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ROBUSTNESS OF POWER IN ANALYSIS OF VARIANCE

FOR VARIOUS DESIGNS

" ABSTRACT

Robustness of power of the analysis of variance
technique to the departures from the underlying assumptions
of homoskedasticity and independence of error has been
considered in various designs, including the mixed and
non-orthogonal designs. Distribution of the ratio of two
independent quadratic forms is modified with arbitvary scale.
parameter g and has been used extensively. The choice of g is
also discussed. ' ) ‘

The results, in general, indicate that the power of the
‘test of equal means is seriously affected when the assumption
of homoskedasticity is violated, but for moderate degree of
~heteroskedasticity, the actual type I error is not seriously
affected. Also, the power of the test of homogeneity of
means is highly sensitive to the departure from the fixed
effects model to the corresponding random effects model.

The problem of design of experiments to optimise power
of the test under the constraint of cost is discussed with
reference to the one-way classification for both cases of
homogeneous and heterogeneous group error variances.

C.K. LIU
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CHAPTER 1

-

1. INTRODUCTION

1.1 HISTORICAL BACKGROUND

The assumptions, on which anaiysis of variance is
based, are that the expe;imental_errors a) have equal |
variances; b) are statistically independent and; c) are.
normally distributed.

Like many other fields of sfatistics, it was
R A Fisher who germinated the idea of rdbustness in 1935.
In his book, 'The Design of Experiment', he raises for
thé first time, the.concept of robustnesg in terms of the
sensitivity of the 't' test to the underlying assumption
of normality.

Stigler (1980) traced back the history of the study
of robustness. He described the method of rbbust estimate
of location first proposed by R H Smith, a Professor in
Engineering at Mason College (later, tﬁe University of
Birmingham), in 1888.

Cochran (1947) gave an account on the consequences
when the assumptions for the Analysis of Variance are not
satisfied. The consequences on the effects of non—hormality,
gross errors, heterogeneity of errors,«correlations amongst
the errors and non-additivity were discussed in general terms.

It was Box (1953) who actually introduced the term
'Robust!' to denote a statistical procedure which is

insensitive to departures from assumptions on which the
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model is Bésed, Sucﬁ procedures‘ére,commonly’usédvahd
studieé_bf robustness havé been_Carfied out in the field
of 'Anéiysié of Uariance'.

The effects of non—normality in the distfibUtion
of error were sfudied by Pearson (1931), Geéry (1947) and
Gayen (1950) for the onéfway layout. Kanji (1976b, 1977)
studied the effects of non—normaiity on'the'power in
analy81s of variance for both one- and two- -way layoutsv
by a 81mulat10n method (for both fixed and random eFFeCts)
David and Johnson (1951) considered the extent to which
non—nqrmality of the error distribution affects the F-test.
Iﬁ is found that the test, in general, is littie aﬁfected by
non-normality of "error. . | '

In the study.ofbstatistical independence, Box.(1954b)~
studied the effects of serially correlated errors within
rous in the two-way leycut. His~fesults'indicate that the
between-rouws comparisons are greatly affected by serial
corrélaﬁion within rows, but that the between-columns
comparisons areimuch less seriously aFFected; Kanji (1975,
1976a> considered the effects of serial correlation of
errors.on fhe power in the general iinear model and in the
| two-wayvlay0ut like Box. It'is_found that;lin the general
,linearAmodel and the.betweeh;columns comparisons in the two-
way layout, the teét is not seriously affected by serially
.CUrrelated errors.

However, Andersen et al (1§81) followed the foot-path
of Box (1954b) and derived the approximations to the

distributions of the usual test-statistics of no column



;g_eFFect and*novroﬁ.eFFect..THe‘béhaviOUr oF»tHe
approximations was stuaied.by simulatioh‘ia the cases of
the‘firsfeorder autoregreSsive_andvFirsi—order moving
. average modals. They found that if the correlations :
are disregarded, itvmay lead to seriausly mis-leading
conclusions. ) |

Numeraus studies have been made'on the effects of
'departure from the usual assumptlon that the error -
'Varlables have equal varlances. Kanji (1975) studled
. the effects of unequal error variances on the power in
- the genaral linear model. He'Foand.thaf the power value
is seriously affected when normally and indepandently
'Histributed arror variables have unequal error variances
'Aand, Mherever‘error variances.are unequal; fhe power
value is greater than for equal error variances. Welch
(1938) considered the effect of unequal group variances
on fﬁe'tAtest.'His rasults indicate that when the groups
'are of equal size, rhe effect is amall, but this beaomes
larger when thevgroups‘are of unequal size. Hsu (1938)
attempted to find exact probability for this case. Gronow
' (1951) carried out the investigation using a different’
approximating method._Bath of their investigations supported
Welch's finding. Carter‘et al (1979) also attempted the
same problem. Their result 1ndlcates that there is no |
Vappr901able effect on the 81gnlflcance level even if the o
ratio QF the variances differs from one by as much as 0.4.

When this difference exceeds 0.4, the effect starts showing
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A bnt can be compensated for if one is pefmitted>to take a
jarger number of observatlons from the populatlon with the
larger variance than from the one. with smaller varlance.A
The effect on power is 81mllar,.Murphy_(1967) used a
simulation method for his study of the tuwo sample test when
the variances are‘unequél.'His invéstigation indicates
thatlthé permutatinn tesf and the t-test are virtually
identinal in practice and are fairly robust to inequality
of varianbes .as long as sample sizes are equél
Horsnell (1953) brought David and Johnson's work
a step further, and considered the effect of unequal group
~variances on ‘the power of the test for a special case of
the one-way layout. Box (1954a) derived an approximate
.mefhod tovstudy the effect of unequal group variances in
“the nne—way layout. His results indicate that if the
group variances are unequal and the groupé‘are equal, then
the test is not seriously affected. However, quite largé
discrepancies can.dncur when the groups are unequél for
- even moderate variations of variance. kanji (1979) |
considered the power'aspscts for the same case using
different method. The_resulté'he obtained show that the
-power of the test when-the gronp'variance arevnot equal
is'larger‘than when they are equal, and; that the group
sizes do not greatly affect the power. In addition, the
. power will be affected if thé‘group sizes are greatly

unéqual.



Both Box (1954b) and'kanji (1976a)_continued‘

their studies of the effect of unequal error variances
in thetmmrwéy laybut.:The~results de obtained are
similar to those_For equal groups with the one-way
classification, i.e., both between—éolumnsAandAbetweené-‘
rows tests are not seriously affected by inéquality of
column vari%nces. In contrast, the results of Kanji
show that ﬁhe power'of the between-columns test ié
gréatly affected by the unequalAcqlumn variances.

| itoxand Schull (1964) studied the robustness of the
Tg test in multivariate analysis of‘variaUCE when variance
and covariance matrices ére not equal.'Their resuits show
that, for large samples of equal size and moderate
inequality oF'variance and covariance matrices, the
test is notAseriouély affected but, for Qnequal size, the
effects are quite large. Cartef et al (ﬂ979) extended
their study pf.the effect of inequality of variances on
the t-test to the multivariate situation. The results
they obtained are similar to those of the univariafe
case. |

The statistically important problem of the

distribution of homogenecus positive quadratic forms uwas
discussed in detail by Robbins (1948), Hotelling (1948)
and, Robbins and Pitman (19&9). The more difficult

‘distribution of non-homogeneous quadratic forms was studied

by Solomon (1961). Ruben (1962, 1963) derived the
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s
distribuﬁion.Function of a nbn—negative,quadratic form,
'bofh homogeﬁeous and non—homogeneous, in terms of an
infinite linear cambinétion of chi-square distribution
functions Qith arbituary scale parametef.'Alﬁernative
representation of the distribution function of the non-
homogeneous form in terms of non-central chi—squaré
distribution functions with arbituary scale parameter was

also derived.

1.2 AIM OF STUDY

~ Following Kanji (1978), a distribution of the rétio

of two independent'qdadratic forms is modified with'érbituary
scale parameter and has been referred to as a generalised.
incomplete beté distribution. It is then applied to investigate
in detail the effect of uneqﬁal error variances and serially
corrélated errors on the powerAin the following cases:
i) the general linear model;
ii) the one-way layout ahalysis of variance for fixed

and random effect models;
iii) the two-way layout analysis oé variance for fixed

and random eFFécts'mddels;
iv) ‘the fixed effect one-way layout analysis of

covariance model with one concomitant variable and;
v) the fixed effect split-plot design model.

In addition, the cost aspects in ;elation to power
is considered For‘the‘uneqhal error variances situation

in the one-way layout.



“ Although this thesis is an extension to the
various work by Kanji, theré are many features that
differ Froﬁ its predecessor. For example, different
scale‘paraméter and different transformation in thé
application of Ruben's theorems; different expressions
for the variance-covariance matrices in the -random

effect models are used.



_CHAPTER 2

2. POWER ASPECTS IN GENERAL LINEAR MODEL

2.1 ESTIMATION OF PARAMETER

The general linear model of full rank can be

expressed as Y = XB + ¢ (2.1.1)

where Y is a (nx1) vector of observation, z.is a (nxp)
matrix of known coefficients (pgn); B is a.(pxi) vector
of unknown parameters and € is a (nx1) vector of 'error'
random variables. | |

In order to investigate the effect of a departure
from the.usual test assumption on the po@er in Analysis of
Variancé, we will consider the vector € such that € is-
distributed as N(Q,02§) where § is an (nxn) unknouwn |
positive definite symmetric'matrix and 02 is an unknoun
scale factor. This will allow for both heteroskedasficity
(unequal diagonal elements of §) and interdependence
(non-zero off diagonal elements of Q) of the errors. Since
the errors are normally distributed with expectation zero
and variance-cévariance matrix 02'§, the likelihood

function to be maximized becomes

EXP(—a—(NY - NXB)'  (NY-NXE))
20

,(2.1.2)"

where 6—1.= N'N, since any symmetric matrix can be split up
into the product of triangular matrices. The maximum

likelihood estimates of B and 02 are:

-1 1

= (e sy
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and % = L(uy - wxg)(ny - wxf) .

Sihce‘E(§)=§, then B is an unbiasgestimate of B. It
can also be proved that 5(82)= E%E o2 and therefore
¥ 5 A ED) = 55y - )t (ny - nxg)

o n-p n-p

is an unbiased estimate of 02.

2.2 TEST OF HYPOTHESIS

Testing the hypothesis g = g* in the model (2.1.1)
is equivalent to testing Simultaneously tﬁat each Bi equals
a given constant 3; . In testing the.hypothesis

HO: B = g*, it is essential to devise a test Function;_

For thé evaluation of the power of the test, it is also

necessary to know the distribution of the test function

when the alternative hypothesis Hy: B8 # g* is true. Also

we can test any sub-hypothesis y I* where the elements of

1* a}e given constants (see, for example Graybill (1961),
Pp.135). This can be seen in later chapters.

Following Graybill (1961, pp.128-133), the likelihood
ratio criterion for the classical case of independent equal
error variances that has been used to test the hypothesis
can be expressed as

n “ 9 * . * /2
((x = xByr(y - xB™2((y - xB)r(y - x8)7"

-n/2
* .
where Q, = (¥ - XB)'A (Y - XB). - (2.2.1)

L



a, = (Y - XB)'A,(Y - X8") L (2.2.2)

and A, = X(X'x)7'x

are both indempotent matrices.

