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Hydrodynamic performances of wave energy converter arrays 1 

in front of a vertical wall 2 

Fuat Kara, Sheffield Hallam University, Howard Street, Sheffield, S1 1WB, UK, fuat.kara@shu.ac.uk    3 

Abstract 4 

Wave power absorption with Wave Energy Converters (WECs) arrays in front of a vertical wall is 5 

predicted with an in-house transient wave-multibody numerical tool of ITU-WAVE which uses time 6 

marching scheme to solve a boundary integral equation for the analyses of hydrodynamic radiation 7 

and exciting forces. The perfect reflection of incident waves from a vertical wall is considered with 8 

method of images. Mean interaction factor, which can have constructive or destructive effect and 9 

determines the performances of WECs, is approximated with different array configurations. The 10 

vertical wall effect plays significant role over hydrodynamic parameters as the radiation and exciting 11 

forces show quite different behaviour in the case of WECs with and without vertical wall in an array 12 

system. The numerical results show that the performance and wave power absorption with WECs 13 

arrays in front of vertical wall are much greater compared to WECs arrays without vertical wall effect. 14 

This is mainly due to standing and nearly trapped waves between a vertical wall and WECs arrays in 15 

addition to strong interactions between WECs. The satisfactory agreements are obtained when the 16 

present ITU-WAVE numerical results for different hydrodynamic parameters in an array system are 17 

compared with other published analytical and numerical results.     18 

Keywords: method of images; wave power absorption with arrays; mean interaction factor; transient 19 

wave Green function; multibody interaction in front of a vertical wall; boundary integral equation  20 

1. Introduction 21 

Wave energy from ocean waves can be absorbed with or without a coastal structures effect (e.g., a 22 

vertical wall) using isolated, linear, square, or rectangular WECs arrays. The efficiency of these options 23 

depends on the geometries of WECs and WECs array configurations, control strategies to maximise 24 

the absorb wave power (Kara 2010), Power-Take-Off (PTO) systems, incoming wave heading angles 25 

(Kara 2016a), single mode of motion (e.g., heave or pitch) or multimode (e.g., heave and pitch). In 26 

addition to these parameters, in the case of WECs arrays in front of a vertical wall, the efficiency also 27 

depends on the separation distance between WECs (Kara 2016a) as well as a vertical wall and WECs. 28 

Although the installations, operations, and maintenances of WECs arrays at the offshore environment 29 

increase the overall cost significantly, the overall cost can be reduced by integrating WECs arrays with 30 

other coastal structures or placing WECs in front of coastal structures. As expected, the significant 31 

amount of wave power can be absorbed with WECs arrays compared to isolated WEC. This is mainly 32 
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due to the hydrodynamic interactions between a vertical wall and WECs arrays as well as nearly 33 

trapped waves in the gap of array configurations (Mustapa et.al., 2017; Zhao et.al., 2019a).             34 

The high energy costs can also be reduced by optimising the geometry of WECs (to increase 35 

hydrodynamic performances), control strategies (to improve efficiencies), and mechanical 36 

components (to avoid energy loses). In addition, using already available grid systems would result in 37 

to avoid additional cost and environmental impact effects. When the performance of WECs arrays in 38 

front of a vertical wall is compared with those of integration of WECs arrays with other maritime 39 

structures, it is found out that previous one shows the superiority although the deployments of 40 

mooring systems, installations, and maintenances are more challenging for WECs placed in front of a 41 

vertical wall (Mustapa et.al., 2017). This is mainly due to the improved efficiency of WECs arrays 42 

resulting from the optimised hydrodynamic interactions with the reflected waves from a vertical wall 43 

and WECs in an array system. 44 

The behaviour and performance of WECs in front of a vertical wall are studied both experimentally 45 

and numerically to define the effect of hydrodynamic interactions between a vertical wall and WECs 46 

arrays. The separation distances between a vertical wall and WECs as well as between WECs arrays 47 

play significant role on the maximum wave power absorption and performance of the array systems 48 

due to vertical wall effects (Schay et.al., 2013). The wave interaction and nearly trapped waves in the 49 

gap of WECs as well as a vertical wall and WECs can be used to increase the competitiveness and 50 

enhance the efficiency of array system. The performances of WEC arrays are studied with options of 51 

integrating or placing them in front of other maritime structures using different configurations 52 

including stationary and floating systems (e.g., Oscillating Water Column, Overtopping, oscillating 53 

buoys) (Michele et.al., 2019; Buriani et.al., 2017, Michele et.al., 2016; Ning et.al., 2016; Contestabile 54 

et.al., 2016; Sarkar et.al., 2015; He et.al., 2013).         55 

Impulse Response Functions (IRFs) of WECs arrays in front of a vertical wall, which is considered as the 56 

symmetry lines, can be predicted with method of images to approximate the flow behaviour around 57 

WECs arrays. The isolated WEC or WECs in an array system and their images with this method are used 58 

for the prediction of the frequency dependent radiation added-mass and damping coefficients as well 59 

as exciting forces in a channel or in front of vertical wall (Newman, 2016; Zhao et.al., 2019b). Method 60 

of images considers the vertical wall as infinite wall (Konispoliatis et.al., 2020) assuming infinite length 61 

and perfect reflection of incident waves. Alternatively, the vertical wall can be also considered as a 62 

finite wall (Loukogeorgaki et.al., 2020) considering the effect of finite length of the vertical wall on the 63 

hydrodynamic performances of WECs in an array system.  64 
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Analytical and numerical methods in two and three dimensions are used for the prediction of the wave 65 

power absorption in front of a vertical wall which is the function of exciting and radiation forces. The 66 

frequency domain methods in two (McIver and Porter, 2016) or three dimensions (Zheng and Zhang, 67 

2016; Schay et.al., 2013) as well as time domain methods with three-dimensional wave Green function 68 

can be used to predict the wave power absorption in front of a vertical wall. The strips in strip theory 69 

are used in two-dimensional methods in which the interaction effects between the strips are not 70 

considered. This limitation of two-dimensional methods can be removed using three dimensional 71 

methods as the interactions between discretised panels are taken automatically into account. As two 72 

and three-dimensional frequency domain methods are inherently linear, nonlinear effect can only be 73 

considered with two- or three-dimensional time domain methods which are used in the present study.    74 

There are three commonly used three-dimensional methods in both frequency and time domain to 75 

predict the hydrodynamic exciting and radiation forces of WECs in front of a vertical wall. These three-76 

dimensional methods take the hydrodynamic interactions between WECs and a vertical wall as well 77 

as between WECs into account. Rankine panel (Nakos et.al., 1993; Kring and Sclavounos, 1995) and 78 

wave Green function methods in both frequency and time domains (Chang, 1977; Kara, 2020, 2016a, 79 

2016b) are the most used Boundary Integral Equations Methods (BIEM) which are the numerical 80 

methods used to predict the hydrodynamic parameters of floating systems. As wave Green function 81 

satisfies the condition at infinity and free-surface boundary conditions automatically, hydrodynamic 82 

parameters are predicted by discretising the body surface only to satisfy the body boundary condition. 83 

However, in the case of Rankine panel methods, body boundary condition, condition at infinity and 84 

free-surface boundary conditions are satisfied numerically by discretising both some part of free 85 

surface and body surface which increase the computational time considerably. The third types of the 86 

methods are the analytical methods at which WEC geometries (e.g., sphere, vertical cylinder) are 87 

defined analytically. The analytical methods include direct matrix method (Kagemoto and Yue, 1986), 88 

plane wave analysis (Ohkusu, 1972) and point absorber (Budal, 1977). The direct matrix method is 89 

extensively used in academia and industry due to its accurate predictions of the hydrodynamic 90 

performances of floating bodies in an array system.   91 

The wave energy absorption from ocean waves with WEC arrays in front of a vertical wall did not get 92 

much attention in the open literature compared to the exploitation of WECs without vertical wall 93 

effect. The efficiency of WECs arrays can be increased using a vertical wall which magnifies the 94 

absorbed wave power. In the context of hydrodynamic performance of WECs in front of a vertical wall, 95 

most of the papers in the literature is focused on the exciting forces due to incident and diffracted 96 

waves whilst the hydrodynamic radiation forces due to oscillations of WECs in an array system did not 97 

get much attention. The shortcoming of the existence literature in these fields will be filled with the 98 
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present work. In addition, to the best of the authors’ knowledge, the free-surface transient wave 99 

