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Abstract. In recent years, modular robotics has become of great interest in the robotics community. 

Among them, snake robots are among the most flexible and versatile type of mobile robots, well-suited 

to a large number of applications, such as exploration and inspection tasks, participation to search and 

rescue missions etc. The present paper investigates the design of a novel snake robot, named 

Rese_Q01, currently being designed at Politecnico di Torino. In order to characterise the dynamic be-

haviour of the robot, a simple vehicle dynamics model is developed and basic simulations are carried 

out for a first implementation of a unit consisting of two modules. Preliminary results show the influ-

ence of the robot velocity on the trajectory curvature radius, as well as the effect of different 

ground/tire friction conditions. This analysis is the first step in order to develop effective control 

strategies for robot trajectories. 

Keywords: Mobile robot, Vehicle dynamics, Snake robot, Rese_Q01. 

 

1 Introduction 

In recent years, the service robotic is reaching a higher importance in the robotics 

community [1]. Generally, service robot means “semi-automatic or automatic 

robot that helps with its services the human comfort; the manufactory field is 

exluded” [1]. Mobile robots are meaningful examples of service robots, that are 

implementing novel key technologies. Mobile robots can be classified by the 

environment in which they travel, for example UGVs (Unmanned Ground 

Vehicles) [12], UAVs (Unmanned Aerial Vehicles) [10] and AUVs (Autonomous 

Underwater Vehicles) [2], or by the device that they use to move as legged robot 

[11,3], wheeled robot [19,3] and tracked robot [3], or by the work that they do as 

transportation, mapping, cleaning, assistance and so forth. 
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Rese_Q01 is a novel mobile ground tracked modular robot [13] that works in 

dangerous areas as damaged building by explosion, earthquakes in order to 

explore to find victims, to provide images and other data on the inspected area. 

Rese_Q01 is composed by five modules, interconnected by motorized joints with 

three degrees of freedom. The innovative characteristcs of Rese_Q01 is the 

decision to avoid dividing the robot in two subsystems namely the mobile 

platform and the robotic arm. The developed robot can use some modules as 

robotic arm and other modules with the platform function. The robot can employ 

the snake-like architecture [20] in the motion phase and the robotic arm 
configuration when the operational function is required, as shown in Fig. 1. 

 
Fig. 1. Rese_Q01 potential configurations 

 

In order to develop trajectory control of the Rese_Q01 robot, effective models 

of the robot must be defined, analized and discussed. Each module has some slip-

page between tracks and contact surface, and the resulting trajectory depends on 

the local contact conditions and the yaw angle between each module. The final 

goal is to define proper strategies to define all the yaw angles between modules, in 

order to get both the desired trajectory and limited energy dissipation due to slip-

page.  

In this paper, a simplified dynamic model of the robot will be implemented, 

with the purpose of supporting the design team. In each module the contact area is 

the surface under the tracks, but in order to understand some basic dynamics 

effects of the design parameters (mass, module width and length, position of the 

yaw joint between modules) it was decided first to simplify the system assuming a 

line of contact between a rolling element and the supporting surface. As second 

step a deeper analisys will be developed, describing also the elastic behaviour of 

the track and including the dimensions of the contact surface. 

The work of this paper is supported by the wide experience of the authors in 

different fields as mobile robotics [12-14], service robotics [15-16] and vehicle 

dynamics [5,8,17-18].  
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2 Dynamic model 

The dynamic model of the vehicle-robot described hereafter, and shown in Fig. 

2, relies on the following hypotheses and assumptions: 

 - the robot is made of two modules only, each of them being a roller wheel of 

radius ܴ and width ܾ, and a connecting joint to the previous/following module; 

- each roller angular velocity is constant and equal to ߱; 

- the mass of each module, ݉, is uniformly distributed only in each roller, and 

the frame mass is neglected, whilst the centre of mass of the robot is denoted as C; 

- the contact between module and ground is a line, corresponding to the module 

width, characterized by the constant friction coefficient ߤ; 

- the distribution of normal force per unit length of each roller is constant and 

equal to ݌ =
݉݃ൗܾ , where ݃ is gravity acceleration (this hyphotesis is valid only 

within limited dynamic behaviours); 

- point O is the connection point between module 1 and module 2; 

- point P1 is the centre of roller 1 contact line, Point P2 is the centre of roller 2 

contact line; the generic length ܱ ௜ܲ  has magnitude ݀; 

