratio possibly due to larger 
initial velocity ratio between the primary and the secon
dary flows which leads to a more vigorous mixing.

It may be concluded that for the same nozzle to 
mixing tube area ratio, a higher flow ratio will require 
a longer mixing tube to achieve the maximum possible pre
ssure rise. This discovery explains the inconsistency of 
the optimum mixing tube lengths recommended by various 
authors as the flow conditions under investigations differ 
widely.

To ensure that the prediction is acceptable for a 
wide range of flow ratios, the pressure rise in the constant 
diameter mixing tube is non-dimensionalized by 
plotted against the flow ratio so as to compare with 
Sanger's data. Fig. 5.2-3 shows a satisfactory comparison 
between the prediction and the measurement.

The predicted streamwise velocity profiles across 
various flow sections throughout the whole flow field 
are shown in Fig. 5*2-4-. Comparison for two different 
flow ratios is also shown. The centre-line velocity 
decays are shown in Fig. 5.2-5. The results show that 
the centre-line velocity decays faster as flow ratio 
reduces. If the centre-line velocity decay is taken as 
a measure of the degree of mixing, then it can be conclu
ded that mixing is completed earlier in the case of a
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lower flow ratio. A longer mixing tube is thus required 
for a higher flow ratio. This has coincided well with 
the conclusion drawn from the pressure prediction.

Although no detailed information is given for the 
turbulent intensity or turbulent kinetic energy distri
bution at the inlet in Sangerfs work, uniform k-profile 
were assumed for nozzle exit and secondary inlet region 
as follows.

where U and U are the mean velocities at nozzle exit and n s
secondary inlet respectively. The choice was based on an 
estimation that the local turbulent intensities at the 
nozzle exit and the secondary inlet were around 3% and 
4.5% respectively, and the flow was assumed to be isotropic 
turbulence. The inlet £ -profile was specified according 
to equation (5.1-4) with 1^ = 0.0025dt f

A typical k-distribution profile is presented in 
Pig. 5.2-6. It is clear that the results reflect reasonably 
v/ell the turbulent behaviour of the confined jet mixing 
with the mixing zone having a higher turbulent kinetic 
energy.

5.3 Plow in A Conical Diffuser
5.3.1 Introduction

A conical diffuser is often used as the pressure head

** See /\pp£fldix A . 9

k = 0.001U. (5.2-1)

lc = 0.003U 2 *b b
(5.2-2)
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recovery device in jet pump systems, McDonald et al (1966) 
tested various conical diffusers of different included 
angles and length to investigate their performances.
Mueller (1964) studied a series of diffusers in jet pumps 
having included angles ranging from 3.5° to 10.7°. He 
concluded that for optimum jet pump performance with best 
efficiency, the diffuser with larger included angles must 
be used in conjunction with a longer mixing tube in order 
to prevent separation in the diffuser. The results of 
Mueller also reveal that the best efficiency occurs at a 
combination of 5° diffuser included angle with a mixing 
tube length of 6.5 diameters. By testing two sets of jet 
pumps, Sanger (1968a, 1968b) showed that a combination of 
a 6° diffuser included angle with a mixing tube length of 
5.66 diameters gives a better performance than a. 8.1° 
diffuser combined with a mixing tube of 7*25 diameters 
long. It is apparent that the diffuser performance depends 
upon the inlet velocity profile which itself depends on a 
number of factors in the jet pump system, i.e., mixing tube 
length, nozzle spacing, area ratio and flow ratio.

Besides being used in a jet pump device, the conical 
diffuser is also widely used in many other fluid flow sys
tems. A reliable prediction of diffuser flow behaviour 
and performance is certainly requii’ed*

The present study is to use the computer model des
cribed in section 4.3.3 to predict the flows in conical 
diffusers. The inlet velocity profile which is dictated 
by the upstream geometries and flow conditions is speci
fied as the inlet boundary condition.
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5.3.2 Results and Discussion
The computer programme for calculating the flow in 

conical diffuser has been run for two diffusers with in
cluded angles of 4° and 8° and inlet Reynolds Number of 

51.25 x 10 so as to predict the experimental performance 
obtained by McDonald et al (1966). The two included angles 
are chosen based on the fact that most diffusers used in 
jet pumps are within the range of 3.5° to 8°. As no 
information on turbulent intensity at the inlet was reported 
by the authors, the following inlet lc-values and length 
scale were used as they produced good predicted results 
compared with the experimental data.

k 1 = 0.001U.,2 *

11 = 0.05r1 *

where 1 denotes the diffuser inlet section.
The results are presented in Pig. 5.3-1 where the 

predicted and the experimental pressures are compared.
The prediction in the region up to 10 radius of the diffu
ser inlet section are in excellent agreement with the 
measurement,. Further downstream, the prediction is slightly 
higher than the measurement in both cases.

To study the flow behaviour in the diffuser, mean 
velocity profiles at various sections were also plotted.
Fig. 5.3-2 presents the mean velocity development of the 
8° included angles diffuser with uniform inlet velocity.

* See Appendix A-9
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The results clearly demonstrate the development of the 
turbulent boundary layer in diffuser flow. Fig. 5.3-3 
presents the non-dimensional turbulent kinetic energy 
profiles with an assumed uniform k-profile prescribed 
at the inlet. Once again, the turbulent boundary layer 
development is clearly shown. At the initial region of 
the diffuser, there is a very thin but high turbulent 
energy zone close to the diffuser wall. Further down
stream, owing to the growth of turbulent boundary layer, 
the high turbulent energy zone increases its thickness 
with a reduction in its magnitude. The peak of the k- 
profile also moves further away from the wall as the flow 
developed downstream.

Diffuser'flow in conjunction with a mixing tube as 
used in typical jet pumps were also studied. The jet 
mixing computer programme was run using various area 
ratios and flow ratios. The predicted velocity profiles 
at the end of the mixing tube were then used as inlet 
velocity profiles for the diffuser programme. Predictions 
•were obtained for two jet pump configurations tested by 
Sanger (1968a). The detailed geometries are tabulated in 
Table 5*3-1.

Area Ratio d /a.n' t V dt © s/dt
0.066 0.257 7.25 oo*CO

0.197 0.444 5.66 6° 0

Table 5.3-1 Geometries of two jet pump diffusers
used for prediction
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Fig. 5*3-4 and 5.3-5 present the predicted static 
pressure along the wall for various flow ratios. Both 
cases show good correlation between predicted and measured 
values. All the diffuser predictions were obtained using 
a 14 x 12 grid.

The results so far reveal that the k- £ turbulence 
model is capable of predicting satisfactory results in 
conical diffusers not only by itself but also in conjunc
tion with a mixing tube. They are expecially encouraging 
in view of the fact that both mean flow behaviour as well 
as turbulent structure are obtainable at the same'time. 
Since the mean velocity and k-profiles at the inlet are 
prescribed as inlet boundary conditions, the programme 
can readily be used to investigate many other flow pro
blems where the diffuser is one of the flow components.

5.4 The Prediction of Overall Performance of Typical Jet 
Pump

5.4.1 Introduction
The successful predictions of the flows in jet pump 

components using the computer models described in Chapter 
4 have led to a conclusion that it is possible to predict 
the overall performance, i.e., pressure rise, efficiency, 
etc., in a typical jet pump system. Once the flow ratio 
of a jet pump is specified, the head ratio will be the 
only parameter to determine the efficiency of the pump.
The prediction of the static pressure throughout the 
whole flow field will enable the head ratio and thus

114



oCN1
cn in in

ro CM

cn

co

oco
o

CD O
D
CL'\CM

Of

Q.

'115

ig
.5

.3
-4

 
C

om
pa

ris
on

 
of 

pr
ed

ic
te

d 
ax

ia
l 

st
at

ic
 

pr
es

su
re

 
ris

e 
w

ith
 

ex
pe

ri
m

en
ta

l 
da

ta
 

fro
m 

S
an

ge
r,

 
= 

0-2
57

 
9 

=7
-2

5,
0=

8-
1*



oCM

CDCDin

CD
CD
CD

CM

00

X>

Q.

Q.
CL

O
ID
co

°  uSo
CMCOCM CD CMCM O

CM



the efficiency of the pump to he evaluated. Although it 
is theoretically possible to simulate the entire flow 
domain of a jet pump using a single computer program, 
this will require excessive storage space unless the 
job was run on a very large computer. As an alternative, 
the mixing tube program and the diffuser program were run 
successively to obtain a complete prediction.
5.4.2 The Procedure of Calculating the Overall Performance

The total head at any station x of a horizontal jet 
pump is given by

Hx = px + 4 ? u x2 (5.4— "1)

where P and U are the static pressure and the area-meanX  X
velocity at station x. Since the area-mean velocity at 
any station can readily be deduced from the continuity 
equation, the total head will solely depend on the static 
pressure at that station. The correct prediction of the 
static pressure along a jet. pump is thus of vital import
ance to its design and performance analysis.

The present prediction procedure can be summarised 
as follows:

(i) Specify the geometry of a jet pump together with
the primary and secondary inlet flow rates for
the jet mixing program; run the program to 
obtain pressure and velocity fields

(ii) The velocity profile at the end section of the 
mixing tube is used as inlet, velocity profile
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for the diffuser program; the program is run to 
obtain the static pressure rise in diffuser

(iii) The static pressure from the secondary inlet to
the exit of the diffuser is then plotted and the
overall static pressure rise evaluated

(iv) The total head gained by the entrained fluid is
obtained from static pressure rise and the increase 

/ in dynamic head, i.e.,

%  - Hs = pd - ps + * e ^ d 2 - (5-4~2>

(v) The total head lost by primary fluid can be cal
culated similarly

Hj - Hd “ p3 " pd + 4?^d2 " fd2)

However, the position of station j which is up
stream of the primary nozzle is fixed arbitrary.. 
From station j to the nozzle exit plane n, only 
frictional losses occur. The loss from j to n 
is relatively small compared with other losses 
and can often be ignored if the distance between 
j ,and n is small. The total head lost by the 
primary fluid can then be written as



(vi) The head ratio-N-and-the efficiency^ can he 
calculated as follows:

(5.4-6)

(5.4-5)

5.4.3 Results and Discussion
Fig, 5.4-1 presents the predicted static pressure 

rise along the wall of a jet pump used by Sanger (1968a).
The agreement between prediction and measurement is fairly 
good. The satisfactory prediction of the static pressure 
along the entire jet pump wall enable the head ratio and 
the efficiency to be calculated. Fig. 5.4-2 presents the 
predicted performance curves, plotted-with head ratio and 
efficiency against the flow ratio, for a specific geome
trical combination used by Sanger (1968a). Quantitatively, 
both the predicted head ratio and efficiency are slightly 
higher than the measurements obtained by Sanger. However, 
bearing in mind that minimum amount of empirical coefficients 
are used to evaluate these performances, the achievement is 
considered satisfactory. The prediction clearly shows the 
maximum efficiency point which agrees very closely with the 
measured value. With these achievement, the model may safe
ly be used to predict the performance for any proposed geo
metry. Studies of new design proposals no longer have to 
rely on prototype testings or analyses based on empirical
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coefficients obtained from other pimps. The computer 
model can, not only be used to investigate the influence 
of individual geometrical parameter on performance, but 
also be used to optimize the design. The application of 
the model for these purposes v;ill be discussed in Chapter 
7.
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CHAPTER 6 
EXPERIMENTAL INVESTIGATION

6.1 Introduction
Although jet pumps have heen the subject of extensive 

experimental studies, comparatively little work has been 
devoted to detailed studies of the flow field behaviour 
occuring in various flow regions. Many experimental in
vestigations were mainly concerned with performance test
ing, pressure distribution along the duct walls, measure
ment of losses in individual components, cavitation studies 
and operation of jet pumps under various conditions. As 
a result, design of jet pumps in the past has largely 
relied upon the empirical coefficients evaluated from 
other tests rather than based on the flow structure of a 
proposed pump. Although a typical jet pump consists of a 
primary nozzle, a mixing tube and a diffuser, it is the 
mixing tube where mixing between the two streams takes 
place and thus results in the_pumping effect. A thorough 
study of the flow behaviour in a mixing tube is essential 
for the better understanding of the mixing process. ' The 
detailed measurements of mean and fluctuating velocity 
components in a mixing tube also provide a basis for 
validating any flow prediction and theoretical analyses.

Helmbold et al (1954) conducted experimental measure
ments of mean velocity profiles in both constant and varia
ble area mixing tubes using a Pitot static tube. Curtet 
and Ricou (1964), in an attempt to study self-preservation
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tendency in an axisymmetric ducted air jet, carried out 
measurements of mean velocity as well as axial and radial 
components of fluctuating velocity in a constant mixing 
duct using a hot wire anemometer. The most thorough 
measurement of confined jet mixing.was probably done by 
Razinsky (1969). The measurements were conducted with 
two different radius ratios and each with two velocity 
ratios. The mean velocity was obtained using a Pitot 
static tube.- Longitudinal velocity fluctuation and 
Reynolds stress were measured using a constant-temperature 
hot wire anemometer. However, no measurements of fluctua
ting velocity in the radial and tangential directions were 
reported.

The lack of experimental data in confined jet mixing 
is reflected in the incomplete measurement of fluctuating 
velocity components. A severe lack of information in the 
tangential fluctuating velocity prevents the thorough 
understanding of the turbulent structure in confined jet 
mixing. Moreover, owing to the difficulty in obtaining 
measurement in water jet mixing, almost all the existing . 
data on confined jet mixing were obtained from air jets.

The present experimental investigation is to use a 
relatively new technique, laser Doppler anemometry (LDA), 
to measure the mean and fluctuating velocities in a constant 
diameter mixing tube with water as the'working fluid. The 
LDA technique allows the measurements of axial mean and 
fluctuating velocities to be taken simultaneously. Through 
various suitable arrangements of the optical system, all
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the three orthogonal fluctuating velocities are obtained 
using one laser Doppler anemometer system* The main 
aim of the present experimental program is to calculate 
the turbulent kinetic energy 1c from the data of the three 
fluctuating velocity components so as to compare it with 
the predicted k obtained from the two-equation k~ £. model. 
Other important aspects include the studies of improving 
laser Doppler signals, criteria for selecting optical 
components, effects of frequency shifting and the limita
tion of LDA in this particular application.

6.2 The Jet Pump Test Rig
6.2.1 The Flow Circuit -

A schematic diagram of the flow circuit is shown in 
Pig. 6.2-1. Water from a 60 x 90 x 60 cm storing tank 
was pumped by a 7.5 kW centrifugal pump to a 25mm primary 
pipe line. After passing through a control gauge valve 
V1 and a 10-yUm filter (ALBANY series 770), the water 
could be made to flow solely through the primary pipe 
line, and ejecting through the nozzle by closing the 
valve Y2 connecting the primary and secondary pipe lines.
The high velocity jet from the primary nozzle was able 
to entrain a secondary flow through turbulent mixing in 
the mixing tube with valve V3 opened. When it reached 
a steady state, the primary and secondary flows and 
Qg remained unchanged. This operation allowed the flow 
circuit to run as an ordinary jet pump for pressure testing. 
However, the flow circuit was also operated in such a way
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that valve 72 was opened and valve 73 was closed so that 
the filtered water was diverted to both primary and secon
dary pipe lines. The two flov/s and after passing 
through two flowmeters, were led to mix in the mixing tube. 
On leaving the mixing tube, the combined fluids then flowed 
back to the storing tank via a 38.1mm discharge pipe line. 
Such operation ensured that both the primary and secondary 
flows entering the jet pump were being filtered by the 10pm 
filter. The filtering is crucial for the measurements of 
mean and fluctuating velocities using a laser Doppler 
anemometer as particles of diameter larger than 10pm will 
seriously affect the performance of the signal processor.
By careful control of valves 71 and 72, an appropriate 
velocity ratio at the inlet of the mixing tube was. achieved. 
This was important in view of the fact that the laser Dopp
ler , anemometer was unable to cope with very high velocity 
gradients. If the flow circuit is to be operated as a 
normal jet pump, the inlet velocity ratio will be well 
beyond 20 which is far too high for the L.D.A.

A thermometer was inserted into the water in the 
storage tank to check the temperature of the water. When 
the temperature of the water was higher than the atmos
pheric temperature by 5°C, the water was drained away by 
opening valve 74 and refilled with fresh tap water. The 
frequent change of water also ensured that the smaller 
iron oxide particles generated from the cast iron pump 
would not be accumulated to a high particle concentration 
affecting the normal performance of the anemometer.
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A photograph of the basic'jet pump test rig is shown 
in Plate 6.2-1.
6.2.2 The Components of the Test Pump

The test pump consists of the following components:
(i) a primary nozzle, (ii) a suction chamber, (iii) a 
mixing tube entrance disc, and (iv) a test section. These 
four components are easily changeable so that the effect 
of dimensional alteration can be quickly and cheaply 
achieved. The complete jet pump is shorn in Pig. 6.2-2.

Two nozzles of 6-. 5d m  and 12.7mm exit diameter we re 
machined from aluminium. The dimensions of the two nozzles 
are given in Pig. 6.2-3. The nozzle to be used for the 
jet pump experiment was screwed into the end of a piston 
tube which connected with the primary pipe. The piston 
tube was locked into an adjusting screw tube with external 
screw threads. The adjusting screw tube screwed into a 
sleeve which was fastened to the cylinder of the piston 
tube. A cylindrical suction chamber with an internal dia-. 
meter of 100mm and length 90mm was then joined to the 
cylinder. A 25mm copper pipe was connected to the bottom 
of the suction chamber. To reduce the weight of the jet 
pump, all the parts mentioned above were made from alumi
nium. ■ By turning the adjusting screw tube, it was possible 
to move the piston tube in or out of the cylinder so that 
the position of the nozzle in the suction chamber could be 
varied. Two sets of mixing tube entrance discs and mixing 
tube test sections were produced from clear perspex glass. 
The mixing tube test section was screwed into the entrance 
disc which fastened to the suction chamber. The dimensions
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Fig.6,2-3 The nozzles (All dimensions are in mm.)
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of these two mixing tubes and entrance discs are shown in 
Fig. 6.2-4 (a) and (b). The entrance disc provides a 
bell-mouth secondary inlet contour to the mixing tube.

The mixing tube with an internal diameter of 38mm 
was used for mean and fluctuating velocity measurements.
By using the two nozzles described above, radius ratios 
of 0.334 and 0.171 were achieved. On the top surface 
along the length of this mixing tube, a perspex block 
for holding the probe was fixed. Threaded holes for the 
probe holder were drilled on this probe holding block at 
various stations with spacing indicated in Fig. 6.2-4 (a). 
The details of the probe and its holder are also shown in 
Fig. 6.2-4 (a). A photograph of the test section is shown 
in Plate 6.2-2. The probe was mainly used for locating the 
centre of the mixing tube cross-section so that the two 
laser beams would be adjusted to cross at the centre. The 
measuring position at any distance away from the centre 
was calculated by the movement of the optical unit which 
is discussed in section 6.4-2* In order to measure the 
axial velocity near to the nozzle exit, two slots were 
cut on the outer surface of the entrance disc to enable 
the laser beams to pass through without any blockage (see 
Plate 6.2-2).

The mixing tube with an internal diameter of 25mm 
was used for static pressure measurement. Static pressure 
taps of 2.0mm diameter were installed along the test sec
tion with spacings shown in Fig. 6.2-4 (b). The end of 
the mixing tube was joined to a short diffuser of 7° inclu-
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Plate 6.2-2 The test section for velocity measurement
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ded angle and an exit diameter * of 38.1mm. A photograph 
of the test section is shown in Plate 6.2-3*

Both test sections were joined to a 38.1mm diameter 
copper pipe leading to the storage tank.

6.3 The Laser Doppler Anemometrv 
6.3*1 The Measurement of Turbulent Flows

l The measurement of instantaneous velocity provides 
the necessary information for understanding the structure 
of turbulent flows. For many years, hot wire or hot-film 
anemometers have been used as the principal tools for 
obtaining turbulent flow informations such as r.m.s. 
velocity and velocity correlations. Although this 
technique has provided ample quantitative informantions, 
it is limited to flows of low temperature, low speed and 
low turbulent intensity without recirculation. The deve
lopment of laser Doppler anemometry represents a signifi
cant break-through in fluid flow measurement. The main 
advantage of such an optical measuring system is the non- 
contact probing which does not disturb the flow under 
investigation. Thus, laser Doppler anemometer is particu
larly favourable for measuring recirculating flows, flows 
in ducts of small dimension, where the hot wire or hot 
film is extremely difficult to set up and for hostile 
environments such as flames. However, laser Doppler 
anemometers require the wall of the test section to be 
transparent so that light beams can pass through.

In the present work, the laser Doppler anemometer was
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chosen rather than the hot film anemometer for the measure
ment of mean and fluctuating velocities because

(i) laser beam passes through the.flow without using 
any probe which will disturb the flow,

(ii) the relatively small mixing tube creates great
difficulty in setting up a hot film probe in the 
flow,

(iii) the use of water as working fluid solves the 
seeding problem,

(iv) the Doppler frequency is directly proportional 
to the velocity enabling^ greater accuracy of 
measurement*

d

6.3*2 The Basic Principles of Laser Doppler Anemometrv
The laser Doppler anemometry is based on the Doppler 

shift of the light frequency scattered by particles sus
pended in the fluid. The scattered light contains informa
tion about the velocity of the suspended particles which 
can be interpreted by photoelectronic means. The Doppler 
effect, which is named after Christian Doppler who disco
vered the frequency change of a moving source towards a 
stationary observer, forms the basic concept for the deve
lopment of the laser Doppler anemometers.

P

Pig. 6.3-1 Light scattered by a moving particle.
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Pig, 6.3-1 shows light which is propagated from a
fixed source S in the direction k^ and scattered by a
particle at point P moving with velocity v , the scattered
light is detected by an observer 0 where k_ is the units
vector from P to 0, The relative velocity of the light 
with respect to the moving particle P, c !, will be

where c is the velocity of light to a stationary observer. 
Thus, the light -will arrive to the moving particle at a 
frequency,

Now, the particle can be considered as a moving source 
emitting a light of frequency f 1. The stationary obser
ver at 0 will observe the light from a moving source with 
a wave length • -----

c’ = c - vk. (6.3-1)

f ' = 7T = X O  " T 'ki)= f(1 " c ? *ki} (6*3-2)

c - v k 8
(6.3-3)

The corresponding frequency is then

(6.3-4)

Substituting equation (6.3-2) into equation (6.3-4) yields



the expression of the final frequency detected by the 
stationary observer at 0,

f(1 - — v*k.) 
f"  -----  c .  J-- (6.3-5)

1 - — v*kc s

The overall frequency shift is then given by

Af = f« - f

v ( k B - I s p  

\(1 _ 1 v*k )
(6.3-6)

Since the velocity of the moving particle v is negligible 
compared-with c, 
i.e.,

= oC

thus,

Af = “ V' (kg- 1^) ' (6.3-7)

The frequency shift, Af, which is also referred to 
as the Doppler frequency, f^ , is directly proportional 
to the particle velocity v •

The laser, which emits highly coherent monochromatic 
light waves is the most suitable light source for the 
measurement of particle velocity utilising the above
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principle,
6.3.3 The Optical Systems

In practice, it is more convenient to employ two 
incident light beams which cross at the measuring point 
in the flow. Appropriate optical components such as beam 
splitters, lens and filter may be arranged in different 
modes of operation. The most commonly used optical 
arrangements are ureference~beamH mode and Udual beam” 
mode.
The nReference-Beamn Mode In the reference-beam mode, 
the laser beam is split into two beams and directed towards 
the measuring point by an optical unit which consists of 
a beam splitter and a convergent lens as shown in Pig. 
6.3-2.

optical unit
filter pho t omult ipii erlaser

v

Pig. 6.3-2 Reference~beam mode

The intensity of the reference beam is reduced by a filter 
so as to optimize the quality of the Doppler signal. A 
photomultiplier is placed to face the reference beam so 
that the frequency difference between the reference
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beam and'the scattered beam can be detected, The 
frequency difference, according to equation (6,3-7), is

The photomultiplier then emits modulated current with a
frequency equal to f^. The velocity component measured
by the above arrangement is parallel to k - k., or normals 1
to the bisector of the beam intersecting angle < f , Its 
value can be calculated in terms of f^ \  , and <f> as
follow .

The “Dual Beam” or Fringe Mode In this arrangement, the • 
laser beam is split up into two incident beams of equal 
intensity and is brought to intersect at the place of 
measurement so that a measuring volume is formed. The 
scattered light signals of the incident beams are picked 
up from the same direction by a photomultiplier (see

(6.3-8)

Pig. 6.3-3),
v

'3.2

Pig.6.3-3 fDual beam* or fringe mode.



In this case, each scattered beam has a frequency shift 
relative to the incident beam that it originates from, 
i • e •,

fs1 = fi1 + - Ei1>.

fs2 = fi2 + " Ei2}
/

The beat frequency detected by the photomultiplier
f-n = - f 0 can be deduced toD s1 s^

fD = fi1 - fx2 ‘^1 2  _ (6.3-9)

If the incident beams arrived at the measuring point
v/ithout any frequency pre-shift, f ^  = f ^  , and f-p
becomes

fD = {v-(£.z - k.p (6.3-10).

It is obvious that the beat frequency f-p is indepen
dent of the direction of detection and the velocity'com
ponent measured is parallel to > i«e*> normal to
the bisector of the beam intersecting angle cj> „ The 
velocity can be calculated in terms of f^ , A  and Cp 
according to equation (6.3-8).
The Effect of Refractive Index Wien a beam of light 
passes obliquely from one medium to another of different 
refractive index, its direction is altered and its velocity
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and wavelength also changed. The various properties in 
air and in a fluid of refractive index is given in 
Table 6.3-1.

Property Air In the Fluid
Intersecting Angle

f r
Velocity of light c

c/ \

Frequency of light f f
Wavelength of light § H

Table 6.3-1 Various properties in air and in a 
fluid of refractive index

Thus, if the beams are intersected in a fluid of refrac
tive index ry and the angle between the beams (j?1 is mea
sured in the fluid, the velocity, according to equation 
(6.3-8) will be

v =
f-pV

2 s in4~ 2 )|s in-̂ j
(6.3-11)

The ”Interference Fringe" Model of the Dual Beam Mode 
The dual beam mode is also termed as "fringe” mode 
because the interference of the two light beams forms 
a fringe pattern at the intersection volume. This model 
for analysing laser Doppler signals was first proposed by 
Rudd (1969). Dig* 6.3-4 shows two coherent light beams 
having plane wave fronts intersecting at an angle Cp • Where 
the path lengths travelled by the two beams are equal, or

143



differ by a whole number'of wavelengths, the intensities 
of the beams will add constructively to give a bright 
fringe. While a difference of path length by | of a

wavelength will'add destructively to give a dark fringe. 
An interference fringe pattern .which consists of a series 
of bright and dark fringes is formed in the intersection 
region. Prom the above diagram, it is obvious that the 
following relationship between fringe spacing Ax an& 
wavelength of the light A can be obtained*

Pig. 6.3-4 Pringe pattern of beam intersection

(6.3-12)

A particle which moves across the fringe pattern with a 
velocity v will scatter light whose intensity will vary 
at a frequency



The relationship between the signal frequency and the 
particle velocity obtained is exactly identical to that 
obtained by a Doppler consideration.

In this experimental work, the dual beam mode of 
optical arrangement was chosen based on the following 
reasons

(1) It is relatively easier to set up the optical 
system as the laser, the optical unit and the 
photomultiplier are mounted on the same optical 
axis; the changes required in measuring differ
ent directions involves only minimal re-arrangement 
of the components.

(2) Since the beat frequency is independent of the 
direction of detection, the position of the 
photomultiplier does not require to be precise; 
good signals can be obtained over a relatively 
wide angle of detection. ?

6.3.4 Methods for Frequency Signal Processing
A typical, signal from the photomultiplier consists 

of a low frequency signal which corresponds to the passage 
of particles across the beams (pedestal), a high frequency 
signal related to the velocity of individual particles 
passing through the beam intersection region, and a wide
band of noise. A signal processing device is therefore
required to extract the velocity-related high frequency
signal, measure its mean value and obtain the information
about fluctuation, i.e., r.m.s. value#

There are three basic types of signal processing
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technique:- frequency spectrum'analysis, counting and 
frequency tracking.

Frequency spectrum analysis is the simplest approach 
to Doppler signal processing. • It was used for most of the 
early work on L.D.A. For most analysers, a spectrum of 
probability density function of Doppler frequency can be 
plotted against the frequency. In such a distribution, 
the most probable frequency corresponds approximately to 
the mean value of Doppler frequency and therefore, to the 
mean velocity; the width of the spectrum is related to the 
turbulent- intensity. The major shortcomings of frequency 
analysis are (i) instantaneous velocity and energy spectrum 
cannot be obtained; (ii) .processing the signal is time 
consuming and often lacking in precision.

A counter measures the time taken for a particle to 
cross a pre-determined numbers of fringes. The velocity 
can then be calculated from the numbers of fringes, fringe 
spacing and the time taken. The counting technique cannot 
measure the oscillations and^energy spectra readily. How
ever, counting procedures are not greatly influenced by 
changes in particle concentration and work well with high 
dropout values caused by a highly discontinuous signal.

Frequency tracking devices ’lock on’ to the Doppler 
signal from the photomultiplier and yield an analogue 
output voltage proportional to the instantaneous fluid 
velocity. The block diagram of a typical frequency 
tracker is shown in Fig. 6.3~5« The incoming Doppler 
signal, at a frequency which varies with time, is mixed

t
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with a output signal from a voltage controlled oscillator 
(Y.C.O.). The output signal at a difference frequency is 
narrow-band filtered by an intermediate filter (I.P.) to 
remove as much noise as possible. The signal from the 
I.E. filter is then passed through a limiter which converts 
the signal to a square wave form and then fed into a fre
quency discriminator. This provides a d.c. output propor
tional to the I.E. frequency deviation from a fixed centre 
value.f . After suitable smoothing, with a time constant 
Tq , and d.c. amplification, the resulting error voltage 
v i s  fed back to the control input of the Y.C.O. The 
result of the feedback is that, provided a suitable value 
of loop gain is chosen, the oscillator frequency tracks 
that of the Doppler signal, maintaining a nearly constant 
difference equal to fQ . Thus the voltage v provides an 
electrical analogue of 'instantaneous* Doppler frequency 
which is in turn proportional to the flow velocity.

Input

Amp.

CR-integrator

•I.E.
filter

Y.C.O

Mixer Limiter

discriminator
Frequency

Output
Eig. 6.3-5 Block diagram of frequency tracker
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The distinct advantage of frequency trackers over 
other signal processing devices is that the mean and r.m.s. 
quantities can he read out directly on the appropriate 
meters. Frequency trackers are particularly suitable for 
application with flows where high particle concentration 
is present. In this experimental study of confined water 
jet mixing, the high particle concentration in unseeded tap 
water enables the use of a frequency tracker which is cheap
er than a counter.
6.3.5 Signal Quality

As the measurement of fluid velocity in a flow depends 
on the scattered light signal received by the photomulti
plier, a good signal is thus essential for accurate velocity 
measurement. Since the scattered light signal is produced 
by the scattering particles suspended in the flow, the 
qualities of scattering particles, such as particle size, 
particle concentration will certainly influence the signal 
quality and thus determine the accuracy of the velocity 
being measured.

The Doppler signal will also contain a certain amount 
of noise, partly from the optical system and partly from 
the electronics. By careful design of the electronics 
and optical system, the noise level can be reduced but 
cannot be eliminated totally. A quantity called signal- 
to-noise ratio is used to define the relative strength of 
the Doppler signal to the noise signal. Three factors 
which affect the signal quality are considered.
The Particle Size All measurements of fluid velocity by
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laser Doppler anemometry are attempted by measuring the 
velocity of the particles suspended in the flow. Conse
quently, the ability of the particles to follow the flow 
is of great importance. Durst, Melling and Whitelaw (1976) 
studied the criteria of particle- size capable of following 
turbulent flows. They suggested that for water flows, 
particles of diameter between 5/Jm to 16^m will be able to 
respond to a turbulent frequencies of 1 kHz to 10 kHz; 
for air flows, particles of diameter near are required 
to give the same turbulent response. This variation is 
due to the difference in viscosities of air and water as 
well as the particle to fluid density ratio.

Besides considering the ability to follow the flow, 
to obtain an optimum signal, appropriate matching of par
ticle size with fringe spacing is desirable. An ideal 
Doppler signal (Fig. 6.3-6(a) ) produced by a particle 
whose diameter is of the order of half the fringe spacing 
2"Ax, contains a low frequency 1 envelope1 or ’pedestal1 
related to the Gaussian distribution of the light beam, 
plus a high frequency fringe crossing signal which contains 
information on the particle velocity. The signal has a 
depth of modulation equal to the amplitude of the pedestal.

(a) (D) (c)
3?ig. 6.3-6 Signals from various particle-sizes
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■However, for a particle of diameter greater than -|a x , the 
total light scattered will he greater hut the depth of 
modulation of the signal as it passes through the fringes 
will he less as shown in Fig. 6.3-6(b). If the particle 
diameter is less than jAx, the total light scattered will 
he reduced, causing a reduction in the total signal level 
(Fig. 6.3-6(c) ). The result of variation in particle 
size,.which is hound to exist, will he a variation in the 
amplitude of-the Doppler signal. It is obvious that if 
the majority of the particles in the fluid have diameters 
in the order of half fringe spacing, then better Doppler 
signal will he obtained.

According to the interference fringe model, the fringe 
spacing a x  given by equation (6.3-12) can he re-written as

A  .a x = — — ~  m  air,
2sinJ

Ax = — ~ i n  a liquid with refractive 
2^sin-£~ index and measured in

the liquid.

Thus, the appropriate particle size for a specific fluid 
should he matched with its refractive index ^ and the beam 
intersection angle in order to give an optimal signal. 
Particle Concentration An ideal situation for laser Doppler
anemometry would be one in which there are sufficient par
ticles in the flow so that at any time there is one particle 
in the measuring volume. Fig. 6.3-7(a) shows such an ideal
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signal. If there are two particles in the control 
volume, the two particles will interfere constructively 
if the particles are in phase. The resulting signal will 
have a larger amplitude due to the extra light scattered 
as shown in Fig. 6.3-7(b). If the particles are 180° out 
of phase, destructive interference will occur and there 
will be no signal modulation since light will be continuous
ly scattered (Fig.6.3-7(c) ). In the case of a natural 
system, random particle separations will yield a signal 
as shown in Fig.6.3-7(d). The modulation depth is likely 
to be reduced at large particle concentration.