Green function is not used before for the prediction of the hydrodynamic radiation and exciting force 100 

parameters of WECs arrays in front of a vertical wall. This is an additional novel contribution to the 101 

knowledge in this field by the present study.         102 

Method of images assuming infinite vertical wall length is used in the present paper to predict the 103 

time dependent diagonal and interaction IRFs of exciting forces, which are the superposition of 104 

diffraction and Froude-Krylow forces, and radiation forces for 1x5, 2x5, 3x5, 4x5 and 5x5 sphere WECs 105 

arrays in front of a vertical wall at sway and heave modes. Fourier transform of IRFs is then used to 106 

obtain the frequency dependent exciting force amplitude as well as radiation added-mass and 107 

damping coefficients. These frequency dependent hydrodynamic parameters are then compared with 108 

other published numerical and analytical results for the validation of the present three-dimensional 109 

ITU-WAVE numerical results. The absorbed wave power, which are the functions of the hydrodynamic 110 

exciting and radiation forces, is directly predicted in time domain taking the average of instantaneous 111 

wave power signals. The contribution of transient effects on numerical results for wave power 112 

prediction is avoided by using only last half of the instantaneous wave power signals. 113 

2. Numerical modelling of WECs arrays in front of a vertical wall     114 

2.1. Equation of motion of WECs in an array system 115 

The right-handed body-fixed Cartesian coordinate system 𝑥⃗ = (𝑥, 𝑦, 𝑧) for the solution of initial value 116 

problem is used to determine the fluid flow around WECs arrays in front of a vertical wall as presented 117 

in Figure 1. The coordinate system is placed on the free-surface and coincides with z=0 or xy-plane 118 

whilst the origin of the coordinate system is on the middle of the vertical wall. The positive z- and x-119 

directions are towards upward and forward respectively. WECs arrays in front of a vertical wall 120 

oscillates at their mean position due to impulsively exited incident waves at the origin of the body 121 

fixed coordinate system. The boundaries of the initial-value problem are presented with surface at 122 

infinity 𝑆∞ in Figure 1. Furthermore, the free surface is given with 𝑆𝑓(𝑡) whilst the surface at 123 

intersection between body and free surface is presented with Γ(t). In addition, body surface is given 124 

with 𝑆𝑏(𝑡) whilst the surface of a vertical wall is presented with 𝑆𝑤𝑙(𝑡) in Figure 1 (Kara, 2020).      125 
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 126 

Figure 1: Coordinate system and surfaces of 5x5 WECs arrays of sphere in front of a vertical wall in xy-plane 127 

In Figure 1, the position of WECs in front of a vertical wall is given with numbers (1, 2, 3,…,25). The 128 

incident wave heading angles are presented with 𝛽 and 𝛽 = 90° is used for beam seas whilst 𝛽 =129 

180° is used for head seas. 𝑑 is the separation distance between WECs whilst 𝑤𝑙 is the separation 130 

distance between last row of WECs (e.g., WEC21, …, WEC25) and the vertical wall in Figure 1.  131 

The hydrodynamic performances of WECs arrays in time domain are solved assuming that fluid is 132 

inviscid and incompressible, and its flow is irrotational such that there are no lifting effects and fluid 133 

separation. These assumptions on fluid and its flow result in using the potential theory and implicitly 134 

also mean that the time dependent flow velocity 𝑉⃗⃗(𝑥⃗, 𝑡) can be represented as the gradient of the 135 

velocity potential 𝑉⃗⃗(𝑥⃗, 𝑡) = ∇Φ(𝑥⃗, 𝑡). The use of potential theory also means that Laplace equation 136 

∇2Φ(𝑥⃗, 𝑡) = 0 dictates the solutions of the time dependent velocity potentials Φ(𝑥⃗, 𝑡).      137 

The time dependent equation of motion of WECs arrays in front of a vertical wall in Eq. (1) is the 138 

functions of acceleration relevant to inertia terms, hydrostatic restoring forces, and time dependent 139 

hydrodynamic restoring forces and exciting force parameters (Cummins 1962). The effects of the 140 

incident waves result in the pressure changes around WECs arrays which cause the oscillations of 141 

WECs. The oscillating WECs in an array system generate the radiated waves on the free surface which 142 

are presented by the convolution integral on the left-hand side of Eq. (1) whilst the effects of incident 143 

and diffracted waves are presented with convolution integral on the right-hand side of Eq. (1).      144 
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∑(𝑀𝑘𝑘𝑖
+ 𝑎𝑘𝑘𝑖)𝑥̈𝑘𝑖(𝑡) + (𝑏𝑘𝑘𝑖 +𝐵𝑃𝑇𝑂−𝑘𝑘𝑖)𝑥̇𝑘𝑖(𝑡) + (𝐶𝑘𝑘𝑖 + 𝑐𝑘𝑘𝑖 + 𝐶𝑃𝑇𝑂−𝑘𝑘𝑖)𝑥𝑘𝑖(𝑡) +∫ 𝑑𝜏𝐾𝑘𝑘𝑖(𝑡 − 𝜏)𝑥̇𝑘𝑖(𝜏)

𝑡

0

6

𝑘=1

145 

= ∫ 𝑑𝜏𝐾𝑘𝐷𝑖(𝑡 − 𝜏)𝜁(𝜏)
∞

−∞

   (1) 146 

where upper boundary of sum 𝑘 = 1, 2, 3, … ,6 represents the rigid modes of motions of surge, sway, 147 

heave, roll, pitch, and yaw respectively whilst index 𝑖 = 1, 2, 3, … ,𝑁 is for number of WECs in an array 148 

system. 𝑥𝑘(𝑡) = (1, 2, 3, … ,𝑁)
𝑇, 𝑥̇𝑘(𝑡) and 𝑥̈𝑘(𝑡), where dots represent time derivatives, is used for 149 

displacements, velocities, and accelerations, respectively. 𝑀𝑘𝑘  is the inertia mass matrix whilst 𝐶𝑘𝑘  is 150 

the hydrostatic restoring coefficients in Eq. (2). 𝑚 and 𝐶 are the inertia mass and restoring coefficient 151 

of an isolated WEC respectively. As the same radius 𝑅 is used for all spheres in WECs arrays, the 152 

restoring force and inertia mass of each WEC are the same  𝐶1 = 𝐶2 = ⋯ = 𝐶𝑁 = 𝐶 and 𝑚1 = 𝑚2 =153 

⋯ = 𝑚𝑁 = 𝑚 respectively.           154 

𝑀𝑘𝑘 = (
𝑚1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚𝑁

) , 𝐶𝑘𝑘 = (
𝐶1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐶𝑁

)  (2) 155 

The time and frequency independent restoring coefficient 𝑐𝑘𝑘, damping coefficient 𝑏𝑘𝑘 and infinite 156 

added mass 𝑎𝑘𝑘 coefficients in Eq. (3) depend on geometry and are relevant to displacement, velocity, 157 

and acceleration, respectively. The interaction terms are represented with off-diagonal terms whilst 158 

the diagonal terms represent the contribution of each WEC in an array system. IRF 𝐾𝑘𝑘(𝑡), which is 159 

the function of the time and geometry, represent the force on k-th body due to the impulsive velocity 160 

of k-th body. The oscillations of WECs in an array system cause the disturbance of free surface which 161 

is known as the memory effect of the fluid responses.  The convolution integral on the left-hand side 162 

of Eq. (1) are used to represent the memory effect and the effect of the wave damping (Ogilvie 1964). 163 

𝐾𝑘𝑘(𝑡) = (
𝐾11 ⋯ 𝐾1𝑁
⋮ ⋱ ⋮
𝐾𝑁1 ⋯ 𝐾𝑁𝑁

) , 𝑎𝑘𝑘 = (

𝑎11 ⋯ 𝑎1𝑁
⋮ ⋱ ⋮
𝑎𝑁1 ⋯ 𝑎𝑁𝑁

) , 𝑏𝑘𝑘 = (
𝑏11 ⋯ 𝑏1𝑁
⋮ ⋱ ⋮
𝑏𝑁1 ⋯ 𝑏𝑁𝑁

) , 𝑐𝑘𝑘 = (

𝑐11 ⋯ 𝑐1𝑁
⋮ ⋱ ⋮
𝑐𝑁1 ⋯ 𝑐𝑁𝑁

) (3) 164 

 165 

The origin of the body-fixed coordinate system in Figure 1 is used to predict the time dependent 166 

exciting force IRFs 𝐾𝑘𝐸(𝑡) = (𝐾1𝐸 , 𝐾2𝐸 , 𝐾3𝐸 , … , 𝐾𝑁𝐸)
𝑇 on the k-th body due to impulsive incident wave 167 

elevation 𝜁(𝑡), which is a uni-directional incoming wave system with arbitrary heading angles, as 168 

presented in Eq. (4). The superposition of diffraction and Froude-Krylov IRFs results in the exciting 169 

forces and moments 𝐾𝑘𝐸(𝑡) in time on the right-hand side of Eq. (1) (King, 1987).     170 