The rank of QZ’ which is also the rank of 52’ can be

determined by

trace(@z) = trace(g(x'z)—1§' ) = p.

Therefore the rank of 52 is p and similarly, the rank
of 51 is n-p. Hence, Q1 and‘QZ are positive semidefinite
quadratic forms.

To determine whether 0, and Q, are independent, we
employ a lemma due to Seber (1966, pp.8) with slight
modification as follows: -
Lemma (2.2.3) ”

IF A4 and 52 are symmetric idempotent matrices

such that AA, = 0, then X'Q1Z and X'g2Y'are statistically

2

:independent.

Proof:

!
m
—~~
D
-
1™
™
=
N
~

COV(R,Y, A, ) =

In our case, we have

If © = Q,/Q;, then the numerator and denominator of T are

-10-



mutually 1ndependent with ranV p and n- p respectlvely

2.3 DISTRIBUTIUN OF THE QUADRATIC FDRMS '

In ‘order to assess the eFFects of 1nterdependencé
and heterogen81ty of error varlances, we will assume
the hypothesis testlng procedure for th87018831cal case
when the error vafiances are; in fact, not independent
. and uhedual.ﬁFromAequation (2.2.1), we have .
| = (Y - X85 A, (Y - XE)) |
wﬁere Y‘is'distribufed'as N(XB, y)_and”y =A02§( Let

9 =Y-XBand u = XB - XB ", then
- L T o L
= (y + )'A (p+p) B - (2.3.1)
and ¥ is dlstrlbuted as N(0, V).
To achleve the required quadratlc Form For the
application of Ruben (1962) theorem 1, the linear

transformations

¥ o= t'kZ  end B = -t'Ke
transform the quadratlc form of Q2 to the canonlcal Form
given by (Z - b)'A(Z - b)- vhere Z is dlstrlbuted as N(U,l)
‘and t is the upper trlangular matrlx defined by -

Ay{: E'E,‘éhd 5 is the brthogqnal matrix of eigen-vectors
of ALt The'ai's-are the'diagohal'elements of the
matrix A 5'5'?522'5 and also the eigén-values_oF 3522',
and‘g is aﬁfixed n-dimentsional vector. Since @, is a

‘non-homogeneous quadratic form, Ruben's (1962) theorem 1

can be applied, viz,

-11-



1>
1o
~
£
0
o
~~
=
N
A

. ‘oo
= I cC; O 2.3.2
d) . J -0 J F1 ( /92 ( 2 )

where‘f‘1 = p is the rank70f §g2§ ; -and therefcre of 52

since t is~nonsihgular; 9, = 3y, assuming without'losé
of generality that a, § a, € ... apswhichvis different
from the value 1 as'uséd-by.Kanji (1975); Xg+23( ) is a

chi-square disﬁribution and the Cj satiéfy the.recursion

\

brelationshipv
= 3 .
v : F ,
where ¢y = EXP( - 12) i AT1/2 |
. : I 1 s
- i=1 -
f F 2
hy = I (1 - 1/A )° RANCHZ ISR VW hats
l= =
~and
Ry = a;/9,

The ndncentrality parameter A can bé obtainéd’by using.
vectér b. |

And, similafly, the distr.ibut‘;ion.df‘a1 can be obtained.
But in.this case, it is a homogeneocus quadratic Form-aﬁd

theorem 2 can be applied, viz:

b 0@ =P g a) = E g xE 5 (Yay) (2.3.9)

238 22 o i=0 *

where f, = n-p is the rank of'§1', M o= K 'tA 'K is a
diagonal matrix whose diagonal elementS»mj are also the
eigenvalués of 3512?; 51 is an orthogonal matrix of
eigenvectors of §§1§'; 94 = my; b =0 and the'di‘satisFy the

recursion relationship

~12~



-1 _ S
o=t SR, d i=1,2,...
| d; = (21) rib i-r °r : ’
:mhereu FZ M_1/2
: do = 05, 7'j
0 j=1 )
h = fz s
s 1 (1 - 1/M.)
: . j=1
- and _ ‘
T M, = m /g1

o

2.4 . NONCENTRALITY PARAMETER

It is always desirable to express the noncentrélity
. % o o
parameter A in terms of ¥ and V. From the equation

E¥ -tk

k)T s )T

- we have Q'

where K is the orthogonal matrix defined in ‘section 2.3.

Again we have V = t't or (E')—1 = Ey’1

and é = -5'(3')-1 y* = -5'§y'15*;

Now, A = b'b = & Ib

TN

and  b'b = (-KreyT B (-Krey )

Thére?ore we ob‘l:air'l,b)‘2 ='%Q'b'= %B 'V

-13-



2.5 DISTRIBUTION OF THE RATIO OF QUADRATIC FORMS

Having obtained the distribution of Qq, and 0, in the,
preceding section,'the»distribution of the ratio dF Qz to Q1,
i.e. the distribution of 1, is required. |

It has been shown that Q1 and Q, are independently
- distributed as mixture of central-xz distributions.

Therefore the ratio of Q,/Q; is distributed as a mixture

of ratios of central X2 distributions (see Appendix 1),

Thus,
P(t= 0,/0; s ) = © T c.dF (n=ps2i, c) (2.4.7)
T2 S 0T Ag jkg i ee2gyn-pe2i UpeZy el 1T
where F . (.) is an F-distribution and'aczag{bz.

V1?2

2.6 POWER OF THE TEST

As it is more convenient to compute the incomplete
beta distribution than the F distribution, the series
(2.4.1) is expressed in terms of_incomplete beta
distribution with the help of the identityf

| Fv1’v2( X ) = Ix/(1+x)(%V1;%v2)
where I (.) is the incomplete beta distribution. Then, the
series (2.4.1) (see for example, Kanji (1975)) can be

written as
o0

P(T=0,/05a) = 3 z °5917 (ip+j,3(n-p)+i) |
B : - J=0 i=0 , . - (2.6.1)

where ¢ ='db/(1+db).

-14-



Let Pr; be the type II error. Then,

Prp = Plr= 0/0 ¢ o)
- I Tod, i1 ' 2.6.2)
j=0 i=0 j ¢(2P*J,z(n P)"'l) ( )

is a generalised incomplete beta distribution, where
o = fﬁgﬁ—% y @ = cxg1/g2and e is the level of significance.
Thus, the power of the test is given by

1-0P

"

B(A) i1

i

I % ey 1¢(2p+3),2(n p)+i) (2.6.3)

We will consider the cases @here the error variances
for the observations are nat equal'(tablee 18) and that
the observations are serially correlated (ﬁables 1B) in
the manner given in Box (1954b) We cansider also that
X, as referred in (2.1.1), is a d931gn matrix.

When more than two treatments are involved, like
Horsnell (1953), we will.coneider tuo cases odeivergent

mean, namely,

* * * * ‘
i) U, = Us = ...:Up € Uy,that is divergent mean in the
group with smallest error variance;
* * * * » ‘
ii) Uy = Uy = ...=Up4< Up,that is divergent mean in the

group with largest error variance

Notice that, when X = 0, B(0) provides a measure of
the effect of departure from the assumptions of homegeneity
and independence of error variances on the test when the null

hypothesis of equal group means is true.

-15-



For practical purposes only the Firstv26’terms.will
' be considered in all the infinite sums in the actual

calculations of pouwer.

-16-



CHAPTER 3

\

3.  POMER ASPEETS.IN THE ONE-WAY LAYOUT

3.1 FIXED EFFECT MODEL

Consider a simple experiment, for example in a
variety trial, to compare the mean damagé of each
variety due to a certain disease, using a complete‘
randomised design, where the variabilities of
susceptibility to that particular disease for each
variety are different. In other_wqrds, ve wish to compéré
group to group homogeneity of means while the group to b
group variances are heterogeneous, in the oneéway
classification of analysis of variance.

Suppose that there are n; obgervations in group i,
th

i=1,2,...k. Denote by Yi; the j

i, by ?i. the ith group mean and y.. the grand mean.

observation in group

Usually we assume the model,

yij = U+ ti + eij ' (3.171)
wvhere ﬁ+ti is the population mean for the i~ group;
Zniti=0 and eij are errors distributed normally and
independently about zero mean with common variance 02.

In matrix notation, model (3.1.1) becomes,

Y= pt Tt o+ € (3.1.2)

where X,ﬁiénd €are respectively (Nx1) vectors of
observations, expected values of Y and random errors;
T and t are respectively (Nxk) design matrix for the

treatments and (kx1) vector of treatment constants. A method

-17-



developed in the geheral linear model has been
adopted which provides a more flexible alternative to
that suggested by Box (1954a). |

| -We retain the assuﬁptions of homogeneity and
independence of the errors but assume variance Ug for the
ith group where the dz"s'are not necessarily equal. The

sums of squares involved are

ap = g0y (¥, - 7,07 = YAy (3.1.3)
a, = IXY, . -7 )%= ya,Y (3.1.4)
A Vi, = 1292 cled)
i |
. -1 1
where 32 = (I(III) T - Wll‘ )
A, = (I-T(D )

are both symmetric idempotent matrix of guadratic Fdrms
and I is an‘(NxN) identity matrix.

Let H = A)Y and T = Tt where T is an (Nx1) vector
with elements ti’ Then Q2 can be expressed in terms bf
H, viz,

Q, = H'AH = Y'AY

where H is distributed as ‘N(T,V). And, on setting
p=H- T ,

Q2 becomes Qz = (Q + 1)'52 (w + I)
where Y ‘is distributed as N(O, V).

-]18~



‘With the help of the transformations

Yy = N'Kz and T = -N'Kb

Qz'can be transformed to its canonical form as

0, = (z - b)'A(z - b)

\
where z is distributed as N(O, I); A = K'NALN'K is

a diagonal'matrix with diaganal elements‘ai which are

also the eigenvalues of NEZN'; K is the orthoganal matrix
of eigenvectors OF.NBZN', and; N is the upper triangulaf
matrix defined by V = N'N. Thus the quadratic form of the

between group sum of squares Q2 can be expressed as-a non-

homogeneous quadratic form. The distribution of Qz (see

section 2.3) is given by

p(eré o) =

T E:
o

2
I oo, XF1+2j(a/92) (3.1.5)
J .

e 2,y s .
where f, = k-1 is the rank A,; g, = a1;xF(.) is a chi-square

distribution, andj; the Cj satisfy the recursion relationship

S -1 -1 -
Cj = (2J) r.—-zo- hj—r Cr J = 1,2,..-
f 1
- 2 1 -3
cg = EXP (-2%) i AS
. i=1
f. f
_ 1 m 1 2 m-1
where h_ = §=1(1.- 1/Ai) +m §=1(bi/Ai)(1 - 1/Ai)

and A, = a;/g9,.