(a)

(c)

Fig. 6.3-7 Signals from various particle concentration

burst, Melling and Whitelaw (1976) pointed out that 
smaller, weak scatterers may be present at a rather high 
concentration without causing serious defect, except that 
an excessive concentration give a high d.c. signal compo-
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nent; but the concentration of larger particles should be 
kept to a minimum even if they do not contribute strong 
Doppler signals. Wang and Snyder (1974) also discovered 
that the signal-to-noise ratio from the anemometer will . 
deteriorate at high particle concentration. When the 
Doppler signal is processed by a frequency tracker, the 
lowest limit of particle concentration will be the one 
sufficient to maintain at least one particle in the 
scattering volume for most of the time. According to 
Durst, Melling and Whitelaw (1976), the maximum concen
tration at which a fringe mode optical system would be 
employed is about 100 particles simultaneously present 
in the scattering region.-
Light-collecting System It has been shown by Durst,
Melling and Whitelaw (1976) that, for a dual beam anemome
ter, the signal quality will improve if the light intensi
ties of the two beams are matched. Durst (1972) showed 
that if the photon shot noise is the predominant noise 
contribution, the signal-to-noise ratio decreases with 
increasing angle between the beams as well as with increas
ing angle of detection. A theoretical analysis by Durst, 
Melling and Whitelaw (1976) predicted that an increase in 
detection aperture of the photomultiplier increases the 
signal strength but not necessary the signal-to-noise 
ratio. All these results reveal that the light-collecting 
system represents an important part of laser Doppler 
anemometer and should be designed carefully in order to 
achieve the optimal results of signal strength and signal-
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to-noise ratio.
6.3.6 Frequency Shift

In the case of measuring highly turbulent flows or 
the r.m.s. velocity with negligible mean velocity, a large 
fluctuation of Doppler frequency prevents the use of the 
frequency tracker as the processing technique. This is 
because most frequency tracker can only follow frequency 
fluctuation up to - 7 0 %  of the mean frequency. However, 
such difficulty can be overcome by using two beams of 
different wavelength to intersect at the flow rather than 
two beams' of the same wavelength* The effect would be 
to produce a fringe pattern moving across the measuring 
volume instead of a stationary fringe pattern created by 
two light beams of same wavelength. Now, a particle with 
zero mean velocity in the measuring volume with a moving 
fringe pattern would be equivalent to a moving particle 
in the measuring volume with a stationary fringe pattern. 
The Doppler frequency produced by a stationary particle 
and a moving fringe will depend on the different frequency 
between the two beams. If, however, a moving.particle is 
present in a moving fringe pattern, the Doppler frequency 
will increase if the particle and the fringe pattern are 
moving in the opposite directions. Thus, it is obvious 
that by creating a fringe pattern moving in the opposite 
direction of the particle movement, the mean Doppler fre
quency will increase and hence force the fluctuating 
frequency to fall within the working range of the frequency
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tracker. The Doppler frequency with two incident "beams 
of unequal frequencies f ^  and f ^  is given "by equation 
(6,3-9) and reproduced as follow:

fD = fi1 " fi2 + - Ei1> *

fi1 “ fi2 = fs is called the frequency shift,

. To include a frequency shift in an optical system,
two Bragg cells are installed in the optical unit, so that
each beam passes through one cell. The Bragg cells are
driven by a driver which has several frequency settings.
At each of the shift setting, f , the frequency of ones *
beam is increased by Jf and that of the other beam iss
reduced by 'Jf , The frequency difference of the beamsO
after passing through the Bragg cells is equal to the
frequency shift setting f , The choice of f is depend-s s
ent upon the turbulent intensity as well as the original 
mean frequency, __

6.4 The Measurement of Mean and Fluctuating Velocities 
Using L.D.A,

6.4*1 The Components of the Laser Doupler Anemometer
The laser Doppler anemometer used in .the present in

vestigation consists of the following components:-
(i) A 10mW, He-Ue laser model Hughes 3225H-PCS with 

power unit model 3599H-K;
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(ii) An integrated optical-unit, Type DISA 55101;
(iii) A flow direction adapter with driver, Type DISA 

55102;
(iv) A photomultiplier Type DISA 55110;
(v) Frequency tracking signal processing electronics 

Type DISA551.
The arrangement of the optical components together 

with/the mixing tube test section is shown diagrammatically 
in Fig. 6.4-1.

flow direction 
adapter

photomultiplierBragg
cells

• integrated optical

las er

unit

Fig.6.4-1 Optical arrangement of L.D.A.

The laser was directly mounted onto the optical unit so 
that any rotation of the optical unit for measuring differ
ent velocity components does not require re-alignment of 
the laser. The flow direction adapter which consists of 
two Bragg cells and a frequency driver, was incorporated 
into the optical unit so as to facilitate the measurement 
of highly turbulent mixing region as well as the radial
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and tangential r.m.s. velocities where the mean velocity 
is negligible. The two laser beams were brought to cross 
at the measuring point in the mixing tube by the convergent 
lens of the optical unit. The-photomultiplier was placed 
on the same optical bench at the other side of the mixing 
tube using the dual beam or 1fringe1 mode of arrangement.

To ensure that the two laser beams can be brought to 
cross at any point.in the mixing tube, appropriate adjust
ing mechanisms are required. The integrated optical unit 
and the photomultiplier were mounted on an optical bench 
via two adjustable riders. The riders have fine adjusting 
screws to move the optical unit and the photomultiplier in 
the vertical and longitudinal directions of the mixing tube. 
The entire optical bench was supported by two supporting 
mechanisms fixed on the frame of the rig. Each one of 
these mechanisms comprised an inverted ,Y ! base laid 
parallel to the longitudinal axis of the mixing tube.
Along its apex a rack was cut so as to accommodate the 
pinion of a cross slide mounted on top of the base (see 
Fig. 6.4-2). By turning the pinion head, the cross
slide can be moved along the base in the longitudinal 
direction of the mixing tube. Fixed on top of the cross
slide' is a thick plate with two ’Y f groove cut into it 
running at right angles to the direction of travel of the 
cross-slide. A second slide (lateral slide) which held 
the optical bench was mounted onto this grooved plate.
Fine adjustment of this lateral slide was made using 
threaded link between the slide and a tapped block fixed
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LONGITUDINAL 
CROSS SLIDE

cnoss
SLIDE ADJUSTMENT

LATERAL 
CROSS SLIDE

CROSS SLIDE 
PINION SPINDLE

o >o
RACK

Fig.o«4-2 The adjusting mechanism for optical "bench.

Optical bench 
adjusting mechanismOptica,!

bench
Suction chamber

Mixing tube Nozzle adjusting 
mechanism

Fig, 6*4-3 Plan view of mixing tube and optical bench
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to the ' V 1 grooved plate* The-mechanism thus provides 
facilities for the whole optical bench to be moved along 
the mixing tube axis by rotating the pinion head of the 
longitudinal cross-slide and across mixing tube by adjust
ing the lateral slide. The overall plan view of the adjust
ment mechanism, optical bench and the mixing tube is shown 
in Fig. 6*4-3.

, The block diagram of the frequency tracking signal 
processing electronics used in this experiment is shown 
in Fig. 6.4-4* The equipment is a standard package deve
loped by DISA E1EKTR0NIK* The high voltage supply unit 
provides a continuously adjustable D.C. voltage to the 
photomultiplier.' The photomultiplier received a Doppler 
shifted light signal scattered by particles from the 
measuring volume. The light signal has a sinusoidal 
intensity variation with time. It has been shown by the 
"interference fringe" model proposed by Rudd (1969) that 
the frequency of this intensity variation is equal to the 
Doppler frequency of the scattered light (section 6.3-3).
The duty of the photomultiplier is to transform the light 
signal into an electrical signal without changing its 
frequency. The signal from the photomultiplier goes 
first- to a preamplifier where the signal level is raised 
to a level which can be accepted by the tracker. The 
preamplifier also contains the high pass and low pass 
filters to remove the low frequency pedestal and high 
frequency noise from the Doppler signal. The signal is 
then fed to the frequency tracker which produces an
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analogue voltage directly proportional to the instantaneous 
Doppler frequency and hence of flow velocity. In order to 
provide statistical information on the mean and fluctua
ting velocities the output voltage from the tracker is fed 
to a digital voltmeter for determining the mean velocity 
and to a rein. s. voltmeter via a signal conditioner for 
determining the r,m.s, velocity,

A photograph of the laser anemometer mounted on the 
jet pump test rig is shown in Plate 6*4-1 and the signal 
processing electronics is shown in Plate 6,4-2,
6,4.2 The Measurement of Three Orthogonal Velocity 

Components in a Circular Mixing Tube 
The three orthogonal, components of velocity in a 

circular mixing tube to be measured are shown in Pig.

The following paragraphs are concerned with details 
of the geometrical set-up of the laser optics and the 
necessary calculation procedures for evaluating the mean 
and r.m.s, velocities in the three orthogonal directions.

Pig, 6.4-5 The three orthogonal fluctuating velocities

6.4-5
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Plate 6.4-1 The laser Doppler anemometer mounted on the rig

Plate 6.4-2 The signal processing electronics

161



The measurement of mean and fluctuating r.m.s. velocities 
.in the axial (longitudinal) direction The flow in the 
mixing tube is assumed to be axi -symmetrical.The axial 
component of velocity was measured in a horizontal plane 
which cut through the axis of the mixing tube. Two hori
zontal laser beams from the optical unit were brought to 
meet at any point on the plane so that the bisector of 
the beam intersecting angle is perpendicular to the axis 
of the mixing tube (see Fig. 6.4-6). To ensure that the 
measurement was'taken at the correct plane, a probe was 
inserted from the top of the mixing tube to locate the 
centre of the mixing tube. When the two laser beams 
crossed exactly at the probe tip, the probe was removed 
and the flow was left undisturbed when actual measurements 
were taken. By moving the whole optical bench horizonta
lly at right angles to the mixing tube axis, the measuring 
point was then moved away from the centre such that measure
ment at various locations of that particular measuring sec
tion could thus be achieved.

Incident
beamsMeasuring

plane

Fig. 6.4-6 Measuring plane for U-velocity
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Owing to the refractive effect, the distance travell
ed by the optical unit is not equal to the distance trave
lled by the measuring point. A relationship between these 
two movements is thus needed to be established. Fig. 6.4-7 
illustrates the beam intersection for measuring the axial 
velocity.

Fig. 6.4-7 Beam intersection for axial velocity 
measurement

An incident beam, which hits the outer wall surface
at , if passes through the wall into the water without
any refraction, will meet a symmetrical beam (not shown)
at A^ having a distance d^ from the outer wall surface.
However, due to the refractions in the perspex wall and
water, the beams actually intersect at point A^ ', with a
distance d.,1 from the outer wall surface. If i is the ' a
incident angle in air, r is the refractive angle inP
perspex and r is the refractive angle in water, then
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BC4 = d,tan i ■ « a

= t tan r + (d! - t)tan r (6.4-1)
p  I w

v/here B is a point on the outer surface of the wall such
Ithat A^A^B is a straight line perpendicular to the wall 

surface, and t is the thickness of the wall.
/ Similarly, if the optical unit is moved away from 

the mixing tube by a distance a, the unrefracted beams 
will meet at A2 having a distance d2 and the actual

irefracted, beams will meet A2 having a distance d^T * then,

d0 tan i = t tan r + (d0 - t)tan r (6.4-2) 2 a p - 2 J w v J

Subtracting equation (6.4-2) from equation (6.4-1)>

(d,| - d2)tan i& = (d^ - d2)tan rw (6.4-3) 

Since d^ - d2 is equal to the..distance travelled by the
i toptical unit, a, and d^ - d2 is the distance travelled by 

the intersecting point, a 1, equation (6.4-3) can be written 
as

tan i
a' = a tstxZ . (6-4-4>w

In most measurements, i is relatively small and
c l

depends on the focal length of the lens used in the opti
cal unit. Bor a 300mm focal length and 50mm beam sepera-

164



tion,
tan i - —^  tan ia - 30Q

x*6«» i — 4*764d

When i and r are small, tan i c sin i ,and tan r ^sin r r, a w a a w w
equation (6,4-4) can he approximated to

sin i
a 1 a  a — ;   c^aKl (6.4-5)s m  r lw v 'W

voKei-e. i-S +Ke refractive of +Ke water

This relationship allows the relative position of the 
measuring point to be calculated from the movement of the 
optical unit and the refractive index of water.

The mean and r.m.s. velocities can then be calculated 
by the following equations.

u = a - f a - r -  = n s h r  <6-4-6>lw w a

- y m - 1 <6 - ^ )9,

Where f „ refers to the fluctuation about the mean r.m.s.
frequency.
The measurement of r.m.s. fluctuating velocity in the 
tangential direction To measure the tangential r.m.s. 
fluctuating velocity, the optical unit must rotate 90° 
from the position used for axial velocity measurement. 
The two laser .beams which emerge from the optical unit 
are now in a vertical plane at right angles to the axis
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of the mixing tube (Fig. 6.4-8). The optical unit is 
adjusted vertically such that the beams intersect on the 
hprizontal diameter. By moving the optical bench along 
its own axis, measurement can be made at any point on 
the diameter. However, the distance travelled by the 
optical unit is obviously different from that travelled 
by the measuring point due to the refractions in perspex 
and wat er.

Fig. 6,4-9 shows the beam intersection for such 
measurement. The two laser beams, when brought to cross 
at the centre of the measuring section, pass straight 
through the perspex wall and into the water without any 
change of direction as the beams are perpendicular to the 
interface of the two media. However, when the optical 
unit is moved away from the mixing tube by a distance a, 
the beams will not enter the perspex-wall at right angles. 
Refractions then take places in the perspex wall as well 
as in the water. The beams now intersect in the water at 
P f instead of P where the beams pass straight through 
without any change of direction. OP represents the 
distance travelled by the optical unit and OP1 represents 
the distance travelled by the measuring point. From 
triangle APO,

OP _ Ap_______  = AO
Sln 1a sin(180° - U )  Sinci
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measuring velocity

measuring path

Fig*6.4-8 Measuring path for tangential component.

la.

Fig.6.4-9 Beam intersection for tangential velocity 
measurement.
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With AO=R and OP=a, o y

_ a ________ ^o_
sin i sino(a.

and i = sin~^ (— (6.4-3) a ii ̂o

where o( is the half angle of the beam intersection in air
iwhich depends on the beam separation and focal length 

f^ of the lens used in the optical unit, i.e.,

-1 CU5S-,
d  = tan (~p--- )

x Jj

Considering the refraction at outer surface of the wall,

s m  i
 ----- £ = nsin r Ap

Prom equation (6.4-8),

r„ = sin"1( ^ i a | L )  (6.4-9)
'Ip o

Prom triangle ABO,

Ri Ro
s m  r s m  i P P

and = sin-1 } (6.4-10)
%  i
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Considering the refraction at the inner surface of the 
wall,

sin i yi T 
y _ lw

sin r r n w . Ip

rw = sin"1 ( p f S i )  (6.4-11)
lw i

From triangles APO, ABO, and B P ’O
I

&  AOP = c*- i
c l

XAOB = i - r P P

and oC ='rw +4-B0P',

since 4B0P' = 41A0P - 4A0B

c(' = rw + (o(- ia ) - (i„ -■!„) (6.4-12)

Again, from triangle B P !0,

. R. R.a ’ i l
sin rw sin(180° - o f )  ”  s i n * '

R. sin r
a ’ < M - 1«

The above equations (6.4-8) to (6.4-13) allow the distance 
travelled by the measuring point a 1 to be calculated from 
the optical movement a, the outer and inner radii of the
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mixing tube Rq and , half angle of beam intersection 
oC and the refractive indices for perspex and water 

and n .
The r.m.s. fluctuating velocity J w ! can then be 

calculated from

^  ■ f c k w  (6-4-14>
I

A short computer program has been written to calculate 
the value of a*, and sino^1). The results of the
various quantities are tabulated in Table 6.4-1 and the 
listing of the program is given in Appendix B.5.

a (mm.) a* (mm.) o(' (rad. ) j |w s in c ^ ' ^  ■ (m  \
2) ]w s i '

1.  0 0 0 0 . 7 5 3 0 . 0 3 8 0 .  1 09 0 .  2 3 9 >  05
8 .  0 0 0 J . 5 3 0  . 0 .  0 3 2 0 .  1 09 0* 2 9 2 - > 0 5

. 3 .  0 0 0 ’ 2 . 3  16 . 0 .  03 1 0 .  1 03 0 .  29  4 b : - 05
4 . 0 0 0 3 . 1 1 6 0 .  03 0 0 .  107 0 .  2 9 7 > 0 5
b .  0 0 0 3 . 9 3  0 0 .  03 0 0 .  1 06 0 .  29 9 >  05
6 .  0 0 0 4 . 7 5 9 0 .  07 9 0 .  1 05 0 . 3  0 2 5 - 0 5
7 . 0 0 0 5 .  6 0 4 0 .  07 3 0 .  1 04 0 .  3 0 5 5 -  05
3 .  0 0 0 6 .  4 6 4 0 .  077 0 .  1 03 0 .  3 0 3 >  0d

0 .  0 0 0 7 . 3 4 1 • 0 . 0 7 7 0 .  1 02 0 .  3 1 1 5 -  05 .
1 0 .  0 0 0 3 . 8 3 4 - 0 .  07 6 0 .  1 01 0 .  3 14 >  05
1 1 . 0 0 0 9 .  1 4 4 0 .  0 7 5 0 .  1 00- 0 * 3  17 > 0 5
1 2 .  0 0 0 1 0 .  07 2 0 .  07 4 0 .  0 9 9 0 . 3 2 0 : 5 - 0 5
1 3 .  0 0 0 1 1.  019 0 .  07 4 0 .  09 3 0 .  3 0 3 > 0 5
1 4 . 0 0 0 1 1 . 9 3 4 0 .  07 3 0 .  097 Q. 3 8 6 >  03
l b . 0 0 0 12.' '9 6 3 0 .  07 2 0 .  0 9 6 .0 .  3 2 9 >  05
1 6 . 0 0 0 1 3 .  97 3 0 .  07 2 0 .  095 C. 3 3 3 >  05
17 . 0 0 0  ' 1 4 . 9 9 3 0 .  07 1 0 .  0 9 4 0 .  3 3 6 >  05

. 1 3 . 0 0 0 1 6 . 0 4 4 . 0 .  07 0 0 .  09 3 0 .  3 4 0 >  05 .
1 9 . 0 0 0 1 7 .  1 12 Q. 069 0 . 0 9  2 . 0 .  3 4 3 >  05
2 0 . 0 0 0 1 3 . 2 0 3 0 .  0 6 9 0 .  09  1 0 . 3 4 7  > 0 5

.

Table 6.4-1 The various quantities for calculating 
the tangential velocity component.
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The measurement of r.m.s. fluctuating velocity in the 
radial direction It is relatively difficult to make 
measurement in the radial direction of a circular pipe.
Pig. 6.4-10 illustrates that in order to measure the radial 
velocity, the two beam must cross in such a way that the 
bisector of the beam intersecting angle is perpendicular 
to the radial direction. To fulfill this requirement, the 
optical axis has to be inclined at an angle to the horizon
tal axis. This poses an extremely difficult problem to 
the alignment of the laser and optical unit. To overcome 
such difficulty, two perspex blocks with cylindrical inner 
surfaces identical to the mixing ttibe wall and flat square 
outer surfaces were constructed and locked on top of the 
mixing tube. A cross section with a circular inner surface 
but square external surfaces was thus formed. The blocks 
were locked onto the mixing tube by two screws and a join
ing plate tightened at the bottom surfaces as shwon in Pig*
6.4-11.

To measure the raidal r.m.s. velocity, the optical 
unit is arranged in a similar way to that for measuring 
the tangential value. The two laser beams emitted from 
the optical unit are in the vertical plane perpendicular 
to the axis of the mixing tube. The two beams are symme
trically inclined to a horizontal axis. When the two beams 
are brought to cross at the centre of the measuring section, 
refraction takes place at the outer surface of the perspex 
cross section but not at the inner surface as they pass
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Optical axjls

Horizontal axis

Fig.6.4-10

Fig.6.4-11 Cross-section for radial velocity 
measurement•
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perpendicular through it* (see Pig. 6.4-12(a)). The 
incident angle from the air to the perspex i is equal to 
the half angle of the heam intersection in air, i.e.,

The distance from the incident point to the symmetrical 
axis, s, can he calculated from a, the distance from the

If the centre of the cross-section is considered as the 
origin of x - y coordinates, .the inner surface of the 
mixing tube can then be described by an equation

where R^ is the internal radius of the mixing tube.

By moving the optical unit vertically upwards a 
distance h, the beams will meet the incident face of the
cross-section at A (-a, h + s) and B (-a, h - s) (see Pig.
6.4-12(b)). After travelling in the perspex along AC and

(6.4-15)

The refractive angle in the perspex r can be obtained byP

* sin i 1 / a (6.4-16)

incident face to the centre of the mixing tube, and r ,Jtr
the refractive angle in the perspex,

s = a tan r.P (6.4-17)

(6.4-18)
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Fig*6.4-12(a)

j *

Fig. 6.4-12 (t>) Beam intersection for radial 
velocity measurement.



BD, the two beams cross in the water at P. Equations of 
the straight lines AC and BD are given-by:

AC: y - h - s = -tan r (x ■+ a) (6.4-19)J7

BD: y - h + s = tan r (x + a) (6.4-20)P

To obtain the coordinates of C and D, equations 
(6.4-19) and (6.4-20) are solved with equation (6.4-18) 
respectively. Assuming that the coordinates of C and D 
are (x^, y^) and (x^, y^), the inclined angles of .00 and 
OD with the horizontal radius, and can "tben be 
obtained by

o(1 = tan-1( " )  
c

o(2 =
_ X D

The incident angles at C and D are then given by i ^  and 
ip2 as follows:-

S i = - rP

i o = d 0 + r p2 2 p

The refractive angles at C and D, i.e., r  ̂ and r g are 
related to their respective incident angles and the re
fractive indices of perspex and water
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The slopes of CP and DP, and m2 , are then given as 
follows

m 1 = - t a n ^  - rw1)

m2 = tan(rw2 - o(2)

The equations of CP and DP can then be written as

CP: y - yc = -tan(o(1 - rw1)(x - xQ ) (6.4-21)

DP: y - y-p = tan(rw2 - ô 2)(x - x^) (6.4-22)

The coordinates of ?(xp» yp) can then be obtained by 
solving equations (6.4-21) and (6.4-22), i.e.,

= yC ~ yP * XDtan(rw2 ~ ^ 2 } * xctMl^ 1  - IW1~)
tan(rw2 - o6,) + tan(c(1 - rw2)

(6.4-25A)
yp = yc - tan(<<1 - rwl)(xp - xQ )

The distance OP can then be calculated from Xp and yp by



The angle of "beams intersection can "be calculated from
and m^ as follow

-1,m2 ~ ra1f  = = t a ^  (rV " ) (6.4-24)

A computer program was written to calculate the 
distance OP and the beam intersecting angle f *  at various 
values of h. It has also been proved that OP and the 
bisector of CP and DP are perpendicular to each other as 
the product of their slopes is equal to -1 at various 
values of h. Thus, by raising or lowering the optical 
unit vertically from its cent rad. position, the effect of 
measuring the radial component can be achieved. The 
position of the measuring point can be calculated from 
equation (6.4-23). The r.m.s. fluctuating velocity 
is given by

F  = — ■ F  (6.4-25)
21w sin 2

The results of various quantities are tabulated in 
Table 6.4-2 and the listing of the computer program is 
given in Appendix B.6.
6.4*3 Experimental Procedure

The step by step procedure of setting up the DISA 
53D laser Doppler anemometer is given in detail in the 
DISA manual. The setting and tunning of the DISA 55L30 
signal processor should follow the manufacturer's operation
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manual. During the measurment, an oscilloscope was used 
to monitor the Doppler signal so that the frequency could 
he estimated. The frequency range on the tracker was then 
set to include the Doppler frequency in the recommended 
region of the frequency meter.
6.4*4 The Limitation of P.P. A. and Design Criteria of 

the Optical Components 
The inlet velocity ratios of the primary jet to the 

secondary entrained flow used for the present study are 
3.72 and 4*67 (see Table 6.5-1)* Higher inlet velocity 
ratios were attempted but the tracker failed to lock to the 
signal, presumably owing to the. following reasons: (i) 
high turbulent intensity, and (ii) high velocity gradient. 
However, the use of frequency shift technique improved the 
tracker’s performance for high turbulent intensity but 
failed to solve the problem of high velocity gradient. It 
is thus believed that the high velocity gradient which 
resulted from the high inlet velocity ratio, plays an 
important part in preventing the tracker to function 
normally. The limitation of measuring high velocity 
gradient flow is due to the finite size of the measuring 
volume, . A typical measuring volume formed by two inter
secting beams is of ellipsoid shape as shown in Fig. 6.4-13. 
The particles traversing across the measuring volume have 
a range of mean velocities. This will result in different 
Doppler frequency shifts in the light emitted from different 
parts of the measuring volume.
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Fig.6*4-13 Typical measuring volume.

Such limitation can he improved, theoretically, hy 
(i) arranging the optical system with a shorter dimension 
of the measuring volume along the direction of the velocity 
gradient; or (ii) reducing the size of the measuring volume. 
Method (i) cannot he achieved in a pipe flow owing to the 
refraction at the pipe surface. Method (ii) can he accom
plished hy using lens of shorter focal length in the opti
cal unit. However, a shorter focal length will produce a 
higger heam intersecting angle, and subsequently reduce 
the signal strength and the signal-to-noise ratio as 
pointed out hy Durst, Melling and Whitelaw (1976). The 
increase of heam intersecting angle also limits the maxi
mal velocity which can he measured hy the tracker as most 
trackers can work up to a specific maximum frequency. By 
examining the equation relating the velocity and Doppler 
frequency,

f-p is limited to a maximum value which can he handled hy

U =
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the tracker. The bigger the angle the smaller will be
the U _ which can be measured. Such'a situation is even 
worse in the case of measuring high turbulent flow where 
the frequency shift technique is necessary. In this case, 
the maximum velocity can be measured is.given by

which is less than the case without frequency shift f .s
The focal length of the optical unit also determines 

the fringe spacing. According to equation (6.3-12), the 
fringe spacing a x  is related to A  , ' CP' as follow:

Since A  and are constants, Ax is inversely proportional 
to the beam intersecting angle <p!. A shorter focal length 
will produce a bigger cp* and thus create a fringe pattern- 
of smaller fringe spacing. It has been pointed out in 
section 6.3.5 that in order to give an optimum signal, the 
majority of the particles should have diameters in the 
order of half fringe spacing. A reduction in focal length 
will require smaller suspended particles. It can thus be 
concluded that the choice of the focal length is determined 
by the maximum velocity to be measured and the capability 
to control the suspended particle size.

In the present measurement, a lens of 300mm.focal 
length was used in the optical unit. With a highest

A
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frequency limit of 15MHz provided by the DISA 55B35 tracker, 
the maximum velocity range without using frequency shift 
was 57*15 m/s. This velocity range would be considerably 
reduced by the use of frequency shift technique. Different 
fringe patterns were produced for measuring different com
ponents in the mixing tube. The fringe spacing was 3.8yU.m 
for the axial velocity measurement; 4 , 2 - 7 J X w for the radial 
direction measurement and was varied from 2.86y*m to 3.48/<.m 
for the tangential direction measurement. ' To ensure that 
the particles size matched with the fringe spacing, a 10y*-m 
filter was installed to filter the larger particles and the 
signal was found to improve significantly*

The criteria of selecting the light collecting optics, 
i.e., the close-up lens in front of the photomultiplier 
objective, depends on the pin-hole size and the focal 
length of the optical unit’s lens. When a laser beam of 
wavelength X  is focused by a lens of focal length f^ the

(6.4-26)

where D q is the diameter of the unfocused beam which 
contains 86.5% of the emitted light.

It is normally arranged in such a way that the dia
meter of the measuring control volume observed by the 
photomultiplier is equal to D^* By using a fixed pinhole
of diameter D , and a fixed distance from the collecting P
lens to the pinhole d • The following relationship canP

focused beam D^ is given by

4XfT
D„ =1 " 0
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be obtained

(6.4-27)

where f is the focal length of the collecting lens.
V

Substituting equation (6.4-26) into equation (6*4-27)

Thus., the focal length of the collecting lens f 
should be matched with the focal length of the lens used 
in the optical unit f-̂  accordingly in order that an 
appropriate measuring volume is observed* Such matching 
is essential for ensuring the outer region of the fringe 
pattern with poor signal quality does not contribute to 
the measurements,

6*5 Results and Discussion 
6*5*1 IDA Experimental Results

The measurements of mean and fluctuating velocities 
were made in the uniform mixing tube described in section 
6.2.2'. The geometries and flow conditions are given in 
Table 6.5-1* All measurements were made using the DISA 
55D signal processor described in section 6.4.1. In the 
case of measuring centre-line axial mean and fluctuating 
velocities for radius ratio of 0.334> a TSI tracker model 
1090 was also used to obtain results for comparison with

d >nD D (6.4-28)
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those obtained from the DISA tracker. Frequency shifting 
was employed in most cases except fpr the potential core 
region near to the jet exit where turbulent intensity was 
low.

r /r, n t U /U n' e dt(mm) dn(mm) Un (m/s) Ue(m/s)

0.334 3.72 38 12.7 3.05 0.82
0.171 4.67 38 6.5 5.72 1.22
where e refers to the entrained value at inlet

Table 6-. 5-1 Geometrical and flow conditions of measurements

Fig. 6.5-1 and 6.5-2 show the mean and r.m.s velocities 
along the axis of the mixing tube for radius ratio of 0.354. 
and velocity ratio of 3.72. The results have been non
dimens ionali zed by nozzle exit velocity and are plotted 
against the distance from the nozzle exit. The axial mean 
and fluctuating velocities obtained from both trackers 
agree closely with one another.

Fig. 6.5-3 and 6.5-4 show the measured axial mean and 
fluctuating velocities along the axis of mixing tube for 
radius ratio 0.171 and inlet velocity ratio ,4.67. The 
above figures reveal that the centre-line velocity begins 
to decay at a distance of around 4 nozzle diameters down
stream of the nozzle exit plane. Both the longitudinal 
and lateral r.m.s. velocities along the centre-line 
increase rapidly to a maximum at around 10 nozzle diame
ters and then decrease gradually. Although the values of
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Pig. 6.5-4 Measured centre line r.m.s* velocity, 
rnyrt=°.171, Un/Ue =4.67.
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axial and radial r.m.s, velocities are close to each other 
at the nozzle exit, the axial value'increases faster than 
the radial value and shows the greatest difference at 
their peak locations. The difference is more acute in 
the case of the mixing tube with a smaller radius ratio.

Pig. 6.5-5 and 6.5-6 show the measured mean velocity 
profiles at various sections downstream of the nozzle 
exit for the two cases investigated. The superimposed 
curves give an excellent qualitative description of the 
confined jet mixing.

Fig. 6.5-7 and 6.5-8 show the measured r.m.s. veloci
ties profiles at the axial, tangential and radial direc
tions. These curves reveal many important characteristics 
of confined jet mixing. In all cases, the peak values 
can be observed at a radial position corresponding to the 
nozzle wall position. The high peak at the beginning of 
of the mixing tube suggests that turbulent velocities are 
high at a thin zone separating the primary and secondary 
streams. As flow develops downstream, the high turbulent 
zone spreads and grows in width which reflects that the 
mixing between primary and secondary streams is spreading 
towards the wall and the axis. Further downstream, 

turbulent velocity profiles become flat and their 
levels reduce which suggest that the mixing process 
is diminishing.

Comparing the profiles of the three r.m.s. velocities, 
it can be observed that the absolute level of the three 
components are different especially in the strongly
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Pig.6.5~8(a) Measured axial r.m.s. velocity 
profiles, r ^ r ^ O .  171 * tfn/Ue =4*67«>.
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mixing regions. The confined jet mixing is thus not an 
isotropic turbulent flow.

The mean and r.m.s. velocities at nozzle exit and 
secondary inlet were also measured. Their values were 
found to he closely uniform. The primary and secondary 
inlet k values were then calculated from the r.m.s.
velocities. The results are tabulated in Table 6.5-2.

I

r / r i U U k kn t n e . n e
0.334 3.05 , 0.82 0.00486 0.0223

0.171 5.72 1.22 0.00697 0.0670

Table 6.5-2 Inlet conditions of mixing tube

6.5.2 Comparison of PDA Measurement with Prediction
The computer program for uniform diameter mixing

tube was run for the geometrical and flow conditions
used for the LDA measurement. The inlet values given in
Table 6.5-2 were used as boundary conditions for the
computer prediction. Inlet length scales were assumed. 

it itto be 0.015 and 0.0085 of the mixing tube radius for the 
12.7mm and 6.5mm nozzles respectively. The calculation 
was performed up to 8 diameters of the mixing tube with a 
18 x 14 grid.

Fig. 6.5-9 and 6.5-10 show the comparison of the mean 
velocity and turbulent kinetic energy along the axis of 
the mixing tube. The agreement between the measurement

S ee Append'* A-9
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o LDA measurement

5 x,

Pig*605-9(a) Comparison of predicted and measured centre 
line mean velocity, rn/r^=°®334,Un/Ue=3.72e

0 1 2 3 U 5 x /dt
Pig*6.5-9(b) Comparison of predicted and measured centre

line turbulent kinetic e n e r g y ,  r ^ r ^ = 0 . 334* tfn/Ue=3*72.
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° LDA Measurement

Prediction

Fig*6*5-10(a) Comparison of predicted and measured centre
line mean velocity, r ^ r ^ O .  171 * Un/Ue =4*67*

° LDA Measurement

k

•005-

Fig.6*5-10(b) Comparison of predicted and measured centre line 
turbulent kinetic energy, rn/r .̂=0* 171 ,Un/ue~4.67.
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and prediction is excellent in-the case of 0,334 radius
*ratio except for the k value at the region beyond 3 mixing 

tube diameters where a difference of 10 to 15% is observed. 
In the case of 0.171 radius ratio, the agreement can be 
considered as satisfactory where measurement and prediction 
confirm qualitatively-with an average difference of 15%.
In Fig. 6.5-11 and 6.5-12, comparisons of measured and 
predicted velocity profiles at various sections in the 
mixing tube are shown. Again, the agreement for the 0.334 
radius ratio mixing tube is excellent, whereas for the case 
of 0.171 radius ratio, the predicted velocity profiles are 
somewhat 10% to 15% higher than the measured profiles. 
However, the shapes of the profiles agree closely with 
each other.

Fig. 6.5-13 and 6.5-14 show the comparisons of measured
and predicted k profiles. The results have been non-dimen-

2sionalized by U . The agreement between the prediction 
and measurement is fairly good for 0.334 radius ratio.
For the 0.171 radius ratio mixing tube, the predicted 
values are slightly higher than the measured values but 
it can still be considered as satisfactory especially ' 
when the shapes of the profiles are concerned.
6.5*3' Discussion

The measurements of mean and fluctuating velocities 
in confined jet mixing have been successfully carried out 
by a laser Doppler anemometer. The measurements of axial 
and tangential components were obtained down to o*1 
radius from the tube wall. However, measurement of the
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radial component could only be obtained up to 0.65
*

radius from the axis of the tube under the present geome
trical arrangement. Beyond that, it was extremely diffi
cult to align the photomultiplier so that the measuring 
control volume could clearly be focused on the pinhole.

The possible error of measuring mean and fluctuating 
velocities using LDA may be attributed to any of the 
following sources: (1) poor beam intersection, (2)
photomultiplier has not been correctly focused on the 
measuring volume, (3) scattering particle size has not 
been matched with, the laser optics, (4) the density of 
scattering particles is too low or too high, (5) mean 
velocity gradient broadening, (6) transit-time broadening, 
and (7) electronic noise. The first three types of' error 
can be eliminated by the proper set up of the optical sys
tem and careful design of the components. Item (4) is 
dependent on the water quality but for ordinary tap water, 
performance has been found satisfactory. Errors due to 
the gradient broadening and .transit time broadening have 
been discussed in detail by Melling and Whitelaw (1973)* 
According to the procedure outlined, these errors were 
estimated and found to be relatively small. Errors arising 
from electronic noise are dependent upon the design of the 
signal processing electronics. By using the upper portion 
of any frequency range of the tracker, such errors can be 
reduced to a minimum. For the EISA tracker, the electronic 
noise level was at most 0.2% of the mean output voltage.