𝐹𝑘𝐸(𝑡) = ∫ 𝑑𝜏𝐾𝑘𝐸𝑖(𝑡 − 𝜏)𝜁(𝜏)

∞

−∞

       (4) 171 
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The elements of PTO in Eq. (5) are the time independent and frequency dependent wave damping 172 

coefficient 𝐵𝑃𝑇𝑂−𝑘𝑘 matrix and 𝐶𝑃𝑇𝑂−𝑘𝑘 which is the time and frequency independent restoring 173 

coefficient matrix. It is theoretically known that the maximum wave power is absorbed at the resonant 174 

frequency (Budal and Falnes, 1976). It is the reason that the diagonal elements of PTO matrix 𝐵𝑃𝑇𝑂−𝑘𝑘 175 

in Eq. (5) are selected as the wave damping at the resonant frequency at which the natural frequency 176 

of isolated WEC and incident wave excitation frequency are equal. For the simplicity purpose, the off-177 

diagonal terms of PTO matrix, which represent the wave damping due to cross-interaction between 178 

WECs in an array system, are considered zero. The elements of 𝐶𝑃𝑇𝑂−𝑘𝑘 are considered zero for heave 179 

mode while for sway mode, the diagonal elements of 𝐶𝑃𝑇𝑂−𝑘𝑘 are taken the same as hydrostatic 180 

restoring coefficient of heave mode to have the same natural frequency and displacement in both 181 

heave and sway modes. In this case, it would be possible to compare heave and sway motions and 182 

power variables directly to decide which modes of motion are more effective and efficient for power 183 

absorption. 184 

𝐵𝑃𝑇𝑂−𝑘𝑘 = (
𝐵𝑖𝑠𝑜(𝜔𝑛) ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝐵𝑖𝑠𝑜(𝜔𝑛)

) , 𝐶𝑃𝑇𝑂−𝑘𝑘 = (
𝐶1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐶𝑁

)  (5) 185 

where the natural frequency of each isolated WEC is given with 𝜔𝑛 . The time marching scheme with 186 

fourth order Runge-Kutta method (Kara 2016b, 2015) can be used to solve the equation of motion Eq. 187 

(1) after determination of PTO damping 𝐵𝑃𝑇𝑂−𝑘𝑘 , restoring 𝐶𝑃𝑇𝑂−𝑘𝑘 matrices, and inertia mass matrix 188 

𝑀𝑘𝑘 . The time and frequency independent added-mass at infinite wave frequency 𝑎𝑘𝑘, wave damping 189 

𝑏𝑘𝑘 and restoring 𝑐𝑘𝑘 coefficients are also input for Eq. (1). In addition, Eq. (1) at each time step 190 

requires the hydrodynamic restoring or wave damping which is represented with convolution integral 191 

on the left-hand side of Eq. (1) and is the function of the radiation IRFs and velocity of WECs.  192 

Furthermore, the exciting force at each time step is also required and represented with convolution 193 

integral on the right-hand side of Eq. (1).       194 

2.2. Integral equation of WECs in an array system 195 

The transient wave Green function is used to solve the initial value problem which can be modelled as 196 

a surface integral equation and requires the satisfaction of the initial condition, free surface boundary 197 

condition, body boundary condition and condition at infinity. The transient wave Green function 198 

satisfy the free-surface boundary condition and condition at infinity automatically which means only 199 

body boundary condition need to be satisfied numerically (Wehausen and Laitone 1960). The transient 200 

boundary integral equation of the source strength in time on WECs in an array system (Kara 2020) is 201 

obtained by applying Green’s theorem and using the properties of the transient wave Green function 202 

and potential theory in Eq. (6).  203 
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{
 
 

 
 σ1(P, t) +

1

2π
∬ dSQ

∂

∂nP
G(P,Q, t − τ)|S1σ1(Q, t)

S1

+⋯+
1

2π
∬ dSQ

∂

∂nP
G(P,Q, t − τ)|S1σN(Q, t)

SN

= −2
∂

∂nP
ϕ(P, t)|S1

⋮

σN(P, t) +
1

2π
∬ dSQ

∂

∂nP
G(P,Q, t − τ)|SNσ1(Q, t)

S1

+⋯+
1

2π
∬ dSQ

∂

∂nP
G(P,Q, t − τ)|SNσN(Q, t)

SN

= −2
∂

∂nP
ϕ(P, t)|SN

 (6) 204 

 205 

and the time dependent potential on each WEC in an array system 206 

{
 
 

 
 ϕ1(P, t) = −

1

4π
∬ dSQG(P,Q, t − τ)|S1σ1(Q, t)
S1

−⋯−
1

4π
∬ dSQG(P,Q, t − τ)|S1σN(Q, t)
SN

⋮

ϕN(P, t) = −
1

4π1
∬ dSQG(P,Q, t − τ)|SNσ1(Q, t)
S1

−⋯−
1

4π
∬ dSQG(P,Q, t − τ)|SNσN(Q, t)
SN

                           (7) 207 

 208 

where the transient Green function, which has time dependent and time independent parts, is given 209 

by G(P, Q, t − τ) = (
1

r
−

1

r′
) δ(t − τ) + H(t − τ)G̃(P, Q, t − τ) in which the time independent part is 210 

known as Rankine parts and are presented with (
1

r
−

1

r′
) whilst the time dependent part is known as 211 

transient or memory part and is given by G̃(P, Q, t − τ) which represents the free surface effect due 212 

to oscillation of WECs in an array system. The interactions of the discretised surface panels are given 213 

with r = √(x − ξ)2 + (y − η)2 + (z − ζ)2 which represents the distance between field points 214 

P(x, y, z) and source or integration points 𝑄(ξ, η, ζ) whilst the image part that is distance between 215 

field point and image integration point above free surface is presented with r′ =216 

√(x − ξ)2 + (y − η)2 + (z + ζ)2.  Dirac delta function and Heaviside unit step function are presented 217 

with δ(t − τ) and H(t − τ) respectively. WECs in an array system are discretised with quadrilateral 218 

panels and analytical integrations (Hess and Smith 1964) are used to predict the solution of Rankine 219 

parts (
1

r
,
1

r′
). The mixed solution methods for the surface integration are used depending on the 220 

distance between field points P(x, y, z) and integration points 𝑄(ξ, η, ζ). The exact solution, a multi-221 

pole extension and a monopole expansion are used for the small, intermediate, and large values of 222 

r(𝑃, 𝑄) respectively.         223 

 224 

G̃(P, Q, t − τ) = 2∫ dk√kgsin(√kg(t − τ))ek(z+ζ)J0(kR)
∞

0
 represents the transient or memory part 225 

where J0(kR) is the zero order Bessel function. k is the wave number whilst 𝑅 = √(x − ξ)2 + (y − η)2 226 

is the distance between field points P(x, y, z) and integration points 𝑄(ξ, η, ζ) on the free surface. 𝑔 is 227 

gravitational acceleration. The solution of transient wave part G̃(P, Q, t − τ) of Green function 228 
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G(P, Q, t − τ) over quadrilateral panels are mapped into a unit square and then are integrated 229 

numerically with 2x2 two-dimensional Gaussian quadrature after the solution of the transient wave 230 

Green function analytically G̃(P, Q, t − τ) (Liapis 1986, King 1987, Kara 2000). The prediction of 231 

memory part G̃(P, Q, t − τ) is the computationally expensive so that it is important to use accurate 232 

and efficient methods. As only one kind of analytical method cannot be used for the solution due to 233 

convergence problems, five analytical methods depending on time and space parameters, which are 234 

function of relative position of field and integration points, are used to predict the time dependent 235 

wave Green function G̃(P, Q, t − τ) part including asymptotic expansion of complex error function, 236 

Bessel function, Filon quadrature, asymptotic expansion, and power series expansion. 237 