-19-



Similarly; the quadratidlfo:m'of Q, can be
expressed as 9'519. By the ﬁransformation,gbz NF512,
Q, is reduced to z'Mz where M = 51'N51Ni51 is a diagonal
matrix'with diagohal elements hj which are also the
.eigenvaiues of NA N's E1vis an orthogonal matrix.of

eigenvectors and N is as defined earlier. The‘distribution'

of Q1.is given by

P(Qy 5 o) = iEOdixf2+2i(a/g1> (3.1.6)

where f? = N-k is the rankvoF'g1; g1‘=‘m1 and the di

satisfy the recursion relationship

r=0 :
. fz 1 -
wvhere dU = Q[T M2
j=0 J
Y n
h = I (1 = 1/1.)
- n j=0 I
and- .
p"l . = m. .
j= /9

It can be proved, by lemma (2.2.3), that the tuwo
quadratic forms Q1 and Qé‘are statistically independent;
The noncentrality parameter )\ is given by

(3.1;7)4

-20-



" Proceeding as in section 2.6, the distribution
of the test criterion U is given by -
P(U=Q,/Q, < @) = T Tc LR (L1f,+j Y +i) (3.1.8)
2077 s 'JU:LUJ _2_1J’22, T
where I¢(;) is a generalised incomplete beta distribution;
¢=ac/(1+dc)’and @.= ag1/92, qu a chosen level of

significance €, a is giVen by a = Fé F1/F2.

Let PII,be the type II error. Then
Piy = P(UE€Q)
and the power of the test is.given by
B(A) = 1 -pII o .
. (=) . : .
or _ B(A) =1- % T c.d.1, (X2 1+23, N’§+2l) (3.1.9)

j=0 i=0 Ji%e

3.2 RANDOM EFFECT MODEL

If the k populations describéd in the previous
section were a random sample dfawn from the large (possibly
infinite) set of populations, the model described by |
- (3.1.1) becomes a random ef?ect model.

For example, in the determination of fuel consumption
for a certain engine capacity, 1BUolcC'say, k models are
randomly selected out of all poésible models available in

the market within the category. Let yij'be the‘dbSe:ued._
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th

fuel conéumption of. the j car from the ith m0del

after completion of a given route. Thén,vthe model

it ey e hEeenk (500

1’2)ooo,ni

<
1
= .
.o
ot
+
,_l
i

o
1

describing the strucéurE—becomes a random eFFéct model
where ti and eij are independeﬁt normal variables each
with zero expectation and with variancés 5% and ofk
respecfivély. ~.And the oig are not‘necessarily,equél.
Thé génerél procedure for testing,a’hypothesis,'
~and for estimation; ié the’sgme for the random effect
modei aé for the fixed effect,model; Sheffe (1959) has
discussed the power of the test when the»errorvvariahces;
’are equal and'the layout is balanced. Here we will
consider the power of the test in the random effect
model wheh the error variénces are not equal and the:

layout is ndt balanced.
The sums of squares involved are,

A T E 95
Q. = z Y:: = V. . ) 3.2.2
B R S . o
kL,
05 = 2 iy -y, )% (3.2.3)

N 5.2 ko ng
ce o= Y. z L™ (e,, - e,
1 §=1 el o, i=1 j=1 1. ’(3,2,4)
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is the same as that for the fixed effect model and so
does the distribution of Q1. _
Like in the fixed effect model, QB can be

expressed as
— 1
4 = M,
where H = A, Y is distributed as N(T, 5). A, is given
in (3 1.3), and S is a variance-covariance matrlx with
diagonal elements (n.gi + g.). Setting ¥, = H_ - T and
Followlng a 81mllar procedure as in the fixed effect

model, Q5 can ‘be reduced to its canonical form (z -b ) A*(z b),

. ¥ = 1 1 * 3 —
where A¥* = K N A2Nr5 and Nr_ls defined by S = N;Nr . The

P ARl A

elements of z are standard normal variates. The distribution

of Q3 can then be obtained easily and is given by

P(a; g @) = j_ZD o 12230/93) - (3.2.5)
where c' £ c vand 93 £ 9.
The noncentrallty parameter A is then given by

T 8-1 Te

1
2 or 12 =

N

- (1
» = (3bib.)
‘To test the hypothesis of equal treatment effect,

we proceed as in section 2.6 and the pouer of the test is

given by
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. o e
B(A) =1 - T I ctdI
’ J':U i:D

¢} (k-;+2js N-§+2i) ‘(3.2.6),
¢ ,
where or £ ¢,
Fouf’vélues of oz, or UA as :eferred.in tables
2.1A, 2.1B and 2.2A namely 0.0, 0.5, 1.0 and 3.0 will
be considerea. Notice that when.gg = 0.0, the random
effect model is reduced to the Pixed effect model.
Apart from the heterogeneity of efror variances,
first-order serial correlation within_treatmént in the
fixed effect model will also be considered, for both

balanced and unbalanced layouts.
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- CHAPTER 4

4. POWER ASPECTS IN THE TWO-WAY LAYOUT

4.1 FIXED EFFECTS MODEL

Sometimes, when testing the k treatments in r
blocks in two-way layout, circumstances arise where the
variances of the k treatments differ from treatment to
treatment. Similarly, when the experimental material,
which is homogéneous within block, is not homogeneous
between blocks changes in variance may occur from
block to block.

For example,Ain an experiment to compafe t treatments

. and n breeds of cow for milk'production on tn cows.haviné
similar characteristics like age, weight and lactation
stage, in the two-way layout. The variability for éach
t:ea%ment is homogeneous but may differ for different
treatménts and so do for breeds.

Consider é simple randomized block design with

k columns,r rows, one observation per cell and no

interaction. We make the usual assumptions that Yij

the observed value from the ith row and the jth column,
may be represented by the linear model
yij = . u+ Bi + ﬁ + eij‘ » | - (4.1.1)

where ﬁ, %’and Y, are respectively the‘grand'mean, the

~row constants and the column constants such that

ZBi;= Zyj = 0.

-25-



And the éij are the random errors distributed independently
about zero mean with common Variance 02. |

" Like Box (1954b), we retain the assumptions of
vindependence and equal variances but assume 0§~F0r
the jthvcolumn and that Qofrelations within row may
exist»while the rows remain statistically independent.
But unlike Box, we will use the method developed in
Chapter 2 which provides greater écope and flexibility
than that suggested by him, so long as normality‘is
assumed. |

Alternatively, we can denote the model (4.1.1)

in matrix notation as

(4.1.2)

1<
]
e
4
1™
=
+
=
+
1m

-N
design matrix for the rows and Er is the corresponding

where §N = Bﬁr, Yy = CY, and N = rk; R is an (Nxr)

(rx1) vector of row constants, and similarly, C and Ik
for the columné.b Y, u and €& are, as before, (Nx1) vectors
of observations, expected values oF'X and errors
respectively, where € is distributed as N(Q,y).
The sums of squares involved in the betweén—columns
and the between-rows tests are
k » )2

Q- = t Z (y .-V
3 =1 e J e

= Y'A5Y | (4.1.3)
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T . oo
- - 2 _
Q = koz (¥ -y )7 = YA (4.1.4)
i=1
r k _ _ - 2 |
G =z 2 (yij T YiL T Y y, )" = Y'AY
=1 3=t - (4.1.5)
where A, = (c(c'C)”'c' - 4110 ) = (2eor- e )
As ' - wladn ) o= EEET- wldy
1 1 1 1,
Ay = (RR'R)TR' - glyly ) = (RBR' - glyly)
and A, = (I,, - A, - A ; A4 44 )
- Iy = Ay - B+ glyly

are all symmetric idempotent matrix of quadratic forms.
I, and IN'are fespgctively the (NxN) identity matrix and
the (Nx1) vector of unity elements.

Consider the distribution of Q5. Let H_ = EBX‘

Then”QB.can be expressed in terms of 50 as

U3 = HiAgHo = Y'A5Y

where H_ is distributed as N(IN,y). On setting ?c = Ho= Yy

Q3 becomes
Oy = (g + Yy )'As(F + Xy)
where yc is distributed as N(Q,y) . With the transformations

Yo = t'Kz . - and Y, =-t'Kb
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Q5 can be reduced to its canpeicalAFprm (z - g)'ﬂ(g - b)
where z is distribqted as N(Q,I); ﬂ;?_g'zﬂéf'g is a
diegpnal matrix.with diagenel elemehtsei wﬁiph areiaisQ't
the eigenvalues of tA;t'; K is'tpe orthogpnal maﬁrix:pf

elgnevectors of tABt And t 13 the upper trlangular

- matrlx defined by v = t't Thus QB’ or the between columns :

sum of squares, can be expressed as a non- hpmogeneous
quadratic form. The dlstrlbutlon oF Q3 (see sectlon 2 3)
is given by
P(A; 0 = I c.x2F3+2j(a/g3) E (4.1.6)
..~ J=0 J7 - - o : ' :
_ | ) S -s2 o
phere F3 = k-1 is the rank of 33; 93=a1;~xf(.) is a

chi-square distribution and the Cj satisfy the recursipn

relationship
PSR o .
) o f .
_ 2 3 1
cg = EXP(-AC) Il AT2

-
W

. ) f_ o
. ' m ‘ -
where h_ f (1'f11/Ai) +om z (bi/Ai)(1 _ 1/Ai)m j.

- i

~-end Ai ='ai/g3. The npncentrality parameter Ab is given by

: N
S~—r
N
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V-

Similarly, with the help of the transformations

Q, can berreducéd to its canonical form (z - g%)fgf(g —;Q*)
where 5* = 553322'52 is a diagonél métrix withldiagonél
elemenfsva; ﬁhich are aléo the eigénvalﬁesbof gglg'; 52 is
the orthogohél matrix of eigenvectors-qf EBZE'; z andVE-
are as defined earlier. Again Qz, or‘thé betweén-rows

sum of sguares, can also be expressed as a non-homogeneous.

quadratic form. The distribution of Q, is given by

. 2 % 2 .
p(Qz 5 0‘) _.J:ZUCJ. Xf‘2+2j(a/92) ) (4.1.7)

2
saﬁisfy the recursion relationship

where F, = r-1 is the rank of A,; g, = a; and the c?

* : )
3 1
* 5, fo o xi
Cyg = EXP(-2X) I Alz
: i=1
o« 2% o %2, *\m-1
shere hY = 22.(1 - 1/A)™ +m 2 (b32/A;)(1 - 1/A,)
. m . i=1. _ Ly i=1 1 -1 1’

and A; = a:/gz. The noncentrality parameter A, is given by .

| *2' \% 2 =1
A, = (BTE = (BE2 )T or AZ = BBV,



and likewiée, with the:transformations

'Q1:cén be reduced to its canonicalvfofm z'Mz where

M =.5'§é §'51 is a diagonal matrix with diagonal

elements mj which are also the eigenvaers of 2613';_K1
is the orthOQOnal.matrix oF»eigenvectors of §§ t'; z and t
are aé defined earlier.‘Here, the error sum of squareé Q1

can be expressed as a homogéneous quadratiC’Form and the

distribution is givén by

N\

] - ) . o
p(Q1 < CV») = lfodle\'].‘-z:l'( /91) : (4'1°8)

where f, = (k=1)(r=1) is the rank of Ay 94 = my and the

d, satisfy the recursion relationship

d. = (21)7" IH ¢ i=1,2,...
¢ -1l wd
o = LM
i ' s ’
where H, = §=1(1 - 1/Mj) _ a?d My = mj/g1.
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| The sums of squafes Q1, Qz and Q3 are mutuaily
‘independent since, by lemma (2.2.3), A,A, = 5253.= Az, = 0.
This condition allows us to carry out both the between-
columns and the between-rows tests at the same time in
the usual manner even though thé aséumptions; apart from
normaiity, are nﬁt met.