- a reference frame x1-y1-z1 is integral with module 1 and centred in O, this 

frame is denoted as {S1}. Axis z1 is defined according to the right-hand rule, i.e. it 

is towards the observer. Unit vectors i1, j1 and k1 are defined accordingly; 

- a reference frame x2-y2-z2 is integral with module 2 and centred in O, this 

frame is denoted as {S2}. Axis z2 is defined according to the right-hand rule, i.e. it 

is towards the observer. Unit vectors i2, j2 and k2 are defined accordingly; 

- simulations are conducted assuming a constant yaw angle between the mod-

ules, ߠ, defined as the angle between axes x1 and x2, positive counter-clockwise; 

- the overall longitudinal force (with respect to {S1}) generated at the roller-

road contact of module 1 is ݔܨଵ i1, with an offset ଵܻj1 from P1. The overall lateral 

force (with respect to {S1}) generated is ݕܨଵj1; 

- the overall longitudinal force (with respect to {S2}) generated at the roller-

road contact of module 2 is ݔܨଶ i2, with an offset ଶܻj1 from P2. The overall lateral 

force (with respect to {S2}) generated is ݕܨଶj2; 

- the velocity of the centre of mass is denoted as ࢂ, its components along i1 and 

j1 are ݑ and ݒ. Hence ࢂ = ૚ܑݑ +  ;࢑૚̇߰ ૚; the yaw velocity of the module, isܒݒ

- in the remainder, a generic quantity ݔ expressed with respect to the reference 

frame {Si} will be indicated as (ݔ)௜ . 

This set of hypotheses is justified by the current early stage of the robot design.  

A large amount of such hypotheses is expected to be dropped as the design phase 

progresses.  

Due to the schematic adopted, (૚ (૚ࡼࡻ = [݀ 0]், 

(૚ (૛ࡼࡻ = [−݀ cosߠ ݀ sin ૛) ,்[ߠ (૛ࡼࡻ = [−݀ 0]். Therefore (૚ (࡯ࡻ =
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(
૚ ା(࡯ࡻ (

૚ ଶ(࡯ࡻ = ቂௗଶ (1 − cosߠ)
ௗଶ sin ቃ்ߠ . The relationships between unit vectors 

of {S1} and {S2} read ܑ૚ = ܑ૛ cosߠ + ૛ܒ sin ૚ܒ ,ߠ = −ܑ૛ sin ߠ + ૛ܒ cosܓ ,ߠ૚ =  ૛ܓ

hence it is easy to obtain (૛ (࡯ࡻ = = ቂ− ௗଶ (1 − cosߠ)
ௗଶ sin ቃ்ߠ . 

  
Fig. 2. Schematic of the robot: (left) envisaged configuration, with surface of ocntact; 

(right) simplified model adopted in this paper, with line of contact 

 

The equilibrium equations, written in {S1}, read ݔܨଵ + ଶݔܨ cosߠ + ଶݕܨ sin ߠ = ௫ଵܽܯ = )ܯ ݑ̇ − ଵݕܨ (̇߰ݒ + ଶݕܨ cosߠ − ଶݔܨ sin ߠ = ௬ଵܽܯ = )ܯ ݒ̇ +  (̇߰ݑ

ଵݕܨ) − (ଶݕܨ
2݀

(1 + cosߠ) + ଵݔܨ ൬
2݀

sin ߠ − ଵܻ൰ + ଶݔܨ ൬
2݀

sin ߠ − ଶܻ൰ =  ̈߰ܫ

where the overall mass of the module is ܯ = 2݉, ܽ௫ଵ is the robot acceleration 
along i1, ܽ௬ଵ is the robot acceleration along j1, and it is easy to show that they cor-

respond respectively to ̇ݑ − ݒ̇ and ̇߰ݒ +  based on the well-known Poisson's ̇߰ݑ

formulae. The moment of inertia ܫ is the sum of the moment of inertia of each 

module, calculated as the moment of inertia of a cylinder with respect to central 

diameter, plus an additional contribution considering a translation from P1 to C for 

module 1, and from P2 to C for module 2. Hence  ܫ = 2 ൬1

4
ܴ݉ଶ +

1

12
ܾ݉ଶ൰ + ଶ|࡯૚ࡼ|݉ +  ଶ|࡯૛ࡼ|݉

where 
ଶ|࡯૚ࡼ| = ૚|ଶࡼ࡯| = ࡻ࡯| + ૚|૛ࡼࡻ = ࡯ࡻ−| + ૚|ଶࡼࡻ

= ൬−
2݀

(1 − cosߠ) + ݀൰૛ + ൬−
2݀

sin ൰૛ߠ =
݀ଶ
2

(1 + cosߠ) 
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ଶ|࡯૛ࡼ| = ૛|ଶࡼ࡯| = ࡻ࡯| + ૛|૛ࡼࡻ = ࡯ࡻ−| + ૛|ଶࡼࡻ
= ൬