The time dependent potentials (ϕ1, ϕ2, ϕ3, … , ϕN) in Eq. (7), N being the number of WECs in an array 238 

system, is predicted with time marching scheme after the solution of the time dependent boundary 239 

integral equations for source strengths (σ1, σ2 , σ3, … , σN) in Eq. (6). The time dependent fluid 240 

velocities are then calculated as the gradient of the potentials (∇ϕ1, ∇ϕ2, ∇ϕ3, … , ∇ϕN). The only 241 

difference for the solution of the boundary integral equation of the radiation and diffraction problems 242 

is the time dependent body boundary conditions, which are the terms on the right-hand-side of Eq. 243 

(6). Eq. (6) can be used for the predictions of both radiation and diffraction time dependent source 244 

strengths (σ1 , σ2, σ3 , … , σN), which describe the flow behaviour around WECs in an array system. As 245 

the condition at infinity and free-surface boundary condition are satisfied automatically by the 246 

transient wave Green Function part G̃(P, Q, t − τ), only the body surfaces beneath free surface of 247 

WECs in an array system is discretised with quadrilateral elements over which the constant source 248 

strengths are used for the solution of the boundary integral equation Eq. (6) in time. The discretisation 249 

of the surfaces of WECs in an array system implies that unknown finite number of the source strengths 250 

(σ1, σ2 , σ3, … , σN) are replaced with continuous singularity distributions. The collocation points of 251 

each quadrilateral elements are used to satisfy the boundary integral equation Eq. (6) which results in 252 

a system of algebraic equation for the prediction of the time dependent source strengths 253 

(σ1, σ2 , σ3, … , σN) on each quadrilateral element.  254 

 255 

2.3. Instantaneous and mean absorbed wave power 256 

The instantaneous wave power 𝑃𝑖𝑛𝑠𝑘𝑖
(𝑡) from ocean waves is converted to useful electrical energy at 257 

each mode of motion from each WEC in an array system with PTO system. The time dependent 258 

instantaneous absorbed wave power 𝑃𝑖𝑛𝑠𝑘𝑖
(𝑡) is presented in Eq. (8) and is the functions of exciting 259 

force, radiation force, and velocity of each WEC placed in front of a vertical wall.           260 
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𝑃𝑖𝑛𝑠𝑘𝑖
(𝑡) = [𝐹𝑒𝑥𝑐𝑘𝑖

(𝑡) + 𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡)] ∙ 𝑥̇𝑘𝑖(𝑡)                 (8) 261 

where 𝐹𝑒𝑥𝑐𝑘𝑖
(𝑡) in Eq. (9) is the time dependent exciting force due to incident and diffracted waves 262 

and 𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡) in Eq. (10) is the radiation force due to oscillation of each WEC in an array system whilst 263 

the velocities of each WEC in front of a vertical wall are presented with 𝑥̇𝑘𝑖(𝑡) (Kara 2010, 2016a).    264 

𝐹𝑒𝑥𝑐𝑘𝑖
(𝑡) = 𝐹𝑘𝑖(𝑡) = ∫ 𝑑𝜏𝐾𝑘𝐷𝑖(𝑡 − 𝜏)𝜁(𝜏)

∞

−∞

  (9) 265 

𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡) = 𝐹𝑘𝑘𝑖(𝑡) = −𝑎𝑘𝑘𝑖𝑥̈𝑘𝑖(𝑡) − 𝑏𝑘𝑘𝑖𝑥̇𝑘𝑖(𝑡) − 𝑐𝑘𝑘𝑖𝑥𝑘𝑖(𝑡) − ∫ 𝑑𝜏𝐾𝑘𝑘𝑖(𝑡 − 𝜏)𝑥̇𝑘𝑖(𝜏)

𝑡

0

     (10) 266 

The product of time dependent exciting force 𝐹𝑒𝑥𝑐𝑘𝑖
(𝑡) in Eq. (9) and WEC velocity 𝑥̇𝑘𝑖(𝑡) results in the 267 

absorbed total exciting wave power 𝑃𝑒𝑥𝑐𝑘𝑖
(𝑡) = 𝐹𝑒𝑥𝑐𝑘𝑖

(𝑡) ∙ 𝑥̇𝑘𝑖(𝑡) from incident wave at any heading 268 

angles. The product of time dependent velocity 𝑥̇𝑘𝑖(𝑡) and radiation force 𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡) in Eq. (10) results 269 

in radiation wave power 𝑃𝑟𝑎𝑑𝑘𝑖
(𝑡) = 𝐹𝑟𝑎𝑑𝑘𝑖

(𝑡) ∙ 𝑥̇𝑘𝑖(𝑡) which is the power that is radiated back to sea. 270 

The absorbed mean wave power 𝑃̅𝑖𝑛𝑠𝑘𝑖
(𝑡) with PTO system from ocean waves over a range of time 𝑇 271 

in Eq. (11) is averaged to predict the absorbed useful wave power.       272 

𝑃̅𝑖𝑛𝑠𝑘𝑖
(𝑡) =

1

𝑇
∫ 𝑑𝑡 ∙ [𝐹𝑒𝑥𝑐𝑘𝑖

(𝑡) + 𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡)] ∙ 𝑥̇𝑘𝑖(𝑡)

𝑇

0

   (11) 273 

where T is the total simulation time and Eq. (11) is approximated directly with numerical integration 274 

𝑃̅𝑖𝑛𝑠𝑘𝑖
(𝑡𝑗) ≅

1

𝑛𝑗
∑[𝐹𝑒𝑥𝑐𝑘𝑖

(𝑡𝑗) + 𝐹𝑟𝑎𝑑𝑘𝑖
(𝑡𝑗)] ∙ 𝑥̇𝑘𝑖(𝑡𝑗)

𝑛𝑗

𝑗=1

   (11𝑎) 275 

where 𝑗 = 1, 2, 3, . . . , 𝑡𝑁 . 𝑡𝑁 is the total number of time step whilst 𝑛𝑗  is the number of samples (𝑇 =276 

𝑛𝑗∆𝑡). ∆𝑡 is the time step size. The transient effects are avoided considering only the last half of the 277 

simulation to predict the time dependent parameters including the averaged (mean) absorbed wave 278 

power in Eq. (11a).  279 

𝑃̅𝑇𝑘(𝑡) =∑𝑃̅𝑖𝑛𝑠𝑘𝑖
(𝑡)

𝑁

𝑖=1

     (12) 280 

The time dependent absorbed total mean wave power 𝑃̅𝑇𝑘(𝑡) in Eq. (12) at mode of motion of 𝑘 is the 281 

superposition of the mean wave power that is absorbed with each 𝑖 − 𝑡ℎ WEC in an array system in 282 

front of a vertical wall with N numbers of WECs. 283 

 284 
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2.4. Mean interaction factor 285 

The mean interaction factor 𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) at any incident wave frequency is used to measure the gain 286 

factor due to the interaction of WECs in an array system in front of a vertical wall. 𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) is the 287 

functions of wave power absorbed by N interacting WECs and an isolated WEC at any given heading 288 

angles. The constructive (𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) > 1) and destructive (𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) < 1) effects of mean 289 

interaction factor 𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) depend on the separation distance between WECs as well as a vertical 290 

wall and WECs, incident wave heading angles, geometry of WECs, and control strategies to improve 291 

the efficiency of WECs in an array system. 292 

The frequency dependent mean interaction factor 𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) at any incident wave frequency in Eq. 293 

(13) is given as the ratio of the sum of mean absorbed wave power with N number of WECs in an array 294 

system in front of a vertical wall to N times the mean absorbed wave power with an isolated WEC at 295 

the resonant frequency (Thomas & Evans 1981).  296 

𝑞𝑚𝑒𝑎𝑛,𝑘(𝜔) =
𝑃̅𝑇𝑘(𝜔)

𝑁 × 𝑃̅𝑖𝑛𝑠𝑘0
(𝜔𝑛)

     (13) 297 

where N is the number of WECs in an array system. The sum of the mean absorbed wave power at 298 

any mode of motion 𝑘 is given with 𝑃̅𝑇𝑘(𝜔) at any given incident wave frequency 𝜔 whilst the mean 299 

absorbed wave power with an isolated WEC is given with 𝑃̅𝑖𝑛𝑠𝑘0
(𝜔𝑛) at the resonant frequency 𝜔𝑛 . 300 