To test the ﬁypotheSis of no column effects, we
proceed as in section 2.6. Tﬁe distribution of the test
criterion U¢ is given by o | |
- . © © : o
= 03/Qysa) = I I c.d;Iy (3f5+j, 3F i)

P(U
j=0 i=0 4t "¢ |
: (4.1.9)

C

where I¢(.) is a generalised incomplete beta distribution}
¢, =_}%/(1f1%) and o = ug1/93,“ For a certain chosen
level of significance & ais-given by o= F€F3/F1. And

the power of the test is B_ (1),

B(A) = 1 - P(US a)

0 -3
=1-3% . yec.d.I
| j=0 i=0 J *

‘(k—1+2j‘;(k-1)(r—1)+2i )
¢." 2 2 : T
(4.1.10)

Likewise, the power of the corresponding between-

rows comparisons is given by Er()r),
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|

| m hos 3 A . . .
A)e1-3% Iciar (E=hzl (ke1)(r-1)+2i
(%) j=0 i;UCJ lI¢r( 2 7 2 )

o (4.1.11)

: ) o S ¥ ’
where ¢ = ar/(1+ar), o = o g,]/g2 and @ = st‘z/f‘1

for given level of significance €.

4.2 RANDOM EFFECTS MODEL

If we now ConSiderrboth treatments and blocks
are random samples from their respective populatiohs,.
then the model (4.1.1) becomes a random effects model.

Cpnsider'the two-way layout random effects model
where the error variances may not equal and errors are
not necessarily uncorrelated. We will aséume a model
similar to that of the fixed effects one, namely,

= p+ B+ Y; t e | (4.2.7)

Unlike in the fixed effects model, we assume that Bi; 'G

and eij are all independent random»va?iables. We further

assume that the Bi and the'Yj are normally distributed

with zero expectations and variances 02 and 05 respectively.
Employing the sahe notatiqns as in the fixed effects

model, we have

Y = g + §N oYyt £ o ﬂ;(4.2.2)
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J -
Y. are no longer valid in the random effects model since

The conditions;ZBi = Zy..z 0, concerning the Bi and the

they are no longer constants but independent random
variables. |

Dwing to the fact that the eij ar¢7independent_
from both the Bi and the Yj’ the error sum of sguares Q1
is the same in the random effects model as in the fixed
effects case. Hence the distribution df the error sum
of squares in‘the.random effects model is the same as that
given in (4.1.8).

Consider the distributiqn:of the between-columns
sum of squares Q3 in tﬁe rahdom effects model, Agaih,
let He = 532. Then Q3 can be expressed in terms of H_ as

Gy = HiAsH, = Y'A5Y

2

where H_ is now distributed as N(YN,S) and 5§ = (ro Iy * V).
0 Yno2 2 y - ¥

c

And v is the variance—covariance_matrix for the € which is

the same as in the fixed effects model. Setting ?c = H, - ZN’

Q5 becomes (wc + IN)'BB(QC + XN). With the transformations

Y = t'Kz and Y, = -t'Kb
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Q5 can be reduced to its canonical form (z - b)'A(z - b).
where z is the standardised normal variate; A = 5'2532'5
is a diagonal matrix whose diagonal‘elemehts ai are also
the eigenvalues of EB}E'5 K is the orthogonal matrix

of eigenvectors of tAst'. And t is now defined by

S =t't. The distribution of the quadfatié form Q4

is fhen given by

_ w. 2 o | | .
P(Q5 ¢ o) = o cY Xjq425( /93), (4.2.3)

| where 03 énd g%»are difégrent from cj and 9 in the
fixed effects model sinée the variance-covariance
matrix V has changed to S .
To test the hypothesis of equal treatment effects,
we proceed as  in section 2.6 and the power of the test

is then given by B ( %),

BC(AC).z 1T - P, = 85/0 g o )

=1- L Ic'd I,
j=0 i=0 J * %¢

(k=12 (k—1)(r-1)+2i)
Za 7

where ?é £ 9.
The distribution of Q2 and, hence, the power of the
test for the hypothesis of equal row effects in the random

effects model can be obtained in a similar way.
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Like Box (1954b) and Kanji (1976A, 1978), we will
consider the effects of unequal column variances and
serial correlation_within'row on the power of the betuween-
column test in the random effects model. In addition, the
effects of serial correlation within row on the pouwer of
the corresponding between-row test will also be considered.
Only the effects of unéqual column variances on the
- power for thé between-column test will be considered in
the random effects model for the three values of 0? (VA as
referred in the table/B.ZAL namely 0.5, 1.D'andv3.0. ’
Notice that when °Y2 - 0.0, or VA = 0.0, the
random effects model is reduced to the fixed effects model.
And we will refer the Fixed effects model by referring

VA = 0.0 in random effects model (tables 3.18, 3.1B and

3.1C).
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"CHAPTER 5

5. POWER ASPECTS IN ANALYSIS OF COVARIANCE

It sometimesbhappens that during the carryihg
out of a carefully designed experiment ﬁhere.is an
uncontrollable Qariable which varies between the runs
of the experiment. As well as the individual results,
thé value of this uncontrollable or concomitant vériable_
is also measured at the time of each run. Before a |
conventional analysis of variance can be performed, the
effect of the concomitant variable, or the.covariate,
must be removed by a method analogous to tﬁe regression
analysis. This technique is known as the analysis of
covariance.

Consider the simple case of the analysis of
covariance with one concomitant variable in, for the
general case of, the unbalanaced cne-way layout repfesented

by the model

1,2’00.,k

Yij = Hy + b, +y (zij - uz) te; g 1=
j= 1,2,oo¢,ni
(5.1)
or in matrix notation, l
- o ‘4 € -
Y o= B Iy ow (z -¥)Yy + £ (5.2)
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where X.and Z are (Nx1) vectors of observations and
covariate reépectively with respective expectations

E& and éz; Ty = Iik with T and ik being the (Nxk)
design matrix for the treatments and the (kx1) vector
of adjusted treatment constants respectively, such that

zn;t, = 0 or 147, = 0 and 1, is an (Nx1) vector of

-N-N N
unity elements; € is an (Nx1) vector of random errors;
'Y is a (1x1) vector of the common regression Eoef?icient
of the covariate and N = Eni.

The usual assumptions associated with the analysis
of covariance are that the errors are independently and
normally distributed about mean zero with common variance

02, and that the Yi; the regression slope for the group 1,
are homogeneous. Here we will consider the effects on
powef when these assumptions ar; violated in the sense

that the error variances are not equal but with error
variance cz for group 1, ahd that the Y, are not
homogeneous cwing to the unequal group variabilities of the

covariate.

The least squares estimate of y is given by

>

- - - 2
Y = ge(z, s -z Jy;. -y )/ zx(z.. -z )
ij. 1] - 1] .o i3 ij .o

(z'8,2)7'z'AY

K>
1

or
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1
Nlml

and z

where A; = (£N -

matrix, and y
of the y's and that o

The sums of sq

pp.199 - 204), are

EZ(y.. -A

Q, =
j i 14
= Y'ALY -
Q, = II(y;;
= X'BEX -
and
Q3 = Qo] -

.where Q1, Q2 and Q3'a
sum of squares, the

_adjusted treatment sﬂ

&)'is a symmetric idempotent

f the z's.

uares invoived, see Sheffé (1959,

are respectively the grand means

Iz Iy ' _ 3 2
S )2 Iilyss -y, 0G5 2, T
.o I (zi.~.2 DA
ij J e o
-1.
X'BTZ(Z'BTZ)k Z'AgY,
[ZZ (y, . =5, )zy -2, )17
2 . . ij i. ij i
—Y) . 2
i -
- iy (z.. -z, )
' JRI T
Z'BEZ(Z'BEZ) Z'AcY
Us

re respectively the adjusted total

are the

m of squares; ?i. and Ei

ad justed error sum of squares and the

group"means of the y's and that of the z's respectively, and;
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pe = (1y - 1D

is a Symmetric idempotent matrix. Let

1< -

0 = vaY e g, = Y'h
uhere '- Ry = (Bp - BTZ(Z'EfZ)szrBT)° 53
T TR TN A TS R
then - | a; = Y'AsY
wher? : e3v = (51v_ As).

It can be seen that 31_and’§2 are both symmetric‘ 
idempotent hatficgs. in fact, it can be proved that'tﬁe
matrix 53 (seeAAppendix 11) is aléo symméfric and
idempotent. |

Let H = Q3X. Then‘Q3 can be expressed in terms

where H is distributed as N@Ni!)' Consider the expectation

of ﬁ.
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Notice that E(H) is invariant, undefemultiplication;'

to the term I(I'I)—1I‘,jthat-is

T TEW) = I Ty = T = £

or

E(H) =T, =A E(T(T'T)’1T'Y) —(A -A )(u +T) (5.5)
| =T - AtZCZB z)‘z”c '

since BT(Ey * Eo) = T, and BE(Ey + ED) = 0,

mherefY..z T(T'T)_1T'Y , E(Y.)'= (u + T ) and T _ is the
observed or the unadgusted treatment Constants, | |

: ‘ 1 _
and A = T(T'T)” T'A = (T(T'T) - N1N1& )

is also a symmetric idempotent matrix. Now, on setting

v =H - T, the quadratic form of Qs becomes
R T P LT
05 = (¥« T)as¥ T
~where V¥ is distributed as N(Q,V). With the transformations

b= N'Kx and Ty = -N'Kb

Q5 can be»reduced to its canonical form (x - b)'A(x - b)
where A = K'NA;N'K is a diagonal matrix whose diagonal
elements a; are also. the eigenvelues of NBBN'§ K is the

‘orthogonal matrix of eigenvectors of NA;N' and; N is the

upper triangular matrix defined by V = N'N. Thus the
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adjusted treatment sum of squares-Q3 can be expressed
" as a non-homogeneous quadratic form and the distribution

(see section 2.3) is given by

P(ay € o) = 3

Jzocjx§1+zj<d/93) . (5.6)

where f, = k-1 is the rank of As; g3 = a1ébxg(.) is a

chi—sQuare distribution and the Cj satisfy the recursion

re;ationship'
i-1 , , ,
P .
c; = (23) r=0hj__r‘cr v J= 152544,
.. . .
2 1 %
cg = EXP(-X) T A2
i=1
here h_ = ‘Ei(1 1/a. )" + } F1(b2/A.)(1 1/a. )™
where moC - i KPR U - i

i=1 o i=1

and Ai = ai/QB. The nnncéhtrality parameter A 'is given by

| i 2.1
= GerpdE - (o))
. _1 .A“2_l| __|-1.
where b = K'(N') Ty Alternatively, A® = 3b'b = T4V Ty

~If uwe express A in terms of the observed treatment constants
t 5 then, using (5.5) we have

A = 3 (x,- ﬂﬁZ(Z'BTZ)"1ZﬂI )'y'1(id - Atz(z'ATz)‘1;'f )

=t=hE =TS -0
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: -1
- byl - v RZ(2 D)2
= Lty o lT“U—1A 22zt _(Z'A Z)-’l |
T 2.0- -0 2.p0- “t== =t-o'= -T= (5.7)
S Cnot?, z(n t .z. ) L.(n.t .z )/d2
: 2 i ol 1‘Y i oi"i. iV 'i‘oivi. i
or A% = E(———7?—).— - —
. i 2] . 2 zz(z .-z )

ij VJ S0t (5.8)

where V is diagonal and toi areithe elements OFEO. Notice
that when the error variances are equal, the nOncentrélity
parameter given by (5.8) above is the same as that given
by Graybill (1961, pp.392).

