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and robust than other previously reported LBGK thermal models. Our scheme is
then validated by application to flow in a straight duct with constant heat flux
applied at the walls. Excellent agreement with theoretical predictions is obtained

for the calculated Nusselt number.
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Chapter 1

Introduction

The flow of fluids has been extensively studied since fluids impact on so many dif-
ferent aspects of everyday life. Until the early 1960’s fluid mechanics was studied
either by purely experimental or purely theoretical means. Analytical solutions of
theoretical models often required simplified calculations and failed to in.clude all the
requisite physics of the flow [1]. Then came computational fluid dynamics (CFD). In
the 1960’s, mathematical advances and increased computational power allowed the
numerical solution of the ezact governing equations. The computer simulation of
flows involving many different physical phenomena became possible and as a result

CFD became and remains a popular and useful tool for many engineers.

CFD has also had an effect on fluid experiments, which have traditionally played a
very important role in the design of systems which depend on flow behaviour. For ex-

ample, wind tunnels are an effective, but increasingly expensive and time consuming,



CHAPTER 1. INTRODUCTION

way to study scale models of large systems like aircraft or cars. A CFD calculation,
for example, can allow an engineer to test many different configurations relatively
quickly and economically, thus reducing the amount of final experimentation which
needs to be carried out. This example helps to emphasise how CFD complements the
traditional approaches of theory and experiment, and although it is an immensely

powerful and useful technique it probably will never replace experiment completely.

Compared to lattice Boltzmann (LB) techniques, traditional computational fluid
dynamics is a mature subject. As a result it has been developed for many different
types of flows, including incompressible and compressible flows, subsonic and super-
sonic flows, laminar and turbulent flows, as well as multi-component and chemically

reacting flows.

LB methods, introduced as an alternative to lattice gas cellular automata (LGCA),
are consequently viewed in quite a sceptical light by many fluid dynamicists. Such
models are often considered a novel technique offering no real advantage over the
traditional methods. This however is not true, and a testament to this is the ever
expanding body of literature on the subject as LB models are applied to different

types of flow problems.

The work reported in this text investigates the use of lattice Bhatnagar-Gross-Krook
(LBGK) models, a variant of the LB approach, to simulate the governing equations
of incompressible internal pressure-driven flows, in contrast to the traditional ap-
proaches of discretising the same continuum equations and solving via finite-element

or finite-volume techniques.
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LB schemes are simplified kinetic models based upon microscopic or mesoscopic pro-
cesses, so that the averaged microscopic properties obey the desired macroscopic be-
haviour. In molecular dynamics (MD) simulation every particle is tracked. Although
physically realistic, MD is an impractical approach to solving large realistic systems,
even with modern powerful computers, since the number of tracked molecules which
are required is immense. The LB approach avoids such complications and is based on
a very much reduced parameter space. The scheme is also by nature ideally suited
to massively parallel machines and the implementation of boundary conditions is

relatively simple.

1.1 Aims

Whilst it is acknowledged that LB models will never replace traditional CFD meth-
ods, there may be areas in which they can enhance its capabilities and should be
viewed as a potentially useful tool in the computer simulation of fluids. The princi-
pal aim of this project is to study lattice Bhatnagar-Gross-Krook (LBGK) models,
a variant of the LB approach, when applied to flow geometries of engineering im-

portance in an attempt to prove the usefulness of the technique.

Thus we apply LBGK models to the simulation of pressure-driven incompressible
flows up to moderate Reynolds number in industrially-relevant geometries, via a
careful study of the detail of the boundary conditions. Pursuing the theme of in-

dustrial relevance, we also aim to develop a thermal LBGK model which is adapted
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to flows containing negligible viscous dissipation and so can be applied to certain
problems of engineering importance. In the next section we discuss the detailed
structure of this thesis which describes the work carried out in order to achieve the

above aims.

1.2 Qutline of Thesis

The governing hydrodynamic equations which we seek to solve via our LBGK sim-
ulations are introduced in chapter 2. These are the incompressible continuity and
Navier-Stokes equations, an appropriate energy equation and (for some applications)
the equations describing depth-averaged flows. In chapter 3 we introduce lattice gas
cellular automata (LGCA), based upon the seminal work of Frisch et al [2] in the
mid 80’s. We then follow the key developments which have led to LBGK models,
although, LBGK models tend now to be viewed apart from their parent automata

schemes.

In chapter 4 we develop the LBGK models used. We present the theory and fully
derive the macroscopic governing equations for the standard D2Q9 LBGK model, as
introduced by Qian et al [3], then proceed to explain a modified exactly incompress-
ible LBGK (EILBGK) scheme. The use of this section is of central importance when
simulating internal pressure-driven flow. Also in chapter 4 we detail two schemes not
previously reported in the literature which have been developed during the project.

Firstly, an EILBGK scheme suitable for the simulation of depth-averaged flows, and,
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secondly a novel thermal LBGK scheme incorporating a separate energy variable.

Results of simulations applied to the problem of internal pressure-driven flows are
presented in chapter 5. We apply an EILBGK scheme to a backward-facing step,
carefully considering the applied boundary conditions, and make comparisons with

both traditional CFD and experiment up to intermediate Reynolds numbers.

In chapter 6 we validate our depth-averaged EILBGK scheme numerically, then
apply the model to flow in a bifurcating duct and make comparisons with some

standard CFD results.

Finally we present, in chapter 7, results of our thermal LBGK model. We apply
the scheme to a forced convection flow problem and again make comparisons with

analytical solutions and standard CFD results.

Conclusions and suggestions for further work are presented in chapter 8.



Chapter 2

Hydrodynamic Governing

Equations

Since we shall be making arguments based upon the microscopic origin of the gov-
erning equations of hydrodynamics it is appropriate, for the sake of producing a
coherent account, to describe how the macroscopic motion of fluids is modelled and

to provide an overview of derivations of key equations governing fluid flow.

Clearly our treatment cannot be exhaustive. Moreover, we shall focus upon those
approximations within the system of fluid momentum, continuity and energy equa-
tions which are relevant to our applications of internal pressure-driven flow up to
moderate Reynolds number (in the limit of negligible viscous dissipation) and upon

which we rely in later sections.

The present chapter is also the most appropriate place to develop some non-standard
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