2݀
(1 − cosߠ) − ݀൰૛ + ൬−

2݀
sin ൰૛ߠ =

݀ଶ
2

(1 + cosߠ) 

Rearranging the equilibrium equations leads to ̇ݑ =
ଵݔܨ + ଶݔܨ cosߠ + ଶݕܨ sin ܯߠ + ݒ̇ ̇߰ݒ =
ଵݕܨ + ଶݕܨ cosߠ − ଶݔܨ sin ܯߠ −  ̇߰ݑ

߰̈ =
ଵݕܨ) − (ଶݕܨ

2݀
(1 + cosߠ) + ଵݔܨ ቀ2݀

sin ߠ − ଵܻቁ + ଶݔܨ ቀ2݀
sin ߠ − ଶܻቁܫ  

which can be directly implemented into specifical SW for numerical simulations. 

The tangential forces ݔܨ and ݕܨ generated between ground and rollers depend 

on the sliding velocities of each roller. Fig. 3 shows their generic profile. The lon-

gitudinal sliding velocity is calculated as the difference between the longitudinal 

velocity of each point of the contact line and the relative tangential velocity of the 
roller, ்ܸ௥ = ܴ߱. The velocity of the generic point Q of module 1, ࡽࢂ૚, can be cal-

culated based on Rivals' theorem, assuming the robot to be a rigid body ࡽࢂ૚ଵ = ଵ࡯ࢂ  + [0 0 ߰̇]் × ૚ଵࡽ࡯
= ૚ܑݑ + ૚ܒݒ + ૚ܓ̇߰ × ൤

2݀
(1 + cosߠ) −

2݀
sin ߠ + ݕ 0൨்

= ൬ݑ + ߰̇
2݀

sin ߠ − ൰ݕ̇߰ ܑ૚ + ൬ݒ + ߰̇
2݀

(1 + cosߠ)൰  ૚ܒ

where ݕ is the generic distance from the centre of the module to Q. Similarly, ࡽࢂ૛ଵ = ଵ࡯ࢂ  + [0 0 ߰̇]் × ૛ଵࡽ࡯
= ૚ܑݑ + ૚ܒݒ + ૚ܓ̇߰
× ൤−

2݀
(1 + cosߠ) + ݕ sin ߠ

2݀
sin ߠ + ݕ cosߠ 0൨்

= ൬ݑ − ߰̇
2݀

sin ߠ − ݕ̇߰ cosߠ൰ ܑ૚
+ ൬ݒ − ߰̇

2݀
(1 + cosߠ) + ݕ̇߰ sin ൰ߠ  ૚ܒ

and, recalling the relationship between unit vectors of {S1} and {S2}, ࡽࢂ૛ଶ = ൬ݑ cosߠ − ݒ sin ߠ − ݕ̇߰ + ߰̇
2݀

sin ൰ߠ ܑ૛
+ ൬ݑ sin ߠ + ݒ cosߠ − ߰̇

2݀
(1 + cosߠ)൰  ૛ܒ

The sliding velocities of each module are  ∆ࢂ૚(ݕ) = ൬ݑ + ߰̇
2݀

sin ߠ − ݕ̇߰ − ்ܸ௥൰ ܑ૚ + ൭ݒ + ߰̇
2݀

(1 + cosߠ)൱ ૚ܒ
= ∆ ଵܸ௫ܑ૚ + ∆ ଵܸ௬ܒ૚ 
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(ݕ)૛ࢂ∆ = ൬ݑ cosߠ − ݒ sin ߠ − ݕ̇߰ + ߰̇
2݀

sin ߠ − ்ܸ௥൰ ܑ૛
+ ൬ݑ sin ߠ + ݒ cosߠ − ߰̇

2݀
(1 + cosߠ)൰ ૛ܒ = ∆ ଶܸ௫ܑ૛ + ∆ ଶܸ௬ܒ૛ 

 
Fig. 3. Generic sliding velocity profile of a roller 

 