Simila:ly, the adjusted error sum of squares'Qé
can be expressed in te;ms of H, as HLIAH, where H, = A,Y
is distributed-as N(0,V). By the transformation
H =“N'K X o 'Qz is reduced to ;ts canonical form x'Mx

-e -

where M = 5'Ngzy 5 is a diagonal matrix whose diagonal

elements mj are also the eigenvalues of NQZN" Ee is the

orthogonal,matrix of eigenvectdrs of NBZN'. x and N are

as defined earlier. The distribution of Q2 is given by

p(QZ N U.) = °£ di Xg.+2i(a/92) (5'9)
i=0 2

where F2 = N-k-1 is the rank OF AZ’ 9, = m1 and the d

satisfy the recursion relatlonshlp

i- 1 : .
d. = (21)-1 hi-r-dr i=12,...
i Tr= U
f
R §
dg = T 7
j=1 7
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where h! = I s o _
. s = (- 1/Mj) and M; = mj/gz.

1t can be proved, by lemma'(2.2.3), that the
two quadratic forms Qz‘and Q3 are statistically
independent (using the fact that As is idempotent);

Proceeding as in section 2.6, the distribution

of the test criterion U‘is given by

. o © - - -
P(U = 05/0Q, € a) =3 -E’deiap(%r1+J’ 3Fg+i)
. j=0 i=0

where I¢(.) is a generalised incomplete beta distributionj

. C -1 .
¢ = ac/(q“'ac).’ aC = agz/gz,’ a = ":G—_'_—k':tl F& and € is the

chosen level of significance.

Let P, be the type II error. Then, Py, = P(Ug< a)

II
and the power of the test of equal adjusted'treatment effects

is given by

B(A) =1 -p

11
. o k1423  N-k-14+2i |
= 1- jjb-ijb c;dily G T/ ) (5.10)

We will consider the cases where the design is
balanced and the group means of the covariate are,edual

so that T, = I Like the divergent mean, we will consider

N
three cases for the cavariate, namely,
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i) S; = S, =...; S,» that is the group
variabilities of the covariate are homogéneous;
ii) '52’=’s3 ;l..:sk < 84, that is the group
variability of the covariate is high -in the
v groﬁp with small error variance, and;
ii1) S; = S, =ee. = S,_q < 5, that is the group
variability of the covariate is high in the
- group uwith largg error variance,

_ = N2/
where S, = ?(zi. - Zi.) /(ni - 1).

it

Apart from heterogeniety of error variances
(tables 4A), like in the one-way layouts, first-order

serial correlation within treatment (tables 4B) will also

be considered.
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CHAPTER 6

6. POWER ASPECTS IN SPLIT-PLOT DESIGN

In many experiments where factorial arrangement.

" is desired, it may not be possible to completely randomise.
~the order of experimentation. Thére are still many practiéal
situations in whiph randomisation within blbcks is not at
all feasible. Under certain conditions, these restrictions

will lead to a split—plbt'design.

| For insténce, the case describéd by Cochran and Cox
(1957, pp.2935294) in which‘both Faétors, types of
'Furnaée for the préparation of allby and types of mould
into which alloy might bgvpoured, are to be. interested. The
hatural,procedure is to take‘the material prepared in‘any
furnace, and pour some of it into each mould. That is,
material prepared in one furnace at any one time provides
a complete réplicate for the comparisons among moulds,
which is avtypical'Fegture'of a split-plot design.

Consider a simple split-plot design (see, for example,
Kempthorne (1§73), pp.370-378) with t whole-plots or
hain-plots, s sub-plots and r.replicaﬁes represented
by the model - |

=u+'Yi+ Tj+ n, .+ €j+ Cjk-l-e.

ij ijk (6.1)

Yijk

th

where yijk is the observed value from the k' sub-plot of

th

the jth whole-plot in the i " replicate. In matrix notation

we have
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Y = ﬁ + Y+ j + N+ B 5>¥ > (6.2)

T = WTt y £ = §§ and ¢ = UC with R,

1
s
<

where Z

W, S and U belng design matrices for the’repllcates,
whple—plot treatments,-sub—plot treatments and the
renlica£ion whole-plot interaction of dimensionalities

(Nxr), (Nxt), (Nxs) and (Ngn) respectively, and Y, T, Es
and En being the replication, the whole-plot treatment,

the sub-plot treatment and the replication whole-plot
interaction constants of dimensionalities (rx1), (tx1), (sx1)

and (nx1) respectively such that 1'y = 1'§ = 1'%t = 1'T = 0;

Y is an (Nx1) vector of observations with expectatlon U3
1 is an (Nx1) Vector of unity elements; n and € are (Nx1)
vectors of errors distributed normally and independently
of one another, both with expectation O andAvariance-
cqvariance matricés yw_and ys respectively, and; N = rts

and n = rt.

The usual assumptions concerning the errors in the
split?piot design.are that the errors are normally
distributed and that the error variances are homogeneous,
ice. VY = oﬁl and V_ = Ugl where I is an (NxN) identity
matrix. Like those in previous chapters, we will consider
that the error variances are not equal and that the sub-plot

errors € 's are not necessarily uncorrelated while the

whole-plot errors n's remain statistically independent,
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in the fixed eFFebts model.

6.1 FOR WHOLE-PLOT TREATMENT COMPARISONS

The sums of squares involved in the whole-plot

treatment comparisons are

. - - N2 o
O = s §(y.j. REEZUPRANLI AP} | (6.1.1)
@y =5 ZE (§y; =V -V 45, 07 = YA
2 ij ij. i-o |jc e 0 - - "2"‘

(6.1.2)
where A, = (—WW' - +111)

-1 7 ‘rs-- Ne-—

A 1 1, 1
Ay = (gUU' - £gRR' - L' + Jl10 )

are both summetric indempoteﬁtAmatrix of quadratic forms.
Consider the distribution of Q1. Let H = 511. Then

Q1 can be expressed in terms of H as

Qy = H'AH = YA,

where H is distributed as N(g L) and L = (v + sV, ). On

setting gw =H -1, Q1 becomes
Q= (v, + TX'A; (¥, + 1)

where ?w is distributed as N(Q,E); By the transformations
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Y o= N'K1§ - and

K|
]
=
1<
—
o

'Q1 can be reduced to its canonical Form (z - Q)fg(z - b)
‘where z is distributed as N(Q,l); A = E%NQ1N}§1 is a
‘diagonal maﬁrix whose elements a, are aléo_the‘eigen-
vaiueS"oF NALN'5 Ky is the q;thogonal matrix of
~eigenvectors oF'N§1N' and<N is thevupper't:iahgular matrix
defined by Z =»NEQ. Thus the whole-plot treatment sum
 0£ quarés Qi ban'be'expreésgd as a non-hdmdgenéous
quédratic Fofm, The,distribﬁtion of Q1‘(see section 2.3)
is given by | | | | |

- p(a, s-a ) = .? ‘ijg +2j(d/91) _ ;(6.1.3)

. j=0 1 | _ ; .

‘where f, = t-1'is'thevrank or.gq;‘91.=,a1;><§(;)gis,a

chi-square distribution and the cj_satisfy the recursion

relationship
-1 e e j=1,2
cy = (25)7" | 2g d-k ko = 1,2,
- _AZ 1 -5

T, B

R _
where h_ = L'(1 - 1/A.)" +
"= +

and Ai = ai/g1. The noncentrality parameter lw'is given by
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Qz-can be reduced to its canonical form z'Mz where -

M = _ EZNBZN 52 is a diagonél matrix whose'diagonal
elements rnJ are also the exgenvalues of NAZN H K is.the
-orthogonal matrix of eigenvectors oF NA2N‘;'§ and N are as
defined earller. Here, the whole- plot.error’éum of
_squares Qé can be expfessed és a homogenecus quadratic
form and its distribution is given by

P(a, ¢ o) = fo i r2: “/g,) - (6.1.4)

where f, = (r-1)(t-1) is the rank of Aos 9, = My and the

di satisfy,the.reoursion relationshiﬁ

v _q -1 | ' ,
k=0 ‘
‘ f 1
.dU = ,Hz M2
j=1

f‘
= 52 m 1. =
where Hrn = E (1 - 1/Mj) aqd-Mj = mj/92‘
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The sums of squares Q, and Q, are independént'

since, by virtue of lemma (2.2.3), they are independent
when I = o°1.

' To test the hypothesis of no whole-plot treatment
~effects, we proceed as in section 2.6. The distribution
| of.the'test criterion UuJ is given by

(o]

p(u. = < q) = 3" d.I £ Lf ot
( w | Q1/Q2 < a) JZU lZGCJ ¢ (2 +J’ ) l)

(6.1. 5)

where I¢(.) is a generalised incomplete beta'distribution;~
¢, = dw/(1+§w) and &w.= a92/91' For a certain chosen
level of significance € «is given by a = F f,;/f,.

And the power of the test is B (1),

B,(,) = 1 - P(U, )

=] w. .- ' 3 ) . -
1 - % T c.d.I: t—1+2J ,(t—1)(;‘1)+21).

(
j=0 i=0 3 1 ¢y -2

(6.1.6)

6.2 ‘FOR SUB-PLOT TREATMENT COMPARISONS
The sums of squares involved in the sub-plot treat-

ment comparisons are
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_ o
Q5 = rt E(y..k =y, )" = YAsY (6.2.1)
Q, = zIz(y -y )2‘_ Q. - Q. - Q. - Ss - §§

4 13l 1k oo 1 2 3 °R SxT

= v -V Y, Y2 _ oy
= §§g<yljk Vig, T Vgt Y50 s XY
(6.2.2)
where A; = ( ss' - laan
a3 T OApE22 Nee ’
1 1 1 |

and B, = (1~ - dxxt e )
SSR and SSSXT are the replication and the whole-plot

sub-plot interaction sums of squares respectively; X
is an (Nxv) design matrix for the whole-plot sub-plot
interaction and v = ts. |

Following a similar procedure as in section 6.1,
Q; can be reduced to the canonical form (z-b)A(z-0b )

by the transformations

where z is distributed as N(O,I); A ='5%EQ3E'E is a
diagonal matrix whose diagonal elements a*
elgenvalues of LABL" K3 is the orthogonal‘matrix of

eigenvectors- of Eﬂ}k' and L is the upper triangular matrix'
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defined by yé = L'L. Thus the sub-plot treatment
sum of squares Q3 can be expressed as a non-homogenéous

quadratic form and the distribution is given by

P(Q3 S‘Q) £  ‘zocj)@3+2j(a/g3) o (6.2.3)

. ’ * *
where F3>= s-1 is thevrank of 53; 95 = a4 and the Cj

satisfy the recursion relationship

* 1 92T R iz 1 2. ...
- s\ © s ) = 3590
cy = (23) Ko R k "k
v £ . 1
* 2 3 %, -3
cg = EXP(-1]) 121 (A;)

*

f : - f
2 2(1 - /A" m 22(b.2/A

y(1 - 1/a%ym-1
i=1 i=1 ' 1 .