The accuracy of the measurement also depends on the
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elimination of noise and the dynamic response of the 
tracker. To remove as much noise as possible from the 
input signal, a narrow bandwidth setting of the I.F. 
filter in the tracker is necessary. However, such setting 
will inevitably restrict the rat.e at which the tracker can 
follow a changing input frequency. Thus, an optimum 
adjustment of the tracker is always a compromise between 
dynamic response and satisfactory rejection of noise. In 
a noisy turbulent signal, in order to eliminate noise 
satisfactorily, a lower r.m.s. velocity measurement can 
be expected due to the poor dynamic response of the tracker. 
This explains logically that the measured k-profiles are 
always lower than the predicted values at high turbulent 
regions.

The agreeement between the prediction and measurement 
is in general better in the case of 0.334 radius ratio than 
the case .of 0.171. This is expected because for the small
er nozzle, it is necessary to have finer grids. However, 
our predictions for both cases use the same 18 x 14 grid 
owing to the computer time load. By increasing 50% of 
grid lines both radially and axially, the number of ,nodes 
will increase 1 2 5 % , If the number of iteration remains 
unchanged, the computer time has to be increased by 125/6.
The present jet mixing computer program with 18 x 14 grid 
takes 15 minutes to run for 150 iterations on the IBM 370 
computer. Any increase in the number of grids will be 
uneconomical. A compromise between accuracy and economy 
is always necessary. However, a study of the effect of
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grid size are already given in section 5.1.2.
*

6.6 Measurement of Static Pressure in Mixing Tube and 
Diffuser
Measurements of static pressure were carried out in 

a test section consists of a mixing tube with, internal 
diameter 2 5mm.and a short diffuser with 7° included 
angles as described in section 6.2.2. The flow circuit 
was operated as an ordinary jet pump described in section 
6.2.1. Two nozzles of geometrical details given in section
6.2.2 were used in the test. The nozzle exit was position
ed to coincide with the mixing tube inlet. Geometrical and 
flow conditions for pressure measurement are tabulated in 
Table 6.6-1.

dn/dt M(Q2/Q1) dt(mm) dn(mm) Q1(m5/hr)

0.508 0.292 25 12.7 5.45
0.508 0.307 . 25 12.7 6.36
0.508 0.316 25 12.7 7.21
0.260 1.04 25 6.5 1.82
0.260 1.13 25 6.5 2.27
0.260 1.17 25 6.5 2.73

Table 6.6-1 Geometrical and flow conditions for static 
pressure testing

Static pressure tappings along the jet pump wall were 
connected into a manifold. Two gauge pressure meters,one 
for measuring positive gauge pressure of 0-1.6 bars and
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the other for measuring negative gauge pressure of -1.0-0 
bars were installed at the two ends of the manifold. Such 
arrangement provides facility for measuring static gauge 
pressure from -1.0 bar to 1.6 bars which is well beyond 
the pressure range of the testing jet pump.

The results of the measurements are presented in Fig. 
6,6-1 and 6.6-2. The static pressure along the jet pump 
was plotted against the distance from the nozzle exit.
Both figures demonstrate that a higher flow ratio, which 
was generated from -a higher primary flow rate, gives a 
higher static pressure rise in the mixing tube. However, 
the static pressure rise in diffuser did not change much 
with different flow-ratios.

The computer programs for mixing tube and diffuser 
were run to predict two measurements, one for each diame
ter ratio. The predicted result are compared with.the 
measured values in Fig. 6.6-3 and 6.6-4. The static 
pressures were non-dimensionalized by the dynamic head of 
the nozzle exit velocity. The agreement between the 
measurement and prediction appears to be satisfactory.

By now, the computer model has been tested and . 
compared with'.the experimental data from Razinsky and 
Brighton (1971)» Sanger (1968a, 1968b) as well as the . 
present measurements. All these comparisons suggest 
that the two equation k- £ model is capable of predicting 
pressure rise satisfactory in jet pump flows.
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 Prediction

o Measurement

10 x

Fig. 6.6-3 Comparison of predicted and measured static 
pressure along jet pump, d^/d^O.508, 0=7° e

• 1 2 -

Prediction

° Measurement

10 x /d

Fig. 6.6-4 Comparison of predicted and measured static 
pressure along jet pump, d^/d^O.26, 0=7°.
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CHAPTER 7tr-'~ J JJ ' _r~  r-r -nn« ^
APPLICATION OP THE COMPUTER MODEL FOR JET PUMP DESIGN

The computer programs based on the two-equation k - £ 
turbulence model have successfully predicted the time- 
mean variables as well as the turbulent kinetic energy 
and turbulent shear stress throughout the flow field of 
the typical jet pumps. The predicted values have been 
compared with the available experimental data from various 
sources, both for air jet mixing and water jet mixing.
The agreement in general is fairly good. The computer 
model will accurately predict the performance of any 
specified jet pump and may be used to optimise the 
geometry of a jet pump for a specific design requirement. 
The following sections illustrate the application of the 
mixing tube and diffuser computer programs for such design 
purposes.

7*1 Performance Prediction of Any Proposed Design
To predict the performance of any proposed jet pump 

with the geometry completely specified, the mixing tube 
program is run with a fixed primary flow rate and a 
variable secondary flow rate. The pressure and velocity 
fields of the mixing tube are then obtained. The mean 
velocity profile as well as the turbulent variables at
the exit plane of the mixing tube are then used as 
the inlet boundary values for the diffuser program.
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The variation of static pressure along the entire jet pump 
wall can thus he predicted for various flow ratios. Follow
ing the procedure outlined in section 5.4*2, the total head 
gained hy the entrained fluid and the total head lost by 
the primary fluid can be evaluated. The head ratio and 
the efficiency can then be calculated and plotted against 
flow ratio for the proposed jet pump.

To illustrate such application of the computer model, 
a jet pump proposed by Sanger (1968a) was simulated by 
the computer programs to predict its performance. The 
predicted performance curves and the geometry of the pump 
are shown in Fig, 7.1-1* The result reveals that higher 
flow ratio will give lower head ratio and vice versa.
This demonstrates that with a fixed primary flow rate, 
higher secondary flow rate can only be achieved at the 
expense of pressure head rise; on the other hand, it is 
only possible to pump less secondary fluid to a higher 
head. The optimum flow ratio corresponds to the maximum 
efficiency point where the flow rate and head rise compro
mise to give the best performance. Such performance 
predictions have two important applications in design,

(i). they permit a study of the performance of any 
new design;

(ii) they allow assessment of the performance of any 
existing pump when being used for off-design 
conditions.
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7.2 Effect of G-eometr.y on Jet Pump Performance
The optimization of jet pump design in the past has 

largely depended on experimental testing and previous 
empirical data. As a result, the optimum geometrical 
configurations recommended hy various workers differ 
from one another presumably due to the large number of 
geometrical variables involved and different flow condi
tions from which the results were derived. This can be 
attributed to the lack of basic detailed study of fluid 
flows in jet pumps. The present two equation k- £ model 
for calculating turbulent flows in the mixing tube and 
diffuser provides a powerful method for predicting the 
jet pump flows of various geometrical configurations.
In this section, an attempt is made to demonstrate how 
the computer programs can be used to investigate the 
influence of various geometrical variables such as 
nozzle to mixing tube diameter ratio, mixing tube
length, nozzle position and diffuser included angles.

—*3 3The primary flow rate is fixed at 1.77 x 10 m /s and 
the flow ratio is assumed to be 3.5. In most cases, the 
primary flow rate is limited by the power source used to 
generate the flow and the flow ratio is usually a design 
requirement.

7.2.1 The Influence of Diameter Ratio

To study the effect of diameter ratio on jet pump 
performance, the diameter of the mixing tube was kept
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constant at 34*2mm and the noz2le diameter was varied to 
give the diameter ratio changing from 0.2 to 0.4. With 
a fixed primary flow rate , a smaller diameter ratio 
produces a higher nozzle exit velocity. Other geometrical 
dimensions were kept at constant.

The predicted static pressure, expressed with reference 
to the secondary inlet value together with the geometry 
is shown in Pig. 7.2-1. The results reveal that for 
diameter ratio lower than 0.35, adverse pressure gradients 
are present in the mixing tube. The smaller the diameter 
ratio, the higher the pressure rise in the mixing tube.
This may be seen as reflecting the degree of mixing between 
the primary and secondary, flows since a smaller diameter 
ratio produces a higher velocity ratio at the inlet of 
the mixing tube for a fixed primary and secondary flow 
rates, and thus leads to more vigorous mixing between the 
two streams. Por a diameter ratio of 0.4 which corresponds 
to a smaller velocity ratio at inlet, a favorable pressure 
gradient in the mixing tube is observed. This suggests 
that the influence of wall boundary layer due to friction 
outweighs the influence of mixing between the streams in 
determining the pressure variation. The influence of 
diameter ratio on pressure rise in the diffuser is insigni
ficant compared with those in the mixing tube.

The results in Pig. 7.2-1 can be used to calculate 
the head ratio and thus efficiency of the jet pumps using 
the one-dimensional procedure outlined in section 5.4.2.
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Ql=1-77x10-3  m y: 
M = 3-5

Rq= 127mm 
R^=165mm 
d,=34®2mm

o 0-25

o-- 0.3

0-35

Fig* 7*2-1 Predicted static pressure variation of jet pumps
with, various diameter ratio* s/d^.=1,05» l^/d^.s=6*49»
6=7°.
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The efficiency is plotted against the diameter ratio in 
Pig, 7.2-2. A maximum efficiency of 27% is observed at 
a diameter ratio of about 0.27. A small increase or 
decrease of diameter ratio will reduce the efficiency 
considerably. To maintain an efficiency of beyond 20^ 
for this particular geometry and flow, the nozzle diame
ter should be selected so as to give a diameter ratio of 
0.2 to 0.32. The diameter ratio is thus a very important 
and a sensitive geometrical parameter for optimizing jet 
pump performance.

7.2.2 The Influence of Mixing Tube Length
The study of the influence of mixing tube length on 

jet pump performance was carried out by running the mixing 
tube and diffuser programs with variable mixing tube length. 
A nozzle of fixed diameter was used to give a diameter 
ratio of 0.25 and a variable mixing tube length changing 
from 3.08 to 7.69 diameters. The predicted static pressure 
along the jet pump wall is plotted against the distance 
from the mixing tube inlet in Fig. 7.2-3. The results show 
that with a shorter mixing tube, the static pressure rise 
in the diffuser is smaller. This pressure rise increases 
with increase in mixing tube length. However, when the 
mixing tube length reaches around 6.5 diameters, any fur
ther increase in length only improves the pressure rise in

!

diffuser slightly and such rise may easily be offset by 
the frictional loss in the mixing tube due to the extra 
length. This effect is due to the fact that with a shorter
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0-3
O l= 1 7 7 x l O ' 3 m 3/ s

0-2

0-1

3-5

0 0-2 0-3 ( U
!a

Pig, 7*2-2 The influence of diameter ratio on jet pump 
efficiency, s/d^.=1,05, l^./d^=6i49, 0=7°,
Rq=127mm, R^=165mm, d^=34.2mm, 1^=320mm.
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mixing tube, the mixing process is usually incomplete at
%

the diffuser inlet. The relatively steep velocity profile 
at diffuser inlet gives less pressure rise due to more loss 
in the diffuser. With a longer mixing tube, mixing will 
almost be completed at the diffuser inlet and consequently 
the pressure rise in diffuser is expected to. increase.

Pig. 7.2-4 shows the efficiency as a function of 
mixing tube length with flow conditions and other geome
tric variables kept constant. The curve reveals that a 
mixing tube length of about 5 to 7 diameters gives the 
best performance with efficiency up to around 26%. Any 
reduction of mixing length will reduce the efficiency 
considerably owing to the incomplete mixing. Mixing tube 
length beyond 6 diameters is unnecessary as the efficiency 
is diminishes with the increase in length due to the extra 
frictional loss of the additional length.
7.2.3 The Influence of Diffuser Included Angles

The influence of diffuser included angles was examined 
by varying the included angles from 3° to 9° while keeping 
the area ratio of the diffuser and other pump geometries 
and flow conditions unchanged. Pig. 7.2-5 shows the 
variation in static pressure along the jet pump wall for 
various diffuser included angles. The 7° diffuser seems 
to give a maximum pressure rise. A decrease in included 
angle to 5° causes the pressure at exit to drop considera
bly owing to the frictional loss in the extra length 
of the diffuser wall. On the other hand, an increase of 
included angle to 9° reduces the diffuser exit pressure
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Fig.7.2-4 -The influence of mixing tuhe length on jet pump 
efficiency, d^/d.^0 .2 5 , s/d^.=1.05, 0=7°«
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slightly; the increased pressure loss caused by the more 
severe expansion outweighs the reduction in pressure loss 
due to the shorter length of diffuser.

The influence of diffuser included angles on the over
all jet pump performance is shown in Fig. 7.2-6. For this 
particular geometry and flow condition, a 7° diffuser angle 
gives an optimum efficiency of 26%. It is also observed 
that the efficiency curve is rather flat which implies that 
the influence of diffuser included angle on performance is 
secondary. A shorter diffuser is always preferable as it 
saves both material and space. However, if the included 
angle is too large, there may be a danger of flow separa
tion occurring in the diffuser- region which will cause 
severe loss.
7*2.4 The Effect of Nozzle Exit to Mixing Throat Spacing

The effect of nozzle spacing on performance is related 
to other geometries such as mixing tube length, diameter 
ratio and secondary inlet contours of the jet pump. By 
keeping all other geometrical variables as constants, and 
varying the nozzle spacing over the range of 0.2 to 1.4 
diameters of the mixing tube, the effect of nozzle posi
tion on performance can be investigated. Fig. 7.2-7 shows 
that the pressure in the mixing tube and diffuser is in 
general lower for smaller nozzle spacing. This phenomenon 
is expected because the decrease in annular area of the 
secondary inlet (due to shorter nozzle spacing) will certain
ly lower the static pressure in the region.

The overall performance cf jet pump with varying nozzle



0-3

0 -2-

0 - 1”

Q,= 1-77x10 m

M =3-5

6° 8° 10°

Pig. 7.2-6 The influence of diffuser included angle on jet
pump efficiency, dn/d^.=0.25, s/d^.=1.05, l^,/d^=6.49.
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spacing is shov/n in Fig.-7.2-8* The efficiency of the jet 
pump increases from 13% at a position given by s/d^o.3 to a 
maximum of 26% at = 1*2. The efficiency then decays
gradually with further increas-e of nozzle spacing. The 
result suggests that for this particular configuration 
and flow condition, the mixing tube is not long enough to
produce a maximum pressure rise in the mixing tube and
therefore an increase in the spacing between nozzle outlet 
and mixing tube inlet would improve the performance. This 
optimum position change when the jet pump configuration 
and flow conditions vary.

7.3 An Optimizing Procedure for Jet Pump Design
In the previous section, the individual influence of 

various geometrical variables was studied and discussed.
The present section attempts to outline a procedure for 
making use of the existing computer programs to generate 
an optimum geometry of a jet pump to fulfill a specified 
design requirement. In the usual design practice, the
primary flow rate is always limited by the independent
power source which generates the primary flow. Another 
design parameter usually given is the flow ratio M which 
together, with determine the quantity of fluid can be 
pumped per unit time. The following procedure is recommen
ded to obtain 'the-optimum geometry:
(i) Fix the mixing tube diameter and specify initial 

values of mixing tube length, diffuser angle and 
nozzle spacing; run the mixing tube and diffuser
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0 - 1-

0-2

Fig® 7 o2-8 The influence of nozzle spacing on Jet pump 
efficiency, dn/dt=0.3, l^/a.^6 • 49, 6=7°.
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programs with varying nozzles,diameters while keep
ing other geometries constant to obtain the optimum 
diameter ratio corresponding to maximum head ratio.

(ii) Run the mixing tube and diffuser programs by using 
the newly obtained optimum nozzle diameter for various 
mixing tube lengths while keeping other geometries 
unchanged, to obtain the optimum mixing tube length.

(iii) Run the programs with Optimum diameter ratio and 
mixing tube length obtained in (i) and (ii) to 
optimize the diffuser angle, keeping nozzle spacing 
unchanged.

(iv) Optimize the nozzle spacing with other geometries 
obtained in (i), (ii) and (ii)*

(v) Using the optimum values of mixing tube length, 
diffuser angle and nozzle spacing obtained in (ii)
(iii) and (iv), repeat step (i) to obtain a new 
optimum diameter ratio which together with other 
optimum geometrical variables suggest the best 
geometry for the particular design requirement.

An optimization example shows that for a primary flow 
rate of 1.77 x l O ^ m  /s and a flow ratio of 3.5, the follow
ing optimum geometrical variables were obtained: d /d̂ . =
0.27, lt/dt = 5.8, 0= 7° and s/dt = 1.25.
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CHAPTER 8
*

CONCLUSIONS & SUGGESTIONS POR FUTURE RESEARCH

8.1 Conclusions
The two-equation k- £ model of turbulence together 

with a finite difference procedure for solving pressure- 
velocity directly have been successfully applied to 
predict turbulent mixing in jet pumps* The predicted 
time-mean velocity, static pressure, turbulent kinetic 
energy and turbulent shear stresses in the mixing region 
have been compared.with the existing data from various 
sources as well as the author’s own measurements. The 
'comparisons in general show good agreements which suggest 
that the two-equation k-g model of turbulence is competent 
enough to predict turbulent flows in jet pumps.

The superiority of the present theoretical approach 
is its generality in calculating turbulent flows by 
solving the elliptic partial differential equations which 
describe the flow mathematically. This approach contrasts 
with the earlier ones which were based on empirical results 
and treated the various regions separately. The present 
method solves the same set of equations for various flow 
regions with different boundary conditions without using 
empirical coefficients derived from other jet pump testing 
or free jet data.

Measurements of time-mean velocity and r.m.s. fluctua
ting velocities in three orthogonal directions in a mixing 
tube with water as working fluid were carried out success
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fully using a laser Doppler anemometer. The data provides 
first hand information of r.m.s* velocities in confined 
jet mixing which is lacking in the existing literature.. 
Difficulties in measuring radial and tangential fluctuating 
velocities are discussed* Methods of calculating measuring 
positions in pipe flow from laser beams configuration and 
pipe geometry have been devised* The measured values 
compare favourably with the computer predicted results.

The two computer programs, one for jet mixing in typi
cal uniform- bore mixing tube with bellmouth secondary 
inlet and the other for turbulent flow in conical diffuser, 
were used successively to predict the static pressure rise 
in typical jet pumps. The head ratio and efficiency were 
calculated from the predicted static pressure rise and 
flow ratio via a one-dimensional method normally employed 
in jet pump analysis. The predicted performance curves 
show an excellent agreement with test results although 
the predicted efficiency is slightly higher than measured.

The prediction also confirms the previous experimental
studies that the efficiency of conventional jet pumps is
relatively low and hardly ever exceeds 40%. This is due
to the fact that the pumping effect is achieved wholly
through turbulent mixing between the fluid streams.

♦
Unlike other mechanical pumping devices which suffer 
mainly from hydraulic loss due to friction, the flow in 
a jet pump encounters both frictional loss along the 
wall and a mixing loss between the primary and secondary 
streams. The mixing loss, which can be identified with
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the turbulent shear stress at the mixing region, is pro- 
portional to the mean velocity gradient and the turbulent 
kinetic energy, according to the present turbulence model. 
To achieve the pumping effect, the turbulent mixing should 
be maintained at a certain level. This will result in 
the relatively high level of turbulent kinetic energy in 
the mixing region. The amount of loss due to turbulent 
mixing is always much more significant than the frictional 
loss in most jet pump flows. As a result of this high 
mixing loss, the efficiency of a jet pump is always rela
tively low. It is possible to reduce the mixing loss by 
reducing the mean velocity gradient or the turbulent 
kinetic energy in the mixing region. However, such a 
situation can only be created by increasing the flow 
ratio and this will lead to an increase in the frictional 
loss. An optimum design should achieve a minimum total 
energy loss, i.e., the best compromise between mixing 
loss and wall frictional loss.

It has been demonstrated that the programs can be 
used both to predict the performance of any proposed 
design of jet pump and to optimize any geometrical 
variable under specific flow conditions. Systematic 
repetition of the procedure will lead to an optimum 
overall geometry. Unlike the previous design procedures 
which rely, largely on empirical test results and ore always 
limitedto a certain range of operation, the present compu
ter programs provide a powerful tool for designer to 
obtain optimum geometry without going through actual

229



pump manufacture and testing.

8.2 Suggestions for Further Research
The present computer model, which successfully predicts 

all the possible flow regions in conventional jet pumps 
comprising a bellmouth secondary inlet, a uniform bore 
mixing tube and a conical diffuser, may also be used to 
study flow separation and recirculation in the mixing tube 
and diffuser so that an improved design can be proposed 
to avoid flow separation which normally causes large 
losses. Owing to their generality, there is a great 
potential to extend the present computer programs to 
predict and study many other flow problems associated 
with turbulent mixing.

The mixing tube program in its present structure can 
easily be modified to predict flow in a non-uniform bore, 
for example, the convergent-divergent mixing duct reported 
by Helmbold et al (1954) which is claimed to be more effi
cient than the conventional design. It is also possible 
to use the jet mixing program to study the pumping of 
one fluid by another of different density and viscosity. 
Since the density is treated as a variable rather than 
a constant, the program can be used to predict the compre
ssible jet mixing in an ejector. .

More systematic studies on the effects of varying 
the empirical constants used in the k- £ turbulence 
model may be carried out such that better values can be 
employed to improve the flow prediction.

230



A more comprehensive three-equation model which uses 
the turbulent shear stress u»v* as another dependent 
variable, may also be used to predict the jet mixing 
and the diffuser flows so as to compare the accuracy and 
economy with the existing two-equation model.

On the experimental side, further research can be done 
to measure the radial r.m.s. velocity in the outer region 
of the mixing tube. A longer and adjustable photomulti
plier holder is necessary so that the refracted laser 
beams from the measuring section can be detected at the 
most appropriate position.

Measurement of mean and r.m.s. fluctuating velocities 
by L.D.A. can also be extended to the diffuser region.
A calculation procedure must be devised to locate the 
measuring point from the diffuser geometry and laser 
beams path. The success in measuring the mean and 
fluctuating velocities in a conical diffuser not only 
provides flow details for jet pump studies, but also 
widens the L.D.A. application and enriches the knowledge 
of turbulent flow in conical diffuser.

231



A. 1 One-Dimensional Theory of Jet Bumps, Gosline and
O'Brien (1934)

+ Z,

Lj _ • 2
h * - v +■ + Z

Pig. A*1-1

The One-Dimensional Theory assumes that
(i) the velocity at any cross-section is uniform,

(ii) the nozzle exit and the mixing tube inlet are in 
the same plane,

(ii) the thickness of the nozzle wall are negligible. 
Prom Pig. A.1-1, the flow equations for the three connect
ing pipelines are:

2P, VDriving line: = ■—  + 0 + (1 + K^)^—  (A. 1-1)

P V 2
Suction line: H2 = + 0 + (1 *1- Kg)-^—-* (A. 1-2)
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2 2 P V * ' V
Discharge Line: + 2~  + 0 = (A.1-3)

where V= Pg and K., K_ and K. are frictional loss coeffi3
cients.

The continuity relations can be written as :

A« + A. = A, s 3 t

Q1 + Q2 Q1 + Q2
Tt = A + As = A,

Q1 = V o

Q2 = V s

Q1 + Q2 =

Q2
<37 = M

fs _ 1 - R
A. R 
J

(A.1-4)

The loss of energy due to friction at mixing tube 
wall is approximately given by



where is a resistance factor to be determined from 
experiment.

By applying the momentum equation and energy equation 
across the mixing tube and equating the two pressure rise 
terras the energy loss per unit time resulting from mixing 
can be written as:

(v. - v, )2 0 ,(v - v .)2
K  = + Qg/ 2g

Equating the power supplied to the sum of the work 
done per second and the energy losses gives

2 y 2
V < H 1 - V  = Q2Y(Hd - H2) + K . Q ^  +

v.2 (V. - v.)2
+ (Kd + Kt)(Q1 + Q 2)Y^- +

“ Ts)2+ Q2 V — -- 2 g - --  (A. 1-7)

By substituting equations (A.1-1) to (A.1-3) into 
equation (A*1-7) and simplifing the resulting, expressions 
of H 1 - Hd and Hd - H2 using equations ( a * 1 -4),the following 
head ratio can be obtained

where
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.2̂ 2
1+Ks+(1+KS)M5(JL)2+ (1+Kd+Kt )R2(1+M)^-2R(1+H)-2S-|-(1+M)

(A.1-8)

The efficiency can then he expressed as



A.2 Momentum Integral Method of P.G-. Hill (1965).for 
Axisymmetric Ducted Jets

The momentum equation for an axisymmetric free turbu
lent shear flow at high Reynolds' number can be written as

u|2 + + 1  + 1 _ o (A. 2-1)^y y *dy £> dx

The symbols are defined as follows:

x - direction: parallel to the jet axis 
y - direction: normal to the jet axis 

U,u! - time mean and fluctuating velocities in x-direction 
V,vf - time mean and fluctuating velocities in y-direction 

P - static pressure 
P - density

The Reynolds shear stress is

T  = - £>u!v*

When the stream outside the jet may be considered as a
dPpotential flow, the pressure gradient ^  is given by

i a -d1  dP = _u o (A.2-2)
p  dx o dx

assuming u*^ _ v'^<£U and U is the free-stream velocityo o
as illustrated in Fig. A.2-1.
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y

Pig. A*2-1 Nomenclature for velocity distribution.

If the jet flov/ is assumed to be self-preserving then 
the velocity and shear stress distribution may be express
ed as .

(u - u0)/u3 = f(y/fO (a .2-3)

= g(y/£) (A.2-4)

where U- is the difference between jet maximumJ
velocity and free-stream velocity and $  is the distance 
from the centre-line of the jet to its edge.

The continuity equation is

irf
(A.2-5)

Defining and Y]^~ y/& ? and substituting
these similarity expressions and the continuity relation 
in equation (A.2-1) the result may be expressed in a general 
integral form
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1 d&
M s

+ f -
1

Jo
+ u0 dx

A f t

Xf ,r\  "
2f1 '

\  Jo H dt (g^) (A.2-6)

The general integral equation may he treated for three 
separate regions
(!) Potential outer flow region;

Multiplying equation (A.2-6) by to form a moment 
of momentum equation and integrating across the entire jet, 
it becomes

1 d U .
U. dx J

1 d5> 
+ S dx [ 3 ^  + 2 ̂ 4* 1

K

-  s
(A.2-7)

in which (j>̂  = j

** ■ J / V I

h =~h£,Jfri'iri'dri
J0 Jo 1

and ^  / r r L

v " 1  ' i ’ i < f ui? > n

If the wall friction is negligible and the pressure 
P is approximately uniform across any transverse section 
then the momentum equation can be written as

■R

0 - * r2§  + s f 27̂ 2̂
Jn

(A.2-8)
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where R is the radius of the duct.
The velocity within the jet U is given by

U = UQ + U^fd^) ■ (0</|<1) (A.2-9)

Substituting equation (A.2-2) and equation (A.2-9) into 
equation (A.2-8), it becomes

0=TXR2^  f-d(-|U02 )/dx+R-2d(U02R2 )/dx+2R-2̂ |5,2Ud2 (2 ^ f 4 +<f>5)]

f t  f t 2 (A.2-10)
where <J>̂ = fi|d̂ | and + 5 - l f n

The integral form of the continuity equation may be expressed

,3tt dx . i , , d .6 s ^ 2

-J ■' dx + (A.2-11)

In order to calculate the development of jet flow, equa
tions (A.2-7), (A.2-10) and (A.2-11) are integrated using 
the Runge-Kutta-Merson procedure with values of <f>̂  , ^
..... . c f > \ j j  directly evaluated from free-jet velocity
measurements.
(ii) Recirculation Region •

In this region, the pressure gradient and free-
stream velocity no longer obey equation^ A. 2-2).. However, 
from experimental data, it is approximately true to assume 
constant static pressure in this region. Furthermore, the 
jet shape is approximately retained so that with appropri

ate modification, the foregoing equations may also be used
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to predict the jet behaviour in the ’recirculation region,
(iii) Y.rall-jet Interaction Region:

When the jet has spread to the wall, it begins to 
undergo considerable changes in its velocity and shear 
distributions so that the preceeding self-preserving 
equations are not valid. As the free-stream velocity 
has disappeared the static pressure in the duct can no 
longer be given by equation (A.2-2). Instead it is assumed 
that the effective eddy viscosity distribution in this 
region of developing flow is given by

\>eff = const.U^Rg^ ( f \ ) (A.2-12)

in which the function of g^ is given by

g1 = 1 (0 -c 0.28)

g1 = 1.191 - 0.684*1 (0.28 < ^ <  1)

where y/R

The constant in equation (A.2-12) is evaluated from free- 
jet data. The velocity in this zone is set to

u = uo + ud[ f ( p  +fe(>|)] » *]= y/R (a.2-13)

in which UQ is the velocity near the wall (the wall
boundary layer is ignored), U . is the difference betweenJ
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UQ and the maximum velocity anc 
If f(^) is chosen as the one wl 
ing zones, then ^  equals zero v 
wall and is a measure of the cl 
profile thereafter. If the fui 
to satisfy the boundary conditj

g  ( 0 )  = g ' ( 0 )  =

g  ( 1 )  =  g ' ( 1 )  =  

then a simple function may be i

gty) = ^2ci-^)2

In the present case, four
i.e., U.,A.,<and P.  To form the 
it is possible to take in addii 
tion, three successive integral 
b y  multiplying equation ( A . 2-1] 
integrating with respect to y. 
and (A.2-13), the results may I  

form:

p 0 p 1 fa fa

P4 fa fa fa

/ V fa fiio fa

p/1 P/3 fa fa

'  ̂is a function of x only. 
Lich was used for the preced 
rhen the jet ‘touches1 the 
Lange in shape of velocity 
Lction g(>|) is only required 
.ons,

0
0

sed, e.g.

unknowns may be identified,
: necessary four equations, 
ion to the continuity equa- 
s of the momentum equation 
by y 3 where j = 1,2,3 and 
Using equations ( A . 2 - 1 2 )  

e expressed in the following

% f a

M y3/7
V fits

fa
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in which the prime signifies differentiation .with respect 
to x/D,

  U.
u 3 = (M/p )F

where M = 2 + 2(|)2(2A<^4 + <f5)J

I

The matrix element 6 have the form

in v/hich the coefficients a^n ......   a^n depend only on

various integrals across the shear layer of the velocity 
and shear distribution functions f(>|)> g0|) and g^(*|). 
Equations(A.2-14) can then be integrated using the Runge- 
Kutta-Merson procedure*
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A,3 Derivation of Momentum Equations for a Two-Dimensional
Axisymmetric Flow

Dig, A,3-1

Consider the control volume shown in Dig. A.3-1 where 
x and y are the two orthogonal families of surfaces of

and y surfaces and r is the radius from the axis of symmetry. 
U and V are the velocities along x and y directions respec
tively. The U-momentum flux across surface 1 is

f U r £ y U

U-momentum flux across surface 2 is

assuming that the control volume is small enough such that

revolution, r and r are the radii of curvature for xx y

U-momentum flux across surface 3 is
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the mean r's of surfaces 1 and 3 are'approximately equal,
U-momentum flux across surface 4 is

pVr&X’U + — (^Yr^X'U ) S j

The net momentum flux flow out from the C.Y. is then

(mU)x = — (^Ur^yU)S'x + ^VrSx»U) S* y (A.3-1)

There are several forces acting on the surfaces of the control 
volume due to pressure, centrifugal force and shear stresses. 

The force acting on the C.Y. due to pressure is

Fp “ ' (A.3-2)

The centrifugal force acting on the C.Y. due to Y~
velocity is

v2Fc = ^rSx£y -—  (A.3-3)
y

The shear stresses acting on the C.Y. are shovm in Fig.
A. 3-2
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Shear force due to q- = ^ ( T  *r6~y)£xXX ^X XX

Shear force due to T  = ~2> r
yx ^ f (W  )Sy

Force component acting in x-direction due to X
77

= -2r<̂ x X  sinyy 9  ~  ~ 2 t S x * T  • - - S y » r^x^yyy ry y
since sin 0 = 0  = :̂ y

r*ySimilarly, force acting in x-direction due to Xzz
Isrz z r£x£y siny3

For a laminar flow, -the components of shear stresses 
as derived "by Goldstein (1957)» are:

+ 2^ )

r yy “ ^ (2ly + '2ry ^
X  U  f 2 ( ^  +V.cosft) Lzz / [ r

The overall shear forces acting on the C.V. in the x- 
direction can he written as

% ■ - 2̂ < S  *

*  - / ( W 1 ° ^ To° ° f l s l . A %  (A .5 -4 )



It is possible to simplify the above expression for 
a flow with rx»r and r̂ ?>r. In this case, those terms con
taining r/r or r/r will be small compared with other x y
terms and can be neglected. Tims

■*y

cTx̂ y (A.3-5)

ndApplying the Newt on* s 2 lav/, we have

= .I’p + + -s (A.3-6)

Substituting equations(A,3-1 ) 9 (A. 3-2), (Ao3-3) and 
(A.3-5) into equation(A«3-6) and rearranging

1 2(Using + Y c o s g ) ^ _ n
" ‘ (r/ a i } + ^F(9 i5E) T   H f ^fein/3.

(A.3-7)

Similar method can he applied to derive the V- 
momentum equation.
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A,4 Derivation of k-Productioh Terms
The exact equation of k for a general 3~D orthogonal 

coordinates can he derived from the Navia-Stokes equations 
hy multiplying the momentum equation for each coordinate 
direction hy its corresponding fluctuating velocity; time 
averaging and summing the three equations (see for example, 
Williams (1972)) . The final form can he written

Convection = Diffusion + Production - Dissipation

The various terms can he approximated to a simplified form 
according to Prandtl and Kolmogorov

The dissipation term, following the local isotropy assump
tion, is given to as

?Dt

(A.4-1)

^  ( f \  D[k\''w V- /-c— ' (A.4-2)

ihy using j u t  = C ^ k 2!

(A.4-3)
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F o r th e  p ro d u c tio n  te rm  G- is  g iv e n  hy

_______ ^U. *>U.
G = - e W  2 ^ 7 =  ri3w r  (A’4'4)J J

The turbulent shear stress components for a general 2-D 
orthogonal coordinates are obtained by substituting JU^ 

for jX. in the stress components expressions by Goldstein 
(1957).

i-e- (A*4'5)Jv.