The tangential forces generated per unit length, ݐଵ and ݐଶ respectively for mod-

ule 1 and module 2, depend on the slip ratio, defined as the ratio between the slid-

ing velocity and the longitudinal velocity. So ݐଵ(ݕ) = ݇ ૚(௬)ࢂ∆| |௨భିట̇௬ (ݕ)ଵݐ , ≤ (ݕ)ଶݐ ݌ߤ = ݇ ૛(௬)ࢂ∆| |௨మିట̇௬ (ݕ)ଶݐ         , ≤  ݌ߤ

being ݇ a (positive) proportionality factor between slip ratio and force per unit 

length. ݐଵ and ݐଶ are positive by definition and they are saturated with ݌ߤ. This is a 

combination of a isotropic viscous friction model (related to k) and an isotropic 

Coulomb model (related to the saturation values for ݐଵ and ݐଶ) [9].The denomina-

tor reflect the same idea presented in [7], i.e. it represents the velocity at which 

friction changes from static to dynamic. Based on classical tire/vehicle dynamics, 

such change takes place at slip ratios around 10-15%, therefore ݇ is chosen as ݇ =
ఓ௣଴.ଵହ ≈ 2200 N/m (for an average friction coefficient equal to 0.5). More 

complicated models might be adopted in a future implementation (e.g. [4]). 

The longitudinal and lateral forces generated at each point of the contact line 

are ݐ௫ଵ(ݕ) = (ݕ)ଵݐ
ି∆௏భೣ(௬)

૚(௬)ࢂ∆| |
(ݕ)௬ଵݐ , = (ݕ)ଵݐ

ି∆௏భ೤
૚(௬)ࢂ∆| |

(ݕ)௫ଶݐ , = (ݕ)ଶݐ
ି∆௏మೣ(௬)

૛(௬)ࢂ∆| |
(ݕ)௬ଶݐ , = (ݕ)ଶݐ

ି∆௏మ೤
૛(௬)ࢂ∆| |

 

The overall longitudinal and lateral forces generated at each module are  ݔܨଵ = ∫ (ݕ)௫ଵݐ   dݕ௕/ ଶି௕/ ଶ ଵݕܨ , = ∫ ௬ଵ(y)ݐ  dݕ௕/ ଶି௕/ ଶ ଶݔܨ , = ∫ (ݕ)௫ଶݐ  dݕ௕/ ଶି௕/ ଶ ଶݕܨ , = ∫ (ݕ)௬ଶݐ  dݕ௕/ ଶି௕/ ଶ  

Finally, the moment arms ଵܻ and ଶܻ can be calculated as 

ଵܻ = − ∫ ௧ೣభ(௬)௬ ୢ௬್/ మష್/ మ ி௫భ , ଶܻ = − ∫ ௧ೣమ(௬)௬ ୢ௬್/ మష್/ మ ி௫మ  

where the minus sign is due to the adopted sign convention (e.g., a force along ax-

is ࢞૚ applied at a positive ଵܻ produces a clockwise, i.e. negative, moment, that 

must be consistent with the convention adopted when writing the equilibrium 
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equations). Trajectories are calculated based on Eq. 3.9 from [6] and on the yaw 

angle covered by the robot, ߰, written in {S1} with initial value zero, ߰ = ∫ ߰̇ dݐ. 
The longitudinal and lateral position of the centre of mass are ݔଵ = ݑ)∫ cos߰ − ݒ sin߰)  dݕ , ݐଵ = ݑ)∫ sin߰ + ݒ cos߰)  dݐ 
with initial values 

ௗଶ (1 − cosߠ)  for ݔ, and 
ௗଶ sin  .ݕ for ߠ

The longitudinal and lateral position of the centre of mass of module 1 are ݔଵଵ = න൭൬ݑ + ݎ
2݀

sin ൰ߠ cos߰ − ൬ݒ + ݎ
2݀

(1 + cosߠ)൰ sin߰൱  dݐ 
ଵଵݕ = න൭൬ݑ + ݎ

2݀
sin ൰ߠ sin߰ + ݒ + ݎ

2݀
(1 + cosߠ) cos߰൱  dݐ 

with initial value ݀ for ݔଵ, and zero for ݕଵ. 