*
where h :
m i

* * :
and Ai = ai/g3. The noncentrality parameter Ks is given

by

And, likewise, with the help of the transformations

* .
He = BuY = LK,z

- - —
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Q, can be reduced to its canonical form z'M z where M*é

Kakﬁa_ 54 is a dlagonal matrix whose diagonal elements
m§ are also the eigenvalues of qu_ ; 54 is the orthogonal

matrix of eigénVBctors of EBQE'; z and L are as defined |

earlier. The sub-plot error sum of squares {, can now be
expressed as a homogeneous guadratic form and ité

distribution is given by

| | . % . ’ . .
p(Qa £ a ).= iE.O din:4+Zi(0‘/g4) ‘ (602"4)

where f, = (r-1)t(s-1) is the rank of Aus 94 = a: apd

the d; satisfy the recursion relationship

x -111H* d = 1,2
di=(2) WIg i-k Tk 15 Tacreee
£ 1
dy = n4 (n)"2
| j=1 J
* 4 * ¥
where H_ = f (1 - 1/M )" 'Mj = mj/ga,ﬂ

J

The sums of squares (s and Qa are also independent
since, by virtue of lemma (2.2.3), they are independent

: 2
when }_IS = csg.
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To test the hypothesis of no sub-plot treatment

effects, we proceed as in section 2.6. The distribution

of the test criterion Ug is given by

P(U

o | R - o x * . '
s = QB/Q4 s o ) = % hX C.d.1¢8(%f3+J, %F4+l)

L R B |
j=0 i=0 (6.2.5)
where b = as/(1 + ds) and ds = 594/93: For a certain
chosen level of significance e, @ is given by ¢ = F€F3/F4.

And the power of the test is BS(AS),

B,(A) =1 -P(U; sa)
' o o % % ,s-142j  (p-1)t(s=1)+2i
=1 - .d. T : ).
%0 150 1I¢s( 2 7 z '

(6.2.6)
We will consider the effepﬁs of heterogeneity
of the whole-plot error variances and first-order serial
corfelation of the sub-plots on pouwer for the whole-plot
treatment Compérisons. Effects of the hetefogeneityrof the
sub-plot error variancés and the first-order serial
correlation of the sub-plots on power for the sub-plot

treatment comparisons will also be considered.
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CHAPTER 7

7. COST IN RELATION TO POWER IN THE DESIGN:OF>EXPERIMENTS‘
In many experimental situations, especiaily in the
field of agriculﬁure, where results may take years to
yield or when cést is one of the major factors concerned,
it-is essenﬁial to design an experiment not only to test
a certain null hypothesis for given situation but‘also‘to
be able to reject that hypothesis when it is false, with
maximum probability. |
Overall and Dalal (1970) consiaered'power as a
criterion in choosing the best experiment, out of ail
possiﬁla experiments for given cost, in the two-uway mixed-
model. Here we will consider a proceduré uéing,power as a
criterion to choose, amongst all.experiments within a certain
cost limit, the one which maximises power relative to cost
in situations where the error variances are not |
homogeneous but the errors remain normally and independ- ~
ently distributed, in the one-way layout fixed effect
model. | A

Let C__
m

ax be the effective cost ceiling for the

experiment and C be a (tx1) vector whose elements C.
are the uqit cost per observation in the ith treatment.
Employing the same notations as in section 3.1, the cost

of the experiment represented by the model
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is given by C,.
“C = Q'E 3 | (7.1)
sub ject to the condition

C< C_ (7.2)

< “max ’

‘where n =:I'1 is a (tx1) vector of group sizes.

For a. nominal level of‘significance a,.the power
of the test of equal treatment eFFects (see éection 3.1 Fof
details), is giVen by B(i). In particular, when) =0,8(0)
gives the actual probability of committing a type I érror,
which may be different from o in the presence of
hetéfogeneity of error variances.

Let us define the power index, PI,

B(2) - B(0) 0€PI<e

B(O) | H (7'3)

PI.=

as a measure of the relative gain in power and the cost

index, CI,

1 = om | - (7.4)

as an indication of the value of a particular design T of
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size N,-N = ini, where‘C/N‘is fhe averagé cost per -

observation. The objec£ is to find, for all possible
~design T and all'vélues of N sﬂbjeCt_to‘(7;2);wa,,

particqlér design T, Imag say; which maximises CI,

provided that the actual level of significancé is
.not'sériously“aﬁféctéd. |

Two illust:ative.e%amplesvcén be found in téblés‘

- 6.1 and 6.2 for homogeﬁeity‘and heterdgenéityjof‘erporv

variances respectively. The minimum group size is 3.

-57-



CHAPTER 8

8. RESULTS AND CONCLUSIONS

In this concluding Chépter,ﬂohly'results
corresponding to the 5% nominal level of sighificanqe
are quoted, since results.cofresponding to the 1% level
are similar to those for the 5% ones.

Table 7.1indicates the accuracy of the results
for eqﬁal érror variances obtained by fhe preseﬁt‘
méthod compared with those obtained ﬁsing Tahg(s‘
(1938) method. A> | o |

| Taﬁle,7.28homs ihe efFeEts of heterogeneity:
df.error vériahces under'differenf cﬁoiCééloF g, the
arbituary scale parameter‘in the Rubén's (1962)
fheorems, on power. It can be seen thét»the choice of
g, except for g = én’ haé little effects on the ratio
of two independent levariétes. In addition, our’
choice*of g = a3y guéranteeé-the expressioﬁs‘(2.3.2)
and (2.3;3) to be mixtgre répreéenfationé.

Une.Feature which iS‘COmmOh in all analyses is’
that the power of the test is greater ‘when the
divergeﬁt mean falls in the group with large variance .
than when it-falls in the group with small variance.

This contradicts with Hdrénell's»(1953) finding.
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8.1 POWER OF THE TEST IN GENERAL LINEAR MODEL

Effects of heterogenelty of error varlances

| on eower in the general llnearbmodel are shown in
Table 1A and figures 1.1 to 1.2. It is seehvthat_

the power value is seriously affected when normaliy

- and independently distributed error variables have
unequal error varianees.'Buf for moderate
heterogeneity ef error variances, the actual type I
error, B(U), is not seriously affected. Furthermore,
wherever error varlances are unequal, the power value
is greater than for equal error variances.

Effects of firet-order-seriai Correlatioh on
power are shown in table 1A'and figure 1.4. it is
seen that the power value is greatly»af?ected when
the normally distributed error variables are serially
correlated. But for mederate serial correlations,

.the actual type-I error is nof seriously affected.

8.2  POWER OF THE TEST IN THE ONE-WAY LAYOUT

Eff.ects of unequal group error variances on
power in the one-way layout fixed effect model are
shown in table 2.1A and figures 2.1.1 to 2.1.6. It
is seen that, in general, the power value is seriously

affected by the heterogeneity of group error variances.
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'rigufes 2.1.7 and 2.1.8 indicate that the
power Qalué is alSQ seriously‘aFFectéd by the group
sizes. Wherever large>samples-are taken-From'the
group with large variance, the powerlvalue is lower
than for equal groups and the actual. type I error
is not seriously affected. ~

| Effects of First—ordef wifhinétfeétment serial.

correiation on pOwér are shown in table 2.18 and
figures 2.1.10 to 2.ﬁ.12. It is seen that fhe powerA
value is seriously affected when the error variables
are sérially éorrelated within treatments. Under,
these circumstances, one large group is preferred to
equal groups.

Effects of heterogeneity of group error
variances on power in the random effect mpdel are.
shown in table 2.2A and figures 2.2.1 to 2.2.6. It
can be seen that the power value becomes less'aFFected
by the heterogéneity'of group error variances, as the
valué 0F>c€;'or VA, increases but the difference between
actual and hominal level of significance increases as |
well. |

Figures 2.2.7 shows the extent to which power
of the test of equal groﬁp,means is affected by the value
of GE in the.réndém effect model when all,assumpfions hold.

It can be seen that the power value is seriously affected .

by og even at low values.
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The results of Carter et al for the
. ; o : case .
univariate case can-be obtained as a Specialkin.the

.-Fixéd effect model.

8.3 POWER OF THE TEST IN THE TWO-WAY LAYOUT

Effects of unequai qolumn error'Variances on
power in the two-way layout fixed effects model are
shown in- table 3.1A and Figure 3.17.1. It can be seen
that the power value is .seriously affected by.hefer—
ogeneity of column error variances, but the actqal
type I error is nof Seriously-affecfed. Whenever
column error variances are unequai, the power value
is greater than for edual'columnverror variances.

Effects of first-order within-row serial
correlation on power for the between-columns
.dcmparisons in the Fixed'eféects model are shouwn
in table 3.1B and figure 3.#.3. It 6an be seen that
the pbwer yélue is little éffected when the errors
within rows are serially correlated. In confraét,
table 3.1C and figure 3.1.4 indicate that the pouer
value for the corresponding betwéen-rows comparisons
is highly seriously affected by the within-rdwi serial
eorrelation.

- Effects of unequal column error variances on

power for the between-columns comparisons in the random
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éf?ects model are shown in tablé 3.2A and
figures 3.2.71 to 3.2.3. It can‘be séen that the
powerlﬁalue becomes more seriausiyAaFFeéted by
heterogeneity of column error variances in the
randpm effects model. The actual type I error is
fhe worst aFFected; |

Figure 3.2.4 shows the extent to whibh.power
of the test of equal column means is affected by the
value of di, or UA,‘in the random effects model‘when
all assumptions hold. It can be seen that the power

value is seriously affected by ci even at low values.

8.4 POWER OF THE TEST IN ANALYSIS OF CUUARIANCE

Effects of unequal group error variances on
pbwer in the balanced one-w;y layout analysis of
coVariance with one concomitant variable are shoun
in table 4A and figures 4.1 to 4.3; Also, effects of
within-treatment serial correlation on pouwer are shoun
in table 4B and figure 4.6..It cah Ee seen that, in
general, the effects on power due to heterogeneity of
group error variances and fhat due to within-treatment -
serial correlation are very much the same as those in
the éorreépondiné one-way layout analysis of variance

for equal groups.
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Effects of unequal group variabilities of
the covariate on power are shown in figure 4.4. It is
seen that the power value is little affected by
heterogeneity of group'variability of the cbvariate.

Aﬁd, when the group error variances are equal, the

power value is not affected at all.

8.5 POWER OF THE TEST IN SPLITFbLUT DESIGN

| Effeﬁts of unequal whole;plot error variances
on powef of the test of equal whole-plot treatment
means are shown'ih table 5.1A and FiQures-5,1.1 to
5.1.2. It is seen that the power valué is sefibusly
affected by the heterogeneity of whole-plot'error
variances, but the actual type I error is litﬁle
affected. Wherever the'whblE—plot error variances
are unequal, the power value is greater.fhanvfor
equal ﬁhble-plot error variances. It can also be noted
that the'power of the test of equal whole-plot treatment
means 1is reauced slightly as the sub-plot error
variances increase, in the presence of heterogeneity
of whole-plot error variances.

Effects of first-order within-wholeplot serial
correlation oh power of the test of equal uhole-plot
treatment means are shown in table 5.1B. It is seen
thét the power value is little affected when the errors
are serially correlated within sub-plots in the whole-

plot treatment comparisons.
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EFFects of unequal sub;plot error variances
on power of the test of equal sub—pldt treatment
means are shown inatable-S.ZA and figure 5.2.1. It
~ can bé seen that the power value is éeriously affected
‘by thevheterogeneity of éub-plof error variances,.but
the actual type I error is little affected.

Effects of first-order within-wholeplot serial
correlation on power of the test of equal sub-plot
treatment means are shown in table 5.28B and.Figure 5.2.3.
It can be seeh that the power value is not seriously
aFFecfed when the errors are serially correlated.within

whole-plots.in the sub-plot treatment comparisons.