𝑃̅𝑇𝑘(𝜔) at the incident wave frequency 𝜔 is the mean value of 𝑃̅𝑇𝑘(𝑡) in Eq. (12) whilst 𝑃̅𝑖𝑛𝑠𝑘0
(𝜔𝑛) at 301 

the natural frequency 𝜔𝑛  is the mean value of 𝑃̅𝑖𝑛𝑠𝑘0(𝑡).    302 

3. Numerical results and discussions of WECs in an array system 303 

The present numerical results of hydrodynamic parameters (e.g., exciting and radiation IRFs, exciting 304 

force amplitudes, added-mass and damping coefficients) and wave power absorptions from ocean 305 

waves with WECs in an array system with and without a vertical wall effect are predicted with in-house 306 

transient wave-multibody interaction computational tool of ITU-WAVE (Kara, 2021, 2020, 2016a, 307 

2016b, 2015, 2010, 2000).   308 

3.1. Validation of ITU-WAVE numerical results with analytical and other numerical results 309 

The present ITU-WAVE numerical results of diagonal and interaction added-mass and damping 310 

coefficients, exciting force amplitudes, and mean interaction factors of absorbed wave power are 311 

validated against different configurations of WECs arrays including 1x5 and 2x2 arrays of truncated 312 

vertical cylinder in front of a vertical wall and 2x5 arrays of vertical cylinder with hemisphere bottom 313 

without vertical wall effect.   314 

 315 
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3.1.1. Truncated vertical cylinder of 1x5 arrays in front of a vertical wall – radiation forces 316 

The method of images in the present ITU-WAVE numerical tool is used to predict the hydrodynamic 317 

parameters of 1x5 linear arrays of truncated vertical cylinders. The analytical results of Konispoliatis 318 

et.al. (2020) is then used for the validation of ITU-WAVE numerical results. The convergence test is 319 

conducted in space and time which are converged with 256 panels for each WEC in space and 0.05 320 

nondimensional time step size ∆𝑡√𝑔/𝑅 in time. When surge and sway mode nondimensional diagonal 321 

IRFs are compared in Figure 2(a), it can be observed that surge IRF decays faster at larger 322 

nondimensional time steps of 15 and 25. As the area under IRFs represents the energy to be captured 323 

(Kara, 2020, 2016a), this implicitly means that sway mode stores more energy at larger times 324 

compared to surge mode. The nondimensional interaction IRFs in sway mode between WEC1 and 325 

WEC2 (K12) as well as between WEC1 and WEC3 (K13) are shown in Figure 2(b). The behaviour of 326 

diagonal IRF in Figure 2(a) and interaction IRFs in Figure 2(b) in sway mode are quite different. The 327 

interaction IRFs show greater oscillation amplitudes at larger times whilst diagonal IRF decays to zero 328 

just after nondimensional time step of 4. It can be also seen in Figure 2(b) that when the separation 329 

distances between WECs increase, the interaction strength or oscillation amplitude decreases which 330 

implicitly means that available wave energy from ocean waves to capture decreases. This can be 331 

clearly observed in Figure 2(b) between sway IRFs of K12 and K13.     332 

   333 

Figure 2: Linear 1x5 arrays of truncated vertical cylinder in front of a vertical wall with radius R, d=8R, wl=4R, 334 

draft T=R; (a) surge and sway diagonal IRFs of K11 for WEC1; (b) sway interaction IRFs of K12 and K13. 335 

Figure 3(a) and (b) show the dimensionless diagonal added-mass (𝐴11
11) and damping (𝐵11

11) coefficients 336 

in surge mode for 1x5 arrays of truncated vertical cylinder, respectively. The present ITU-WAVE 337 

numerical results are compared with analytical results of Konispoliatis et.al. (2020). The comparison 338 

of present numerical results with analytical results shows satisfactory agreements as can be seen in 339 

Figure 3(a) and (b). In the context of linear analysis, time and frequency domain results are dependent 340 

on each other through Fourier transform. The frequency dependent added-mass (𝐴11
11) in Figure 3(a) 341 
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and damping (𝐵11
11) in Figure 3(b) coefficients are obtained by taking Fourier transform of time 342 

dependent diagonal surge IRFs (K11) of Figure 2(a).   343 

 344 

Figure 3: Surge dimensionless diagonal radiation force coefficients of WEC1; (a) 𝐴11
11; (b) 𝐵11

11. 345 

Figure 4(a) and (b) show the dimensionless interaction added-mass (𝐴22
12 ) and damping (𝐵22

12) 346 

coefficients in sway mode between WEC1 and WEC2 for 1x5 arrays of truncated vertical cylinder. The 347 

present ITU-WAVE results are compared with analytical results (Konispoliatis et.al. 2020) which show 348 

satisfactory agreements.      349 

  350 

Figure 4: Sway dimensionless radiation interaction force coefficients between WEC1 and WEC2; (a) 𝐴22
12; (b) 𝐵22

12. 351 

3.1.2. Truncated vertical cylinder of 2x2 arrays in front of a vertical wall – exciting forces 352 

The nondimensional exciting IRFs (𝐾2𝐸) in sway mode for 2x2 arrays of truncated vertical cylinder at 353 

incident wave angle of 270o are presented in Figure 5. The exciting IRFs for WEC1 and WEC2 as well as 354 

WEC3 and WEC4 are the same due to the symmetry of WECs with respect to the heading angle of 355 

270o.  356 
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 357 

Figure 5: Sway nondimensional exciting force IRFs (𝐾2𝐸) of square 2x2 arrays of truncated vertical cylinder in 358 

front of a vertical wall. 359 

The dimensionless sway exciting force amplitudes of square 2x2 arrays of truncated vertical cylinders 360 

at the incident wave angle of 270o are compared with the numerical results of Chatjigeorgiou (2019) 361 

for WEC1 & WEC2 and WEC3 & WEC4 in Figure 6(a) and 6(b) respectively. The present frequency 362 

dependent sway exciting force amplitudes of ITU-WAVE numerical results and those of Chatjigeorgiou 363 

(2019) show satisfactory agreements. The wave exciting force amplitudes for WEC1 and WEC2 as well 364 

as WEC3 and WEC4 are obtained via Fourier transform of exciting IRFs of Figure 5 in sway mode. As in 365 

sway exciting IRFs of Figure 5, the exciting force amplitude of WEC1 and WEC2 as well as WEC3 and 366 

WEC4 are the same due to the symmetry of WECs with respect to incident wave angle of 270o.    367 

  368 

Figure 6: Sway nondimensional exciting force amplitudes (𝐹2𝐸); (a) WEC1 and WEC2; (b) WEC3 and WEC4.  369 

3.1.3. Vertical cylinder with hemisphere bottom of 2x5 arrays – mean interaction factor 370 

The heave exciting force IRFs and amplitudes of 2x5 arrays of vertical cylinder with hemisphere bottom 371 

are presented in Figure 7(a) and 7(b) respectively. It may be noticed in Figure 7(a) and 7(b) that heave 372 

exciting IRFs and force amplitudes of WEC1, WEC2, WEC3, WEC4, WEC5 and WEC6, WEC7, WEC8, 373 

WEC9, WEC10 are the same due to the symmetry of WECs with respect to incident wave angle of 90o.  374 
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 375 

Figure 7: Heave dimensionless exciting force of rectangle 2x5 arrays of vertical cylinder with hemisphere bottom 376 

without wall effect; (a) 𝐾3𝐸 ; (b) 𝐹3𝐸.  377 

The dimensionless heave diagonal and interaction radiation IRFs are presented in Figure 8(a) and 8(b). 378 

When heave diagonal IRF (K11) is compared with interaction K12, K13, K14 and K15 where K15 represents 379 

the interaction IRF between WEC1 and WEC5, it can be observed in Figure 8(a) that diagonal IRF (K11) 380 

is almost 8 times greater than interaction IRFs. When the separation distances between WECs increase 381 

in Figure 8(b), the amplitudes of interaction IRFs decrease. This implicitly means that hydrodynamic 382 

interactions between WECs are weaker. The interaction IRFs decay to zero after a few oscillations in 383 

the case of closer proximity (e.g., K16, K17) in Figure 8(b) whilst, when the separation distance between 384 

WECs increases, it takes longer times for interaction IRFs to decay to zero and oscillations with greater 385 

amplitudes shift to longer times (e.g., K19, K110).      386 

  387 

Figure 8: Heave dimensionless diagonal and interaction radiation force IRFs; (a) K11 – K15; (b) K16 – K110. 388 

The dimensionless heave diagonal and interaction hydrodynamic coefficients are presented in Figure 389 

9(a) and 9(b) for added-mass and in Figure 10(a) and 10(b) for damping coefficients. Figure 9(a) and 390 