The longitudinal and lateral position of the centre of mass of module 1 are ݔଶଵ = න൭൬ݑ cosߠ − ݒ sin ߠ + ݎ
2݀

sin ൰ߠ cos߰
− ൬ݑ sin ߠ + ݒ cosߠ − ݎ

2݀
(1 + cosߠ)൰ sin߰ቇ  dݐ 

ଶଵݕ = න൭൬ݑ cosߠ − ݒ sin ߠ + ݎ
2݀

sin ൰ߠ sin߰
+ ൬ݑ sin ߠ + ݒ cosߠ − ݎ

2݀
(1 + cosߠ)൰ cos߰ቇ  dݐ 

with initial values −݀ cosߴ for ݔଶ, and ݀ sin  .ଶݕ for ߴ

Trajectory plots in the remainder are plotted in {S1}. Due to the assumptions 

above, the trajectory of point O will originate from (0,0). 

3 Results 

A selection of results is presented in this section. In particular, the numerical 

value herein adopted are ݉ = 5 kg, ܴ = 0.0525 m, ݀ = 0.1875 m. The vehicle is 

standstill at the beginning of the simulation, then it experiences a transient due to 

the roller angular velocities, and eventually it reaches a steady-state condition. The 

plots below are referred to the latter. Fig. 4 reports the steady-state curvature radi-

us of the vehicle centre of mass as a function of the wheel tangential velocity, for 

two values of friction coefficient, 0.1 and 1. The steady-state curvature radius is 

not affected by the tangential velocity when this is relatively low. Yet, the steady-

state yaw rate (not shown) is higher for higher tangential velocities of the rollers.  
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As the wheel angular velocity increases, at some point (depending on the fric-

tion coefficient) there is a significant drop of the curvature radius, e.g. around 32 

rad/s for ߤ = 0.1 and ߠ = 5°. A visual representation of the forces generated right 

before and after such drop is reported in Fig. 5 and Fig. 6. Looking at Fig. 5, for 

relatively low angular velocities of the roller, each module reaches a steady-state 

forward velocity pretty similar to the relative tangential velocity of the roller, ்ܸ௥ 

(1.6 m/s in this case with ߱ = 30.5 rad/s), hence the longitudinal sliding velocity 

is approximately zero around the centre of each module, and so is the longitudinal 

force. Due to the vehicle turning left, the inner (left) part of the module will have a 

velocity component towards the rear, hence the force generated will be directed 

towards the front of the module, and vice-versa for the outer part of the module 

(Fig. 5). However, when the angular velocity of the rollers is too high for the vehi-

cle to achieve ்ܸ௥ (߱ = 32 rad/s in Fig. 6), due to the robot geometry (yaw angle) 

and the friction coefficient, the whole modules will be sliding towards the rear, 

generating a longitudinal force towards the front of the module, both for the inner 

and outer part of the module (Fig. 6). This generates an increased yaw moment 

with respect to centre of mass of the robot (which lies on the left of the modules in 

this example with positive ߠ, as in Fig. 2), provoking a decrease in the curvature 

radius. As the wheel tangential velocity keeps increasing, a combination of effects 

come into play, including force saturation and the distribution, explaining the in-

creasing-decreasing behaviour of the curvature radius after the drop.  

 
Fig. 4. Curvature radius as a function of wheel angular velocity ࣓ and yaw angle ࣂ, for 

two values of friction coefficient 

 

Finally, Fig. 7 shows an example of vehicle trajectory for different values of ߠ, 

including the so-called kinematic trajectory i.e. the ideal trajectory covered in slip-

free conditions. Interestingly, the robot exhibits a slightly understeering behaviour 

at the beginning of the simulation, whilst soon after it evolves into oversteer. 

4 Conclusions 

A simplified dynamic model for the snake robot Rese_Q01 was presented. The 

preliminary results are encouraging. They will be an helpful starting point for the 
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forthcoming mechanical design of the robot. As the project will progress, it is ex-

pected that more detailed analyses will be carried out, due to simplifying hypothe-

ses being progressively dropped, e.g. number of rollers per module, number of 

modules, normal force distribution, and so forth.  

 

 
Fig. 5. Forces per unit length, front and rear module, ࣓ = ૜૙.૞ rad/s, ࣆ = ૙.૚  

 

 
Fig. 6. Forces per unit length, front and rear module, ࣓ = ૜૟ rad/s, ࣆ = ૙.૚  

 
Fig. 7. Vehicle trajectory, robot depicted at initial conditions, ࣓ = ૠ.ૠ rad/s, ࣆ = ૙.૚, 

(left) ࣂ = ૝૙ deg, (right) ࣂ = ૟૙ deg  
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