8.6 COST IN RELATION TO POWER IN THE DESIGN OF
EXPERIMENTS ' v »

Illustrative examples of the use of power as
a criterion in the design of experimenté in the one-
way layouts for a fixed coét ceiling of 19.0 cost
units are given in table G-lfor homogeneoué group
error. variances, and in table 6.2 for heterogeneous
group-error variances. .

For homogeneous group error variances, the po@er
index PI is maximised when n'= (3 4 8) and when
n'= (3 57), both giving a value of PI = 18.939. If |
the .cost vector C is taken into account, C'= (2.0 1.2 1.0),

the cost index CI is maximised when n'= (3 3 9);
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For heterogeneous group error variances

(v = 1:2:3), PI and CI are both maximised when

n'

B(0) = 0.03120. Still, the choices remain open

(3 3 9); giving an actual type I error of
but the choice of n' = (3 3 9) gives the best

return per unit cost in terms of power, or the

relative gain in power.
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CHAPTER 9

9. DISCUSSION

The method suégested by Tang (1938) for the
calculation of the type II error PiI when éll assumptions
hold, is valid only for even degrees of freedom. When v
f,, the error dégrees of freedom, is odd'and f, is
greater than 5, Téng remarks that pII can be obtained
with suFFiqient accuracy from the. tabled values for
even Fz'by intgrpolation. However, no remarkvconcerning
the calculation of pII is given when f1 is odd.
Alternative method for the calculation of PII'is given
by (2.6.2), or (2.6.3) for the power values, whicﬁ is
valid for both even as well as odd degrees of freedom.

In this case, the calculation is much simpler sincé the
cééfficients in (2.6.2) aie Poisson probabilities given
by (3.4 3) of Ruben (1962, pp.555). Kanji's (1978)
method can also be used'in this particular case.

The significance of the arbitrary scale parameter
g in the fundamental expansion of the distribufion of
quadratic forms is discussed in detail by Ruben (1962,
Pp.562-569). He remarks that g =-a, overestimate while
9 = a underestimate the probability content of the
n-dimensional ellipsoid Hn;ﬂ,b(a)’ or P;; in our context,
when approximated by the prob;bility content. of an
n-dimensional sphere of radii (a/g)%. He remarks further

that when g = a the geometric mean of the a;, the

g’
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leume—content of the sphefe is equivalent to that of
 the ellipsoid. However, in the,expansion dF the
'distribuﬁion of the ratid of two independent quadrafic
forms, table 7.2 shows that when g = a), g = aj or |
g,:_aﬁ,.the harmonic mean of the ai; thé power value
ﬁhgs yieldgd are the same, but g = ag yields higher
powef vélue,'or lower pII value, when the heterogeneity
'of error variances is beyond that of V =1 : 1.2 2 1.4;
And, furthermore, the choice of g = a, gqarantees

- mixfuré répresehtations.

In the analysis of covariance model, we have
made no pdstulate about the nature of the covafiate Z,
whether Z aré Fixed values or random variables. Huitema
(1980, pp. 110 - 115) has given full discussion in this
respect. Due to the nature of the technique used, it is
not possible to investigate the eFFecﬁs of departure
from the assumption of homogeneity of regression slopes.
'Three cases that we have considered are merely to
specify different fixed qQantities‘for the covariate of
each group and the word 'variability' has been used
descriptively. Further, the order of these covariate
values of each group has no effect on'test of homogeneity
of treatment means.

Due to various practical problems, all analyses are
confined to a total size of 18. This may presentramﬁiguity
in the interpretation of the result of no-effect of sub-plot
serial correlation on the whole-plot treatment. comparisons

in the analysis of split-plot design since only 2 subplots
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have been used. Fﬁrther analyses have been carried oﬁt
with 3 subplots. The result shows that sub;plot serial
correlation has, indeéd, little effect on the whoiefplot
treatment comparisons.

; The results in table 6.1 and 6.2 are obtained using
the fact that the eigenvalues of the.distributidn of “
error sum of squares are the error variaﬁces themselves
(see Box (1954a)). The result given by n'= (3 3 9) in
table 6.1 and 6.2 are the same as those giﬁen in table 2.1A.
In future, whenever the eigeﬁvalues of the distribution
of error sum of squarés are known, they can be'uséd |
directiy in the calculation of the di,coeFFicienté.‘

The autﬁor suggests the following afaas for
further research:
1) Effects on power when the assumption of
additivity of tée model is violated.
2) Effects on power when the aésumption of
homogeneity of regression slopes is

- .violated in the mixed model.

3) Robustness of power in other non-orthogonal
designs.
4) Robustness of power in the multivariate

analysis of variance and covariance.
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APPENDIX I

DISTRIBUTION OF THE RATIO OF TWO QUADRATIC
FORMS WITH ARBITUARY CONSTANTS. | '

From equation (2.3.2) we have

P(a € @) = Eojxp p5(%/ap)
j=0 1
or p(Qz/gz < :OL) = J'EU CJ‘ Xf-1+2j(a). (1)

vhere 9, is an arbitrary constant. The condition that
'92 <.2a1 guarantees the convergence of the Cj where we
assume a, g 8, £ ..o & A without loss'of generality. And

similarly, from equation (2.3.3), we have

P(Qy/ag € @) = B9y Xpa2i (%) - (2)

Let d1 = Q.]/g1 and'q2 =.Q2/92, then the ratio of

q, tovq1 is distributed as

o( LTI
qZ/q1 < '(1) = p(m g a)

- P(a,/a, < %g,/9,)

[}
O——nu8

(Q2 < adQl) where ey = agg/gl

P(QZ ‘.adQl) f(Ql) dQl (3)
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where f(Ql) is the probability density function of Ql"'

- Hence
- . _.T em3Q 3£+
(qZ/ql S .0‘)' 5 JE c; Xf1+23 (adQl(Ql) Eodl .Q'l dQl
- S F2 o (3£, +1)

Since the two series are uniformly convergent on every finite
interval of o, we have, .

@2
: (=] (=2 . x i | 1f +1
P(Qy/Q € ag)= T I c.d, T £ +23(“dQ1‘Q1) Q3

2N o J 1 dQ
j=0 i=0 0 2f +21P(;f 1) Q 1

h

™8
0
[a TN
(=N
oO—-238

£,+25, £,+21(0 = Q/Q)
| (4)

.iwhere hvl,vz(U) denotes the probability distribution function
of thévratio of two independent chi-square variates (central)
with vl and v2 degrees of freedom in thevnuﬁerator and
denominafor respectively.

Consider P(U = ulluz.s @), where Uy and u, are two
independent xz (central) variates with vl and v2 degrees of

freedom respectively. Then,

P(U ¢ o)

Z hvl,vz (U) du

as just defined. But,

P(U ¢ o) Pc e AT ) F (2a)
) 6 o = g_.._a = —_—C),
R T B | V1:V2 V1o
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where F v2(’) denotes the cumulative distribution

Vi,

of Fisher's variance ratio (central F),.

Hence, returning toc equation (4), we have,

fo+2i

. . . | - ” |
(U= 0,/0, €a) = 5 BodFe . oo (sia)
20 | O j=0 i=0 J 1 Fqt23, Fo42i F +2]

) - d. (f2+21 a‘
o)= J.fo (0% e a2y, re2i 573 o)

N

or P(0Q,/Q,

\.

\

where Olc = ag1/g2.
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Proof:

L.H.s.

APPENDIX II

IDEMPOTENCE OF THE MATRIX (83 )_IN ANOCOV

If the matrix 53>is idempotent, we have

AsRAs = As.
:»5353 = (A - Az) (A - AZ)
= By * By - 2RB4Ay,

since 31 and Bz'are both idempotent. Consider the

product 3152.

Ay = (A az@@zruA><A-ez@ﬁz>
1
- - Y\© -
" Brbe - BreZ(2'02) 2 e - A2l 2)”"
-1
+ 812(2'842) z'eTeEz<z'e 2)""z'a,.

Now consider the product ETEE’

ArAe = (I - 1) (1 - 1D
= Iy - Ay - @D . ;';1 I
=1y - Ay - T@DTroe
= Iy - I = g
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Therefore,

¢ A 2(2'by )"z az(2 8.2 "2,
-1,
- ' —
= By - A z<z A2)T 2 + By 22827208 = By,

Hence,

LoH-Se = AsRy = Bq v By - 208,

“and the idempotenCe of As is proved.
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B(x) POWER ASPECTS IN GENERAL LINEAR MODEL
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] ] ] : t
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FIG. 1.1 EFEECTS OF UNEQUAL ERROR VARIANCES ON POWER.
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FIG. 1.2 EFFECTS OF UNEQUAL ERROR VARIANCES CN POWER,
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B(n) POWER ASPECTS IN GENERAL LINEAR MODEL
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FIG. 1.3 EFFECTS OF GROUP CONTAINING DIVERGENT MEAN ON POWER.
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FIG. 1.4 EFFECTS OF SERIAL CORRELATION ON POWER.
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POWER ASPECTS IN THE ONE-WAY LAYOUTS

B())
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FIG. 2.1.2 EFFECTS OF UNEQUAL GROUP ERROR VARTANCES ON POWER.
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B(A) POWER ASPECTS IN THE ONE-WAY LAYCUTS
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FIG. 2.1.4 EFFECTS OF UNEQUAL GRCUP ERROR VARIANCES ON POWER.
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B(x) POWER ASPECTS IN THE ONE-WAY LAYOUTS
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FIG. 2.1.5 EFFECTS OF UNEQUAL GROUP ERROR VARIANCES ON POWER.
B(X)
1.9
.9
.8
.7
i
.6
.5
VA = 9.0
- 6S¢I>»>= 33 3
Ures 1 1 =2
-3 DE1= 2 DE2= 12
7 V=1:3:3
.21 * V=1:1:3
n V=1:3:9
L + V=1:3:5
I * a V=1:1:1
+ ; ; t } t ; > A
.0 .5 1.0 1.5 2.0 2.5 3.9 3.5 4.0

FIG. 2.1.6 EFFECTS OF UNEQUAL GROUP ERROR VARIANCES ON POWER.
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POWER ASPECTS IN THE ONE-WAY LAYOUTS

B(1)
1.0
.9+
.8+
.7+
6
S+
4
3+
V=0.4:1.8
-2 1 DF1= 1  DF2= 8
o 6GS(IX>= 7 3
2 + 6SC(13= 3 7
I s B(1=SS
.2 .5 1.0 1.5 2.0 2.5 3.9 3.5 4.0

FIG. 2.1.7 EFFECTS DOF GROUP SIZES ON POWER.
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FIG. 2.1.8 EFFECTS OF GROUP SIZES ON POWER,
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y POWER ASPECTS IN THE ONE-WAY LAYOUTS