10(a) represent the diagonal and interaction added-mass and damping coefficients of 1st row of 2x5 391 

arrays whilst 2nd row results are presented in Figure 9(b) and 10(b) respectively. When the separation 392 

distances increase between WECs, the amplitudes of interaction added-mass and damping 393 

coefficients decrease in Figure 9(b) and 10(b). It may be also noticed that when the separation 394 
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distances increase between WECs, the interaction added-mass and damping coefficients require more 395 

oscillation to decay to zero.     396 

 397 

Figure 9: Heave dimensionless diagonal and interaction added-mass coefficients; (a) A11- A15; (b) A16- A110. 398 

  399 

Figure 10: Heave dimensionless diagonal and interaction damping coefficients; (a) B11- B15; (b) B16- B110.  400 

The predicted mean interaction factor of ITU-WAVE is compared with numerical result of McCallum 401 

et.al. (2014) in Figure 11. The present ITU-WAVE numerical result shows satisfactory agreement with 402 

that of McCallum et.al. (2014). In addition to mean interaction factor, which is the sum of mean 403 

interaction factor of 1st row (WEC1-WEC5) and 2nd (WEC6-WEC10) row of 2x5 arrays system, the mean 404 

interaction factors of 1st and 2nd rows are also presented in Figure 11. The mean interaction factor of 405 

2nd row, which is in the wake of 1st row that meets with the incident wave first, is greater and has more 406 

constructive effect compared to 1st row. This is mainly due to the strong hydrodynamic interactions 407 

and nearly trapped waves in the gap of 1st and 2nd rows of WECs in an array system. The mean 408 

interaction factor has maximum constructive effect at dimensionless natural frequency of 0.5 whilst 409 

it has destructive effect at about dimensionless incident wave frequency of 0.6. The mean interaction 410 

factor oscillates about 𝑞𝑚𝑒𝑎𝑛 = 1.0 up to dimensionless incident wave frequency of 0.4 which means 411 

that the same amount of wave energy from ocean waves is absorbed with isolated WECs and rectangle 412 

2x5 arrays whilst mean interaction factor has mainly constructive effects at dimensionless higher 413 

incident wave frequencies.   414 
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 415 

Figure 11: Mean interaction factor 𝑞𝑚𝑒𝑎𝑛 of rectangle 2x5 arrays of vertical cylinder with hemisphere bottom 416 

without a vertical wall effect. 417 

3.2. Radiation and exciting force IRFs 418 

The dimensionless exciting force IRFs of 1x5 arrays of sphere with radius R are presented in Figure 12. 419 

The IRFs for WEC1 and WEC5 as well as WEC2 and WEC4 are the same due to symmetry of WECs with 420 

respect to heading angle of 90o for both with and without vertical wall effects. When with and without 421 

vertical wall effects are compared, the bandwidth of the IRFs with vertical wall effects are greater than 422 

that of without vertical wall effect. As the area under IRFs represents the available energy to be absorb 423 

with WECs, Figure 12 implicitly shows that more energy is available in the case of WECs arrays in front 424 

of a vertical wall due to wider bandwidths. The IRFs with vertical wall effects start to oscillate much 425 

earlier. This also implicitly means that WECs in an array system feel the effect of incident waves earlier 426 

in the case of WECs placed in front of a vertical wall.   427 

 428 

Figure 12: Heave dimensionless exciting force IRFs of 1x5 arrays of sphere with and without vertical wall effects. 429 

The dimensionless heave exciting force IRFs at the middle of each row of 5x5 arrays of sphere without 430 

and with vertical wall effects are presented in Figure 13(a) and 13(b) respectively. Although the 431 

exciting force amplitudes of IRFs without and with vertical wall effects are approximately the same, 432 

the bandwidth of heave exciting force IRFs are greater in the case of WECs arrays in front of a vertical 433 

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2

q
m

e
an

kR

Cylinder with hemisphere bottom, 2x5 array, d=10R, wl=0R, T=2R,  =90°

McCallum et.al. (2014)

ITU-WAVE (1st Row + 2nd Row)

ITU-WAVE (1st Row)

ITU-WAVE (2nd Row)

qmean = 1.0

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-20.0 -15.0 -10.0 -5.0 0.0 5.0 10.0 15.0 20.0

K
3

E 
/ 

(ρ
R

3
(g

/R
)3

/2
)

 √( / )

Sphere, 1x5 arrays, d=4R, wl=4R & 0R,  =90°

WEC1 & WEC5 with wall

WEC2 & WEC4 with wall

WEC3 with wall

WEC1 & WEC5 without wall

WEC2 & WEC4 without wall

WEC3 without wall



18 
 

wall. This implicitly means that as mentioned before, more wave energy from ocean waves would be 434 

absorbed with WECs arrays placed in front of a vertical wall.     435 

  436 

Figure 13: Heave dimensionless exciting force IRFs at the middle of each row of 5x5 arrays of sphere; (a) without 437 

vertical wall effect; (b) with vertical wall effect. 438 

The dimensionless heave radiation interaction IRFs of 1x5 arrays of sphere without and with vertical 439 

wall effects are presented in Figure 14(a) and 14(b) respectively. When radiation force IRFs with and 440 

without vertical wall effects are compared, the amplitude of IRFs with vertical wall effects are greater 441 

compared to those of without vertical wall effects at longer times although the amplitudes of 442 

interaction IRFs are approximately the same at lower times. As in the case of exciting IRFs, the greater 443 

amplitude of interaction radiation IRFs at larger times implicitly means that the more wave energy is 444 

available to be absorb. It may be also noticed that the interaction effects are greater at closer 445 

proximity of WECs whilst the greater interaction effects are shifted to longer times when the 446 

separation distances between WECs are increased.      447 

  448 

Figure 14: Heave dimensionless radiation interaction IRFs of 1x5 arrays of sphere; (a) without vertical wall effect; 449 

(b) with vertical wall effect. 450 

3.3. Response Amplitude Operators (RAOs) of WECs in an array system 451 

The sway and heave RAOs with 1x5 arrays of sphere in front of a vertical wall at heading angles 90o 452 

are presented in Figure 15(a) and 15(b) respectively. The RAOs for WEC1 and WEC5 as well as WEC2 453 
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and WEC4 in Figure 15(a) and 15(b) are the same due to the symmetry of WECs with respect to 454 

incident wave angle 90o. It may be also noticed that there are three resonance occourences in both 455 

sway and heave modes, but magnitude of the resonances are finite.  456 

   457 

Figure 15: RAOs for each WEC in 1x5 arrays of sphere in front of a vertical wall; (a) sway; (b) heave. 458 

The RAOs for sway and heave modes with 2x5 arrays in front of a vertical wall at heading angle 90o 459 

are presented in Figure 16(a), 16(b), 16(c) and 16(d) for 1st and 2nd rows of sway mode as well as 1st 460 

and 2nd rows of heave mode respectively. The incident wave meets 1st row WECs first and 2nd row 461 

WECs are located at the wake of 1st row. There are three sway and six heave resonance occourances 462 

for 1st row WECs. These resonances are finite which means that some of the wave energy are radiated 463 

back to sea due to oscillations of WECs in an array system. These resonance occurrences in sway and 464 

heave modes are due to hydrodynamic interaction in the wave motion between WECs as well as WECs 465 

and a vertical wall when the WECs in the array system are forced to oscillate on the free surface. The 466 

motions of the fluid between WECs as well as WECs and a vertical wall are strongly excited at 467 

frequencies corresponding to standing waves. An occurrence of complete reflection or complete 468 

transmission of incident waves is possible at standing wave frequencies where wave motion between 469 

WECs as well as WECs and a vertical wall is resonant (Newman, 1974; Evans, 1975). The sway and 470 

heave RAOs for 2nd row WECs are greater than those of 1st row due to the standing and nearly trapped 471 

waves between gaps of WECs in an array system as well as WECs and a vertical wall. Both sway and 472 

heave RAOs of WEC1 and WEC5 as well as WEC2 and WEC4, which are the 1st row WECs in 2x5 473 

rectangular arrays, are the same due to symmetry of WECs with respect to incident wave at heading 474 

angle 90o in Figure 16(a) and (c). It is also true that the RAOs of WEC6 and WEC10 as well as WEC7 and 475 

WEC9 in both sway and heave modes, which are the 2nd row WECs, are the same due to symmetry of 476 

WECs with respect to incident wave angle of 90o in Figure 16(b) and (d). 477 
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  478 