V  ■ A ( S  *  S >  (A - 4 - 6 )

“ A (2»  ‘

Substituting (A.4-5)> (A.4-6), (A.4-7) into equation (A.4-4) 
gives



Ae5 Derivation of the General Finite Difference Equation
For <j>

The general partial differential equation for <J) is

Jd
Dx ( pUr<f>) + ± (eyr<f>) - |i)Hrgu~ r Dy'^ t ' DXV 0̂ . ?>x' 3 y v 3y' Y5

V VConvective terms(Icon) Diffusive terms(I^^p)
(A.5-1)

Integrating the convective terms over the control volume 
(C*Y*) around P with respect to x and y, we have

'con =// + dxdy'y-'x 

pUr<j> dy +
w w

r<M dx

= (eU r fr)e0e _

+(evr6x)n<j>n - (f/r^x)g^s

Similarly, integrating the diffusive terras over the C.Y.> 
one gets

h i f  =
y x
-n

[d(rAff  ̂  3̂ '
LDXV ô , D* ?yv Dy7 dxdy

rr
o f

dy +
W 'n

V e f f
^  ^y.

in
dx

= ( Y k f f  ^ li) _ 5 y2 i) + (5 ^ 1* 2 4 )
v •>7>x.Je v Os J3 x'w v a], n

_ ( 2 e «  fx2f) 
v ?y's
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Now,
( 2 i )^x'e 6

fp ~ twtli) = ̂̂*v * vr‘ax'w $x w

<1*l  = ~ t \
'3y'n 6yn

f ,3<h tp ~ 4>S
W b = 6ys

Substituting into we have

dif ' o ^ x  e^'B 'P'  ̂ <T^6X w 'W ^P

■ r / ,e f f r ‘̂ X \ ,A> x ,  . , P e f f T S x- tpi * ^ s r W a  - tp)

, p e f f r * y K
Assuming H ^ T > e = De ’

//^ef£r ^ \ _ ~
V C^<fx w “ Jw *

V <5^5y n n *

and ) =
v <Slj>bY s s

we have
Idif “ ^ e ^ E  ~ ^  + ^ w ^ W  “ ^

* DA  - fcp> + V f s  - ̂ p)
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- + + + V s t s

" ( D e +  \  +  D n  +  D s ) 56P

If (eUrSy)e = Ce

(€UrSy)w = Cw
/

C?7rSx)n = Cn

and (£Vr5x)g = Cg

we have
I = C c i > - C d > - J - C < f > - C < £  con e»e wnv nui s»s

The values (j>Q , must he calculated from the
values of ^  ^  There are two schemes avai
lable for this calculation, i.e., (i) central difference 
scheme and (ii) upwind difference scheme.

(i) The central difference scheme suggests that the 
<ps at e, w, n, s can be calculated as the mean 

value of cj> at the nodes ?, E, W, N and S, i.e.,

4>e = °-5 W p  + fj.)

t n  = 0.5(^j + ^P )
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fw = °'5^ w  + <h>)

f g  = 0 -5(fp + 4 S )

Thus the convective term can be written as

hon = °-5Ce^E " °-5Cw?W + °'5Cn^N ' °^%fs

+(0.5Ce - 0.5CW + 0.5Cn - 0 . 5 0 s )<fiv

(ii) The upwind difference scheme suggests that since
C*s are directional, to accommodate” the directional 
effect, the calculation of cf>Q , f <̂ n and cj> s 
depends on the sign of C. If C is positive, up
stream value of <$> is used, if C is negative then 
downstream value should be used. Thus

=  <f> if is positive

<£e = if Ce is negative .

1C I + C ICl - C ,
Thus ■ Cef e = — i) - (i-aLg— S.) <j>-g

and likewise for others. By substituting into Icon
and rearranging, we have
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^ o n  = °-5(/0e|- Ce)(^p - - 0.5(/0w| + - £,,)

+ °*50 c n | “ Cn )(4p + °-5(lcs I *  ~ **>

+ <°e  *  Cn -  Cw "  Cs>?P •

The total source in the control volume is linearized to 
the following expression

'jj*
rS^dxdy = 8p̂ ? +

Assembling ^oon> the linearized source term into

equation (A. 5-1 )> v/e have

K  + *V + h *  V  + ( ° e  -  Cw + °n -  °s> "  SP ^ P  

= + V\.f + aN^h + As 4  + Su '

where h m V e ~  0 ‘ 5Ce I

^  = Dw + 0.50.W >
%  = »n " ° ‘5C

If central difference scheme
is used for I .con



or Aj, = De + 0.5(|0e - Ce)

A* = \  + 0.5(|CW | + Ow) 

^ = D n + 0.5(lCn | - C n ) 

Ag = Ds + °.5(|0S + Og)^

If upwind difference 
Kscheme is used for 
Icon
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%
A. 6 Linearization of Source Terms

U-momentum source terms 
The source term is given by

su =

2M(UsinA+ YcosA)
-   h r  L"sina1$

Integrating S^ over the control volume vr. r. t. x and y,

rS^dxdy < - S  *
yJx

*  /  f  f & T ®  *

. g/.(Pg.iP&.+ ZoS&a m p J  dxdy

The first integration represents the force acting on the 
control volume by pressure and centrifugal effects and the 
second integration represents the shear stress contribution. 
Thus

fy fx(~xH  + ^ - ) dxdy

 ̂.P ?rl ‘fariy + (^-)p*Tp
y

' 1*_> 1r *"**- ■
1

1W 1 ___J E

-•4(aeu -+ 0 ( V "  V  + (£r-}P*TPy
v/here Vp is the control volume
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2
Here is assumed to have its value at P prevail over

ythe entire control volume.
As in the present study, the maximum possible value 

of angle ^  is relatively small, i.e., not more than 4° 
in diffuser region with a similar magnitude in the secondary 
flow region, the integration of the shear term can he appro
ximated to a cylindrical polar coordinates case which is 

/ •zero

Thus j  J~^ rS^dxdy ~ i(agu + awu )(Pw - Pp ) +

Y-momentum source terms

S =_22 + ££ + lv ?y rx r

-  •.g^CPBlq 6 +  YcosftJ  CQS
r

Using the similar integration procedure and approximation, 

W Svdxdy = i(anT + " V  + (̂ }P'TP

/yvxbx dxdy

The shear terms when approximated to a cylindrical polar 
coordinates case is
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L L  + i (r/ ^  - X ^ dxar

= 0 - (/f)p*vp

since j(r/ig) + g t y g ) = 0 from the continuity
equation.
Thus

rS^dxdy
yyx

i(anv + aov )(P,

o v -  o v 
“ °p Y + Su

- % )  + (£J-)p,Vp + (4tV pV

vrtiere S T = (^y)pvp

V  = « a/ + asT ) ^ S  - V  + X

k source terms

ly )x
rS^dxdy = / I r(G-C]D̂ £)dxdy

y/x
.2, 2

r (Gr — —  )dxdy
' / * t
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where Spk =

Su C = V p

£ source terms

rSgdxdy = / / r(C^EG-/lc - 
y/x /y/x

r(
Ay x

■

s p£ * £  +  Su

where S fc= -(-jp-)pvp

S£= ( £i ^ ) tU V y A t  ;PVP

C2 >̂E2/k)dxdy

- C2^£2/k)dxdy 

(C2^£/k)pvp -£
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A .7 D e r iv a t io n  o f  th e  F i n i t e  D if fe r e n c e  E q u a tio n  f o r  P ;

The finite difference equation for U and U4* can be written 
as

,7.2
A p ^ p  = 2 ;A3'uU j + 0.5(aeu +. avJu )(Pw - Pp) + (-^-) *vp (A.7-1)

j  = NiS,E,vJ y p
V 2ApUUp* = Z A . uUd* + 0.5(aeu + awu )(Pv* - Pp*) + (^-) ’Vp

j-*K.s,e,vo y
(A.7-2)

Substract (A.7-2) from (A.7-1) and use

P. = P * + P ' (A.7-3)
J tl J

One gets

ApU (Up - Up*) = 2 A du (0;j - U 3*) + 0.5(aeu +. a/)(Pw '-Pp ')
J * U , S , € , W

(A.7-4)
By assuming £A.U (U. - IT.*) = 0, equation (A.7-4) becomes

• D 0 tJ 
J2V,S,£,UJ

Up = Up* + Dwu(Pv;' - Pp') (A.7-5)

0.5(a u + a u )
where B„u =---- — ^ ---—V
Similarly for V,

V p  = Vp* + DSV( V “ pp) (A.7-6)

V  V\0.5(an + as )
vrhere D o =----------------

S A VP
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The continuity equation is given by

^ ( erU) + ^ ( e rV) = 0

A
f e ^ rU) + ^ r T >

y * .

(^>UrSy)e - (^Ur£y)w

dxdy

+ (^Vr^x)^ - (^Yr£x),

r n JI
tvyi
eJ

W  jtip
I__

s

n —lt» t JUE
MVs

E

S

= uB(er ^y)e - V e r *y>w

+ V ^ Sx>n " V ? rSx)s = 0 (A.7-7)

Similarly to (A.7-5) and (A.7-6), one can obtian

UE = v  + V (V  - V> (A.7-8)

% = v  +V < v  - v > (A.7-9)

Substituting Up , Up , Yp , Y^ into equation (A.7-7)* one 
gets

V ' ( ? rfy)e - V (£ rSy)w + V (̂ x)n ~ V (Cr^x)s

D eU (^rSy)e + DwU ( ^ y ) w + \ V (<^5x)n + D^^rSx),

= D eu(Qr % ) ePE ' + W * 7 ) wV  + Dnv (^r5x)nPN '

+ v (^ x)s V (A.7-10)
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Since the net mass flow out of the control volume 
evaluated hy U'x* and V- is Ep , i.e.,

mp = uE* ( ^ y ) e " V (€r*y>w + TN*(€ r5x)n " Tp * ^ rSx)s

an.d.,assuming DgU (prSy)e = Ag

D,u ^erSy)w = \

V  (?rSx)n = \

W * x)s = AS 

Equation (A,7-10) can he rewritten as

(Ag +  ■ A y + A^ + As)Pp f = ApjPE f + K f a 1 * W  + ASPS 1 “ “p

(A.7-11)
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*
A.8 Calculation of Orthogonal Grid in the Secondary

Inlet Region of Jet Pump 
The secondary inlet region can be subdivided into 

two regions: (i) region between the duct wall and the 
nozzle wall, and (II) region between duct wall and the 
central jet. The two regions are considered separately 
below.

Duct wall

Nozzle wall

( XoCy % C)

Pig. A.8-1 Geometry of secondary inlet

(I) The inner (nozzle) wall with centre at I(~a,b) can be 
described by

(x^ + a)2 + (x2 - b)2 = R.̂ 2 (A.8-1)

The outer (duct) wall with centre at 0(0,0) can be
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described by

x.,2 + x22 = R02 (A. 8-2)

Prom any point (xj_w *y£W ) 011 inner wall, an orthogonal 
circle can be drawn to cut both inner and outer wall at 
right angles. Assuming that the centre of the orthogonal 
circle is at (xoc?yoc) ike intersection on the outer 
wall is (x_.T,y,.,T), four equations can then be set up to

OW OW

solve for the four unknowns x , y , x „ and yoc* Joc7 ow ow
Por orthogonal condition,

yiw ~ yoc „ yiv/ 13  ̂ /. o5E™^-3r~ X T :  V a  = -1 (A.8-3)
1W OC 1W

^0W ~ ^OC „ ^OW „ • / * o A \y    i- V—  x - = ”1 (A.8-4)OW OC OW

Since (xow»yow) lies on the outer wall,

+ y ™  = K  (A. 8-5)

Equidistance from (xiw,yiw) and to (xoc>yoc)
gives

(Xiw - xoc)2 + (yiw - yoc)2 = <xow - xoc)2 + (yow - yoc)2
(A.8-6)

Equations (A,8-3) to (A*8-6) are then solved for the
four unknowns x . y _ T, x^ and y . The solution procedureow7 ^ow oc oc
is as follows
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(i) Prom equations (A.8-3)' and (A.8-4), x and yUL* UL*
can be expressed in terms of x and y .

*  ow ° ow
(ii) Substituting xQc and yQc obtained in (i) into 

equation(A.8-6), the resulting equation now contains only

xow y0v;'
(iii) Prom equation(A.8~5) and the resulting equation

obtained in (ii), solve for x and yQV7, i»e*
l

«4 2 / 2 ,2w i  ■> \= L SL-- A ..S -  (S ?■(£.-&.R.d  (A.8-7)xow - : 2 2g + h

where f2 » *iw(x.w + a) + y iw (y iw -  D) + W
Rig = (1 + g-)X .v/ + a

Ri
loh “ <1+ S T ^ i v  - 13

3114 y0w = -JR02 - xow2 <A -8-8)

Now, since x , and y r are known, equations (A. 8-3) ow ° ow » -x
and (A*8-4) can be used to solve for x qc and yQC« After 
appropriate algebraic simplification, one gets

x^ = x „ 7 - P*y„. (A. 8-9)oc ow ° ow N

yoc = yow + R 'xow (Ac8-io)

where r - (xlw+aX * i W -*ov,> +
~ W xiw+a>
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and oc (x. - x )2 + (y.w - y (A.8-11)v 1W OC IV/ J oc

Thus, the grid line in the y-direction is defined by

/ \ 2 / \ 2 2
<X1 " xoc} + (x 2 -  y 0C> " r oc"2 oc- (A. 8-12).

(II) This region is represented by ABCD in the diagram* 
The grid in this region is determined by the number of 
axial grid lines betv/een C and D. The grid lines in ACD 
are the extensions of grid lines from the uniform,mixing 
tube.

0(o,o)
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Any axial grid line will cut AC at a point P (xp>Yp)«
From P ,  an orthogonal circle with centre (xQc , yoc) can
be drawn to cut the duct wall BO at (x , y )• Again,ow ° ow
four equations can be set up to solve for the four unknowns

x oc ’ yoc > sow ***■ y0w» i-e*»

y00 = yp (a.8-13)
/

•̂ ow ~ ^oc , low
X - X Xow oc ow

* -1 (A.8-14)

x 2 + y 2 = R 2 (A.8-15)ow J ow o

(x^ - x )2 + (y - y )2 = (x - x-n)2 (A,8-16)v ow oc w ow Joc . ' oc P

Equations(A.8-14) and (A.8-15) can be used to eliminate 
x and y in equation (A.8-16), thus giving

V  + - yp2*00---  2 ^ ------- (A.8-17)

The grid line in y-direction drawn from P(Xp , yp) is 
defined by _ v

<X 1 -  ^  *  (x2 - yoc} = (xoc " XP } (A.8-18)

The streamwise grid lines in the secondary inlet region 
are the extensions of axial grid lines in the mixing duct. 
Prom point P (Pig. A.8-2) a vertical line is drawn to cut
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line 01 at Q. The distance PQ and the coordinates of Q 
can be calculated. Using Q as the centre and PQ as the 
radius, a circle can be .drawn which will join the axial 
grid line at P smoothly and cut all the orthogonal circles 
at right angles. A series of such circles can then be 
devised to form the streamwise grid lines in the secondary, 
inlet region.

I
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Appendix A.9

Inlet conditions for Turbulent Kinetic Energy 'k' 
and Length Scale *1’

For the situations where, measured and predicted 
flow parameters are being compared it is sometimes 
possible to use actual turbulence levels as inlet 
data for the computer model
When no empirical data is available, some estimation 
of 'jk1 and *1’ values at inlet must be made to 
initiate computation.
For the case of conical diffuser flows (McDonald 
et al (1966)), the value of 'k' at inlet (page 110) 
was specified by assuming the turbulence~intensity 
to be 2.5%, based on the diffuser being fed from a 
large constant head chamber.
The value of inlet length scale chosen for the mixing, 
tube is dependant upon the upstream boundary layer 
development and the thic kness of the nozzle wall.
For a smooth and thin-walled nozzle, the length scale 
will always be small. Fig. 5.1-3 shows that even if 
the inlet length scale is altered by a factor of 1000 
(i.e. from -0.000lrQto O.lr^), then the centre-line 
velocity in the strongly mixing region is only 
reduced by about 15%. The minimal effect of inlet 
length scale on static pressure distribution is shown 
in Fig. 5.1-6.
In this thesis, owing to the lack of published information 
on inlet lengths scales, the values for jet pump flows 
are taken in the region of 0.001 r to 0.05 r . The 
exact choice is empirical. In the comparison with the 
experimental results of Razinsky and Brighton (I<171 )
'1* was taken as 0.005 r since it gave good correlation 
for both time-mean variables and turbulent shear stress.
However, for the comparison of predicted values with the 
authors own LDA measurements, inlet length scales of:
0.015 r^ and 0.0085 r̂_ for the 12.7 mm and 6.5 mm nozzles 
respectively were c hosen. The former value was 
determined from the comparison of measured and predicted 
centre-line K-distributions shown in Fig. A.9.-1. A 
correspondingly smaller value was chosen for the smaller 
(and thinner-sectioned)nozzle.
It is clear that no specific values for inlet length 
scale can be recommended at this time. The value 
will perhaps be a function of the. nozzle dimensions and 
nozzle and duct -wall surface conditions.
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Pig#A»9 —1 Comparison of the predicted centre-line k-distributions 
using various inlet length scales.with LDA measurement

By way of a concluding comment, it is relevant to say 
that the inlet length scale has only a marginal effect 
on the predicted mean flow behaviour. Thus for practical 
application where the emphasis is not on the turbulent struct 
ture of the flow but on the. mean velocity and pressure 
distributions, values in the range of 0.001 r and 0.05 rQ 
for the'mixing tube can be safely chosen. Tne computer 
model will itself predict values at the exit from the 
mixing tube and therefore at the entry to the diffuser.
Only by future research, involving the measurement of 
average macroscopic length scale of eddies at the 
inlet, will the relationship between inlet length 
scales and upstream conditions be established

2-*'7 6.



£ I PENS ICR I-ECU (6 ), HECV (6 ), HECP ('6 ), H EC T  I 6 ) ,HEDK{ 6') ,HEDDl 6 ) ,HEDN< 6)
1 , H E D A ( 6 ) , H E D B ( 6 ), H E D P P ( 6 ) , H E C U N ( 6  ) t H.EOX ( 6 ), H E D Y { 6 )
C O M M O N / A L L /  I T , J T ,N I ,N J ,NI M l ,N J M 1,G R E A T

l / U V E L / P E S C P U , N S h P U , U R F U , D X E P U ( 2 6 , 1 2 ) , C X P W U ( 2 6 , 1 2 ) , S E W U { 2 6,12 ) ,
2 Sf\!SU(26,12)
1 / V V E L / R E S C R V , N S W F V , U R F V ,C Y N P V I 2 6 , 1 2 ) , C Y P S V I 2 6 , 1 2 ) , S N S V { 26 , 12 ) ,
2 S E W V I 26, 1 2 ) , R C V ( 26, 12)
1 / P C 0 R / R E S C R M , N S W P P , U R F P , D U ( 2 6 , 1 2 ) , D V ( 2 6 , 1 2 ) , I P R E F , J P R E F
1 / T E N / R E S C F K , N S W P K , U R F K
l / T C I S / R E S O R E , N S K P C , U R F E
1 / V A R /  U 1 2 6 , 1 2 ) , V ( 2 6 , 1 2 ) , P ( 2 6 , 1 2 ) , P P t 2 6 , 1 2  ) , T E I 2 6 , 1 2 ) , E D (26,1 2)  
1 / G E 0 M / I N D C 0 S , X I W I  18) ,YIW( 18) ,XGK<18) ,YCh(26) , X O C ( 1 8 ) , Y O C ( 18),
2 RGC( 18) ,X1C( 18 ),YICi 18) ,RiC( 18)., X( 26,12) ,Y( 26,12) , XUC 2 6 , 1 2 ) ,
3 YVI 26, 12) , P X E P ( 2 6 ,  12) ,DXPWi 26,12) , G Y NP (2 6,  12) ,CYPS'i26, 12) ,
4 S N S ( 2 6 , 1 2 ) , S E W C 2 6 , 1 2 ) , R ( 2 6 , 1 2 ) , R V (26 ,12) 
1 / F L U P R / U R F V I S , V I S C G S , D E N S 1 T , P R A N D T ,D E N { 2 6 , 1 2 ) , V I S ( 26,12)
1/K AS E  T 5 / U I N , T E I N , E C I N ,F L G W I N ,A L A M G A , U E N ,F L G w E N , A , R S M A L L ,RMIX,
2 • I N E Z , I N P 1 ,J K C Z , J N P 1 ,  IENT, IEP1
1 / T L R B / G E M 26,12) ,CG, C M U , C 1 , C 2 , C A P P A , E L C G , P R E C ,P RTE 
1 / K A L L F / Y F L U S N ( 28 ) , T A U N ( 2 8 ) , Y P L U S S ( 18 ) ,TAUS( 18)
l/C O E F / A P t  26,12) , AN { 26', 12 ) , AS {26 ,12') , AE 126 ,12), AW < 26, 12 ), SU I 26, 12) , 
2 SP(26, 12)
L C G I C A L  INCALU,.INCALV, INCALP, INPPG, INCALK, INCALD, INCALM, INCALA,

1 I N C A L 6
G R E A T = 1 . E 3 0  
N I T E R = 0  
IT = 26
J7= 12 ' '

' hSVi PU= 1 
NSV\PV = T 
N S VPP = 5 
N S W P K = 1 
N Sh F D = l
R E A D ( 9 , 0 1 0 ) H E D U , H E D V , H E D P , H E D T ,H E C K , H E G G , H E D F ,H E D A , H E C B ,F E C P P , 

1 H E C U N ,H E C X , h E D Y  
CIO F C F M A T (6A 4 ) ___

C— - — GR I C “ •
M  = 26 _
N J= 12
N I P 1 = N 1-1
N J M  = NJ-1
N J M 2 = N J - 2
If\CZ = 4
J N C Z = 4
■INPl=INOZ + l
JNF1 = JNCZ-U
JNP2 = JNGZ-f 2
JR IX = N J R 1— JNO Z
I E M = I N C 2  + JPIX
RNCZ= 5 • C7 5 E-2
C Y = R N C Z / F L C A T ( J N C Z - 1  )
A = 3 . 5 9 E - 2  
P L A R G E = 1 6 . 5 E - 2  
F S P A L L = 12* 7 E-2 
PR I X = 1 * 7 1 E-2
B = P L A P G E + R N C Z - R S P A L L - P P I X  •
X E N T = 7 . 6 E - 2  
A L T C T = 0  *26
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C D E T E R M I N E  THE INNER WALL G E O M E T R Y  
C X I N = { X E N T - A ) / F L G A T ( I N G Z - 1 )
>1 Ui 1 ) = - X E N T - G . 5 * C X I W  
CC 100 I = 2 , I N G Z  

ICO X I W { I ) = X I la { I -1 ■) + DX IW 
CO 1C1 I = 1 , I N C Z

101 Y I Vi ( I ) = E - S C R T ( R L A R G E ’fRLARGE-(XIW'( I H A ) * * 2 )
Y I M I N P 1 ) = - < R S N A L L + R M I X ) + R N Q Z

C D E T E R M I N E  THE C U T E R  WALL G E C R E T R Y  
R F A T = B L A R G E / R S M A L L  
CO 102 1 = 1 , I NCZ
C S G = X IW ( I ) * (X I Ini ( I ) + A ) + Y I Vi ( I ) * (Y IW { I ) - B )
F 5 G = 0 S G + R R A T * R S M A L L * R S M A L L  
G = { 1 . 0 + R R A T ) * X I W {  I ) + A 
H = <1.0+RRAT)*YIVj(I)-E
X C W (I ) = ( f S G * G - S Q R T (F S Q * F S Q # G * G — (G * G + H * H ) * ( F S Q * F S G - H * H * R S M A L L * * 2 ) ) )  

1 / ( G * G + H * H )
102 VOW ( n=-/SCRT( R S M A L L * F S M A L L - X C W (  I)*XGW( I) )

C D E T E R M I N E  THE C E N T R E  AND R A D IU S  O F ' G . C .
DC 103 I - 1 » I N E ZF U N C T = ({ X Ito( I H A ) * ( X I U I  )-XGfc<I) ) + C Y I U ( i ) - B ) * C Y I f c { I I - Y O H { I ) ) I/ ( XGto 

1 (I ) * ( Y I K ( I ) - B ) - Y G W ( I ) *  IX IW(I I + A ) )
XCCC n  = X G W I I  ) - F U N C T * Y O M I )
Y C C ( I ) = Y C W (  I )4F UN CT *X GW (  I)

103 ROC ( I)=SGRT( ( X IW C I )- X G C ( I ) ) * * 2 + ( Y I to( D - Y O C I  I ) )**2)
C D E T E R M I N E  THE C E N T R E  A N D  R A D I U S  OF INT. C.

C X I C = A / F L C A T ( J N I X )  ~ _
C Y I C - B / F LG A T (J M I X  )
X I C ( J N F 1 } = - A + Q . 5 * C X I C  
Y I C (JNP 1) = B-C . 5*CY IC 
CC 104 J = J N F 2 , N J M 1  
XlCi J)=XIC( J - 1 I + D X I C

104 Y I C (J ) = Y I C (J- 1 )-CY IC 
D R I C = ( R L A R G E - R S M A L L - B ) / F L C A T ( J M I X )

L EASE 2.0 M A I N  DATE = MON DEC 11, 1S7.8
CC 105 J = J N P 1 , NJ M 1

105 R I C ( J } = Y I C { J ) + R S M A L L + ( F L C A T ( N J M 1 - J } + 0 . 5 I * C R I C  
C D E T E R M I N E  THE G RIDS

CO 106 1=1 , INCZ 
CC 106 J = J N P 1 , N J M 1
Q = 0 . 5 * ( R  IC( J ) * * 2 - R 0 C  (I )**2+XCCC I ) ** 2+YCC( I ) **2-( X IC ( J ) * * 2+Y IC ( J )** 

12) ) / C Y G C < I )— Y 
S = {X I C (J ) - X G C { 1 ) ) / I Y I C I J ) - Y G C ( I ))
AI = S* S + 1.0
B I = X C C ( I ) + S * C - S * Y C C ( I )
CI = X0C(I-)**.2 + (Q-Y0C( I ) ) ** 2- R0 C{  J )**2 'X ( I ,J} = ( B I - S G R K B I * e i - A I * C I ) )/AI

106 Y ( I, J J = Q - S * X U  ,J)
CC 107 I = 1,JN IX
XI INCZ+I , JNCZ+I) = X I C (JNCZ-M )

107 Y U N O Z  + I, JNOZ + I )=YIC( JNOZ + I ) - R 1C (J N O Z + I ) '
CC 108 1=1 , JMIX
YOCI INCZ+I. ) = Y ( I NG Z+ I  ,JNCZ+I)
X C C (INCZ + I ) = 0 . 5 * ( R S K A L L * R S M A L L + X ( I N O Z + I ,J N O Z + 1 )* * 2 - Y ( INGZ + I ,J NO Z  + I 

1 ) * * 2 ) / X ( I N O Z + I ,J N C Z + I )
RCC( INGZ+I )=XOC( INGZ+I ) - X ( I N C Z + I ,J N O Z + I )
AC = X C C ( I N C Z  + 1) * *2 * Y C C ( INCZ+I ) ̂  2 
B O = - R S M A L L * R S M A L L * X O C ( I N O Z + I )
C C = R S M A L L * * 4 - F S M A L L * R S N A L L * Y G C ( I N G Z + I  )**2
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-XOW( INOZ + I ) = - { B G + S G R T ( B G * B G - A O * C C )  )/AO 
108 Y C W  i INOZ+I ) = ( R S M A L L * R S M A L L - X G C { I N O Z  + I )*XOW( INOZ + I ) }/YOC( INOZ + I ) 

J M I X M 1 = J N I X - 1  
CO 111 1 = 1 , J M I X M 1  
IP1=I+1
CO 112 J = I P 1 , J M I X
C = 0 . 5 * 1 R I C <  JNG.Z+J 2 -R OC  (INOZ + I ) * * 2 + X G C ( INOZ+I ) ** 2+Y0CI INGZ + I } **2

1-1 XIC(\JNCZ+J)**2 + YIC( J N O Z + J  J**2 } ) / IYOC (I NOZ + II-Y IC IJ NO Z+J ) )
S = I X  I C I J N O Z  + J ) - X O C ( I N O Z  + I J ) / ( Y l C i J N O Z + J )- Y O C ( I N O Z + I ) 1 
A I = S * S + 1 . 0
B I = X O C ( I N O Z + I ) + S * Q - S * Y G C ( I N G Z + I )
C I = X C C (  I N C Z + I ) * * 2 + (G -Y 0C (  INGZ + I ) )**2-R0C< INOZ+I J 4*2 
X( INOZ+ I ,'JNGZ + J ) = I 8 1 - S C R T  (B'I*BI-A I*CI) ) /A I 
Y ( I N O Z + I f J N O Z + J ) = Q - S * X ( I N O Z + I , J N O Z + J )

112 C C N T I M E  
111 C C N T I N U E

CC 113 J = 2 , JNGZ 
CO 113 I = I N P 1 , M

113 Y ( I , J ) = - ( R S M A L L  + RM.IX) + { F L 0 A T ( J ) - U 5 ) * D Y  
DC 114 J = 1, J MI X
I F I R S T = I N P 1 + J
CC 115 I = I F I R S T , N I
Y( I , J N G Z + J ) = Y ( I N G Z  + J ,JNGZ + J)

115 C C N T I N U E
114 C C N T I N U E

CC 1 1 6  1 = 1 , J M I X  
J L A S T = J N C Z + I - 1  
CO 117 J = 2 , J L A S T  

• X ( I N C Z + I , J ) = X ( I N G Z + I , J N O Z + I ) -
117 C C N T I N U E

L E A S E  2.0 M A I N  D ATE = MON  DEC 11, 157 8
116 C C N T I N U E  

E P S X = 1 . 1 5
S U M X = 0 . 5 * E P S X * * ( N I - I E N T - 4 ) + I E P S X * * C N  I - I E N T - 3 ) - 1 . G )/< E P S X - 1 . C) + 0 . 5  
D X = A L T O T / S U M X  
I E P 1 = I E N T + 1  
I E P 2 = I E N T  + 2 
CC 1 05  1= I EP 1, NI 

1C9 Y 0 W ( I ) = - R 5 N A L L  
CO l i e  J= 2,N J M 1

118 X ( I E P 1 , J ) = 0 . 5 * C X  
CC 121 I = I E P 2 , N I M 1  
CO 122 J = 2 , N J M 1

122 M  I, J ) = X ( 1 - 1 , J ) + D X  "  .
121 C X = E P S X * C X

DC 123 J = 2 ,N J M 1
122 X(NI, J') = X { N I M 1 , J ) - X ( N I - 2 , J )  + X { N I N 1 , J )

DC 124 1 = 1 , NI
IF f I . L E . I N C Z )  J F I R = J N P 1 
I F ( I . G T . I N G Z )  JFIR = 2 

• DO 124 J = J F I R » N J M 1
124 P ( I , J ) = R S M A L L + R M I X + Y ( I , J )

CC 125 J = 2 , JNCZ
125 R ( I N O Z  , J ) = R C I N P 1 , J)

C -  D E P E N D E N T  V A R I A B L E  S E L E C T I O N
I N C A L U = . T R U E .
I N C A L V = . T R U E .
I N C A L P = . T F U E .
I N C A L K = . T R U E .
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I N C A L C = . T R U E .
I N P R G = . T R U E .