B(x
1.0 4
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FIG. 2.1.8 EFFECTS OF GROUP CONTAINING DIVERGENT MEAN ON POWER.
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B(A) POWER ASPECTS IN THE ONE-WAY LAYOUTS
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FIG. 2.1.12 FRFFECTS OF WITHIN TREATMENT SERIAL CORRELATION
ON POWER.
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B(A) POWER ASPECTS IN THE ONE-WAY LAYOUTS
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B(2) POWER ASPECTS IN THE ONE-WAY LAYOUTS
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POWER ASPECTS IN THE ONE-WAY LAYOUTS
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FIG. 2,2.5 EFFECTS OF UNQUAL GROUP ERROR VARIANCES ON POWER.
£y - ey
VA = 3.9
AT GSCI>»>= 3 3 3
Uu=11-2
3T DF1= 2  DF2=
V=1:3:3
27 % V=1:1:3
7 v=1:3:9
o1 - + V=1:3:S
A V=1:1:1
.0 .S 1.0 1.5 2.0 2.5 3.0 3.5 4.0

FIG. 2.2.6 EFFECTS OF UNEQUAL GROUP ERROR VARIANCES ON POWER.
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B(a) FuwWeR AoreLlo IN The DNe-WAY LATOUTS

1.9 =
.9
.8 1
.7
.6 -
.S
-4 V=1:1:1
6S(Id>= 9 3 3
37 Ur=11 -2
DF1= 2  DF2= 12
2T % VA= 3.0
0 VA= 1.0
S + VA= 2.5
4 Ao VA= 2.0
.0 5 1.0 1.5 2.0 2.5 3.0 3.5 1.0M
FIG. 2.2.7 EFFECTS OF VARIABILITIES OF TREATMENT MEAN3 ABOUT
THEIR TRUE MEANS CN POWER.
B(X)
1.9 - =
.9+
.81
.7
»s:‘
5+
VA = 3.2
AT V=1:2:3
U=11 -2
ST DFi= 2 pPE2= 12
v 6S(IY)= 9 3 3
L2t % 6SCI)= 3 3 9
D 6SCIY»@> 75 3
L1 + BGSCIY>= 35 7
A BS(Id»> S S S
.2 .5 1.0 1.5 2.0 2.5 3.0 3.5 1.0

FIG. 2.2.8 EFFECTS OF GROUP SIZES ON POWER.
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B(2) POWER ASPECTS IN THE TWO-WAY LAYOUTS
C 1.9 p i} ¥
.9+ T,
7
/ 7
.8+
VA = 0.9
ur=1 1 -2
‘DE1= 2 DF2= 8
7 V=1:3:3
® V=1:1:3
g v=1:3:9
+ V=1:3:5
A V=111
.0 .5 1.0 1.5 2.8 2.5 3.0 3,5 4.0
FIG., 3.1.1 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
B(A)
1.9 4
.9+
.8+
L7+
.6+
54
L4
.3
.21 v=1:1:3
DF1= 2 DF2= 8
-1 + U= 11 -2
1 A U= =211
.8 .S 1.0 1.5 - 2.0 2.5 3.4 3.5 1.0
FI16. 3.1.2 EFFECTS OF GROUP CONTAINING DIVERGENT MEAN ON POWER.

-94-



B (M) POWER ASPECTS IN THE TWO-WAY LAYOUTS

VA = 2.0
-3 DEi= 2 DF2= 8
v RHO= @.4
.2 * RHO= @.2
o RHO= 8.9
-1 + RHO=-8,2
A RHC=-0,4
| t t ; } } t : A
.0 .5 1.9 1.5 2.8 2.5 3.9 3.5 4.0
FIG. 3.1.2 EFFECTS OF WITHIN ROW SERIAL CORRELATION ON POWER
FOR THE BETWEEN~COLUMNS COMPARISON.
B(X)
1.0
g+
.8+
.7+
.6+
.5+
a4t
VA = 2.0
DF1= 4 DE2= 8
RHO= @.4
* RHO= @.2
o RHO= 2.9
+ RHO=-08.2
A RHO=-@.4
.8 .S 1.0 1.5 2.0 2.5 3.2 3.5 a0t

FIG. 2.1.4 EFFECTS OF WITHIN ROW SERIAL CORRELATION ON POWER
FOR THE BETWEEN-ROWS COMPARISON,
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B(A) POWER ASPECTS IN THE TWO-WAY LAYOUTS

1.0 e e
.9
.81
.7 A
.6 -
.54
.4 A = 9.5
U'=1 1 -2
31 OF1= 2  DF2=
V=1:3:3
2 V=1:1:3
vV=1:3:9
LT v=1:3:5
V=1:1:1
.0 .5 1.8 1.5 2.9 2.5 3.9 3.5 4,

FIG. 3.2.1 EFFECTS OF UNEQUAL ERRQOR VARIANCES ON POWER.

B(A)

1.9

.8

V=1:3:
V=1:1:1

I} 1 Il ] -1 1 3

-
!
T

> + 0O

T T T

.0 s 1.0 1.5 2.0 2.5 3.2 3.5
FIG. 3.2.27 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
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PUWER ASFELI1IS LN I1HhE [TWJU=WAT LATUUTOD

— i 3

ur=11 -2
3T DFi= 2  DF2= 8
' V=1:3:3
V=1:1:3
V=1:3:9
L + V=1:3:5

A V=1:1:21
{ : } t 1 } } A
.2 .5 1.0 1.5 2.9 2.5 3.9 3.5 4.0

N
1
o #% <

FIG. 3.2.3 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.

B(A)
1.9 ;
.9 -
8-
7
.6 -
.5
.4
37 V=1:1:1
DFi= 2 DF2= 8
,2 * VA= 3.9
D VA= 1.9
A + VA= 8.5
" A VA= 0.9
.0 .5 1.0 1.5 2.2 2.5 3.0 3.5 iot

FIG. 3.2.4 EFFECTS OF VARIABILITIES OF TREATMENT MEANS ABOUT
THEIR TRUE MEANS ON POWER.
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B(A) POWER ASPECTS IN ANALYSIS OF COVARIANCE

1.8 o B iy
. = — =
- = A ]
.9 T
.8+ :
7+
.6+ g
S
4T 7 . VZ= CASE 1
) Us=11 =2
3 o DE1= 2 DF2= 11
: 7 v=1:3:3
2 % V=1:9:3
///////* o v=1:3:9
A1 + V=1:3:5
Er"’//A A V=1:1:21
: } 1 1 1 . )\

.0 .S 1.0 1.5 2.0 2.5 3.0 3.5 4.0
FIG. 4.1 EFFECTS OF UNEQUAL ERROR VARTANCES ON POWER.

B(X)
1.9 = B =il
. =) pa— S 1
5 <///// 7 3
.9+
% 2

.8 T

7T

.6 A

.5

.4 VZ= CASE 11
U= 1 1 =2

-3 DFt= 2 DF2= 11
7 V=1:3:3

.2 *® V=1:1:3
n v=1:3:9

L + V=1:3:9
A V=1:1:1

t — } t t t t A
.02 .3 1.0 1.5 2.9 2.5 2.9 3.5 4.0

FIG. 4.2 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
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B(2) POWER ASPECTS IN ANALYSIS OF COVARIANCE

1.0 = - fp—= -;—-——_a——ﬁ
.9 A
.8 1
.7 T+
.6 A
.5
-4 VZ= CASE 111
u=11 =2
-3 DF1= 2 DF2= 11
i
7 V=1:3:3
L2 ¥ V=1:1:3
o V=1:3:9
L1 + V=1:3:5
L A V=1:1:1
: : : : : : i A
.9 .S 1.0 1,5 2.9 2.5 3.9 3.5 4.0

FIG. 4.3 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.

B(A)
1.9

V=1:1:3
Ur=11 =2

DF1= 2 DF2= 11
n VZ= CASE 111
+ VZ= CASE 11
a VZ= CASE 1

A

1 1
T i

t } t i
.0 .5 1.9 1.5 2.9 2.5 3.2 3.5 4.0

FIG. 4.4 EFFECTS OF UNEQUAL GROUP VARIABILITIES OF COVARIATE
ON POWER.
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B(A) POWER ASPECTS IN ANALYSIS OF COVARIANCE

1.0 ———p——————+
.9+
.8+
7T
.6+
S
.4+
.3+
VZ= CASE I
2 V=1:1:3
DE1= 2  DF2= 11
L1 + U= 11 -2
T A U= =2 11
t t t : : t t > A
.2 .5 1.8 1.5 2.0 2.5 3.8 3.5 4.0
£16. 4.5 EFFECTS CF GROUP CONTAINING DIVERGENT MEAN ON PCWER.
B(2)
1.9,
.9+
VZ= CASE 1
DF1= 2 DF2= i1
7 RHO= Q.1%
x RHO= 9.2
o RHO= 2.2
+ RHO=-0.2
a RHO=-0.4%
4 t } t ; f t } > A
.0 .S 1.0 1.5 2.8 2.5 3.2 3.5 4.0

FIG. 4.6 EFFECTS COF WITHIN TREATMENT SERIAL CORRELATION
ON POWER.
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POWER ASPECTS IN SPLIT-PLOT DESIGN

5 R

VS(K)>= 8.5 4.5

Uu=11 -2
DF1= 2 DF2= 4
v v=1:3:3
¥ V=1:1:3
o Vv=1:3:9
+ V=1:3:5
A V=1:1:1
1 L3 1] ) : { ! { A
.9 .3 1.9 1.5 2.8 2.5 3.9 3.5 4.9
FIG, S.1.1 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
B(2)
1.0
9T
.8+
.74
.6 T
ST
.4 VS(K>= 1.5 1.5
U= 1 1 =2
-3 DF1= 2 DF2= 4
v V=1:3:3
.2 ® V=1:1:3
o V=1:3:9
L1 + V=1:3:5
a V=1:1:1
.2 .5 1.0 1.5 2.2 2.5 3.9 3.5 4.0

FIG. 5.1.2 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
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POWER ASPECTS IN SPLIT-PLOT DESIGN

.9+
.81
7T
.6 T
DT
AT
3+
VS(K>=-8.5 8.5
.2 1 V=1:1:3
DFi= 2 DF2= 4
1A + U= 1 1 =2
P A U= -2 11
; ; : ¢ t f f A
.0 .3 1.0 1.5 2.9 2.5 3.6 3.5 4.0
FIG. 5.1.3 EFFECTS OF GROUP CONTAINING DIVERGENT MEAN ON POWER.
B(A)
1.9
.9
.8 T
.7+
.6 T
.S
P
L3+ 5
:3
.2 E $1:3
o v=1:3:9
21 + V=1:3:5
s A V=i1:1:d
t t t t t t t > A
.0 .S 1.0 1.5 2.0 2.5 3.4 3.5 4.0

FIG. S.2.1 EFFECTS OF UNEQUAL ERROR VARIANCES ON POWER.
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B(r)  POWER ASPECTS IN SPLIT-PLOT DESIGN

1.@ \
.9+
.8+
.7+
.6+
S5+
.44
.34
.24 v=i:1:3
DF1= 2 DF2= 6
21 + U= 1 1 =2
i a U= -2 11
¢ ; : ; ' t ; A
.G .S 1.0 1.5 2.0 2.5 3.9 3.5 4.0
FIG. S5.2.2 EFFECTS OF GROUP CONTAINING DIVERGENT MEAN ON POWER.
B(X)
1.0
.94
.84
.7+
.64
.S+
.44
-3 DE1= 2 DF2= 6
v RHO= 9,4
.2 % RHO= @,2
o RHO= 9.0
-1 + RHO=-0.2
A RHO=-8.4
} t } } t } t } > A
.0 .5 1.0 1.5 2.0 2.5 3.9 3.5 4.0

FIG. 5.2.3 EFFECTS OF SUB-PLOT SERIAL CORRELATION ON POWER.
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