 479 

Figure 16: RAOs for each WEC in 2x5 arrays of sphere in front of a vertical wall; (a) sway – 1st row; (b) sway – 2nd 480 

row; (c) heave – 1st row; (d) heave – 2nd row. 481 

3.4. Absorbed wave power with isolated, 1x5 and 2x5 arrays in front of a vertical wall 482 

The sway and heave RAOs and absorbed wave power with an isolated sphere at heading angle 90o are 483 

presented in Figure 17(a) and 17(b) respectively. As floating systems (e.g., sphere WEC) do not have 484 

the restoring force at sway mode, it is assumed in the present study that PTO restoring force 485 

coefficients at sway and heave modes are equal. This means both sway and heave modes have the 486 

same displacements which implies that the performances of sphere at both modes can be directly 487 

compared against each other. As it may be observed in Figure 17(b) and is theoretically known (Budal 488 

and Falnes 1976) that the maximum wave power is captured at resonant frequency at which natural 489 

frequency of sphere (w=1.38 rad/s) at both sway and heave modes are equal to incident wave 490 

frequency. It may be noticed in Figure 17(b) that more wave power is absorbed at resonant frequency 491 

at sway mode than heave mode. The absorption bandwidth in Figure 17(b) is much wider at sway 492 

mode at higher frequencies although heave mode absorbs more power at lower frequencies at which 493 

more wave energy is available to be absorb.  494 
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 495 

Figure 17: Isolated sphere with radius R in sway and heave modes; (a) RAOs; (b) absorbed power. 496 

The absorbed wave power with 1st row, 2nd row and superpositions of 1st and 2nd rows using 2x5 arrays 497 

of sphere in front of a vertical wall at heading angles 90o is presented in Figure 18(a) and 18(b) for 498 

sway and heave modes respectively. The wave energy absorbtion in heave mode in Figure 18(b) is 499 

concentrated at wave frequencies of 1.2 and 1.5 rad/s whilst it is distributed in a range of incident 500 

wave frequencies with much wider frequency bandwidth in sway mode in Figure 18(a). The absorption 501 

with sway mode in Figure 18(a) are greater at around incident wave frequency of 1.0 and 1.5 rad/s. 502 

More wave power is absorbed in sway mode in Figure 18(a) with 2nd row WECs, which are at the wake 503 

of 1st row. The maximum wave power in Figure 19(b) is absorbed at the same incident wave frequency 504 

of 1.2 rad/s with 1st and 2nd row WECs with heave mode although 2nd row WECs absorb much greater 505 

wave power at incident wave frequency of 1.5 rad/s.       506 

  507 

Figure 18: Absorbed wave power with 2x5 arrays of sphere in front of a vertical wall; (a) sway (b) heave mode.  508 

When the absorbed wave power with isolated WEC in Figure 17(b) and 2x5 WEC arrays in Figure 18(a) 509 

and (b) are compared, it may be noticed that much more power is absorbed in sway mode with 510 

isolated WEC at around natural frequency region. However, in the case of 2x5 arrays, the absorbed 511 

power in sway and heave modes are comparable in Figure 18(a) and 18(b). The maximum wave power 512 

is absorbed in heave mode at around 1.2 rad/s compared to sway mode in a range of incident waves.    513 
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3.5. Mean interaction factors of 3x5 and 5x5 arrays of sphere without a vertical wall effect 516 

Mean interaction factors 𝑞𝑚𝑒𝑎𝑛 of each row of sphere with 3x5 and 5x5 arrays are presented in Figure 517 

19(a) and 19(b) respectively. It can be observed that higher row numbers (e.g., 3rd row for 3x5 arrays 518 

and 4th and 5th rows for 5x5 arrays) has better constructive effects compared to lower row numbers 519 

especially at higher incident wave frequencies (e.g., 1st row) which meet with incident wave first. 520 

When the row numbers increase, the destructive effect of lower row numbers increases (e.g., 1st and 521 

2nd rows). This may be noticed when mean interaction factor of 1st rows in Figure 19(a) and 19(b) are 522 

compared.    523 

 524 

Figure 19: Mean interaction factors of sphere without vertical wall effect in heave mode; (a) 3x5 arrays; (b) 5x5 525 

arrays. 526 

3.5.1. Mean interaction factors of sphere with 3x5 and 5x5 arrays in front of a vertical wall 527 

Mean interaction factors 𝑞𝑚𝑒𝑎𝑛 of sphere with 3x5 and 5x5 arrays in front of a vertical wall in heave 528 

mode are presented for each row in Figure 20(a) and 20(b) respectively. It may be noticed that when 529 

the rows are closer to vertical wall, mean interaction factors are greater compared to the rows which 530 

are away from a vertical wall (e.g., 3rd and 2nd rows for 3x5 sphere arrays whilst 5th and 4th rows for 531 

5x5 arrays). When the row numbers increase in an array system, the contributions of the rows away 532 

from a vertical wall to wave absorption in Figure 20(b) are mostly destructive (e.g., 1st, 2nd, and 3rd 533 

rows at especially higher frequencies).     534 
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Figure 20: Mean interaction factors of each row of sphere in front of a vertical wall in heave mode; (a) 3x5 arrays; 536 

(b) 5x5 arrays. 537 

3.5.2. Mean interaction factors of sphere in a range of arrays with and without a vertical wall effect 538 

Mean interaction factors without and with a vertical wall effect for sphere WECs of 1x5, 2x5, 3x5, 4x5 539 

and 5x5 arrays in heave mode in a range of incident wave frequencies are presented in Figure 21(a) 540 

and 21(b) respectively. In the case of 1x5 arrays of sphere in front of a vertical wall, the behaviour of 541 

mean interaction factors shows constructive effect apart from about incident wave frequencies of 542 

0.87 and 1.53 rad/s. When other array configurations in front of a vertical wall are considered, mean 543 

interaction factors of 2x5, 3x5, 4x5 and 5x5 arrays have the constructive effects in a range of the 544 

incident wave frequency up to 1.7 rad/s, however, after this incident wave frequency, mean 545 

interaction factors show destructive effects. The magnitudes of the constructive effects decrease with 546 

increasing row numbers at lower incident wave frequencies in Figure 21(b). Mean interaction factors 547 

of 2x5, 3x5, and 4x5 arrays in Figure 21(b) also show 2.2 times constructive effects up to incident wave 548 

frequency of 1.1 rad/s whilst the constructive effects of 1x5, 2x5, and 3x5 arrays reach up to 4.65 times 549 

at incident wave frequency of 1.2 rad/s. However, these constructive effects decrease up to 2.3 and 550 

1.4 for 4x5 and 5x5 arrays at the same incident wave frequency of 1.2 rad/s respectively. In the case 551 

of arrays without a vertical wall effect, the dominant incident wave frequency is around 1.5 rad/s for 552 

constructive effect whilst it is around 1.75 rad/s for destructive effect. When with and without a 553 

vertical wall effect are compared, it can be clearly observed from Figure 21(a) and (b) that the 554 

magnitudes of the constructive effects of WECs arrays in front of a vertical wall in Figure 21(b) are 555 

much greater almost all range of incident wave frequencies compared to without a vertical wall effect 556 

in Figure 21(a).       557 

 558 

Figure 21: Mean interaction factors of sphere in heave mode in a range of row numbers and 5 column numbers; 559 

(a) without a vertical wall effect; (b) with a vertical wall effect. 560 

 561 
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4. Conclusions  563 

The exploitation of the wave power absorption from ocean waves using WECs arrays with and without 564 

a vertical wall effect is analysed with in-house transient wave-multibody interaction computational 565 

tool of ITU-WAVE. The time dependent boundary integral equation method is used to solve the initial 566 

boundary value problem with time marching scheme whilst the perfect reflection of the incident 567 

waves from a vertical wall is predicted with method of images in ITU-WAVE numerical tool.  568 

The amplitudes of the diagonal and interaction radiation IRFs are comparable at closer proximity. This 569 

implicitly means that WECs in an array system have strong hydrodynamic interactions due to standing 570 

waves and nearly trapped waves in the gap of WECs and a vertical wall. The numerical experiences 571 

also show that when the separation distances between WECs as well as WECs and a vertical wall 572 

increase, the interaction effects are getting weaker which means available wave energy to absorb 573 

from ocean waves decreases. In the case of wave exciting forces, exciting force IRFs with and without 574 

vertical wall effects are compared, it is observed that the bandwidth of exciting force IRFs with a 575 

vertical wall effect are greater which means that the available energy to absorb are also greater.    576 