C---- F LUID P R O P E R T I E S
DE N SIT = 1C G C •

C---- T U R B U L E N C E  C O N S T A N T S
C P U = 0 . 0 9
CC = 1*00 ' '
C 1 = 1 .4 4 
C2 = 1.9 2 
C A P P A =  .4187 
E L C G = 9 * 7 9 3
P RE D= C A P P A ' * C A P P A / C C 2 - C 1 )  / ( C M U * * * 5 )
PRT E = 1 • 0

C---- B O U N D A R Y  VAL UE S
UI N = 22 *0
IE N = 1 • 4 4 2 5
TUR fi1N = 0 .001
TURE EN = 0 *003
TEIN = T L R B I N 5}!U I N * ^ 2
T E E N = T U R 0 E N ^ U E N * ^ 2
A L A N D A = 0 •CCS
E C I N = T E I N * * l . S / (  ALAR C A^ RH  IX J 
ECEN = T E E N * n  .5/ ( ALAKL'A*RMIX )
V I S C C S = l . G G 4 E - 2

C- - - - - P R E S S U R E  C A L C U L A T I O N
I PREF = 2

L E A S E  2.0 M A I N  _ D A T E  = MON DEC  lit 1 97 8
J P R E F = J N P 1

C- - - - - P R O G R A M  C O N T R O L  A N D  M O N I T C R
MAX IT = 133 
IM 0 N = 10 
J N C N = 1 0  
L R F U = 0 . 5  
UR FV=0 .5 
U R F P = 1 . 0  
LRFE = 0 .7 
U RFK = 0 .7
U R F V I S = 0 •7 ■ _
.INCPR 1 = 1 ' '
S C R N A X = 1 *0 E-A

C
C - C A L C U L A T E  G E O M E T R I C A L  Q U A N T I T I E S  AND SET V A R I A B L E S  TO ZERC

C A L L  INIT
C— ■--- I N I T I A L I S E  V A R I A B L E  F I E L D S

CC 202 J = 2 »JNCZ 
T E (I N O Z , J ) = T E I N  

202 EC ( INOZt J J = ECIN
CC 211 J = JNP 1 f M M  
T E C l t J ) = T E E N  

211 EC C1 ,J) = ECEN
CO 20C I=INP1,NI 
CC 200 J = 2 t JNCZ 
U ( I t J ) = U I N  

• T E I I » J ) = T E I N  
20C E C ( I » J ) = ED IN 

F L 0 V\ IN = 0 . 0 
A R C E N = 0 . 0  
DC 2C5 J = 2 t J N C Z
A R C E N = C . 5 M C E N (  INCZ, J ) + C E N U N P l , J n * R ( I N P l ,  J )* S N S {  INP1» J) 

205 F L C W I N = F L C U N  + A R D EN *U (  INP1,J)
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DO 2 0 1  1 = 2* NI 
CC 2 0 1  J = J N P 1 » N J M 1  
T E ( I , J ) = T E E N  
E C ! I , J ) = E C E N  

2 C 1  l ! l , J ) = U E N  
F L O W E N - 0 •0 
A R C E N = C . O
CO 2 C6  J = J N P 1 , N J M 1
A R C E N = 0 . 5 * ( C E N C l , J  I + C E N  ( 2 , J ) ) * 0  .25*! R ( 1 1J ) + R( 2 , J ) ) * { SNS < 1, J ) + 

1S N S ! 2 , J ) ) '
2 06  F L C W E N = F L G W E N + A R C E N ^ U ! 2 , J )

DC 2 0 3  I = 2 , N I P 1
2 0 3  V P L U S N { I 1 = 1 1 - 0  

CC 2 0 4  1=2 , INC2
2 0 4  Y P L U S S ! I ) = 1 1 .  C 

S O R M A X = S O R M A X * (  F L G W  IN + F L O W E N J
U N = ( F L C W I N + F L C W E N ) / ( C E N S I T * 0 * 5 * R N 1 X 4 * 2  }
F L G R A T = F , L G W E N / F L O W I N  
C A L L  P R O P S

L E A S E  2.0 M A I N C A T E  = N O N  D E C  11, 1 9 7 8
 I NI TI AL  O U T PU T

W R I T E ! 6,210) .
W RIT EI 6, 220)  U IN 
W R I T E ( 6 , 2 2 1 )  UEN 
P E = U I N * R N 0 Z * 2 . . C * D E N S I T / V I S C 0 $
W R I T E (6,230) RE ' ■ " _
R S D R L = R N C Z / R M I X  
h RIT E (6,240 } R SC R L  
W R I T E ! 6 , 2  50J VISCCS'
W R I T E !  6 , 2 6 0 )  D E N S  IT 
W R I T E ( 6 , 2 7 0 )  F L C R A T  
W R I T E  ( 6 , 2 8 0  { X O W ! I) , I = 1 , N I )
W R I T E (6,280) !YOW( I ) ,I = 1 , N I ) 
W R I T E ! 6 , 2 8 0 )  ! X I W ( I) , 1 = 1, I N O Z )
WRITE! 6, 2 8 0  ( Y I Vi!I I ,1 = 1 , 1 NO Z)

280 F O R R A T ( I P 1 0 E l l *3)
CALL P R I N T ! 2 , 2 , N I , N J , I 7 » J T , X , H E C X }
CALL PRINT C 2 , 2 , NI , N J , I T » J T , R , H E C Y.)
C A L L  P R I N T (2 9 2 9 N I , N J , 1 T , J T , S E W  , H E C X )  
C A L L  P R I N T ! 2 , 2 , N I , N J , I T , J T , S E W U , H E C X )  
C A L L  P R I N T (2,2 , N I , N J , I T , J T , CY N P ,P E C Y } 
C A L L  P R I N T ( 2 , 2 , N I ,N J , I T , J T , D Y P S ,H E C Y } 
I F ! I N C A L U )  C A L L  PR I N T {2  , 2  , N I ,N J , I T ,J T , 
I F ( I N C A L V )  C A L L  PR I N T ! 2 , 2 , N T ,N J ,I T , J T , 

' I F ( I N C A L P )  C A L L  PR I N T { 2 , 2 , N 1 ,N J , I T , J T , 
I F ( I N C A L P ) C A L L  PR I N T {2 , 2 , N I ,N J , I T ,J T , 
I F (I N C A L K ) C A L L  PR I N T ( 2 , 2 , N I ,N J , I T ,J T , 
I F (I N C A L D ) C A L L  PRI N T ( 2 , 2 , N I ,N J , I T ,J T ,

U t H E D U )
V , H E C V )

P ,H E D P ) 
P P , H E C P P  ) 
T E , H E D K  )
E D , H E D O )

W R I T E ( 6 , 3 1 0 )  I M C N ,JN ON 
3 C 0  N IT E R = N I T  E R + 1

C -  U P D A T E  M A I N  D E P E N D E N T  V A R I A B L E S
I F ! I N C A L U )  C A L L  C A L C U  
I F ( I N C A L V )  C A L L  C A L C V  
I F ( I N C A L P )  C A L L  C A L C P  
IF! I N C A L K ) C A L L  C A L C T E  
I F (I N C A L C ) C A L L  C A L C E D
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C ----- U P D A T E  F L U I D  P R O P E R  1 TIES
I F< INPRG) CALL FRCPS

C------ I N T E R M E D I A T E  O U T P U T
CUM M Y = 0 * 0
V\RITE(6,311) N I T E R  , P E S C R U  , R E S C R V  , R E S C P M ,  R E SO R T ,  R E S C R K ,  RE S ORE

I t U ( I MON  t J M O N ) t V { I M O N , J M O N ), P (I M O N , J M O N ) , D U M M Y ,
I TE ( IMGN,f\JM.l) ,E D (I M O N ,N J M 1 )
I F ( N I T E R * G T . 2 ) i N D P R I = 4 C
I F (A B S (F L O A T {N I T E R / I N C P R  I ) - F L G A T ( N I T E R J / I N D P R I ) . G T . 1 . E - 4 ) G G  TO 301 
W R I T E I 6 , 3 1 2 )
IF ( I.NCALU) C A L L  PR I NT {2 , 2 ,N I ,NJ , IT t J T , U » H E D U )
I F ( I N C A L V ) C A L L  PR I N T ( 2 , 2 t N I t N J 1 1 T »J T , V , H E G V )
I F U N C A L P )  C AL L  PR I N T C 2,2 , N I ,N J , I T tJ T , P , H E D P )

L E A S E  2• 0 M AI N D AT E  = MON DEC 11, 1 97 8

301

C2

4 0 0

401

4 06

210
220
221
230
240
250

I F CINCALF) CAL L  P R I N T ( 2 , 2 , N I , N J , IT,JT , P P , H E D P P )
IF {I N C A L K ) C ALL P R I N T ( 2 , 2 ,NI ,N J , I T ,J T , T E , H E C K >
I F U N C A L C )  CALL P R I N T { 2 , 2 , N I ,N J , I T ,J T , E C , H E C D )
fcR!TE<6,312)
NR IT E (6,310) I MON t J MO N  
C C N T I N U E
■ TE RMINATION TESTS 
S C R C E = R E S C R M
I F ( N I T E R . E Q . M A X I T )  GO TO 202 
IF ( S G R C E * G T * S C R M A X )  GO TO 300 
C O N T I N U E
I Ft INC ALU ) C ALL P R I N T ( 2 , 2 , N I ,N J , I T ,J T , " U , H E D U )
I F ( I N C A L V )  C AL L  PR I N T { 2 , 2 , N I ,N J , I T ,J T , V ,H ED V)
I F {I N C A L P  ) CALL PR I N T ( 2 , 2 , N I ,N J , I T ,J T , P , H E D P )
I F (INCALP) C AL L  PR I N T < 2 , 2 , N I ,N J , I T ,J T , P P , H E D P P )
I F { INCALK 3 C AL L  P R I N T C 2 , 2 , N I ,N J ,I T ,J T , T E , H E D K J -
I F (I N CA LC  I C ALL P R I N T ( 2 , 2 , NI ,NJ, IT,JT, E D , H E C D }
I F U N P R O  ) CALL P R I N T C 2 , 2 , N I ,N J , IT,JT , V I S , H E D M )
• CA LC UL AT IO N  OF NON D I M E N S I O N A L  T U R B U L E N C E  E N E R G Y  AND  L E N G T H  S CA LE 
CO 4 0 0  I = 2 , N I M 1  
CO 400 J = 2 ,N J M 1 
U (I , J ) = U ( I  ,J)/UIN
S U(I,J ) = TE( I , J)*DEN( I , J ) / A B S ( T A U N ( I ) )
S P < I , J ) = T E ( I , J ) * * 1 . 5 / E D ( I , J ) / R M I X
C AL L  P R I N T ( 2 , 2 , N I  ,NJ,IT,JT, U , H EC UN )
CALL P R I N T ( 2 , 2 , N I , N J , I T , J T ,  S U , H E C A )
C ALL PR I N T ( 2 , 2 f N I , K J , I T , J T ,  SF , H E C E )
C O N T I N U E  
R I NCZ = C* C C44C5
F L C W I N = 0 . 5 * R I N G Z * R I N G Z * D E N S I T  
F L C W E N  -0 «0 
A R C E N = 0 •0
CO 406 J = J N P 1 , N J M 1
A R D E N - G . 5 * ( D E N I I N Q Z ,J )+ D E N (I N P 1 , J ) ) * R ( I N P 1 , J ) * S N S I I N P 1 , J )
F L O W E N = F L O W E N + A R D E N * U ( I N P 1 , J )
F L C RA T  = FLCkEN/FLCl\IN
W RI TE (-6,270)FLCRAT
STOP
■FORMAT S T A T E M E N T S
F O R M A T ( 1 H 1 , 4 7 X , 3 3 H K A S E  T5 - T U R B U L E N T  J ETS M I X I N G  ////)
F O R M A T  1 / / / / 1 5 X » 3 3 H I N L £ T  F L U I D  V E L O C I T Y  , 1 P E 1 1 . 3 )
F O R M A T  < / / 1 5 X , 3 3 H E N T R A I N E D  V E L O C I T Y  , 1 P E 1 1 . 3 )
F O R M A T { / / 1 5 X , 3 3 H R E Y M O L D S  N U M B E R  , 1 P E L 1 * 3 J
FOR MA T!  / / 1 5 X , 3 3 H D I  A ME TER R A T I O  -,1PE11.3)
F O R M A T ( / / 1 5 X , 3 3 H L A M I N A R  V I S C O S I T Y  , 1 P E 1 1 . 3 )
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260 -FORMAT! //15 X , 3 3 H F L U I D  D E N S I T Y  , 1 P E 11 .3 )
'270 F O R M A T ( / / 1 5 X , 3 3 H F L 0 H  R A T I O  , 1 P E 1 1 . 3 )
310 F O R M A T (1 3 H 0 1 T E R  I , 9 X ,2 9 F A B S 0 L U T E »RESI DUAL S O U R C E  SUM S, 9X ,

111 H I I , 3 7H F I E L D  V A L U E S  AT M O N I T O R I N G  L O C AT I  O N < , I 2 , 1 H , , 12,
2 6 H )  I/lAH NO U M O M , 5 X , A H V M O M , 5 X , A H M A S S , 5 X , A H E N E R , 5 X , A H T K l N
3 , 5 X , 4 H D I S P , 9 X , 1 H U , 8 X , 1 H V , 8 X , 1 H P , 8 X , 1 H T , 8 X , 1 H K , 8 X , 1 H D / ) '

L EA SE  2*0 ' MAIN D AT E  = MON DEC 11, 1 S 7 8
311 F O R M A T ( I N  , 13 ,5 X , 1 P 6 E 9 . 2 ,3 X ,1 P 6 E 9 .2)
312 F O R M A T  I 1 H 0 , 5 9 1 2H- )J 

END
L E A S E  2.0 1NIT D.ATE = MON DEC 11, 1 97 8

S U B R O U T I N E  INIT
C
C H A P T E R  C C C C C O O O  P R E L I M I N A R I E S  0 0 0 0 0 0 0 0  
C

C O M M O N
1 / U V E L / R E S C R U , N S W P U , U R F U , C X E P U (  26, 12 ) , DXPWUI 26 ,12) , SE VsU ! 26 ,12 ) ,
2 S N S U (26 , 12)
1 / V V E L / R E S G R V » N S W P V , 0 R F V , D Y N P V I 2 6 , 1 2 ) ,CYFSVI 2 6 , 1 2 ) , S N S V ( 26 , 1 2 ) ,
2 S E L V I 2 6 , 1 2 ) , R C V I 2 6 , 1 2 )
1 / P C G R / R E S 0 R M , N S W P P , U R F P , D U I 2 6 , 1 2 )  ,DVC 26,12) , I P R E F , JPREF'
1/V AR /  U I 2 6 , 1 2 ) , V 1 2 6 , 1 2 ) , P ( 2 6 , 1 2 ) , P P { 2 6 , 1 2 ) , TEC 26, 12 },  ED I 26,12) 
1 / A L L / I T , J T t N I , N J , N I M 1 , N J M 1 , G R E A T
1 / G E C M /  I N C C O S , X I W I  1 8 ) , YIWI 18) ,'XQWI 18.) ,Y GWI26) ,X0CI 18) ,VOC( 18) ,
2 R O C (18) , X 1 C ( 1 8 ) , Y I C ( 1 8 ) , R I C I 1 8 ) , X I 2 6 , 1 2 ) , Y ( 2 6 , 1 2 ) , X U { 2 6 , 12 ),

. 3 Y V ( 2 6 , 1 2 ) , D X E P ( 2 6 , 1 2 ) , D X P W ( 2 6 , 1 2 ) ,DYNPt 26, 1 2 ) , D Y P S I 2 6 ,  12) ,
A S N S ( 2 6 , 1 2 ) , S E W ( 2 6 , 1 2 ) , R ( 2 6 , 1 2 ) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S , V I S C O S ,D EN S  I T ,P R A N D T ,D E N ( 2 6 , 1 2 ) , VI SI 26,12)
1 / K A S E  T 5 / U I N , T E I N , E D  I N, F L O W  I N , A L A M D A ,U E N ,F LO W E N ,  A , R S M A L L ,R M I X ,
2 I N 0 Z , I N P 1 , J N 0 Z , J N P 1 , I  E N T , IEP1
1 / T U R B / G E N I 2 6 , 1 2 ) , C C , C M U , C  1,C 2 , C A P P A ,E L O G ,P R E O ,PRTE 
l / C C E F / A P ! 2 6 , 1 2 ) , A N ( 2 6 , 1 2 ) , A S 1 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) , AWI 2 6 , 1 2 ) , SUI 2 6,12), 
2 S P I 26,12)

C
C H A P T E R  1 1 1 1 1  C A L C U L A T E  G E O M E T R I C A L  Q U A N T I T I E S  1 1 1 1 1
C

CO 101 J = JNP 1,N J M 1 
I L A S T = I N C Z + J - J N P 1 - 1  
DO 101 I = '1»ILAST
G P X = C Y I I , J ) - Y I C ( J ) ) / C X ( I , J ) - X I C C J ) )
G E X = C Y ( I + 1 , J ) - Y I C ( J ) ) / ( X { I + 1 , J ) - X I C ( J ) )  ^ ,
A N G E P  = A T A N C I G E X - G P X ) / I  1 . 0 + G E X * G P X ) )
C X E P I I , J ) = A N G E P * R I C ( J )

1C1 C X P M I + 1 , J ) = C X E P ( I , J )
CO 102 J = J N P 1 , NJ M 1 
1 = 1 N C Z + J - J N P 1
ANG = A T A N ( ( X I I , J )  — X I C C J ) ) / ( Y ( I , J ) - Y I C ( J ) ))
D X E P I I , J ) = A N G * R I C ( J )

1C2 C > P M  1 + 1, J)= DX EP I  I , J)
CC 103 J = 2 , J NCZ
D X E P I I N G Z , J ) = 2 .0* IX ( I N P I , JN P1 )  + A)

103 C X P M I N P 1 , J ) = C X E P I  INCZ,J)
I E M 1 = I E N T - 1
DC 1 CA I = I N P 1 , N I M 1
I F I I . L T .  IENT ) J LA ST  = J NCZ + I-I,NOZ
I F ( I . G E . I E N T )  J L A S T = N J M 1
CC 10A J = 2 ,JLAST
C X E P ( I , J )  = X I H 1 , J ) - X I I , J )

1 0 A CXPwI I+'1,J)=DXEPI I , J )
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CO 1C6 J = J N P 1 » NJM2 
I L A S r = J + l N O Z - J N O Z  
DC 1C6 I = 1 , I L A S T
G PY=iVC I,J )~YGC( I ) )/{ X I I , J ) - X G C ( I ))
Gf\Y=(Y ( I , J + l )-YOC( I ) )/< X < ItJ + l ) - X G C ( I )  )

L E A S E  2.0 I M  T C A T E  = MOK DEC 11, 1978
A N G N P = A T  AN ( ( G P Y - G N Y  )/( 1.0 + G P Y * G N Y  U  
D Y N P ( I ,J ) = A N G N P * R G C ( I )

106 C Y P S U , J  + 1) = CYNP( I , J )
CC 109 1 = 1 , I E M
GNWY=C Y O U { I ) — Y O C ( I ) > / ( XOW C I ) - X G C (I )} 
G P N W Y = ( Y U , N J M 1 ) - Y C C U  ) ) / { X { I , NJM I J - X O C ( I ))
A N G N W = A T A N (  ( GPNViY-GNfcY)/U. 0 + G P N W Y * G N W Y })

109 CYNPC I , N J N 1 } = 2 . 0 * A N G N W * R 0 C (  I )
DC 110 I = 1 , 1 NO Z
C - S h Y = ( Y I M  D - Y O C i  I )) /( X I K l  I )-XOC i I ) I 
G F S W Y = ( Y ( I  , J N P 1 J - Y C C  II ) ) / IX <I , J N P 1 J - X O C I I  ))
A N G S h = A T A N { {G S W Y - G P S h Y } / ( 1 . 0 +G PS t a Y * G S W Y ) }

110 C Y P S U  , JNP1 ) = 2 . 0 * A N G S W * R G C (  I )
CO 111 J = 2 ,JNCZ J
CC 111 I = I N P 1 , M
D Y N P U  , J ) = Y U , J  + 1 ) - Y U , J )

111 C Y P S U  ,J-U) = CYNP< I,J)
CC 112 J = J N P 1, N J M2
IF IR = J - J N G Z  + INP1 
CC 112 I = I F I R » N I  
C n P ( I i J J = Y ( I , J  + l ) - Y ( l , J )

112 C Y P S U , J  + l) = C Y N P i I , J )
CC 114 1 = I E P 1 , M

114 C Y N P U  , N J M 1 ) = D Y N P C I  ,NJM2)
CC 115 I = I N P 1 , N I

115 C Y P S U  , 2 ) = D Y F S < I , 3 )
CC 116 1 = 2 , NIM1
IF C i . L E . I N G Z )  J F I R = J N P 1
I F ( I .G T. IN GZ )  JF IR=2
CC 116 J = JF I P ,N JMI
SE Vi ( I,J) = 0 . 5 * < D X E P U , J )  + D X P W C I , J ) )
C X E P U U , J )  = S E W ( I , J )

116 C X P h l H 1 + 1 , J ) = C X E P U ( I , J )
CC 117 1 = 1 , NI 
I F U . L E . I N O Z )  JF IP=J NP 1 
IF ( I .GT.INOZ) JFIR = 2
CC 117 J = J F 1R ,N J M 1
SNS( I , J ) = 0 . 5 * ( D Y N P U  , J ) + D Y P S ( I , J ) )
C Y N P V U ,  J )=SNS{ I , J )

117 CY PS V 1 I , J + 1 ) = C Y N P V ( I , J )
CC 113 J = 2 , J N 0 Z

113 SNS I INCZ , J ) = S N S ( I N P 1 , J 1 
CO 118 J = 2 , N J M 1

118 SEf cl M  , J ) = S E W < N I M 1 , J  )
DC 119 1 = 2 , NI 
1 F U . I E . I N 0 Z )  JFIP = JNP1 
IF(I . G T .I NC Z)  JFIR = 2
CO 119 J = J F I R , N J M 1
SEkll ( I , J ) = 0 . 5 U  S Eh ( I , J ) + SEVi ( I- 1, J ) )

119 S N S U ( I , J ) = C . 5 * ( S N S U , J ) + S N S ( I - 1 , J ) )
CC 120 1 = 1 , NI
I F ( I .L T . I N C Z )  JFIR = J N P 1 + 1  
I F ( I . G E . I N G Z )  J F I R = 3
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l> l. j. t u  o -s ir  l n j i v o i '  i.

L E A S E  2 • C INIT CATE =, MON CEC 11, 1978
S E W V (I ,J ) = 0 . 5 * ( S E W (I ,J ) +SE W  C I ,J— 1) }

120 SNSVCI , J ) = 0 . 5 * ( S N S < I , J H S N S (  I,J-1))
CC 121 1 = 1 , NI
I F U . L T d N C Z )  JFIR = J N P 1
I F { I .G E . I N C Z )  JFIR = 2
CC 121 J = J F I R ,NJ
R V U , J )  = C . 5 * ( R ( I , J )  + R(I ,J -1 ))

121 R C V { I , J ) = 0 . 5 * { R V ( I , J  } + R V (I , J - 1))
C
C H A P T E R  2 2 2 2 2 2 SET V A R I A B L E S  TO Z ER O  2 2 2 2 2 2
C

CO 2C0 1 = 1 , NI
IF! I .L E. IN GZ )  J F I R = J N Q Z
I F ( I . G T . I N C Z )  J F I R = 1
CC 200 J = J F IR , N J
L(I,J)=0 .0
V I I , J ) = 0 . C
P ( I , J ) = O . C
P P < I , J ) = 0 . 0
T E ( I , J ) = G . G
EC (I,J i = 0.0 .
C E N ( I , J ) = C E N S I T  
VI S ( I f J } = V I sees
C U ( I , J ) = 0 . 0  -
D V ( I , J ) = C . C  
S U ( I , J ) = 0 . 0  

. S F ( I , J ) = C . 0  
200 C C N T I N U E  

R E T UR N  
ENC

L E A S E  2 . 0  P RO PS  D A T E  = MON DEC 11, 1978
S L B R C L T I N E  PROPS

C
C H A P T E R  0 0 0 0 0 0 0 0  P R E L I M I N A R I E S  0 0 0 C 0 0 0 0
C

C C M M O N
1 / F L U P R / U R F V I S , V I S C O S , D E N S I T , P R A N D T , C E N ( 2 6 , 1 2 ) , VI SI 26, 12 )
1 / V A R /  U ( 2 6 , 1 2 ) , V ( 2 6 , 1 2 ) , P ( 2 6 , 1 2 ) , P P ( 2 6 , 1 2 ) , T E ( 2 6 , 1 2 ) , E D ( 2 6 , 12) 
1 / A L L / I T , J T , N I  , N J , N I M l , N J M 1 , G R E A T
1 / T U R B / G E N ( 2 6 , 1 2  ),C C , C M U , C l ,C 2 , C A P P A , E L O G ,P R E D ,P RT E 

C -•
C H A P T E R  1 1  1 V I S C O S I T Y  1 1 1
C

CG ICO 1 = 2, M M 1  
CC 100 J = 2 , N J M 1 
V I S O L D = V I S ( I ,J)
IF(EC(I,J).EC.'C.) GC TO 102
V I S ( I , J ) = D E N ( I , J ) * T E (  I ,J ) # * 2 ^ C M U / E D ( I , J J + V I S C O S  
GC TC 101 

102 V I S ( I , J ) = V I S C C S  
C - --- UNCER-REL/^X V I S C O S I T Y
101 VISC I , J ) = U R F V I S * V I S ( I  , J) + ( 1 . - U R F V I S ) * V  ISOLD

ICC C C N T I N U E
C
C H A P T E R  2 2 2 2 2 2 2 P R O B L E M  M O D I F I C A T I O N S  2 2 2 2 2 2
C

CALL PROMOC( 1 )
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c
R E T U R N
ENC

LEASE 2.0 C A L C U  D AT E  = ' MON DEC lit 1978
S U B R O U T I N E  C A L C U

CC H A P T E R  C C C C C C O C  P R E L I M I N A R I E S  0 0 0 0 0 0 0 0  
C

C C M M C N
1 / U V E L / R E S 0 R U , N S W P U , U R F U , C X E P U { 2 6 , 1 2 )  ,DXPKUI 26 ,12) , SEWUI 2 6 ♦ 1 2 ) ,
2 S N S U ( 2 6 , 1 2 )1 / P C O R / R E S C R R  tNShPP t U R F P , D U { 26 t l 2 ) t D V 1 26 112) , I P R E F , JPR EE 
1/VAR/ U ( 2 6 , 1 2 )  ,V{ 26, 12 I t P < 2 6 , 12), PP I 26 ,12) , TE (.26 ,12), ED { 26 ,12 ) 
1 / A L L / I T t J T  ,NI ,NJ , N I M 1 , N J N 1 ,G R E A T
l /G EGM/INCCa$,X'IW(18) ,YIW( 18) ,XGK(18) ,YCV»(26) , X O C C 1 8 ) , Y G C (18 ) ,
2 ROC i 1 8 ) t X I C ( 1 8 ) , Y I C ( 1 8 ) , R I C ( 1 8 ) , X ( 2 6 , 1 2 ) , Y ( 2 6 , 1 2 ) , X U ( 2 6 f 1 2 ) t
3 Y V ( 26,12) ,DXEPt 26,12) , D X P W ( 2 6 , 1 2 ) t O Y N P i 2 6 1 1 2 ) tGYPS I 2 6 1 1 2 )t
4 S N S ( 2 6 t l 2 ) , S E W ( 2 6 f l 2 ) t R ( 2 6 t l 2 ) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S t V I S C O S t D E N S I T , P R A N D T ?C E N ( 2 6,12) , V I S (26,12)
1 / C C E F / A P i 2 6 , 1 2 ) , A N I 2 6 , 1 2 ) , A S ( 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) » A W { 2 6 , 1 2 ) , S U I 2 6 , 1 2 ) , 
2 S P (26,12)1/K AS E  T 5/ U I N ,  TEI N , ED I N ,FLOW I N ,A L A M D A ,U E N ,F L O N E N  , A , R S M A L L , R M I X ,
2 1 N 0 Z , I N P L ,J N O Z ,J N P 1, T E N T , T E P 1

C
C H A P T E R  1 1 1 1  1 1 A S S E M B L Y  OF C O E F F I C I E N T S  1 1 1 1 1 1 1
C

CO ICO I - 3 ,N IM 1  
I F U . L E . I N F l )  JF I R = JNP1 - 
IFC I .G T. 1N P1 )  J F I R = 2  
CC 101 J = J F IR , N J M 1

C---- C O M P U T E  AREAS ANC V O L U M E
A R E A N = 0 « 5 * I R V ( I,J + l )+ R V ( I - 1 , J + 1 ) ) * 0 . 5 * 1 S E W U I I ,J) + S E W U ( I ,J + l )) 
A R E A S = 0 * 5 * ( R V I I ,J ) + R V ( I - 1 ,J ) ) *0 .5* (S EViU (I , J ) + S E W U I I , J- 1) )
A R E A E = 0 .  125*( R U - 1 ,  J ) + 2 . 0 * R I  I ,J )+ R C 1 + 1 , J ) ) * I S N S U ( I ,J )+ S N S U ( 1 + 1 , J ) ) 
A R E A W = 0 . 1 2 5 * ( R I I - 2 , J  )+2.0 4RC I - 1, J ) +R { I , J ) }*{ S N S U U  , J )+ SN S I H I - 1, J > ) 
V 0 L = 0 . 2 5 * ( R I I , J ) + R { I - 1 , J ) )* S E W U ( I ,J ) * C S N S (I- 1 , J )+ S N S 1 1 ,J ))

C---- C A L C U L A T E  C O N V E C T I O N  C O E F F I C I E N T S
G N = 0 . 5 * ( C E N (  I, J + l)+CEN< I , J ) ) * V { I , J + 1)
' G N V < = 0 . 5 * ( D E N U - 1 ,  J ) + C E M  1 - 1 , J + l ) )* V { 1 - 1 , J +1)
G S = 0 * 5 * ( D E N (  I, J - U  + DENII , J) ) * V U  , J)
G S h = 0 . 5 * ( C E N { I - l , J 3  + C £ M I - l , J - l ) ) * V U - l , J )
G E = 0 . 5 * I D E N {  1 + 1, J) + DEN( I , J) )*U< 1 + 1, J)

■ G P = 0 . 5 * (  DENI I, J 3 + C E M  1-1, J) )*U{ I, J )
GVi = 0 . 5 * ( D E N U - l , J ) + D E N U - 2 , J ) ) * U { I - l , J )
C N = G . 5 * i G M G N k ) * A R E A N  
C S = 0 . 5 * ( G S + G S W ) * A R E A S  
C E = 0 . 5 * ( G E + G P ) * A R E A E  
C t o - C . S ^ L G P + G k J ^ A R E A h

C — -- C A L C U L A T E  D I F F U S I O N  C O E F F I C I E N T S
V I S N = 0 . 2 5 * ( V I S T  I , J ) + VISI I, J + 13+V IS ( I-1, J )+V.I S I I-rl,J + l) )
VI SS = 0 . 2 5 ^ { V I S I I ,Jl+VISI I , J - l ) + V I S l 1 - 1 , J ) + V I S I I - 1 , J - l ) )
VIS E=0 .2 5* (V I S (I - l t J ) + 2 . 0 * V I S { I , J )+VIS i 1 + 1 , J ) )
V I S W = 0 . 2  5*<V I S ( 1 - 2 , J ) + 2 . 0 * V I S ( I - 1 , J ) + V I S ( I , J ) )
C N = V I S N * A R E A N / ( 0 - 5 ’M  D Y N P ( I ,J )+ D Y N P ( I-1, J )))
DS = V I S S * A R E A S  / (0.5*< CYPS (I, J ) + D Y F S U - l ,  J ) )}
C E = V I S E * A R E A E / C X E P U (  I,J)
Cl» = VISVs*AREAK/GXPWU( I ,J)

C C A L C U L A T E  C O E F F I C I E N T S  OF S O U R C E  T E R M S
L EA SE  2.0  C A L C U  D A T E  = MON DEC  11, 1978
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C3 n K = L IN!-L i + U d-L. K
C P = A M A X 1 ( 0 . 0 t'SMP)
C F O C  P ,

c A S S E M B L E  MAIN C O E F F I C I E N T S
A N C I t J } = C N - 0 . 5 * C N
I F I A B S I C .5 * C N ) .GT.DN) A N I I ,J ) = AN I I ,J ) + A B S ( 0 .5*C N)
AS(I, J H C S + 0 . 5 4 C SIF! A B S ( 0 . 5 * C S ) - G T . D S )  A S ( I ,J ) = A S I I ,J ) * A B S {0 . 5*C S )
A E { I t J J = C E - 0 . 5 ^ C E
I F ( A B S ( 0 . 5 * C E ) . G T . C E }  AE I I ,J ) = A E I I ,J >+ A B S 1 0 . 5 * C E >
A M  I, J)=DV\ + C.5*CW.
IFI A B S (0. 5*CW ) .GT.OW ) AW( I f J ) = A M I ,J J + A B S 1 0 . 5*CW)
DU I I ,J )= 0•5 * 1 A R E A E + A R E A W )
SUl I , J) = C P G * U ( I , J ) + D U ( I f J ) * { P ( I - 1 t J ) - P ( I fJ) )
S P ( I , J ) = - C P

101 C O N T I N U E  
100 C O N T I N U E

C
C H A P T E R  2 2 2 2 2 2 2 P R O B L E M  M O D I F I C A T I O N S  2 2 2 2 2 2 2 
C

CAL L  P R 0 M 0 0 C 2 )
C
C H A P T E R  3 F I N A L  C C E FF .  A S S E M B L Y  AND R E S I D U A L  S O U R C E  C A L C U L A T I O N  3 3 
C

R E S C R U ^ C . C
CC 30 0 I = 2 » M M 1  
I F U . L E . I N P 1 )  JF I R = J N P 1 
I F ( I . G T . I N P l )  J F I R = 2  
CC 301 J = J F IR , N J M 1 

• API I ,J ) = A N ( I , J)+ASI I , J H A E I  I , J) + A M  I , J)-SPI I, J)
D U d t  J) = D U i I , J ) / A P (  I,J)
RES GP  = A M I  tJ)*U(It J + l ) + AS 11, J')*UI I,J-1) + AEI I , J ) * U U - U t  J)

1 + A W ( I t J ) * U ( I - l t J J - A P U , J ) * U ( I t J ) + S U ( I t J )
VGL = R(It J ) * S E K U t J ) * S N S ( I t J )
S G R V C L = G R E A T * V O L
I F I - S P I I ,J J . G T . 0 . 5 # S 0 R V G L 5 R E S O R = R E S O R / S O R V O L  
R E S G R U = R E S C R U + A B S I R E S C R I

C---- U N C E R - R E L A X A T  ION
A P 1 1 t J ) - A P I I » J ) / U P F U
SLI I,J) = SU(ItJ) + I l . - U R F U ) * A P U , J ) * U { I t  J)
C U ( I t J ) = C U I I t J ) * U R F U  

301 C C N T I N U E  
300 C C N T I N U E

C
C H A P T E R  4 A A S O L U T I O N  OF D I F F E R E N C E  E Q U A T I O N '  4 4 4 4 4 4 4  
C

CC 400 N= 1 1 NSViPU 
4 0 0  CALL L I S C L V ( 3 , 2 , N I , N J , I T , J T t U )

R E T U R N
ENC

L E A S E  2.0 C A L C V  D AT E  = MON DEC l l t 1^7 8
S U B R O U T I N E  C A L C V

C
C H A P T E R  C O C O  C C O O  P R E L I M I N A R I E S  0 0 0 0 0 0 0  0
C ,

C C M M C N
l / V V E L / R E S C R V t N S h P V t U R F V t D Y N P V I 2 6 , 1 2 } , CYPSVI 2 6 , 1 2 ) , S N S V  I 2 6 , 1 2 ) t
2 S EtoVI 2 6 , 1 2  ),R C V ( 2 6, 12)
1 / F C O R / R E S G R M t N S W P P f  U R F Pt DU I  26 ,12) , D V I 2 6 , 12) , I'PREF, J P R E F
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1 / A L L / I T , J T , N I  ,NJ , N I M 1 , N J N 1 , G R E A T
1 / G E 0 M / I N D C C S , X I W { 1 8 ) , Y I W {18), X 0 M 18), Y G K (26) ,X O C ( 1 8 ) , Y G C (18),
2 ROC (18) , XlCf 18 ) ,YIC(18) ,R I C 1 18 ) , X ( 26 ,12 ) ,.Y ( 26 , 12 ), XU ( 26, 12),
3 YVi 2 6 , 1 2 ) , D X E P ( 2 6 , 1 2 ) , D X P W ( 26,12) , C Y N P ( 2 6,12) , D Y P S ( 2 6,12) ,
4 S N S ( 2 6 , 1 2 ) , S  EW ( 26 ,12 ), R ( 26 ,12 ), RV < 26, 1 2 ) •
1/FLUPR/URFVIS., VI SCOS , DENS IT , PR ANDT , C EN i 26 ,1 2 ) ,VIS( 26,12) 
1 / C C E F / A P C 2 6 , 1 2 ) , A N ( 2 6 , 1 2 ) , A S { 2 6 , 1 2 ) , A E I 2 6 , 1 2 ) , A W ( 2 6 , 1 2 ) , S U { 2 6 , 1 2 ) ,« 
2 SPI 26» 12)
1 / K A S E  T 5 / U I N , T E I N , E D I N , F L 0 W I N , A L A M D A , U E N , F L G W E N ,  A , R S M A L L  , FMI X ,
2 I N G Z , I N P 1 , J N G Z , J N P 1 , I E N T , I E P 1

C
C H A P T E R  1 1 1 1 . 1 1  A S S E M B L Y  GF C O E F F I C I E N T S  1 1 1 1 1 1 1  
C H A P T E R  1 1 1 1 1 1  A S S E M B L Y  OF C O E F F I C I E N T S  l 1 1 I l 1 l 
C

DC ICC I = 2 , K I K 1  
1F C I . L E . I N O Z )  J F I R = J N P 1+1 
I F ( I , G T * I N C Z ) JF IR = 3 
CO 1C1 J = J F IR , N J M 1

C---- C O M P U T E  ' AREAS AND V O L U M E
A R E A N = R C V ( I , J  + l ) * C . 5 * ( S E V s V ( I , J ) + S E W V { I f J + l ) )
A R E A S - R C V I I , J ) * 0 * 5 * ( S  E to V { I,J)+SEtoV(i,J — 1>) 
A R E A E = 0 « 2 5 * ( P V C I , J ) + R V ( I + 1 , J ) ) * < S N S V < I ,J )+ S N S V C 1 + 1, J ) )
A RE AW  = 0 * 2 5 * ( R V U - , J)+RV( 1-1, J) )* ( SNSV ( I , J) + S N S V C 1-1, J) )
V G L = R V H  tJ )*SENV( I , J )+SNSVC I , J )

C- - - - - C A L C U L A T E  C O N V E C T I O N  C O E F F I C I E N T S
C-N=0.5*( CEN I I , J+l )+CEN< I, J ) ) *V(I , J + l )
G P = 0 * 5 * ( D E N { I ,J ) + D E N ( I , J - l ) ) « V ( I t J )
GS = 0 . 5 * { D E M 1 , J - 1 )  + C E M I , J - 2 ) ) * V ( I , J - 1 )
G E = 0 . 5 * ( C E N ( I + 1 , J ) + D E N ( I , J ) ) * U ( I + 1 , J )
GSE=0<,5*(CENC I , J - 1 ) + C E M 1 * 1 , J - l ) ) *U (I + 1 , J - 1 )  
G t o = C . 5 * ( D E N ( I , J ) + B E N ( I - l , J ) } * U ( I , J )
GSto=0 * 5 * ( C E N ( I , J - l ) + C E N ( 1 -1 , J - l ) ) *U (I,J-l)
C N = 0 . 5 * ( G N + G P ) * A R E A N  
C S = 0 . 5 ^ ( G P + G S J ^ A R E A S  
C E = 0 . 5 * ( G E + G S E ) * A P E A E  
CK=0.5*(GW+GSto)*AREAto

C----- C A L C U L A T E  D I F F U S I O N  C O E F F I C I E N T S
V I S E = 0 . 2 5 * ( V I S C I  , J ) + V I S (  1 + 1 , J J + V I S U , J - l )+ VI  SC 1 + 1 , J - l )) 
V I S W = 0 * 2 5 ’M V I S (  I, J ) + V I S < 1 - 1 , J ) + V I S ( I ,J - l ) + V I S C 1 - 1 , J - l ) ) ’

• V I S N = 0 . 2 5 * C V I S < I , J + 1 ) + 2 . 0 * V I S { I , J ) + V I S < I , J - 1 ) )
V I S S = 0 . 2 5 * ( V I S (  I» J )+2.0*VIS( I , J - D + V I S C I  , J-2) )
C N - VI S N* A R E A N / CY N P V ( I »J )
D S = V I S S * A R E A S / D Y P S V < I  , J)
C E = V I S E * A R E A E / ( 0 . 5 * ( C X E P < I , J ) + D X E P ( I ,J - l ) )) 
Dfc=VISK*AREAW/(0.5*(DXPto(I,J)+DXPto:< I , J - l ) ))

iLEASE 2.0 C A L C V  DAT E  = MON DEC 11, 1 G 7 8
C- ----- C A L C U L A T E  C O E F F I C I E N T S  GF S O U RC E  T ERMS

S M P = C N - C S + C E - C W  
C P = A M A X 1 ( 0 * 0 , SMP)
C P O = C P

C — — A S S E M B L E  M A I N  C O E F F I C I E N T S  
A M I  ,J ) = C N - 0 . 5 * C N
I F ( A B S ( 0 * 5 * C N )  .GT.DN) A M  I ,J) = A N (I ,J )+ A B S ( 0 . 5*CN)
A S ( I ,J ) = C S + 0 . 5 * C S
I F ( A B S ( 0 . 5 * C S ) . G T . D S )  A S (I ,J )= A S ( I ,J ) + A B S { 0 . 5 * C S )
A E I I , J ) = C E - 0 . 5 * C E
I F ( A B S ( 0 . 5 * C E )  .GT.DE) A E ( I,J )=A E ( I ,J ) + A B S ( 0 . 5 * C E )
AtoCI,J)=CW+0.5*CW
IF C A B S ( 0 . 5 * C W ) . G T . D W )  AW I I,J) = A W ( I,J )+ A B S ( 0 .5*CW ) •
D V M ,  J) = 0 . 5 * ( A R E A N  + AREAS)
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I F i I . L E . IN OZ )  J E D = J N  P 1+1 
I F (I.GT . INOZ ) J E D = J N P l + I - I N O Z
I F { U L T . I E N T . A N C . J . G E . J E D )  Sb(I ,J)=SU(I, J J - t O E N l I ,J )+ D E N { I- 1» J )) 

l *{0.2 5 * ( U U , J ) + U ( I  + l fJ) + U U  , J-l)+U-{ 1 + 1, J-l) } ) * * 2 * V 0 L / (  RIC( J)
1 + R I C (J - l ))
S P ( I , J ) = - C P
I F ( I N C C G S . E C . 2 )  S P (I ,J ) = S P (I ,J J - V I S ( I ,J )* V O L / R V (I ,J )**2 

101 C O N T I N U E  
100 C C N T I N U E

C
C H A P T E R  2 2 2 2 2 2 2 P R O B L E M  M O D I F I C A T I O N S  2 2 2 2 2 2 2 
C

CALL P R G M G C (3) ,
CC H A P T E R  3 F IN AL  C G E F F .  A S S E M B L Y  AND R E S I D U A L  S O U R C E  C A L C U L A T I O N  3 3 
C

R E S G R V = 0  . C 
DC 300 I - 2, NI M 1 
I F I I . L E . I N O Z )  J F I R = J N P i + l  
I F I I . G T . I N C Z )  J FIR = 3 
CC 301 J= J F IR » N J M I
API I , J) = AN{ I ,J) + A S(I,J) + A E { I , J ) + A W ( I , J ) - S P ( ! ,  J T
DV( It J)=DV( It J I / A P U  ,J)
R E S G R = A N  { I,J)*V<I, J + 1 ) + A S U ,  J ) * V ( I , J - 1 )  + AEI I,J ) * V U  + 1,J)

1 + A W ( I , : J ) * V ( I - 1 , J ) - A P ( I , J ) * V U , J } + S U ( I , J )
V O L = R U . , J ) * S E W { I ,  J ) * S N S <  It J)
S C R V C L = G R E A T * V C L
I F ( - S P U , J ) . G T . 0 . 5 * S C R V 0 L )  R E S G R = R E S C R / S C R V O L  
R E S O R V = R E S C R V + A B S ( R E S O R )

C L N C E R - R E L A X A T I O N
A P ( I , J ) = A P { I , J ) / U R F V
SUCI ,J ) = S U U , J ) + ( 1 . - U R F V ) * A P ( I t J ) * V ( I t J )
CV ( I,J)=CV( I tJ ) * U R F V  

301 C O N T I N U E
3CC C O N T I N U E  - •

C
C H A P T E R  4 4 4 S O L U T I O N  GF D IF FERENCE. E Q U A T I O N  4 4 4 4 4 4 4 
C

CC 4 0 0  N = 1 , NS KFV
L E A S E  2.0 C A L C V  - D AT E  = MON DEC 11, 1978

4CC C AL L  L 1 S C L V ( 2 , 3 , N I , N J , I T , J T , V )
R E T U R N
ENC

“ S U B R O U T I N E  C AL CP  "
C
C H A P T E R  0 C O O 0 0 0 0 P R E L I M I N A R I E S  O O G O O C C O  
C

C O M M O N
1 / F C G R / F E S C R M ,N S W P P t U R F P , C U ( 2 6 , 1 2 ) ,  D V (26 , 1 2 ) , I P R E F ,J P R E F  
1 / V AR /  UI 2 6 , 1 2 ) ,V( 26, 12), PI 26, 1 2 ) ,PP{ 2 6 , 1 2 ) , T E ( 2 6 , 1 2 ) , EDI 2 6 , 12 )
1 / A L L / I T , J T , N I , N J , N I M 1 , N J M l , G R E A T
1 / G E O M / I N D C O S t X l W l  18) ,VIWI 1 8 ) , X O W ( 1 8 ) , Y C W I 26) ,X O C ( 1 8 ) , Y G C (18),
2 R G C ( 1 8 ) , X I C C 1 8 ) , Y I C { 1 8 ) , R I C ( 1 8 ) , X( 26,12) , Y ( 2 6 , 1 2 ) , X U ( 2 6 , 1 2 ) ,
3 Y V { 2 6 , 1 2 ) , D X E P I 2 6 , 1 2 ) , D X P W < 2 6 , 1 2 ) , D Y N P ( 2 6 , 1 2 ) , D Y P S C 2 6, 1 2 ) ,
4 S N S ( 2 6 , 1 2 ) , S E W { 2 6 , 1 2 ) , R { 2 6 , 1 2 ) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S , V I S C O S ,DEN S  I T , P R A N C T ,D E N { 2 6 , 1 2 ) , VI S ( 26, 12 )  
1 / C 0 E F / A P I 2 6 , 1 2 ) , A N ( 2 6 , 1 2 ) , A S ( 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) , A W { 2 6 , 1 2 ) , S U (26 , 12), 
2 S P {26 ,12 )
1/K AS E  T 5 / L I N , T E I N , E D I N , F L C W I N , A L A M C A , U E N , F L 0 N E N ,  A ,'RSMAL L , RM IX ,
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RESCRM=0.0
C
C H A P T E R  1 1 1 1 1 1  A S S E M B L Y  CF C O E F F I C I E N T S  1 1 1 1 1 1 1  
C

EC 100 I = 2 , N I N 1  
I F C I . L E . I N C Z )  J F I R - J N P 1  
I F { I «GT « I N O Z ) J F 1R= 2 
CC 101 J = J F I R , N J M 1  
P P ( I , J ) = 0 . 0

C---- C C M P U T E  AREAS AND V O L U M E
A R E A N = R V 1 1 , J + 1 ) * C . 5 * ( S E U ( I , J ) + S E U ( I t J  + l ))
APEAS = R V U  »J > ̂ C.5^{ S EW ( I , J)+SE W<  I ,J-l) )
A REAE = C . 2 5 * ^ 1 1 , J ) + R ( I  + l , J n * < S N S ( T , . ' j ) + S N S ( I + l , J } }
A R E A W = 0 . 2 5 * ( R ( I , J ) + R ( I - l , J ) ) * 1 S N S I I , J )+ S N S I 1 - 1 , J ) ) 
V C L = R ( I , J ) * S E M I , J ) * S N S ( I , J )

C---- C A L C U L A T E  C O E F F I C I E N T S
C E N N = 0 . 5 * I C E N ( I , J I + D E N C I , J + l ) )
D E N S - 0 . 5 * ( D £ N I  I-, J)+DE N(  I , J - l ) )
C E N E = 0 . 5 * I C E N I I ,J)+OENl I + W J  ) )
C E M  = 0 . 5 * ( e E M I , J )  + C E ' N U - l , j n  
AN I I, J ) = D E N N * A R E A N * D V C  I , J+l)'
AS( I , J ) = C E N S N A R E A S * C V < I , J )
A E C I,J) = D E N E * A R E A E * C U ( I + 1 , J )
A.WII,J) = C E N W * A R E A H * D U I I » J )

C---- C A L C U L A T E  S O U RC E  T E R M S
C N - C E N N ^ V I I , J + 1 ) ^ A R E A N  
C S = C E N S * V { I , JI * A R E AS 
C E = DENE-* UI I + 1 7 J ) AR E AE 

. CW = D EN W* U(  I » J ) * A R E A W  
S M P=C N-CS + CE-CVi 
S F I I , J ) = 0 . 0  
S U < I ,J ) = - S M P

C---- C O M P U T E  SUM CF A B S O L U T E  MASS S O U R C E S
R E S C R M = R E S C R M * A B S I S M P )

101 C C N T I N U E  
100 C C N T I N U E

:LEA SE 2• C C A L C P  C ATE = MON CEC lit 1978
C H A P T E R  2 2 2 2 2 2 2 PROBLEM.-MODI F I C A T I O N S  2 2 2 2 2 2 2 
C

CALL PRCKGCI 4)
C ' —  v '
C H A P T E R  2 3 3 3 3 F I N A L  C O E F F I C I E N T  A S S E M B L Y  3 3 3 - 3 3 3 3
C

DC 300  1= 2 r M  M 1 
I F I I . L E . I N O Z )  JF I R = JNP 1 
I F ( I . G T . I N G Z )  J FIR = 2 
CO 3 C 1 J = J F I R , N J M 1  

301 API I , J)=ANI I,J ) + AS 1I, J> + A E ( I , J ) + A W ( I , J J - S P I I , J >
300 C C N T I N U E

C
C H A P T E R  4 4 4 4 4 ' S O L U T I O N  CF D I F F E R E N C E  E Q U A T I O N S  4 4 4 4 4
C

CC 400 N=l,NS-ViPP 
400 C A L L  L 1 S G L V I 2 , 2 , N I  ,N'J, 1T, JT ,P P)

C
C H A P T E R  5 5 5 5 C O R R E C T  V E L O C I T I E S  AND P R E S S U R E  5 5 5 5 5 5
C
C V E L O C I T  IES
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DC 500 1 = 2 , M M  
CO 501 J = 2 , N J M 1
I F ( I « N E » 2 )  UII, J ) = UI I', J)+DUl I ,J ) *{ PP{ I- 1 ,'J ) - P P  ( I , J ) ) 
IF(J .NE.2) VI I ,J )=V(11 J )+ D V ( I , J ) * ( P P I I ,J - l ) - P P ( I ,J J )

501 C O N T I N U E  
5CC C C N T I N U E

C P R E S S U R E S  (WITF P R O V I S I O N  FOR U N D E R - R E L A X A T I O N )
P P R E F = P P ( I P R E F , J P R E F }
CO 502 1 = 2 , M M  
CC 503 J = 2 ,N J M
P ( I , J ) = P ( I  , J ) + U R F P * ( P P ( I , J ) - P P R E F )

5G3 C C N T I N U E
502 C C N T I N U E

DC 5C4 J = 2 , N J M  *. 504 F { N I , J ) = P I N I M 1 , J )
R E T UR N
END

LE A S E  2.0 C A L C T E  DAT E  = MON DEC 11, 1 97 8
S U B R O U T I N E  C A L C J E

C
C H A P T E R  0 0 0 0 0 0 0 P R E L I M I N A R I E S  0 0 0 C 0 0 0
C

C O M M O N
1 / T E N / R E S 0 R K , N S W P K , U R F K
1 / V AR /  U(2 6, 12 )  , V ( 2 6 , 1 2 > , P ( 2 6 , 1 2 ) , P P ( 2 6 , 1 2 ) , T E ( 2 6 , 1 2 ) , E D l 2 6 t 12) 
1 / A L L / I T , J T , N I , N J , N I M 1 , N J M 1 , G R E A T
1 / G E C M / I N C C G S , X I W ( 1 8 ) , Y I W ( 1 8 ) , X O W { 1 8 ) , Y 0 W ( 2 6 ) , X O C { 1 8 ) ,YOC( 18),
2 ROCI 1 8 ) , XIC C 18) , Y I C < 18) , R I C ( 1 8 ) , X ( 2 6 , 1 2 ) , Y ( 2 6 , 1 2 ) , X U ( 2 6 , 12),
3 Y V ( 2 6 , 1 2 ) , D X E P I 2 6 , 1 2 ) , D X P W < 2 6 , 1 2 ) , O Y N P ( 2 6 , 1 2 ) , D Y P S t 2 6, 12 ),
4 S N S ( 2 6 , 1 2 ) , S E W ( 2 6 , 1 2 ) , R ( 2 6 , 1 2 ) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S , V I S C O S , D E N S  I T , P R A N D T , D E N ( 2 6 , 1 2 } , V I S ( 26,12)
1 / C C E F Z A P ( 2 6 , 1 2 ) , A N ( 2 6 , 1 2 ) , A S ( 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) , A W ( 2 6 , 1 2 ) , S U ( 2 6 ,1 2) ,  
2 S P I 2 6, 12)
i / T U R B / G E N ( 2 6 , 1 2 ) , C C , C M U , C l , C 2 , C A P P A , E L G G ,PR E D , P R T E  
1 / W A L L F / Y P L U S N I 2 8 ) , T A U N I 2 8 ) , Y P L U S S ( 1 8 ) , T A U S ( 18)
1 / K A S E  T 5 / U I N , T E I N , E D I N , F L 0 W I N , A L A M D A , U E N , F L 0 W E N ,  A ,R S M A L L ,RMI X ,
2 I N 0 Z , I N P 1 , J N C Z , J N P 1 , I E N T , IEP1
1 / S U S P / S U K C ( 2 6 , 1 2 ) ,SPKD( 26, 12)

C
C H A P T E R  1 1 1 1 1 1  A S S E M B L Y  CF C O E F F I C I E N T S  1 1 1 1 1 1 \C

F R T E = 1 .0 
N J M 2 = N J - 2  
CO 100 1 = 2 , N I M  
I F U . L E . I N G Z )  JF1 R = JNP1 
I F { I*GT « I N C Z ) J FIR= 2 
DC 101 J = J F I R , N J M 1

C --COMPUTE AREAS AND V O L U M E
A R E A N = R V ( I ,J + l ) * 0 . 5 * I S E W ( I , J ) + S E W ( I , J + l ) )
A R E A S  = RVII , J ) *0.5*1 S E N ! I ,J J + S E W I I ,J - l ))
A R E A E = 0 * 2 5 ^ ( R ( 1,J ) + R ( I  + 1 , J )) * ( S N S I I , J )  + SNS( I + 1,J))
A R E A W = 0 . 2  5 * ( R ( I ,J ) + R ( 1 - 1 , J ) ) * ( S N S ( I , J ) + S N S ( I  — 1,J )> 
V G L = R ( I , J ) * S E M I , J ) * S N S (  I,J)

C C A L C U L A T E  C O N V E C T I O N  C O E F F I C I E N T S
G N= 0. 5* I  DENI I , J H- DE NI  I ,J + l ) )* V ( I ,J + l )
G S = 0 . 5 * I D E N ( I , J ) + C E M  I,J-l) )*V(I,J >
G E = 0 * 5 * ( G E N ( I , J ) + D E N I 1 + 1 , J ) ) * U ( I + 1 , J )
G W = 0 . 5 * { D E M  I,J) + D E N ( I — 1,J ) ) *U( I,J)
C N = G N * A R E A N
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C E = G E * A R E A E
C W = G W * A R E A W  ,C —   C A L C U L A T E  C I F F U S I G N  C O E F F I C I E N T S
GAF'K = C o5^(  VIS C I »J )+ V IS ( I ) ) / PP T E 
G A M S = 0 . 5 * ( V I S ( I ,J ) + V I S ( I t J-l ) ) / P R T E  
G A M E  = 0 . 5 * ( V l S { I fJ >+ VI S ( I  + l, J H / P R T E  
G A M W = 0 .  5 * { V I S ( I ,J ) + V I S ( I - I , J ) ) / F P T E  
G N = G A M N * A R £ A N 7 C Y N P { I ,J )
D S = G A M S * A R E A S / D Y P S ( I , J )
C E = G A M E * A R E A E / C X E P {  I ,J )
CW = G A N W * A F E A N 7 D X P W (  I,J)

C—  S O U R C E  T E R M S
L E A S E  2.0 C A L C T E  D A T E  = M O N  D E C  11, 1 9 7 8

■ S M P = C N - C S  + C E - C W  ~
C F = A M A X 1 < 0 . 0 , S M P J  
C F C = C P
D U C X  = { Ui 1 + 1, J 1 -U £ I , J) ) /.SEWI I , J)
C V C V = ( V ( I , J  + l)-V ( I, J ) )/SNS( I,J )
D U D Y = { C U ( I t J ) + U { I + l t J ) + U I I t J + l ) + U ( I + l t J + l H / 4 . - l U ( I t J ) + U { I + l , J ) +  

1 U { I , J - l ) + U { I + l t J - l ) )/ 4 . ) / S N S ( I t J )
0 V D X = {{V { I td)+V( I , J4 i H  V ( I + l t J H V C I + l ' , J  + l ) ) / 4 .  —  {V( I , J ) + V (  I ,J + 1) + VC

1 1 - 1, J ) + V ( I - 1, J + 1 J )M •)/S EWC I , J )
GE K ( I , J ) = ( 2 . SM C U D X * * 2  + D V D Y * * 2 )  + ( D U D Y + D V D X ) * * 2 )  * VIS ( I , J)

C— — A S S E M B L E  M A I N  C O E F F I C I E N T S  
A N I I , J ) = D N - 0 . 5 * C N
I F i A B S ( 0 . 5 * C N  ) . G T . D N  ) AN { I ,J ) = A N U ,J ) + A B S ( Q . 5 * C N )

- AS CI, J ) = D S  + 0 . 5 * C S  
I F ( A B S (0 * 5 *CS ) *GT * D S } AS( I,J) = A S ( I ,J )+ A B S I 0 . 5 * C S >
A E ( I , J ) = C £ - C « 5 * C E
I F ( A B S I 0 . 5 * C E ) . G T . D E )  A E i I ,J )= A E < I ,J )+ A B S 1 0 . 5*C£)
A M I , J ) = D W + 0 . 5 * C W
I F { A B S ( 0 . 5 *C N ) . G T . 0 N ) A W (I »J) = A W ( 1 1 J ) + A B S { 0 . 5 * C W ) 
S U I I , J ) = C P G * T E ( I , J )
S U K O i l t J ) = S U ( I , J )
S U < I , J ) = S U I I , J ) + G E N ( I , J J ^ V C L
S P U , J ) = - C P
SPKD( I,J) = S P (I ,J)SP( I ,J) = SP( I, J ) - C C * C M U * C E N {  I, J M * 2 » T E (  I, J ) * V O L / V I  SII ,J)

101 C O N T I N U E  
100 C O N T I N U E

C
C H A P T E R  2 2 2 2 2 2 P R O B L E M  M O D I F I C A T I O N S  2 2 2 2 2 2
C

C A L L  P R O M C C (6)
CC H A P T E R  3 F I N A L  C O E F F I C I E N T  A S S E M B L Y  AND R E S I D U A L  S O U R C E  C A L C U L A T I O N  3 
C

P E S C R K - O . O  
CO 300 I = 2 , N I M 1  
I F U . L E . I N C Z )  J F 1 R = J N P 1 
I F ( I . G T . I N O Z )  JF I R = 2 
CO 301 J = J F I R ,NJ M 1
AP(I , J J - A N ( I ,J) + A S ( I ,J ) + A E ( I , J )  + A W ( I , J ) - S P I  I , J )
R E S O R = A N <  I , J ) * T E ( I ,  J + I H A S I I  , J ) * T E U  , J - 1 U A E U ,  J ) * T E ( I - H ,  J)

1 + A W ( I t J ) * T E ( I - l , J ) - A P ( I , J } * T E ( I f J ) + S U C I , J )
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VUL = Kt 1 , J P ' b t M  1 , J ) *SN5 U  , J)
S C R V G L = G R E A T * V O L
IF< — SPf I , J ) . G T . 0 . 5 * S C R V C L )  R E S G R = R  E S C R A S O R V G L  
R E S G R K = R E S G R K + A B S ( R E S O R )C- - - - - U N D E R - R E L A X A T I O N
A P { I t J ) = A P ( I ,J J / U P F K
S U (I ,J ) = S U ( I » j ) + { l . - U R F K  ) * A P ( I ,J ) * T E (  I , J )

3 C 1  C C N T I N U E
L E A S E  2.0 C A L C T E  D A T E  = MO N DE C lit 1 S 7 8

30 0 C C N T I N U E
C
C H A P T E R  4 4 4 4 4 S O L U T I O N  CF D I F F E R E N C E  EQUATION'S 4 4 4 4 4
C

DC 4 0 0  N = 1 , NSViPK 
4 C 0  CA LL  L I S C L V ( 2 , 2 , M , N J , I T , J T , T E >

CO 4 C 1  J = 2 , N J M 1
401 T E (N I ,J ) = T E {N I M 1, J )

DC 4C2 J = J N P 1 ,NJN1
40 2 T E ( 1 , J ) - T E { 2 , J )

R E T U R N
END

L E A S E  2 . 0  C A L C E D  D A T E  = M O N  DEC  11, 1 S78
S U B R O U T I N E  C A L C E D  

C -
C H A P T E R  0 0 0 0 0 0 0 P R E L I M I N A R I E S  0 0 0 G G 0 0
C

C C M N C N
1 / T D I S / R E S C R E , N S W P C , U R F E  
1 / A L L / I T , J T , N I , N J , N I M 1 , N J M 1 , G R E A T
1/C-EOM/ I N C C G S , X I W (  18) ,YIW( 18) , XGk ( 1 8.) , Y C M  26 ) , XOC 118) »YGC  118) ,
2 RGC( 18) , X I C U 8 )  , Y I C C 1 8  ) ,RIC< 18) , X ( 2 6 , 1 2 )  , Y <2 6 ,  12) , X U < 2 6 , 12),
3 Y V ( 2 6 , 1 2 ) ,DXEPC 2 6 , 1 2 ) , D X P K ( 2 6 , 1 2 ) , D Y N P { 2 6 t1 2 ) * D Y P S < 2 6 , 1 2 ) ,
4 S N S ( 2 6 , 1 2 ) , S E W ( 2 6 , 1 2 ) , R C 2 6 , 1 2 ) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S ,  V I S C O S , O E N S I T , P R A N D T ,D E N {26 ,12 ) , VI S C 26 ,-12 ) 
1 / C C E F / A P ( 2 6 , 1 2 ) , A N ( 2 6 , 1 2 ) , A S ( 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) , A W ( 2 6 , 1 2 ) , SU< 2 6 , 1 2 ) ,  
2 S P {26,12)
1 / T U R B / G E N l 2 6 , 1 2 ) , C C ,C P U , C 1,C 2 , C A P P A , E L G G , P R E D , P R T E  
l / h A L L F / Y P L U S N { 2 8 ) . , T A U N { 2  8 ) , Y F L U S S ( 1 8 ) , T A U S (  18}
l / S U S P / S U K D C 2 6 , 1 2 ) , S P K D ( 26,12 )
1 / V A R /  U ( 2 6 t l 2 ) , V ( 2 6 , 1 2 ) , P ( 2 6 , 1 2 > , P P (  26,12 ),  TE ( 2 6 , 1 2 ) , E D ( 2 6 , 1 2 )  
1 / K A S E  T 5 / U I N , T E I N , E D I N , F L G W I N , A L A M C A , U E N , F L 0 f o E N ,  A ,R S M A L L , R M  I X ,
2 I N G Z , I N P 1 , J N O Z , J N P 1 , I E N T , I E P 1

C
C H A P T E R  1 I ' l l  1 1 A S S E M B L Y  CF C O E F F I C I E N T S  1 1 1 1 1 1
C

DC ICC 1 = 2 , NI M1  
I F { I . L E . I N O Z )  J F I R = J N P 1  
I F { I * G T . INCZ ) JF I R = 2 
CO 101 J = J F I R , N J M 1

C - - -- C O M P U T E  A R E A S  AND V O L U M E
A R E A N = R V ( I , J + 1 ) * C . 5 * ( S E K (  I , J )+SEVv {I , J + l ) )A R E A S  = R V i I , J ) * C . 5 * ( S E W ( I , J )  + SEW{I  , J - 1))
A R E A E = 0 . 2 5 * { R ( I , J )+ R U  + l , J ) ) * < SN S < I , J ) + S N S ( I  + i,J ) i 
A R E A W = 0 . 2 5 * { R ( I ,J ) + R ( I - 1 ,  J ) ) * ( S N S ( 1 , J ) + S N S ( 1 - 1 , J ))
V C L= R (  1 , J ) * S E M  I ,J )*SNS( I,J)

C---- C A L C U L A T E  C O N V E C T I O N  - C OE F F I C I E N T S
C-N = 0 . 5 * ( C E N (  I, J ) + C E N (  I , J + 1 ) ) * V ( I , J + 1 )
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GS = 0 . 5 * I D E M I  t J ) + C E N (  I, J-l) )*V( I, J )
G E=0 ♦ 5 d  C EN { I,J J + C E N C 1 + 1, J ) )*U{ 1 * 1 , JJ 
GW = 0 . 5 * I D E M J  , J ) + C E N U - 1 ,  J) )*U( I, J )
CNi = G N * A R E A N  i
C S = G S * A R E A S  
C E = G E * A R E A E  
CN=Gfo*AREAN 

C — — -C  A L C L L A T E  D I F F U S I O N  C O E F F I C I E N T S
G A M N - 0 * 5 ^ I V I S ( I, J ) + V I S d  , J - 1 ) ) / P R E C  
G A M S  = 0 . 5 * { V I S d , J ) + V I S U f  J - 1 ) ) / P R E C  G A M E = 0 . 5 * < V I  SC I y J ) + V I S { 1 + 1 , J ) J / F R E D  
G A M W  = 0 . 5 * ( V I S  d , J ) * V I S ( 1 - 1 , J ) ) / PR ED 
CN = G A M N * A R E A N / O Y N P d , J )
C S - = G A M S *A R E A S / C Y P S <  I,J) •
CE = G A M E * A R E A E / C X E P d , J )
Cli = G A M W * A R E A W D X P K (  T,J)

C - - - - - S O U R C E  T E R N S
S M P = C N - C S + C E - C K
C P = A M A x i ( 0 . 0 , S M P J

L E A S E  2 * 0  • C A L C E D  D A T E  = R O N  D E C  11, 1 S 7 8
C P O = C P

C--- — A S S E M B L E  N A I K  C G E F F I C I E K T S
ANC I, J) = CN-0'.5*CN
I F ( A B S ( 0 . 5 * C N )  • G T * C N ) A M ( I, J ) = A N (I ,J ) + A B S i 0 . 5 * C N )
A S ( I , J ) = D S + C . 5 * C S
I F ( ABS  (0 « 5 J!:CS ) . G T . D S )  AS I I , J )=AS { I , J ) +AB SC 0. 5 * C S  )
A E d  , J ) = D E - G . 5 * C E
I F I A B S I 0 . 5 * C E ) . G T . D E )  AE( I, J ) = A E I I ,J ) + A B S (0 » 5*CEJ 
A M I  ,J)=CVv + 0 . 5 * C W
IF { ABS ( 0• 5 ^CN ) *G T • DK ) A M  11 J) = A M  I , J J + A B S  ( 0 .5 * C W )
S U d ,  J) = C P G * E C d , J )
SL'KCC I , J) = SU( I ,J)SU £ I, J ) = SU( I, J ) + C l * C M U * G E M  I , J ) * V G L * O E N  ( I ,J J*TEC I, J I / V I  S (I , J )
S P (I » J ) --C F 
S P K D ( I,J) = S P d , J ) '
S F ( I , J )  = SPC I, J)-C2*.CEN( I , J ) * E D <  I , J ) * V O L / T E {  I,J)

101 C O N T I N U E  
100 C O N T I N U E  

C -

C H A P T E R  2 2 2 2 2 2 P R O B L E M  M O D I F I C A T I O N S  2 2 2  2 2 2
C

C A L L  PRC'MOD ( 7 )
CC H A P T E R  3 F I N A L  C O E F F I C I E N T  A S S E M B L Y  AND R E S I C U A L  S O U R C E  C A L C U L A T I O N  3 
C

F ESCRE=0.*0 ‘
DC 3 0 0  1 = 2 , M M , 1 
I F ( I . L E . I N G Z )  J F 1 R = J N P 1  
I F d . G T . I N C Z )  J FI R=2 
DO 301 J - J F I R ,N J M 1
A P d  , J) = A N d ,  J ) * A S d  , J M A E l  1, J ) + A W d  , J)-SP( I , J)
R E S G R  = AN( I , J)*ED ( I , J + l ) + A S d  , J ) *ED( I , J-l  )+AE( I, J ) * E D d  + l, J )

1 + A M I ,  J)#E D( 1-1, J ) - A P d  , J ) * E D d  , J ) *S U (  I, J)
VCL = R d ,J ) * S E M I ,J ) * S N S ( I »J)
S O R V G L = G R E A T * V G L
I F { - S P d , J ) . G T . 0 . 5 * S C R V 0 L )  R ESOR = R E S G R / S O R  VOL  
R E S O R E = R E S G R E + A B S ( R E S G R }

C  U N C E R - R E L A X A T I G N
A F d  rJ) = AF{ I ,J)./URFE
S U d , J >  = S U d , J ) * U . - U R F E ) * A P d , J } * E D d , J )
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3Ui L lj N J 1 I\ U t 
3CC  C C N T I N U E

CC H A P T E R  4 4 4 4 4 S O L U T I O N  GF D I F F E R E N C E  E Q U A T I O N S  4 A A 4 4
C

CC A G O  N = 1 , N S W F D  
4 C 0  C A L L  L I S C L V I 2 , 2 , N I , N J , 1 T , J T , E D )

CC 4 0 1  J = 2 »N J M 1
401 E C I M , J )  = E C I M M 1 , J )

CG 4 0 2  J = J N P 1, N J M 1
4 0 2  E C ( i , J ) = E C ( 2 , J )

R E T U R N
ENC

L E A S E  2 * 0  L I S G L V  D A T E  = H O N  DE C 11, 1 9 7 8
S U B R O U T I N E  LI SOLVI I S T A R T , J S T A R T ,N I ,N J , I T , JT , PH I )
Cl HE NS  ION P H I ( I T , J T } , E ( 3 2 ) , B I 3 2 ) , C { 3 2 ) , D I 3 2 )
C O M M O N

l / C C E F / A P I 2 6 , 1 2 )  ,A N ( 2 6 , 1 2 ) , AS 1 2 6 , 1 2 ) , A E ( 2 6 , 1 2 ) , A H  I 2 6 , 1 2 ) , S U ( 2 6 , 1 2 ) ,  
2 SP I 26, 121
1 / K A S E  T 5 / U I N ,T E l N , EC I N , FLOW 1N ,A L A M C A ,U E N ,F L O W E N , A , R S M A L L ,RMI X ,
2 I N G Z , I N P 1 , J N G Z , J N P 1 , I  E N T , I E P 1
M M 1  = M - 1  
N J M 1 = N J - 1

C C O M M E N C E  W-E  S W E E P
CC 100 1 = 1S T A P T , NIM 1
X F 1 1 . L E . 1 1 N C  2 - 2 + I ST A R T )) J S T A R  = JST ART  + J N O Z - 1 
IFI I .GT . I I N G Z - 2 + I  S T A R T }) J S T A R  = J S T A R T  

• J S 7 N 1 = J S T A R  -1 
E I J S T M D - O . G  
C ( J S T M 1 ) = P H I  1 1 , JSTM.l )

C---- C O M M E N C E  S-N  T R A V E R S E
CC 101 J = J S T A R  , N J M 1

C - - -- A S S E M B L E  TON A C O E F F I C I E N T S  ‘
E I J ) = AN I I , J )
E (J ) = A S ( I ,J )
CI J ) - A 1 1 I ,J )* P HI1 1 + 1,J ) + A N ( I ,J )^ P H I ( I - 1 , J } + S U I I , J )
C l J ) = A P ( I  ,J) *> ■ .