The nearly trapped and standing waves in the gap of WECs as well as WECs and a vertical wall in an 577 

array system play significant role for the maximum wave power absorption especially closer 578 

separation distances. It is found out by the numerical experiences that the mean interaction factors 579 

for all considered array systems are at least 2 times greater in the case of arrays in front of a vertical 580 

wall compared to arrays without a vertical wall effect. The constructive effect is also much greater 581 

than destructive effect in an array system in front of a vertical wall for all considered array systems.     582 

 Acknowledgements 583 

The financial support of present work under UK-China Industry Academy Partnership Programme with 584 

contract number of Grant No: UK-CIAPP\73 by Royal Academy of Engineering Newton Fund is 585 

acknowledged.   586 

References 587 

Budal K. Theory for absorption of wave power by a system of interacting bodies. Journal of Ship 588 

Research, 1977, 21(4), 248-253. 589 

Budal K, Falnes J. Optimum operation of wave power converter. Internal Report, Norwegian University 590 

of Science and Technology 1976. 591 

Buriani F, Renzi E. Hydrodynamics of a flexible piezoelectric wave energy harvester moored a 592 

breakwater. European Wave and Tidal Energy Conference (EWTEC), 2017. 593 



25 
 

Chang MS. Computation of Three-Dimensional Ship Motions with Forward Speed. Proceedings of the 594 

2nd International Symposium on Numerical Ship Hydrodynamics, University of California, 595 

Berkeley, 1977, 124-135. 596 

Chatjigeorgiou IK. Semi-analytical solution for the water wave diffraction by arrays of truncated 597 

circular cylinders in front of a vertical wall. Applied Ocean Research, 2019, 88, 147-159. 598 

Contestabile P, Di Lauro E, Buccino M, Vicinanza D. Economic assessment of overtopping breakwater 599 

for energy conversion (OBREC): a case study in western Australia. Sustainability, 2016, 9(1), 600 

51. 601 

Cummins WE. The Impulse response function and ship motions. Shiffstechnik, 1962, 9, 101-109. 602 

Evans DV. A note on the total reflection or transmission of surface waves in the presence of parallel 603 

obstacles. Journal of Fluid Mechanics, 1975, 67, 465–472. 604 

He F, Huang ZH, Law AWK. An experimental study of a floating breakwater with asymmetric pneumatic 605 

chambers for wave energy extraction. Applied Energy, 2013, 106, 222-231. 606 

Hess JL, Smith AMO. Calculation of non-lifting potential flow about arbitrary three-dimensional bodies. 607 

Journal of Ship Research 1964, 8, 22-44. 608 

Kagemoto H, Yue DKP. Interactions among multiple three-dimensional bodies in water waves: an exact 609 

algebraic method. Journal of Fluid Mechanics, 1986, 166, 189-209. 610 

Kara F. Application of time domain methods for marine hydrodynamic and hydroelasticity analyses of 611 

floating systems. Ships and Offshore Structures, 2021. 612 

Kara F. Multibody interactions of floating bodies with time domain predictions. Journal of Waterway, 613 

Port, Coastal, and Ocean Engineering, 2020, 146(5). 614 

Kara F. Time domain prediction of power absorption from ocean waves with wave energy converters 615 

arrays. Renewable Energy, 2016a, 92, 30-46. 616 

Kara F. Time domain prediction of seakeeping behaviour of catamarans. International Shipbuilding 617 

Progress, 2016b, 62(3-4). 618 

Kara F. Time domain prediction of hydroelasticity of floating bodies. Applied Ocean Research, 2015, 619 

51, 1-13. 620 

Kara F. Time domain prediction of power absorption from ocean waves with latching control. 621 

Renewable Energy, 2010, 35, 423-434. 622 

Kara F. Time domain hydrodynamics and hydroelastics analysis of floating bodies with forward speed. 623 

PhD thesis, University of Strathclyde, Glasgow, UK 2000. 624 

King BW. Time domain analysis of wave exciting forces on ships and bodies. PhD thesis, The University 625 

of Michigan, Ann Arbor, Michigan, USA, 1987. 626 



26 
 

Konispoliatis DN, Mavrakos SA and Katsaounis GM. Theoretical evaluation of the hydrodynamic 627 

characteristics of arrays of vertical axisymmetric floaters of arbitrary shape in front of a 628 

vertical breakwater. Journal of Marine Science and Engineering, 2020, 8, 62. 629 

Kring DC, Sclavounos PD. Numerical stability analysis for time-domain ship motion simulations Journal 630 

of Ship Research, 1995, 39 (4), 313-320. 631 

Liapis S. Time Domain Analysis of Ship Motions. PhD thesis, The University of Michigan, Ann Arbor, 632 

Michigan, USA 1986. 633 

Loukogeorgaki E, Boufidi I, Chatjigeorgiou IK. Performance of an array of oblate spheroidal heaving 634 

wave energy converters in front of a wall. Water, 2020, 12, 188. 635 

McCallum P, Venugopal V, Forehand D, Sykes R. On the performance of an array of floating wave 636 

energy converters for different water depths. Proceedings of the ASME, 33rd International 637 

Conference on Ocean, Offshore and Arctic Engineering, 2014, OMEA2014, June 8-13, USA. 638 

McIver P, Porter R. The motion of a freely floating cylinder in the presence of a wall and the 639 

approximation of resonances. Journal of Fluid Mechanics, 2016, 795, 581–610. 640 

Michele S, Renzi E, Sammarco P. Weakly nonlinear theory for a gate-type curved array in waves. 641 

Journal of Fluid Mechanics, 2019, 869, 238-263. 642 

Michele S, Sammarco P, d'Errico M. The optimal design of a flap gate array in front of a straight vertical 643 

wall: Resonance of the natural modes and enhancement of the exciting torque. Ocean 644 

Engineering, 2016, 118, 152-164. 645 

Mustapa MA, Yaakob OB, Ahmed YM, Rheem C.-K, Koh KK, Adnan FA. Wave energy device and 646 

breakwater integration: A review. Renewable and Sustainable Energy Reviews, 2017, 77, 43–647 

58. 648 

Nakos D, Kring D, Sclavounos PD. Rankine Panel Method for Transient Free Surface Flows. Proceedings 649 

of the 6th International Symposium on Numerical Hydrodynamics, Iowa City, I.A., USA, 1993, 650 

613-632. 651 

Newman JN. Interactions of water waves with two closely spaced vertical obstacles. Journal of Fluid 652 

Mechanics, 1974, 66, 97–106. 653 

Newman JN. Channel wall effects in radiation-diffraction analysis, 31st International Workshop on 654 

Water Waves and Floating Bodies, 2016. 655 

Ning DZ, Zhao XL, Goteman M, Kang HG. Hydrodynamic performance of a pile-restrained WEC-type 656 

floating breakwater: an experimental study. Renew Energy, 2016, 95, 531-541. 657 

Ogilvie TF. Recent progress toward the understanding and prediction of ship motions. Proceedings of 658 

the 5th Symposium on Naval Hydrodynamics, Office of Naval Research, Washington, D.C., USA, 659 

1964, 3-128. 660 



27 
 

Ohkusu M. Wave action on groups of vertical circular cylinders. Journal of the Society of Naval 661 

Architects in Japan, 1972, 131. 662 

Sarkar D, Renzi E, Dias F. Effect of a straight coast on the hydrodynamics and performance of the 663 

Oscillating Wave Surge Converter. Ocean Engineering, 2015, 105, 25-32. 664 

Schay J, Bhattacharjee J, Soares CG. Numerical Modelling of a Heaving Point Absorber in front of a 665 

Vertical Wall. In Proceedings of the ASME 32nd International Conference on Ocean, Offshore 666 

and Arctic Engineering, Nantes, France, 9–14 June 2013. 667 

Thomas GP, Evans DV. Arrays of three-dimensional wave-energy absorbers. Journal of Fluid 668 

Mechanics, 1981, 108, 67-88. 669 

Wehausen JV, Laitone EV. Surface Waves in Fluid Dynamics III in Handbuch der Physik 1960; Chapter 670 

3:446-778 671 

Zhao XL, Ning DZ, Zou QP, Qiao DS, Cai SQ. Hybrid floating breakwater-WEC system: A review. Ocean 672 

Engineering, 2019a, 186, 106-126. 673 

Zhao XL, Ning DZ, Liang DF. Experimental investigation on hydrodynamic performance of a breakwater 674 

integrated WEC system. Ocean Engineering, 2019b, 171, 25-32. 675 

Zheng S, Zhang Y.Wave radiation from a truncated cylinder in front of a vertical wall. Ocean 676 

Engineering, 2016, 111, 602–614. 677 