C---- C A L C U L A T E  C O E F F I C I E N T S  GF R E C U R R E N C E  F O R M U L A
T E R M - l . / I C I J ) - E I J  ) *£{ J -1) )
E l J ) = E ( J ) * T E R M  

101 Cl J ) = I C C  J H B I  J)*CI J-l)  ) * T E R M
C — O B T A I N  NEW P H I+ S

CO 102 J J = J S  T AR , NJM 1  
J = N J + J S T  N 1 - JJ 

1C2 PH I C I , J ) = E { J ) * P H I ( I , J + 1 ) + C ( J )
100 C C N T I N U E  

R E T U R N  
END

L E A S E  2 . 0  P R I N T  D A T E  = M O N  D E C  11, 1 9 7 8
S U B R O U T I N E  PRI NT I I ST A R T ,J S T A R T ,N I ,N J , I T ,JT, P H I , H E A D )

' D I M E N S I O N  PHI I I T , J T ) , H E A D ( 6 ) , S T O R E ! 50)
I S K I P =  1 
J S K I P =  1
W P I T E I 6 , 1 1 C ) H E A D  
ISIA=I ST AR T - 13 

100 C C N T I N U E
I S T A = I S T A + 1 3
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I H M . L T . I E N C ) I E M > M
UR I T E ( 6, 1 1 1 ) ( I , I = L S T A , I E N D , I S K I P )
h R I T E C 6 »  ' '
DC IC1 J J = J S T A R T , N J , J S K I P  * • '
J = J S T A R T * N J - J J  
DC 120 I = I S T A , I E N D  
A = P H I { I , J )
I F ( A B S ( A ) « L T  . 1 . E - 2 G )  A = C . O  

120 S T C R E { I )=A
101 fcRITEC 6, 11 3) J, ( S T O R E  ( I ),1 = 1 STA, I END, I S KI P  )

I F { I E N D . L T . N I ) G G  T O  100 
R E T U R N110 FCRM A T ( 1 F 0 , 1 7 ( 2 H * - ) , 7 X , 6 A 4 , 7 X , 1 7 ( 2 H - * > )

111 F C R M A T ( 1 H 0 , 1 3 H  I = , 1 2 , 1 2 1 9 )
112 F C R M A T 1 3 F C  J)
113 F C R N A T (I 3 , 8 X , 1 P 1 3 E 9 . 2 )

END ,

L E A S E  2. 0 P R O M O D  D A T E  = M O N  D E C  11, 1 9 7 8
S U B R O U T I N E  P R O M O D  (N C H A P )

CC H A P T E R  C C C C C C C P R E L I M I N A R I E S  O O O G C O O C O  
C

C C F M C N
1 / U V E L / R E S G R U , N S W P U , U R F U , D X E P U { 2 6 , 1 2 ) , C X P W U { 2 6 , 1 2 ) , S E U U ( 2 6 , 1 2 ) ,
2 S N S U (26, 12 )
1 / V V E L / R E S C R V , N S W P V , U R F V , C Y N P V ( 2 6 , 1 2 ) ,OYP SV ( 26, 12) , S NS V (  2 6 , 1 2 ) ,
2 S E K V I 2 6 , 1 2 ) , R C V ( 26,12)
1 / P C G R / R E S G R M , N S W P P , U R F P , D U ( 2 6 , 1 2 ) , D V ( 2 6 , 1 2 ) , I P R E F , J P R E F  
1 / VA R /  U ( 26,1 2 )  »V ( 26, 1 2 ) , P ( 2 6 , 1 2 ) , P P ( 2 6 , 1 2 ) , T E ( 2 6 , 1 2 ) ,E D {26 »12) 
1 / A L L /  I T ,J T , N I , N J , N I M l , N J M 1 , G R E A T '
l / G E G M / I N D C O S , X I W l 18) ,YIVH 10) , X C M  1 8 ) , Y O U (26) ,X O C ( 1 8 ) , Y O C 1 18 ),
2 ROC ( 1 0 ) , X I C ( 18), Y I C t 18), R IC ( 1 8 ) , X ( 2 6 , 1 2 ) , Y ( 2 6 , 1 2 ) , X U ( 2 6 , 1 2 ) ,
3 YV( 2 6 ,12)  , D X E P { 2 6 , 1 2  ) , DX PW C 26 ,12 ) , CY-NP < 26 ,12 ), C YP S ( 26, 12),
A SNSC 2 6 , 1 2 ) » S E U L 2  6 , 1 2 ) , R ( 26,12) , R V ( 2 6 , 1 2 )
1 / F L U P R / U R F V I S , V I S C G S , C E N S  I T , P R A N D T , C E N ( 2 6 , 1 2 ) , V I S ( 2 6 , 1 2 )
1 / K A S E  T 5 / U I N , T E I N , E D I N , F L G V U N , A L A M C A , U E N , F L G W E N ,  A, R S M A L L  , R M IX ,
2 I N G Z , I N P 1 , J N O Z , 0 N P 1 , T E N T , I E P 1
1 / S U S P / S U K D l 2 6 , 1 2 ) , S P K O C 26 ,12 )
1 / C O E F / A P i2 6 , 1 2 ) , A N ( 2 6 , 1 2  ),A S (26,12) ,A E ( 2 6 , 1 2 ) , A W ( 2 6 , 1 2 ) , S U (26 ,12), 
2 S P (26,12)
1 / T U R 0 / G E N  I 26 , 1 2 ) , C D ,C P U , C  1,C 2 ,C A P P A , E L E G , PR E C , P R T E  
1 / U A L L F / Y P L U S N ( 2 8 ) , T A U N ( 2 8 ) , Y P L U S S ( 1 8 ) , T A U S ( 18)

C
C

GC TC ( 1 , 2 , 3 ,At5 , 6 , 7 ) , N C H A P
C
C H A P T E R  1 1 1 1 1 1 1 1  P R O P E R T I E S  1 1  1 1 1  1 1 1  1 
C

 ̂1 C C N T I N U E
C  NO M O D I F I  CAT ICNS FCR T H I S  P R O B L E M

R E T U R NC
C H A P T E R  2 2 2 2 2 2 2  2 U  M O M E N T U M  2 2 2 2 2 2 2 2 2  
C

\
287



C TC-P WA L L
C C T E R M = C M U * * 0 . 2 5
J = N J M 1
CC 2 1 0  I = 3 , N I M 1
Y P = C . 2 5 * ( C Y N P (I fJ ) + C Y N P C I - l » J  J )
S Q R T K = S Q R T { 0 . 5 * ( T E ( I , J )+ T E < 1 - 1 , J )))
D E M J  = 0 «5* ( 0 EN ( I,J J + D E N ( 1 - 1 , J ))
Y P L U S A  = C . 5 M  Y P L U S M  I ) + Y P L U S N {1-1) )
I F I Y P L U S A . L E . 11.63) GO  TO 211
T M U L T  = D E N U * C C T E R M * S G R T K * C A P P A / A L C . G  ( E L O G * Y  PL US  A )
GG TO 212

211  T M U L T = V I S C C S / Y P
212  T A U M I ) = - T f ' U L T * U ( I ,J)

S P I I , J ) = S P (  I, J ) - T M U L T * S E W U ( I t J ) * G . 5 * { Y O W C  I) +YOW C I- 1) +2. C* { RMI X + 
1 R S M A L L )  )

2 1 0  A M I , J )  = 0.0
T A U M  2 ) =T A U K (3}

L E A S E  2.0 1 P R O M O O  D A T E  = MO N D E C  11, 1 9 7 8
T A U M  M  ) = T A U M K I M  )

C I N NE R WA LL
J = J N P 1
DC 220  I = 3 , 1K F 1
Y P = 0 . - 2 5 * < C Y P S U » J ) + D Y P S U - l t  J))'J F ( I . E G . I N P l )  Y P = G . 5 ’M 0 Y P S U - l t J H  
S Q R T K = S Q R T ( 0 . 5 * ( T E < I ,J )+ 7 E {I - 1 , J )))
C E N U = 0 . 5 * < C E N ( I , J )  + C E N ( 1 - 1 , J ))
Y P L U S A = 0 . 5 * { Y P L U S S I I ) + Y P L U S S ( I - 1 ) >
I F { I.EG. INP1) Y P L U S A = Y P L U S S ( I - 1 J  
I E ( Y P L U S A * L E . 1 1 . 6 3 )  GC TC 221
T M U L T = D E N U * C D T E R M * S Q R T K * C A P P A / A L C G { E L O G * Y P L U S A )
GC TG 2 2 2

221 T M U L 7 = V I S C C S / Y P
2 2 2  T A U S i l  ) = ~ T M U L T ^ U { I tJ)S P I I t J J ^ S P I I f J )  — T M U L T # S E V i U ( I » J ) * 0 . 5 * { Y - I W ( n + Y I W C I - 1 ) + 2 < . 0 * ( R M I X  + 

1 P S M A L L  ) )
2 2 0  A S U , J ) = 0 . 0

T A L S ( 2 ) = T A L S { 3)
C  S Y M M E T R Y  AXIS

DC 2 0 3  I = I N P 1 , N I  .
203 A S I I r 2 ) - 0 . 0  

C — - — O U T L E T
A P C E N T = O . C  ' — ■ , •
F L C W = 0 . C  -
CO 204 J = 2t NJM 1
A R D E N  = 0 . 5 * ( D E M M M ,  J )+ O E N < N I M 1 - 1 , J ) ) *0. 25* (R (K1IM1 1J ) + R ( N I M l - l tJ) 

1 ) * ( S N S I N I M , J J + S N S { N I M l - l fJ ) )
A R O E K T = A R C E N T + A R D E N

204 FL0W=FL0V> + A R D E N * U ( N I M 1 »  J)U I K C = ( F L C W I M F L O W E N - F L O W ) / A R D E N T  
DC 205  J = 2 , K J M

20 5  U J NI t J) -L!CKiIMltJ)+UINC 
R E T U R N

C .
C H A P T E R  3 3 3 3  3 3 3 3 V  M O M E N T U M  3 3 3 3 3 3 3  3 3
C

3 C C K T I K U E
C  TOP WA LL

CC 313  1 = 2 , M M 1  
3 1 3  A M  I ,NJM1 ) = C.C
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L WPLL
CC 3 1 2  1 = 2 , INCZ 

312 A S ( I t J N C Z + 2 ) = C . O  ^
C S Y M M E T R Y  AX IS

CC 3 02 I = I N P 1 , N I M 1  
302 A S ( I , 3 ) = 0 .0 

R E T U R N
C
C H A P T E R  4 4 4 4 4 4 P R E S S U R E  C O R R E C T I O N  4 4 4 4 4 4 4 4
C

4 C C N T I N U E
C

R E T U R N
L E A S E  2.0 F R C M C C  C A T E  = M O N  DEC lit 1 5 7 6
C
C H A P T E R  5 5 5 5 5 5 5 T H E R M A L  E N E R G Y  5 5 5 5 5  5 5 5 5
C

5 C C N T I N U E
C - -- - NC R C D I F I C A T I C N S  FCR THIS. P R O B L E M

R E T U R N
C
C H A P T E R  6 6 6 - 6  6 T U R B U L E N T  K I N E T I C  E N E R G Y  6 6 6 6 6 6 6 6
C

6 C C N T I N U E  
C- - - - TCP  W A L L

C C T E R P = C P L * * 0 . 2 5  
J = NJN  1 

. CC 61 0  1 = 2 , NI KI
Y P = 0 . 5 * C Y N F { I t J )
C E N U = C E N ( I , J )
S C R T K = S C R T ( T E ( I , J ) )
V OL= R(  I , J H S E M  I , J H S N S I  I , J)
G E N C C U = G . 5 * i  AES IT A U M  H I  J *U ( H 1, J ) )+AB S ( T A U N  ( I ) *U ( I , J ) ) ) /YP 
Y P L U S N U ) = D E N U * S Q R T K * C D T E R M * Y P / V I S C O S
C U D Y = (  ( U U t J H l H  1 + 1, J H U (  I, J-+l)+U(I + l , J + l ) ) / 4 . - { U (  I t J ) + U ( I  + l,J) + 1 U I I ,J - l ) + U ( 1 + 1 , J - l ) ) / 4 . ) / S N S ( I , J )
G E N R E S  = G E N ( I t J ) - V I S U , J ) * D U D Y * * 2  
G E N ( I ,J )= G ENR ES + G E N C C U
I F {Y P L U S N C  I }. L E . 1 1 . 6 3 )  GC TO 611 •
CIT ERM  = C E N ( I , J } * ( C M U * *  .75 H S Q R T M A L O G I  E L O G * Y P L U S N (  I ) ) / ( C A P P A * Y P )
GC TC 6 1 2

611 C C N T I N U E
C I T E R R = C E N { I , J ) * ( C M U * * - 7 5 ) * S Q R T K * Y P L U S N C I  )/YP

6 1 2  C C N T I N U E
S U (1 ,J) = G E N ( I t J ) * V G L + S U K C ( I , J )
S P (I ,J ) --CI T E R M * V G L +  S P K C ( I ,J )

6 10 A N ( I ,J 1= 0• 0  
C IN NE R  VtALL

J = JNP 1
CC 6 2 0  1 = 2 , INCZ 
Y P = C . 5 ^ D Y P S ( I ,J)
C E N U =  C E N ( I,J)
5 C R T K = S C R T { T E ( I tJ ) )
V C L = R ( I t J H S E V > (  I y J } * S N S (  11J >
G E N C C U = 0 . 5 « {  A B S t T A U S  i H I  H U  { 1 + 1, J ) ) + A B S  IT AU S { I ) *U { I, J) ) ) /YP 
Y P L U S S f I ) = D E N U * S G R T K * C D T E R M * Y P / V I S C Q S
C U C Y =  I (U( I , J ) +U( H I ,  J H U  I I,J + 1 ) +U( 1+ I, J+1)) /4.-( Ui I , J H U (  H l »  J) + ' 

1 U ( I ,J - l ) + U ( 1 + 1 , J - l ) ) / 4 . } / S N S ( I ,J)
G E N R E S  = GEN( I, J H V I S L I ,  J H 0 U D Y * * 2  
G E M  I , J H G E N R E S  + G E N C C U
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l r n t ' L U i i l  L / . L C . i i . C  b U  ID C / L I

DITERM^Dr:N( I » J ) * ( C K U * * . 7 5 ) * S G R T K ' * A L 0 G <  E L O G * Y P L U S S (  I ) ) / ( C A P P  A* YP ) 
GC TO 622  •

621 C C N T I N U E
C I T E R M = D E N (  I ,J ) * iC P U * * . 7 5 ) * S G R T K * V P L U S S { I ) / YP

622  C C N T I N U E  
S U { I , J ) = G E N { I , J ) * V C H - S U K C { I , J )
S P U t J  ) = -C I T E R H * V C L  + SPKD< I»J)

L E A S E  2 . 0  P R O M O D  D A T E  = H O N  D E C  lit 1 9 7 8
6 2 0  A S { ItJJ = 0.0

C  S Y M M E T R Y  ‘AXIS
J = 2CC 6 3 0  I = I N P 1 1 N I M 1
D U D Y = {  { U C I , J) +U ( 141, J) +U (  I,J + l ) + U ( I + l t J  + l ) )/ 4 . - ( U ( I t J ) + U (  1 + 1 , J ) + 

1UC I, J - l J + U U  + 1, J - l ) } M . )  / S N SC I , J>
V C L = R { I , J ) * S E M I t J ) * S N S U fJ)
G E N ( I , J ) = G E N ( I t J ) - V I S U , J ) * D U C Y * * 2  
S U < I , J ) = S U K D ( I t J ) + G E N C  I , J ) * V G L  

6 3 C A S ( I , 2 ) = C . O  
R E T U R N

C
C H A P T E R  7 7 7 - 7  7 7 7 7 D I S S I P A T I O N  7 7  7 7 7 7 7 7 7
C

7 C C N T I N U E
C TOP NA LL

J = N J M 1
CC 7 1 0  I = 2 , M K 1  

. Y P = C . 5 * D Y N P { I ,J)T E R P = ( C M U * * . 7 5  ) / I C A P P A * Y P  )
SU( I,J) = G R E A T * T E R P * T E U ,  J ) **l. 5 

71 0 SPI I »J )= - G R E A T  
C I N N E R  N A L L

J = J N P 1CC 7 2 G  1 = 2 , INGZ 
Y P = C . 5 * D Y P S I  I , J)
T E R P = { C P U * * . 7 5 ) / ( C A P P A * Y P )
S U U t J ) = G R E A T * T E R P * T E (  I t J ) * * l - 5  

720 S P U t J  ) = - G R E A T
C  S Y M M E T R Y  AX IS

CC 730 I = I N P 1 , N I M 1  
7 3 0  A S ( I t 2 ) = 0 . 0

R E T U R N  c
END
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L  1 :'i  C IV 5  1 U  ? s' n  l: u  u  \ o  j  t h  l * v i  v; / * i i . l '  i i  w  j * i i ■ i^ i « , 7 . , i_ w ~ ,

1 * , H L D A { 6 ) , H E D b ( 6 ) » H t  D P P ( 6 ) , H E CUM( 6  ) - .
COMMON

1/ UVFL/ RFSGP. U , NSWPl i , URFU , OXEPU ( 3 2 ) , FXPVUJ ( 3 2 )  , S I:MU ( 3 2 )
1 /  V V E L /  P H S U R V y N S w °  V , U R F V , I)Y N P V ( 3 2 ) , OY P 5 V ( 3 2 ) , S N S V ( 3 2 ) , P; C V ( 3 2)  
l / P C G R / R G S O R M t N S U P p ,  URFP,  DU( 1 8 ,  1 8 )  »DV(  10? 13)  » 1 PREF , JPRF'F.  
1 / T E N / R F S O R K , NSF PK, UPFK '
1 /  T r: I s / p hSOP E ? MSWP 11, U R FE
1 / V A R /  U(  I S ,  1 8 ) ? V ( 18 ? 1 8 ) , P ( 1 8 , 1 8 ) , P P ( 1 8 , 1 0 ) , T L { 10 , 1 8 ) , E D ( 1 3  T 13 )  
1 / A L L / I T f  J T »N I , N J , M  M 1 , N J M 1 , G REAT
1 / GE OM / I N D C O S  T X ( 3 2 ) , V ( 3 2 ) , D X F P ( 3 2 ) , HXPW( 3 2 ) , D Y N P { 3 2 ) , DY PSC32 ) ,
1 S N S U 2 )  ,St.: W ( 3 2 ) , X U ( 3 2 )  , Y V ( 3 2 ) , R ( 3 2 )  , R V ( 3 2 )

"  1 / F L U P K / U P . F V I  S , V I S C 0 S , D E N S I T , PKANDT ? OEM ( 18 , 1 8 )  , V I S ( 1 8 , 1 8 )
1 / K A S E  T 2 / U I M , T F T M ( F. 0I M,  FLCWI N,  ALARCA-,  I.) EM , F LOW EM ,
.2 RSMALl .  ?Fl . ARGE, AI .  1 ,  AL 2 ,  J S T F P ,  I STEP,  JSTP1 , JSTM1 , T STP 1 ,  I ST Ml
1 /  T!JR8 / G EM ( 1 8 , 1 8 ) ,  C C , C M U , C 1,  C 2 , C AP PA , EL CG , PR ED , PR TF 
1 /  W A L L F /  Y P L U S N ( 2 2 ) , X P L U S W ( 2 2 )  , T A U N ( 2 2 ) , T A U W { 2 2 )
1 / C O E F / A P ( 1 8 , 1 8 ) , A N { 1 8 , 1 8 ) , A S ( 18 , 13)  , A £ < 1 8 , 1 3 ) , AW( 1 8 , 1 3 )  , SU(  1 3 , 1 8 ) ,  
1 S P { 18 , 1 8 )

LOGI CAL I NC ALU,  I NCAL V T I MC Al. P , I N PRC , I N C A L K ,  I NCALD,  I NCALM,  I MCA L A ,
1 JNCALB

G R E A T = 1 . E 3 0  
N I T E R = 0 
17 = 18 
J 7= 18 
NSWPU=1 
NSVsPV=l  
NSWPP=2  
N S A P K = 1 

' N S h P D = 1
REALM 9 , 0  1 0 ) HEDU, H F D V , H F D P , H E D T , HF D K , H E D C , HE DM, HEDA, H E C 6 , F E C P P , 

1HE0UM 
0 1 0  F C R M A T ( 6  A A )

C
CHAPTER 1 1 1 , 1  1 PARAMETERS AND CONTROL I N D I C E S  1 1 1 1 1 1
C
C GRI D

NI  = 14 
N J = 14 
N I M 1 = N I — 1 
N J M 1 = N J - 1
NJ M2 = NJ —2 -
I NDCG S = 2
J S T E P = 5
J S T P 1 = J S T E P + 1
J S 7 P 2 = J S T E P + 2
J S T M 1 = J S T E P - 1  " ■ -
RLARG£ = 0 .  15 
R S ORL = O. 2 3 3 3  
PSV4LU=RLARGE* RSCRL  
A L T C T = 3 « 0
E P S X = 1 . 0  5 ’
S U V X = C * 5 * E P S X * * ( N J - 4 ) + { E P S X * * ( N I - 3 ) - l . ) / ( E P S X - 1 . ) + C . 5  
DX=ALTGT/ SUMX  
X(  1 ) = - 0 .  5 ’-DX 
X { 2 ) = - X ( 1)
DG 1 0 0  1 = 3 , M I N I
X ( I ) = X ( I —1 ) +DX '

100  DX=EPSX* DX
X ( NI  ) = X ( N I M1)  -  X ( N I — 2 ) + X ( K I M 1 )
C Y 1 = R S M A L L / F L O A T < J S T M 1 )
D Y 2 = ( R L A R G E - R S V A L L ) / F L O A T ( M J - J S T E P - 1 ) •
Y { 1 ) = - 0 . 5 * D Y 1
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u  j .  v*/ j .  sj —  c. y  ^  i

101  Y ( J ) = Y (  J - D + D Y l
Y ( J S T P 1 ) = Y (  J S T E P ) + 0 . 5 * {  DY 1 + DY2 )
DC 102 J = J S T P 2 , N J

102  Y < J )  = Y{ J - D + D Y 2
C DEPENDENT VARI ABL E SE L ECT I ON

I N C A L U = . T F U H .
I N C A L V = • T R U C «
I NCAL P= « TPUE«
I N C A L K = . T R U E .
I N C A L D = . T P U E .
IN P F 0 = . T R U E .

C—  F L U I D  PROPERTI ES
DE N S I T  = l  . 2 2 5

C---------- TURBULENCE CONSTANTS
CVU = 0 . 0 9  •
C D = 1 .  J 0 ' , '
C l = 1 . 4 4  
C 2 = 1 • 9  2 
CAPP A = « A I  8 7 
fc*LCG = 9 . 7 <53 .
P R E 0= C A P P A *  C A P P A /  ( C 2 — C 1)  /  ( C M U *  *  • 5 }
P R T E = 1 . 0

C-----------BOUNDARY VALUES
U I N = 4 5 . 0 
L E N = A . 5
UU = ( U I N * R S M A L L * * 2  + UEN'*.( RL A R G E * * 2 - R S V ALL 9 * 2 )  ) /  ( RLARGE * ~ 2  )
UL ARG E = U E N + { U I N - U  E N ) -M R S M AL L /  F L A R G E ) *  2
1 U R B I N = C . 0 0 0 3
T F I N = T U R D I N * U I N * * 2
TURREN= 0 . 0 0 3
T F E N = T U P B E N * U E N * * 2

LEASE 2 . 0  MAI N . DATE = SAT MAR 2 1 ,  1 9 7 9

AL AMDA=0 . 0 0 5  
. ECI N = T E l N - - 1 . 5 / {  ALAMD. A*RLAFGE)

F Q E N = T E E N * * 1 . 5  /  { A L. A M DA *  R L A R G E )
V I S C O S = 1 . 8 E - 5

C - -------- PRESSURE CALCULATI ON _ _ _ _ _
I PR E F= 1 . . . .
J P F EF = NJ N1  ' "

C---------- PROGRAM CONTROL AND MONI TOR
M A X I T = 1 8 0  
I ’M ON = 6 
J M 0 N = 6 
U R F U = 0 . 5  
U R F V = 0 . 5  
U R F P = 1 . 0  
U R F E = 0 • 7
UR FK = 0 • 7 ’ '
U R F V I S = 0 . 7  ‘
IN 0 P R I = 1 
S C R M A X = 1 . 0  E - 4

C
CHAPTER 2 2 2 2 2 2 I N I T I A L  OPERATI ONS 2 2 2 2 2 2 2  2 ?
C
C----------- CALCULATE GEOMETRI CAL Q U A N T I T I E S  AND SET VARI ABL ES TO ZERC

C ALL I M  T
C----------- I N I T I A L I S E  VARI ABLE F I E L D S

CC 2 0 8  J = 2 »J STEP 
TE(  1 , J ) = T E I N
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\ JL J vJ / ~ UL1N
DC 2 0 9  J -  J S T P 1 ,  f\ J M 1 
T E ( 1 , J ) = T E E N  

2 0 9  E C ( 1 , J ) = F C E N 
F L C W I N = 0 „ 0 .
A R D E N = 0 . 0
DC 2 0 0  1 = 2 , M
CC 2 0 0  J = 2 , J S T F P
U C I , J ) = U 1 N
TE(  I ,  J ) = T [ 7 I N

2 0 0  E C ( J ,  J ) = E C I N
DC 2 0 5  J = 2 , JSTFP
A R D E N = 0 . 5 - { GEN{ 1 , J ) + CEN{ 2  , J ) ) * R t J ) * S N S ( J )

2 0 5  FL0WI N = FLCW1N + ARDEN* UC2 ,  J )
SDRM A X = S 0 R M. A X *  F L 0 W I N
F L C W P N = 0 . 0  - ■ .
ARDEN= 0 , 0
CC 201  1 = 2 , NI
DC 2 0 1  J = J S T P l , N J f ' l
T F ‘( I , J )  =TEFN •
E D ( I  , J ) = E D E N

2 0 1  L ( I ,  J ) = L F N
CC 2 0 6  J = J S T P 1,  N J M 1
A R C E N = 0 •  5 *  ( DEN { 1 ,  J ) + CEN ( 2 , J ) ) * R ( J ) * SNS ( J )

206 r -L0WEN=FLDV.EN + ARDE N' - U( 2 ,  J )
DC 2 0 3  1 = 2 , N I M l

2 0 3  YPLUSN(  I ) = 1 1 .  0

LEASE 2 . 0  MAI N DATE = SAT MAR 2 1 ,

CALL PROPS
C I N I T I A L  OUTPUT

UR I TEC 6 , 2  1C)
W R I T P C 6 , 2 2 0 )  U I N  
UR I TEC 6 ,  2 2 1 )  UEN
U K = U E N + ( U I N - U E N ) - ( R S M A L L / P L A R G E ) * * ?
1JSTASQ= ( U I N * * 2 —UEN*  v2 ) *  ( RSMALL/ RLARGE ) * * 2 + 0  . 5*C UFN*>:  
C T = UK /  SQR T { USTASQ)
U R I T E ( 6 , 2 2 2 )  CT
RE = UI  N-‘'RL ARGE* ? .  OGDENS I T  / V I  SCCS 
UR I TEC 6 , 2 3 0 )  RE
W R I T E ( 6 , ? 4 0 )  RSDRL - __
UR I T  E ( 6 , 2 5 0 ) V I  S C 0 S "
U R I T E C 6 , 2 6 0 )  DENSI T
I F ( I N C A L U )  CALL PR I NT { 2 , 2 , N I , N J , I T , JT , XU , Y,  LJ, H ECU ) ' 
I F { I N C A L V )  CALL'  P R I N T  ( 2 , 2  ,.N1 , N J , I T , J T , X , Y V , V , H E D V )  
I F C I N C A L P )  CALL PR I N T { 2 , 2  , N I , N J , I T , J T , X , Y , P , HEDPJ 
I F ( I N C A L K )  CALL PR I N T C 2 , 2  , NI  , N J , I T , J T , X , Y , T E , MEDK) 
I F C I N C A L D )  CALL PR I NT I 2 , 2 , N I , N J , I T , J T , X , Y , E D , H E DD )

C
CHAPTER 3 3 3 3 3 3 3 I T E R A T I O N  I OOP 3 3 3 3
C ’ '

W R I T E ( 6 , 3 1 0 )  I MON, JMCN 
3 0 0  - NI TER = MI  TER + 1

C---------- UPDATE MAI N DEPENDENT VARI ABLES
I F  CI NCALU)  CALL CALCU 
J F ( I N C A L V )  CALL CALCV 
I F C I N C A L P )  CALL CALCP 
I p { I N C A L K )  CALL CALCTE  
I F ( I NCALD)  CALL CALCED

C---------- UPDATE F L UI D  P R0 P C R 1 T I E S
I F ( I N P R O )  CALL PROPS 

C---------- I NT ERMEDI AT E  OUTPUT

19 79

< 2 - U K * * 2 )

3 3 3 3 3
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1 . t - 4  ) GO TO 301

y u ;v r*i y ~ u • u
WHI TE ! 6 ,  311  ) N I TER t R ESORU , RE SDR V , R ESQR M , R ES OP T , PE S Cf<K , R E SCR F

1 , U ( I NON , J MON ) , V ( I VQN , J MON ) , P ( I MON , J ^QN ) , CUM My t
1 TE ( I MON » NJM1 ) , E D ( I NON , N JM 1 J

• I F ( N I T E R . G T . 2 ) I N D P R I = 4 0
I F ( ABS ( FL.CAT ( NI  TER /  I NO PR I ) - F L O A T  ( N I T E R  ) /  I NDPF I ) . GT 
W R I T E ( 6 , 3 1 2 )
I F ( I N C A L U )  CALL PR I N T ( 2 , 2 , N I , N J , 1 T , J T »X U , Y » U , H EDU)
I F ( I N C A L V )  CALL P R I N T ( 2 , 2 , N I , N J , I T , J T , X , Y V , V , H E C V )
I F ( I N C A L P )  CALL P R I N T ( 2 , 2 , NI  »N J , I T , J T , X , Y , P , HEDP )
I F ( I NCAL K)  CALL P R I N T ( 2 , 2 , N I , N J , I T , J T , X , Y , T E , HECK)
I F ( I NCAL D) CALL PRI  N T { 2 , 2 , N I , N J , I T , J T , X , Y TE 0 , HE 0 0 )
W R I T E ( 6 , 3 1 2 )
W R I T E ( 6 t 3 1 0 )  I MON, JMCN  

. 3 0 1  CCNTI NUE  
C T E R M I N A T I O N  TESTS

S C R C E = R E S C R ■
I F ! N I  T ER.  110. 2 0 .  ANC. SORCE . G T .  1 . 0 E 4 * S Q R M A X ) 
T F ( ri I T FR • E0 • M AX I T ) GQ TO 302  
I F ! S 0 R C E . G T « S 0 R MA X ) GO T O 3 0 0  

3 0 2  CONTI NUE

GO TO 3 0 2

LEASE 2 . 0 MAI N DATE = SAT MAR 3 1 ,  1 9 7 9

4 4 F I NAL  OPERATI ONS AND OUTPUT 4 4 4 4 4 '

PR INTI 2 , 2 , N I , N J , I T , J T , X U , V , U , H E C U )
P R I N T ( 2 , 2 , N I , N J , I T , J T , X , Y V , V , H E D V )
PRI  NT ( 2 , 2 , NI  , N J , I T , -J T , X , Y , P , HEDP )
PR I NT { 2 , 2 , N I , N J , I T , J T  , X , Y , P P , H E D P P )
PRI  N T ( 2 , 2 , N I , N J , I T , J T , X , Y , T F , H F D K )
P RI  N T ( 2 , 2 , NI  , N J , I T , J T , X , Y , E D , H t D D ) .
P R I N T ( 2 , 2 , N T , N J , I T , J T , X , Y , V I S , H E  DM)

NON DI MENSI ONAL  TURBULENCE ENERGY AND LENGTH SCALE

C H A P T E R  4 4 4 4  
C

I F ( I N C A L U )  CA LL  
I F U N C A L V )  C A L L  
I F ( I N C A L P )  C A L L  
I F ( I N C A L P )  C A L L  I F ! I N C A L K )  C A L L  

• I F U N C A L D )  CA LL  
I F U N P R O  ) C A LL

C---- C A L C U L A T I O N  OF
DO 4 0 0  1 = 2 , NI Ml 
DO 400  J = 2 , N J M 1 
U ( I ,J ) = U ( I ,J )/ U M
SIJ{ I , J) =TE; ( 1 , J )*DEN( I,J ) / ABS (T A UN ( I ) )

4 0 0  S P ( I , J ) = T E ( I ,J ) * * l . 5/FD! I , J ) / R L A R G F  
C A L L  P R I N T { 2 , 2 ,NI ,NJ , I T , J T , X U , Y ,U , H E D U N ) 
C A L L  PR I N T ( 2 , 2 , N I ,NJ , I T ,J T ,X ,Y , S U ,H E D A }

 C ALL P R I N T  (2,2,NI , NJ , I T, J T , X , Y , S ^ , H r-DB)
C — - - C A L C U L A T I O N  O F  S H E A R - S T R E S S  C O E F F I C I E N T  

W R I T E ! 6 , 4 0 2  )
DO 401 I = J S T E P r N I M l
SSC = T A U N ( 1)/(1. 0* C ENS I T * U L A R G  E N L A R G E )  
XIJD-XU ( I )/RL A R G E / 2  .
WR IT E (6 , 40 3) I , X U D , S S C

401 C O N T I N U E  
STOP

C - --- F O R M A T  S T A T E M E N T S
21 0 F O R M A T !  1H 1 , 4 7 X , 4 7 H K A S E  T2 - T U R B U L E N T  JE TS  

I / / / )

220 F O R M A T !  / / 15 X , 3 3 H I N L F T JET V E L O C I T Y  
'221 FORM A T !  V / 1 5 X ,3 3 H A N N U L A R  F L U I D  V E L O C I T Y  
222  F O R M A T !  / /15 X , 3 3 H C P. A Y A - C UR IE T N U M B E R  
2 3 0  F O R M A T !  ' / / 1 5 X ,3 3 H R E Y N O L H S  N U M B E R  
2 4 0  F O RM A T !  / / 1 5 X ,3 3 H Q I A M E T E R  R A T I O  
25 0 F O R M A T !  / / 1 5 X ,3 3 H L A M  I N A R  V I S C O S I T Y  
26 0 F O R M A T !  //I 5 X , 3 3 H F L U I D  D E N S I T Y

ALONG LARGE DUCT KAI L

M I X I N G  I N UNI FORM OUCT/

1 P E 1 1 . 3 )

3 ) 
3)

, 1 PE11
, I PE I  1
, 1 PE1 1  
, 1  PE 11 . 3  ) 
, 1 P E 1 1 . 3  ) 
, i P E l  I  . 3  )
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-•J1U I I 1 .oHU I I I  , V A , V n A b j'.iLU I 12 M r b l U U A L  i'JU.KLL
1 1 1 H  I I »37H F I E L D  V A L U E S  AT M O N I T O R I N G  I O C  AT T UN { , T 2 , 1 H , , T 2 ,
2 6 H ) -- I / 1 4 H  NO • UMOM., 5 X , 4 H V M O M ,5 X , 4 H M A S S t  5 X r 4 H E N E R ,5X , 4 H T K I N
3 , 5 X , 4 H U 1 S P , 9 X , 1H U , 3 X , 1H V , 8 X , 1HP ,8X, 1H T 7 3 X , 1HK, 3X ,'lHD/ )

' 3 1 1  F GR MA T (1M » I 3 , 5 X , 1P 6 G 9 . 2 , 3 X ,1 P 6 E 9 . 2 )
312  FO PM AT ( lH0»r>9< ?H- ) )
40 2 F O R M A T { / // 5  X T 1 H I , 7 X , 5 H X U (  1 ) , 6 X ,1 C H S . S .C O E F F .)
40 3 F O R M A T ( / 5 X , I  5 t 2 { 1 P F 1 1 . 3 )  )

END
L E A S E  2 •0 •' I f\! IT D A T E  = SAT MA R 31, 1979

S U B R O U T I N E  INIT
CC H A P T E R  0 0 0 0 0 C 0 0 P R E L I M I N A R I E S  0 0 C 0 0 0 0 0
C

COMMON
1 / U V E L / R. G S 0 R U , N S V* P U , U R F U , D X E P U { 3 2 ) ,D X F W U ( 3 2 )  ,S E W U ( 3 2 )
1 /  V V E L /  R F S 0 R V , N S W P V , U R F V , 0 Y N P V ( 3 2 ) , C Y P S V ( 3 2 )  , S N S V (  3 2 )  , K C V l  3 2 )  
l / P C O R / P F S n R M , N S W P P , U R F P  ,DU< 18 , 1 8 ) , HV ( 1 8 , 1 8 ) , I P R F F  , .JPR EF 
1 / V A R /  U ( 1 8 ,18 ) ,V ( 1 3 , I S ),P ( I F  11 8 ),P P ( 1 8 , 1 8 ),T E I 18 , 1 8 ),ED ( 10 , 1 3) 
1 / A L L / I  T , J T , N ' I  , N J , N I  M l ,  NJM1,  GREAT
1 / G c O M  / INDC.ns»X( 32 ) ,Y (32 ) , DXFP( 32) t HXPW( 32 ) , CYNP  ( 32 ) , DYPSC 32 ) ,
1 S N S (32 ) , S E U (32 ) ,X U (32 ) , Y V {32 ) , R {32 ) ,R V {32 )
1 / F L U P R / U R F V 1  S , VI SC'9$ , O E N S  I T , PR ANOT  , DEN ( 1 8 ,1 8 ) , V I S ( 18 , 1 3 )
1 / K A S E  T 2 / U I N , T E I N , E D  I N , F L O W  I N , A L A M D A ,  U E N ,F L O W F N ,
2 RSM ALL , P L A P G E , A l l , A L 2 , J S T E P , I S T E P , J S T p 1 , J S T M 1 » I S T P 1,  I STM 1 
1 / T U R B / G E N ( 1 8 , 1 8 ) , C D,CMU,C 1 ,C 2 ,CA P P A,ELGG,PR ED,PRTE
1/ C C G F / A P  ( 18 , IB) , AN{ 18, 18 ) , AS ( 18 ,18 ) , AE( 1 8 ,1 8  ) , AW ("18, 18) , SU{ 18 ,1 8),  
1 S P ( 18,18)

C
C H A P T E R  1 1 1 1 1  CALCULATE; G E G M E T P I C A L  C U A N T 1 T I E S  1 1 1 1  1
C

DC 100 J " 1 , NJ 
R I J ) = Y (J )

100 I F {I N D C C S . E G • 1) R ( J ) = 1 • 0 
D X P W ( 1 ) = 0 . 0
CX EP (f\ I ) =0 *0 
CO 101 1 = 1 , N I M 1 D X t p ( I ) = X( 1 + 1 ) - X ( I )

101 C X P W { I + 1 ) - D X E P ( I )
D Y P S (1 )=0.0 .
C Y N P (N J )=0 .0 
CO 1 0 2  J = 1 ,  N JM 1 
C Y N P { J ) = Y ( J +1 ) — Y ( J )

1 0 2 - D Y P S ( J + 1 ) = C Y N P ( J )  -
S E M 1 ) = 0 . 0  
S E K (NI )=0.0 
DO 103 1 = 2 , NI M1

103 SFW( I ) = 0. 5 * ' < DX F P ( T ) + D X P W<  I ) )
S N S ( 1 ) = 0 . 0
S N S ( N J } = 0 . 0 ■
CC 104 J = 2 , K J M 1

104 S N S ( J ) = C . 5 * ( D Y N P ( J ) + D Y P S ( J ) )
■XU(1)=0.0
DO 105 1 = 2 , NI

105 XU(I ) = 0 . 5 * ( X ( I )+X( 1-1))
D X P W U ( 1 )=0 . 0
C- X P to U ( 2 ) = 0 • 0 
D X E P U ( 1 ) = 0 . 0  
C X E P U ( N I ) = 0 . 0  
CC 106 I = 2 , N I M 1 
C X E P U I I )= X U ( I + 1)- X U ( I )
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1C6 C-XP WU ( H  I  ) = D X E P U ( I ) 
SEl \U(  1)  = 0 . 0  
S E w U ( 2 ) = 0 • 0

LEASE 2 . 0  I N I T  PATE = SAT MAR 3 1 ,

DQ 107 I = 3 , N I M 1
107  S E W U ( I ) = 0 . 5 * ( D X E P U ( I  ) + DXPWU( I ) )

V V ( 1 ) = 0 . 0  .
R V ( 1 ) = 0 • 0
CO 108  J- =2 , NJ
R V ( J ) = 0 . 5 * U (  J )+!'<( J - l )  )
R C V ( J ) = 0 . 5 y:( R V ( J ) + R V ( J - l )  )

1 08  V V ( J ) = 0 . 5 ( Y ( J ) -J- V { J - l ) )
■ CY P S V ( 1 ) — 0 • 0

D Y P S V ( 2 ) = C . O  
CYNPV( NJ  ) = 0 . 0  
CO 1 0 9  J = 2 » N J M  
D Y N P V t J ) = Y V ( J + 1 ) - Y V { J )

1 0 9  CY P S V ( J  + 1 ) = C Y N P V ( J  )
S N S V t 1 ) = 0 . 0  
S N S V ( 2 ) = 0 . 0  
S N S V ( N J ) = 0 . 0
DO 110 J = 3 t N J M1

1 1 0  S NS V( J } = 0 . B' M CYNPV{ J ) + CY PSV { J ) )
c v
CHAPTER 2 2 2 2 2 2 SET VARI ABLES TO ZERO 2 2 2
C

DC 200 I = 1 , NI 
CC 2 0 0  J = 1 , M J 
U ( J , J ) = 0. 0 
V ( I , J ) = 0 . Q  
P ( I , J ) = 0 . 0  
P P < I , J ) = 0 . 0  
T E ( I , J ) = 0 . 0  
E D ( I ,J )=0 • 0 
C E M 1  , J) = C E N S I T  
VI S ( I ,J) = V I S C 0 S  
GUI I ,J) = 0.0  
C V ( I , J ) = 0 . 0  
S U ( I ,J )=0• 0
S P ( i , J ) = 0 . 0  •

200 '  CCNTI NUE "....................................   7 "  ' ..............
R E T U R N
END

1.9 7 9

2 2 • ?
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Cl M E N S  ION H E O U ( 6  ) , HE CV t 6) , H E D P  ( 6 ) tH E D T ( 6 )  , H E D K ( 6  ) ,'HEDD { 6 ) ,HFD« ( 6)
I , HE DA (-6) , H E D B ( 6  ), HEDP Pt 6 ) , H E D U N ( 6) ,HEDG< 6)
C O M M O N

1 / U V El./ R E S O R U  , N S W P U , U R F U , D XEP U ( 32 ), D X P W U ( 32) ,S E W U C 3 2 )
1 / V V E L / R E S C R V  , NSWPV,  UR FV , DYNPVt  2 8’ , I A ) , DYPSVl  28 , 14 ) , SNS V ( 2 8 , 1 A ) ,
2 R C V ( 2 8 , 14 )
1 / P CGR / R E S 0 RM , N SW P P , U R F P , DU { 2 3 , 14 ) , CV { 28 , 14) , I P R E F  , JPR  EF
1 / T E N / R E S C R K , N S W P K , U R F K
1 / T D I S / R E S O R E , N S W P D , U R F E
1 / V A R /  U ( 2 8 f 1 4 ) , V ( 2 8 , 1 4 ) , P ( 2 8 , 1 4 ) , P P { 2 8 f 1 4 ) tT E < 2 8 t l 4 ) , E D ( 2 8 t l 4 )  
1 / A L L / I T , J T , N I , N J , N I M l , N J M l , G R E A T
1 /  G ECM/  1N CCO S , X ( 3 2 ) , C Y ( 32  ) , D X E P ( 3 2 V , D X P W ( 3  2 } , D Y N P < 2 8 , 1 4 } ,
2 D Y P S ( 2 fit 1 4 ) , S N S ( 2 8 ,  14)  , S E M 3 2 } 4  X U( 3 2 )  , Y ( 2 8  , 1 4 )  , Y V ( 2 8 , 1 4  ) ,
.3 R { 2 8 , 1 4 )  , R V ( 2 8 t 14)
1 / F L U P R / U R F V I S  , V I S C G S ,O E N S I T ,P R A N D T ,C E N { 2 8 , 1 4 ) , VI SC 2 8 ,1 4 )
1 / K A S E  T 3 / U I N , T E T N , E D  I N ,F L O W I N ,A L A M D A ,R I N TD A N  
1 / T U R B / G E N ( 28,1 4) , C D fC M U  , C 1 , C 2 , C A P P A , E L G G ,PR E D ,P R T E  
1 / W A L L F / Y P L U S N { 3 2 ) , X P L U S W (3 2 ) , T A U N ( 3 2 ) , T A U W ( 32)
1 / C O E F / A P ( 2 8 , 1 4 ) t A N { 2 8 , 1 4 ) , A S ( 2 8 , 1 4 } , A E { 2 8 , 1 4 ) , A W i 2 8 * 1 4 ) , S U ( 2 8 , 1 4 ) ,  
1 S P I 2 8 , 1 4  )L O G I C A L  I N C A L U , I N C A L V , I N C A L P , I N P R O , I N C A L K , I N C A L D , I N C A L M , I N C A L A ,
1 I N CA L B
G R E A T = 1 . E 3 0  
NI T E R = 0 
I T = 2 8 
JT = 14 
N SViPU = 1 
N S K P V = 1*

'N S W P P = 5  N S W P K = 1  
N S U P C = 1
R E A D ( 9 , 0 1 0 ) H E D U , H E D V  , H E D P , H E D T , H E D K , H E D D , H E D M , H E D A , H E D B , F E D P P ,  

1 H E D U N ,H E C G  
010  F O R M A T {6 A 4)

C
C H A P T E R  1 1 1 1 1  P A R A M E T E R S  A N C  C O N T R O L  I N D I C E S  1 1 1 1 1 1  
C
C G R I D

N I = 14 
NJ = 12 
N I M 1  = N I — 1

L E A S E  2 * 0  M A I N  D A T E  = W E D  DEC 13, 1 9 7 8N JM 1 = N J- 1 ' ... .
N JM2  = N J— 2 ..
INDC  CS = 2 
AN GL  E = 4 •05
A M G L E = 3 . 1 4 1 6 * A N G L E / 1 8 0 . 0  R I N = C •017 1 
A L T 01 = 0 *43 
E P S X = 1* 15
S U M X = 0 . 5 * E P S X * *  ( N I — 4 ) + ( E P S X * *  ( NI - 3 ) - 1 • } / ( EP SX-  1 • ) + C • 5 
DX = A LT O T / S U M X  
X I N = R I N / S I N ( A N G L E )

' X ( 1 ) = X I N - 0 . 5 * C X
‘X ( 2 ) = X I N + 0 * 5 * D X  
CO 100 I = 3, N I M 1 
X U ) = X ( I - 1 ) + C X  

100 C X = E P S X # C X
X ( N I ) = X (N I M 1 ) - X (N I - 2 ) + X ( M  M 1 )
D A N = A N G L E / F L O A T { N J - 2 )
CO 101 1 = 1 , NI
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Ullll- A I 1 / '•' U U l\
101 V( I , 1 } = — 0 • 5 * D Y ( I )

CC 102 1 = 1 , NI
CO 102 J = 2 , NJ

102 Y ( I , J ) = Y t  I , J - 1 ) + D Y ( 1 )
C---- D E P E N D E N T  V A R I A B L E  S E L E C T I O N

I N C A L U = . T R U E .  '
T N C A L V - . T R U E •
I N C A L P = . T R U E «
I N C A L K =  *T RUE *
I N C A L D = . T R U E .
! N P R C = . T R U E .

C  - F L U I D  P R O P E R T I E S
D E N S  I T = 1000.

C - --- T U R B U L E N C E  C O N S T A N T S
CMU= 0 .09 
C C = 1 . 0 0  
C l = 1 . 4 4  
C 2 = 1 • 9 2  /
C A P P A = , 4  187 
E L 0 G = 9  * 793
P R E C = C A P P A * C A P P A / ( C 2 - C 1 ) / ( C M U * * . 5 )PR TE  = 1.0

C---- B O U N D A R Y  V A L U E S
U I N = 2 . 4 7  
T U R B I N = 0 * 0 0 1  
T E I N = T U R e i N * U I N * * 2  
A L A M D A = 0 . 0 5 '
E C I N = T E I N * * 1 . 5 / ( A L A M C A * R I N )  _
V I S C C S = 1 . 0 0 4 E - 3

C---- P R E S S U R E  C A L C U L A T I O N
IP R E F = 2 
J P R E F = 2

C ---- P R O G R A M  C O N T R O L  A N D  M O N I T O R
NA XI T=  190

L E A S E  2 . 0  M A I N  D A T E  = W E D  D E C  13, 1 9 7 8
I M CN = 6  ' .

J N Q N  = 6 
UR FU=0 • 5 
U R F V = 0 •5
U R F P = 1 .0 ;
L R F E = 0 .7 ,
U R F K = 0 . 7

_ U R F V I S = 0 . 7  _ _ _ _ _ _ _   .___    ...
I N C P R I - 1
S C R M A X = 1 . 0 E - 5C

C H A P T E R  2 2 2 2 2 2 I N I T I A L  O P E R A T I O N S  2 2 2 2 2 2 2 2 2
C
C C A L C U L A T E  G E O M E T R I C A L  Q U A N T I T I E S  A N D  SET V A R I A B L E S  TO Z E R C

C A L L  INIT
C —   I N I T I A L I S E  V A R I A B L E  F I E L D S

F LOW IN=0  • 0 
A R D E N = 0 . 0
R E A O (9,11 > (U(2, J ) , J = 2 , N J M 1 )

11 F O R M A T {F 10.3)
CC 200 J = 2» N J M 1
A R D E N  = 0 . 5 *  ( D E N U  , J I + CEM2- , J ) )*0 . 2 5 *  i R ( 1, J ) + R ( 2, J ) } * ( SN S ( 1, J ) +

1 S N S ( 2 1 J ) ) • '
2 0 0  F L C W l N = F L 0 W I N + A R C E N * U ( 2 f J )
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I t  I 1 ,  IN' J  J - U  . 0

ED{ I , N J ) = 0 . 0  
201 U { I , N J ) = 0• 0  

) DO 203 I=2 ,NIM1 
203 YPLUSN( I ) = 11 • 0 

CALL PROPS
 I N I T I A L  OUTPUT

WRITE!6 ,210)
WRITE!6 , 2 2 0 )  UIN
RE=UIN*RIN*2 .0*DENSIT/VISCOS
W RI T E ( 6 , 2 3 0 ) RE
WRITE!6,  250) VISCOS
WRITE(6 , 260)  DENSIT
Af\GLE = 2.  0* ANGLE * 1 8 0.  / 3  « 1 4 16
WR ITE!6 ,270)  ANGLE
CALL P R I N T ( 2 , 2 , N I , f \ J , I T , J T , X , Y , H E D G )  
I F I INCALU)  CALL PR I NT I 2 , 2 , N I , NJ, I T , J T , XU, 

CALL P R I N T ! 2 , 2 , N I , N J , I T , J T , X y 
CALL P R I N T ! 2 , 2 , N I , N J , I T , J T , X ,  
CALL PRINT! 2 , 2 , N I , N J , I T , J T , X ,  
CALL P R I N T ( 2 t 2 , N I , N J , I T , J T , X ,  
CALL P R I N T ! 2 , 2 , N I , N J , I T , J T , X ,

I F ( I N C A L V )  
I F ! I N C A L P )  
I F ! I N C A L P )  
I F I I N C A L K )  
I F ! I N C A L C )

U ,H E D U )
V , H E D V )

P ,H E D P ) 
P P , H E D P P )  
T E , H E D K )  
E D , H E D D )

C H A P T E R  3 3 3 3 3 3 3
C

W R I T E ! 6 , 3 1 0 )  I M Q N , J N C N  
3 0 0  M T E R = N I T E R + 1

C - - - — U P D A T E  M A I N  D E P E N D E N T  V A R I A B L E S
I F I I N C A L U )  C A L L  C A L C U

I T E R A T I O N  L O O P  3

L E A S E  2.0 M A I N D A T E  = N E D  DE C 13, 1 9 7 8

1 • £ - 4  ) GO TO 301

I F { I N CA LV) C A L L  C A L C V  
IF! I N CA LP ) CA LL  C A L C P  
I F I I N C A L K )  CA LL  C A L C T E  
IF ! INCAL C ) CA LL  C A L C E D

C --- - U P D A T E  F L U I D  P R O P E R I T I E S
I F ! I N P R G ) C A L L  P R O P S

C - - - - I N T E R M E D I A T E  O U T P U T
D U N M Y - 0 . 0W R I T E ! 6 , 3 1 1 )  N I T E R , R E S O R U , R E S O R V , R E S C R M , R E S O R T , R E S C R K , R E S C R E  

1 . ,U ! 1 MO N  , J M Q N ),V ! I M O N , J M O N ),P ! I M O N ,J M O N ), D U M M Y ,
1 T E ! I M O N , N J M 1 ), E D ! I M O N ,N J M 1 )
I F ! NIT ER . GT . 2 ) I NDP R I =4 0 ■
I F!AB S!  F LOAT ! NI T E R / I N D P R I J - F L O A T (N I T E R ) / I N D P R I ) . GT 
WRTT E ! 6 , 3 1 2  )
I F ! I N C A L U )  C A L L  PR I N T ! 2 , 2 , N I ,N J , I T ,J T ,XU , U , H E D U )
I F U N C A L V )  C A L L  PR I N T < 2 , 2 , N I , N J , I T ,J T , X , V , H E D V )
I F ( IN CA LP) C A L L  PR I N T ! 2 , 2 , N I ,N J ,I T ,J T ,X , P , H E D P )
IF.( IN CA LP) CA LL  PR I NT! 2, 2, NI , N J , I T , JT , X , P P , H E D P P )
I F I I N C A L K )  C A L L  PR I N T ( 2 , 2 , N I ,N J , I T ,J T , X , T E ,H E D K )
IF! INCALD.) C A L L  PR I N T ! 2, 2 , NI , N J , IT , J T , X , E D , H E D D )
W R I T E (6,31 2)
W R I T E ! 6,310) I M O N ,J M C N

301 C O N T I N U E  
C  T E R M I N A T I O N  T E S T S

S C R C E - R E S O R M
I F (NI T F R .E Q .MAX I T ) GO  T O  302 
I F { S O R C E .G T .S O R M A X ) GO TO  300

302 C O N T I N U E
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cC H A P T E R  4 4 4 4 4 - 4  F I NA L  O P E R A T I O N S  AN D O U T P U T  4 4 4 4 4 4
C

T F ( I N C A L U )  C A L L  PR I N T { 2 , 2 , N I ,N J ,I T ,J T , XU, U , H E D U )
I F ( I N C A L V )  CA LL  PR I N T ( 2 , 2 , N I , N J , T T ,J T , X , V , H E D  V )
I F ( I N CA L P )  C A L L  PR I N T ( 2 , 2 , N I ,N J , I T ,J T ,X , P , H E D P )
I F { I N C A L P )  C A L L  P R I N T ! 2 , 2 , N I , N J , I T , J T , X , P P , H E D P P )
I F ( IN CA LK) C A L L  P R I N T ( 2 , 2 , N I »N J , I T , J T , X ,  T E , H E D K )
I F ( I N C A L D )  CA LL  P R I N T ( 2 , 2 , N I ,N J , I T ,J T , X, E D , H E D D )
I F ( 1 N P R G  ) C A L L  P R I N T { 2 , 2 , NI , N J , I T , J T , X, V I S , H F D M )

C  C A L C U L A T I O N  OF M O N  D I M E N S I O N A L  T U R B U L E N C E  E N E R G Y  A N D  L E N G T H  S C A L E
DO 40 0 I= 2 , NI Ml 
DO 4 0 0  J = 2 , NJ M 1 
U I I , J ) = U ( I , J ) / U I N
SU CI ,J )= TE{  I , J ) * D E N {  I , J ) / ABS C T AUN (1)5

4 0 0  SP( I, J).=TE( I, J ) * * 1 . 5 / E D <  I , J ) / R I N
C A L L  P R I N T ( 2 , 2 , N I , N J , I T , J T , X U ,  U ,H E D U N )
C A L L  P R I N T  1 2 , 2 , N I , N J , I T ,J T ,X , S U , H E D A )
CA LL  P R I N T  1 2 , 2 , N I ,N J , I T , J T , X ,  S P , H E D 8 )

C —  C A L C U L A T I O N  OF S H E A R - S T R E S S  C O E F F I C I E N T  A L O N G  L A R G E  D U C T  W ALL
W R I T E C 6 , 4 0 2 )DO 4 0 1  I= 2 , M  Ml
S S C = T A U N ! I ) / ! 1 . 0 * D E N S I T * U I N * U T N )
X U D - X U ( I ) / R I N / 2 . 0  
W R I T E ( 6 , 4 G 3 )  I , X U D , S S C

40 1 C O N T I N U E
L E A S E  2. 0 M A I N  D A T E  = W E D  D E C  13, 1 9 7 8

• ST OP
C  F O R M A T  S T A T E M E N T S

2 1 0  F O R M A T ! 1H I , 4 7 X , 3 6 H K A S E  T3 - T U R B U L E N T  F L O W  IN D I F F U S E R / / / / )
22 0 F O R M A T ( / / 1 5 X , 3 3 H I N L F T  V E L O C I T Y  , 1 P E 1 1 . 3 )

' 2 3 0  F O R M A K  / / 1 5 X , 3 3 H R E Y N O L D S  NUMBER' , 1 P E 1 1 . 3 )
2 5 0  F O R M A T { / / 1 5 X ,3 3 H L A M I N A R  V I S C O S I T Y  , 1 P E 1 1 . 3 )
26 0  F O R M A T !  / / 1 5 X ,3 3 H F L U I D  D E N S I T Y  . , 1 P E 1 1 . 3 )
270  F O R M A T !  / / 1 5 X , 3 3 H I N C L U D E D  A N G L E  , 1 P E 1 1 . 3 )
3 1 0  F O R M A T {13 H 0 I T F R  I , 9 X , 2 9 H A B S O L U T E  R E S I D U A L  S O U R C E  S U M S , 9 X ,

1 1 1 H  I I-— ,3 7 H  F I E L D  V A L U E S  AT M O N I T O R I N G  L O C A T I O N ( , 1 2 , 1 H , , 12,
26H) -- I / 1 4 H  NO U M O M , 5 X ,4 H V M 0 M ,5 X ,4 H M A S S ,5 X ,4 H E N E R ,5 X ,4 H T K I N
3 , 5 X , 4 H D I S P , 9 X , 1 H U , 8X , 1 H V , 8 X , 1 H P ,8 X , 1 H T , 8 X ,1 H K ,8 X ,1 H D / )

311 F O R M A T {1H , 1 3 , 5 X ,1P 6 E 9 . 2 , 3 X , 1 P 6 E 9 .2)
312 F O R M A T  !lhO.,59!2H- ))
4 0 2  F O R M A T ! / / / 5 X , 1 H I , 7 X , 5 H X U ( I ) , 6 X , 1 0 H S . S . C 0 E F F •)
4 0 3  F O R M A T ( / 5 X , 1 5 , 2 ! 1 P E 11. 3 ))

END

S U B R O U T I N E  INIT
C
C H A P T E R  O O C O O O O O  P R E L I M I N A R I E S  O . O O . O O C O O  
C

C O M M O N
1 / U V E L / R E S G R U , N S W P U , U R F U , D X E P U ! 3 2 ) , D X P W U ( 3 2 )  , S E W U ( 32)
1 / V V E L / R E S C R V ,N S W P V , U R F V ,D Y N P V ( 2 8 , 1 4 ) , DYPSV! 2 8 , 1 4 ) , S N S V ! 2 8 , 1 4  ) ,
2 R C V ! 28,1 4)
1 / P C G R / R E S 0 R M , N S W P P , U R F P , D U ( 2 8 , 1 4 ) , D V ( 2 8 , 1 4 ) , I P R E F ,  J P R E F  
1 / V A R /  U ( 2 8 , 1 4 ) , V ! 2 8 , 1 4 ) , P ! 2 8 , 1 4 ) , P P ! 2 3,1 4 ) ,  TE( 2 8 , 1 4 )  , E D ( 2 8, 14)
1 / AL L / 1 T , J T , N I t N J , N IM 1, N J M 1, G RE AT
1 / G E C M /  INDCO S , X { 3 2 ) , D Y { 3 2 ) , D X E P C 3 2 ),D X P W ! 32) ,D Y N P ! 2 8 , 1 4 )  ,
2 D Y P S ! 2 8 , 1 4 ) , S N S ( 2 8 , 1 4 ) , S E W l 3 2 ) ,XU<32) ,YI 2 8 , 1 4 ) , Y V ( 2 8 , 1 4 ) ,
3 R ( 28, 14) , R V (28 ,14)
1 / F L U P R / U R F V I S ,V I S C O S , D E N S I T , P R A N D T ,D E N (28,1 4) , VIS! 28, 14)

500



1 /T-URB/GEN ( 28, 14) , CD  , CM U ,'C 1, C 2 , C A P P A  , E L C G  , PR ED, P R T E
l / C O E F / A P 1 2  8 , 1 4 ) , A N ( 2 8 , 1 4 ) , A S ( 2 8 , 1 4 ) , A E ( 2 8 , 1 4 ) , A W ( 2 8 i 1 4 ) , S U ( 2 8 , 1 4 ) ,
1 S P ( 2 8 »14 )

C
C H A P T E R  1 1  1 1 1 C A L C U L A T E  G E O M E T R I C A L  Q U A N T I T I E S  1 1 . 1  1 1
C

CC 100 1 = 1 , NI 
CO 100 J = 1 , N J
R(I , J)=X(  I > ̂  S I N ( (Oo5 + F L O A T ( J - 2 ) )* D A N )

100 I F ( I N D C C S . E C . l ) R ( I ,J ) = 1 . 0  
C X P W d j  = Q. O
DXE  PINI )=0 *0 
CO 101 I = 1 , N I M 1  
C X E P ( I )=X( 1 + 1 ) - X ( I )

101 CXPW( I + l ) = D X E P d )
CO 9 9  1 = 1 , NI  Ml  
D Y P S d  , l ) = G . O  
DYNP ( I , NJ ) = 0 . 0  
S K S ( I , 1 ) = 0 # 0

99  SNSC I , N J ) = 0 . 0  
DO 102 1 = 1 , NI 
CC 102 J = 1 , N J M 1  
C Y N P ( I , J ) = Y ( I , J + 1 ) - Y ( I ,J )

102 D Y P S i l  ,J + 1 ) = C Y N P ( I , J )
S E W ( 1 ) = 0 . 0
S E W ( N I ) = 0 . 0DO 103 1 = 2 , M M 1

103 S E W ( I ) = 0 . 5 * ( D X E P ( I ) + C X P W { I ))
CC 104 1 = 1 , M
CO 104 J = 2 , N J M 1

104 SNS( I , J ) = 0 . 5 * ( D Y N P ( I ,J ) + D Y P S ( I , J  ) )
X U ( 1 ) = 0 . 0
DO 105 1 = 2 , NI

105 XU(I) = 0 . 5 * ( X U ) + X U - 1 }  >
C X P W U ( 1 ) = 0 . 0
DX P W U {2 )= 0 « 0 
DX EP U ( 1) = 0 . 0  
C X E P U I N I ) = 0 . 0

L E A S E  2.C INIT D A T E  = W E D  DEC 13, 1 9 7 8
CO 106 I = 2 , N IM 1 
D X E P U d ) = X U d  + l ) - X U < I )

106 C X P W U ( I + 1 ) = D X E P U ( I )
SEWU( l ) = C . O  '
S E W U I 2 ) = 0 . 0
DC 107 1 = 3 , N I M

107 S E K U d  ) = G * 5 * ( C X E P U (  I ) + D XPW U( J) J 
CO 98 1 = 1 , M M 1
. Y V ( I , 1 ) = 0 . 0  
RV d ,1 ) =0 .0 
DY P S V { I , 1 ) = 0 . 0  
DY P SV I 1 ,2 )= 0  * 0 
D Y N P V ( I , N J ) = 0  .0 
S N S V ( I , 1 ) = 0 . 0  
S N S V d  , 2 ) = 0 . 0  

98 SNSVt I ,NJ-) = 0. 0 
CO 108 1 = 1 , NI 
CO 1C8 J = 2 , N J
R V ( I , J ) = 0 « 5 * ( R ( I , J ) + R ( I , J - ”1))
R C V ( I , J ) = 0 . 5 * ( R V ( I ,J ) + R V ( I t J - l ))

108 Y V ( I ,J ) = 0 . 5 * ( Y ( I ,J ) + Y ! I ,J - l ) )
301



DO 109 J = 2 , N J M 1
C YNP V(  I , J )=YV< I t J + l ) - Y V U  , J )

109 D Y P S V ( I t J + 1 ) = D Y N P V ( I tJ)CO 110 I — 1 t N I
CO 110 J = 3 j K Jiv 1

110 S N S V ( I , J ) = 0 . 5 * 1 DYNPV( I t J J + D Y P S V U »J ) )C
C H A P T E R  2 2 2 2 2 2 SET V A R I A B L E S  TC Z E R O  2 2 2 2 2 2C

DO 2 0 0  1 = 1 , M  
CC 20 0 J = 1,NJ 
U { I ,J )= U I N  
V ( I ,J ) = 0 . 0  
P ( I , J ) = 0 . 0  
P P (I ,J ) = 0 . 0  
T E { I , J ) = T E I N  
E D ( I , J ) = E D I N  D E N ( I ,J ) = D E N S I T  
V I S ( I ,J )= V I S C O S  
D U { I ,J ) = 0. 0  
D V ( I , J )=0 • 0 
S U ( I , J ) = 0 . 0  •
S P ( I , J ) = 0 . 0  

2 0 0  C O N T I N U E  
R E T U R N  
END
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B.4 Listing of Program AREA for Calculating Secondary Inlet 
Flow Area

R5RALL=0. 127 •
RL. AR3 L= 0» 165
R R AT- EL AEG L / H 5 E ALL '
A=3.5RR-R 
R\1 07, = 6 . 07 5 L - 3
RMIR-1.7 IE-2 / -
13=’EL AR3 E + FAJ O Z - HSMALL - RMTX ’
:<IW=-0. (77 6
YIi =B-SORT( ELAEGEARLAEG E - <’H  w +A)**2>
DS 0 = •<I.**( EI*.\J+ A)+.YI v)* ( YI V.f- R )
F S Q=D S 0 + E E A T * R S \ '1A L L * R S M A L L 
G =( 1 • 0+ R H A T ) * E I ;y + A 
H “ ( 1. 0+HP AT ) * YI ■:) - 3
E 0.7 ~ ( FS0E3 - SORTC F5Q A FS G-G - C G *G + GR-I ) * C FS9* FSO-R > G *RS R A L L Y * 2 

1 /C3 Y 3 + G * :n  
7 0.7 =-5QETC E3EALL YRSGALL- <QSi 'l- \ O V i)
FO \i C T = ( C EI .7+ A ) ■!: ( R I ;1 - \r OR ) + C V I R ) k ( Y I v i - Y  0V7 ) ) / C XO W * ( YIX - B ) - YO ,7 

1 ( < I 7 + A ) )
• E0C = m7-F'j MCT*YQW 
Y0C=Y07 + F JR0 i*X0;7 ■
R O C  = 5 Q H T  (CRT v7 - YOG ) **  2+ < 7 1W - Y O G  3 * * 2)
AXLA=6. 2 l332*E0G*< XOX-XIv; )
DELTA 1 - AT A>JC < 7117-TOO ) /( XOC-XI vH )
DLL T A.2= AT.A7 C ( f 0.7- YOG ) /( XOO- X0.7) )
' A R E A = A R L A + 6 * 2 3 3 2* C YOC+ E M 1 7+ HSMALL ) * ROC* < DLLT A 2- DELT A 1 )
.7E I Y E ( 6 > 11) XI .7* YI •;/, YOG , YOG * XOC* YOC, EOC> A H S A  

1 1 FO'"; VIATC / / 2 ’y 10* A, /j\, OKI o. A, d X s 3FI 0. i\9 5\f V 1 o. 5)
CALL iSXIT 
L\T D
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B.5 Listing of Program for Calculating; the Measuring Position
and G-eometry of Tangential Velocity Component

FL-3 00. o '  ........
ALFA = AT (2!5.0 / F L >
noj'i=03.4 • ’

KI X1 ~ 1 0 • 03 '
HI ?= 1 • A 9
HI.-/"1.33 ' •
J L ~ 0.6323F-6 ' •
A= 1 • 0
DA" 1.0 -

1 AI A =ATAM ( A* 3 1XI ( ALFA ) /3 0HT C HOD T * R 0 .'J T - A < A A S IM C ALFA) * 3 1 M C A L F A ) ) ) 
R ?= AT AM C SIM ( AI A ) /oORTCR'I ?*RI P-SIMC at A)*SIMC AI A) > >
AI P= AT AM C R 0 .JT A S X M C R?) / S OR T C RIXI * ; > IM - C ROOT * 3 1M ( RP) ) * * 2 ) )
RI P.<7 = RI P/Rl 3
R7=ATA\T( RT ?3 X- 3 I \)< AI P) /SORTC 1. O* ( R t rv/ * S t >J( AI P) ) **2) )
AL F A ?= AL F A+ HVJ + R P- AI A •* AI P • '
AP~A'P'j I>J( ALFA) /( RIM*3I\K ALFAP) )
SIM A \J P: IM ■*« S I M C ALF A P ) .
F 5 = 0 » 5 APL/SIMAM
:} RI TF ( O t  10) A> A P * ALF A. P* 3 I M AM > FS 

1-0 - FORMA T< 4 r  1 0. 3> R 1 2. 3 ) ' '
IFC A.-3T. RIM) GO TO 2 .
A= A+ DA 
■10 TO 1

2  CALL FT IT '
FT!)
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B.6 Listing of Program for Calculating the Measuring Position
and Geometry of Radial Velocity Component

F-lO.Ob '■ . ' ,
a = 31.7b ’
f l  = 3 00. o

J'IP=!./|9
H U  = 1.33 
:1 L̂ = 0. 63 230-6 
Ai A=A?AM(Bb/FL>
3 I M ;tP“ S I M ( a I A ) / ':< I P
TA3PP=3I MKP/30RTC 1 • 0-3 I MR?*SIMRP)
! I P= AT A \- C T A >J P. P > . - 
S==A*TAMR? . 
cI=0.b
D"{=0. b •
A 1 = I .. 0+ T AM H p:f» T AM H P .i ■ . ■ .

A 2 -  A 1
1 n 1« - 8 • 0* T A M p P* (H + S - A A M R ?)

C 1 = CM+3- A*T A M R P 3**8- tt* H
X I =- 031 + 3 OHT c ? 1 * *31 - a. o* a 1 *c n  > /  c £• -o* a n  .
7 1 =:i+ C CI -f- A)
' W - ' t t .  O'?' TAMR?* ( *1-5 + A*TATA?)
0 8 « a  i - s + A-*: t am h p ) * * 2- h* r
X S = - 038+ SOHTC P.21032-4. e*A2*C8> )/<£. C'*A2>
7 2=H - 5 + T AM : i ? * ( X 2 +’ A )
AL F A I = A T AM ( - 7 1 / < i ) '
AI pi= ALFA 1 - HP -

■ SIMHM 1=AI P-^SIMC AI P! )/RIM 
TAMIL1/ 1 = ii I MR-.v 1/3 QRT C 3 • 0- SI MRI71 *3 I MRvJ 1 )
R7 1 = AT AM C T A M Yii'J 1 )
IFC ALKA1.GT* r?,V 1 > 3L0P1 =- T AMC ALFA 1 -R0.1 )
IFC ALFA 1. LF. li.71 ) SLOPi =T AM C i'iJ-1 - ALFA 1 )
AT.. F A 2 = AT A M ( - Y 2 / X 2 )
AI P2= ALFiA2+ rt? '
S I M RM 2=H I P* 3 1M C A I P 2 )/HI
1 AM R.M 2 = S I M;U7 2/S 0 RT C 1. 0- SIM Rtf 8* SIM 13.7 2 3 
l i ' J  2 -  AT AM ( TAM MM 2)
3 I.', 0 F 2 ~ T A \t C ; Pi 2 - A L F A 9 >
X P= < 72- 7 1 + 3LOP 1* X 1 -SL O P 2 * X 3  > / ( SLO P 1 - SLO ? 2 )
7?= 71 + 3L 0 P 1 * ( X P- X 1 )

• AM 3 L M - A T A  v( C SL0P2-SL0P1 )/( 1. 0 + S L 0 P 2 A S L 0 P n  )
HA D  I >J S = S 0 RT ( X ?* X P+ 7 P* 7 P > ' ' • .
S IM AM = H I v/ A S IM ( 0 • S ■!* A M3 L £ ) '
FS-O. b^v/L/SIMAM
T = < 1.0-3L 0?1 * SLOPS ) / < SLO P 1 SLO F2 > 
bL 0P= C - 2. 0*T + 3 0 R T ( A . CF-T'*T + 4. 0) )/2. 0
3 H A D = 7 P / X P  . ’ ’ • •
PR0D=SL0P'*3 BAD
MRITFC 6, 1 0) i-J> RADIOS, AMGL£> SI MAM , SLOP, G BAD, ?ROD> F5 

10 FORMATCbFA. 3,,F1 0. 3> Fb. 3*K12. 3)
IF( K.GH. ( 0.7*R) ) GO TO 2 .
R =R+DH ' -
G O  TO'l

2 CALL £ X I T 
H MD
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