Sheffield
Hallam
University

An investigation into the statistical understanding of 12-18 year olds.

CASSELL, David J.

Available from the Sheffield Hallam University Research Archive (SHURA) at:

http://shura.shu.ac.uk/19430/

A Sheffield Hallam University thesis

This thesis is protected by copyright which belongs to the author.

The content must not be changed in any way or sold commercially in any format or medium
without the formal permission of the author.

When referring to this work, full bibliographic details including the author, title, awarding
institution and date of the thesis must be given.

Please visit http://shura.shu.ac.uk/19430/ and http://shura.shu.ac.uk/information.html for
further details about copyright and re-use permissions.


http://shura.shu.ac.uk/information.html

RFFFRFTVPF

Return to Learning Centre of issue
Fines are charged at 50p per hour



ProQuest Number: 10694311

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction isdependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

uest

ProQuest 10694311

Published by ProQuest LLC(2017). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code
Microform Edition © ProQuest LLC.

ProQuest LLC.

789 East Eisenhower Parkway
P.O. Box 1346

Ann Arbor, M 48106- 1346



An Investigation into the Statistical Understanding
of 12-18 Year Olds

by

DAVID J. CASSELL, B.Sc.(Tech) Statistics, P.G.C.E.,
Postgraduate Diploma in Statistics & Statistical
Education

A thesis submitted in partial fulfilment of the
requirements of Sheffield Hallam University for the
degree of Master of Philosophy

May 1993



TABLE OF CONTENTS

PAGE
ABSTRACT (i)
ACKNOWLEDGEMENTS (ii)
INTRODUCTION (iii)

CHAPTER 1 Research into Children's Understanding 1
of Statistical Concepts

CHAPTER 2 The Conceptual Development of 17
Children's Thinking

CHAPTER 3 Research Methodology 37

" CHAPTER 4 A Critical Analysis of White & 48
Clarke's Inclusion Test

CHAPTER 5 Establishing Hierarchies & Initial 66
Testing

CHAPTER 6 Large Scale Testing and Analysis of 92
Results

CHAPTER 7 Implications for Curriculum Designers 146
and Teachers

CHAPTER 8 Conclusions and Suggestions for 164
Further Work

REFERENCES 170

APPENDICES

APPENDIX 1 National Curriculum Attainment 1
Targets

APPENDIX 2 Examples of Gagne Learning 8
Hierarchies

APPENDIX 3 Havering Index Tests 10

APPENDIX 4 Amended Hierarchies 18

APPENDIX 5 MINITAB Macro for White & 24

Clarke's Inclusion Analysis
APPENDIX 6 Inclusion Analysis Results 26

APPENDIX 7 Tests used in Main Testing 32



Abstract

The aim of this project was to develop a model for the
structure of the development of statistical thinking in
students of secondary school age, i.e. 12-18.

Previous research has tended to concentrate on individual
problems and no large scale research has been carried out
in this area. The aim was therefore to produce a model
which encompassed all areas of Statistics and showed the
building up of concepts.

The basis of the model was a hierarchical structure
based on Gagne’s Cumulative Learning Theory, with due
allowances made for subsequent criticisms of the rigidity
of such a model. Models were proposed in five areas
considered to involve the main principles of elementary
statistics. Superimposed on to these maps of conceptual
development was a 3-stage structure corresponding to
classical Piagetian stages.

Prior to testing a detailed survev was made of
available techniques for examining the validity of such
models. In particular the Inclusion Analysis technique
devised by Clarke & White was carefully examined noting
cases where it was inappropiate or invalid.

After some initial testing and expert analysis the
initial models were modified. The strength of the
restructured models was examined by presenting detailed
written tests to over 200 students in the age range under
investigation. Using Clarke & White Inclusion Tests the
strength of links between the concepts was tested and
some justification given to the ordering of concepts in
the hierarchy and adjustments made where necessary. The
validity of grouping skills into 3 stages was tested and
an attempt made to correspond these to age using
correlation techniques.

Although, from the data collected the full detail of
the model could not be entirely supported, there was
evidence to justify the main framework and certain key
linkages to produce a final model. This enabled a
detailed analysis of the National Curriculum and its
United States counterpart to take place in terms of age-
related content and structure. Suggestions were also
presented to writers and curriculum designers in the
light of research findings.
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Introduction

The inspiration for this project came as a student
on a Diploma course where the researcher was required
to complete an assignment on the development of a
concept in a particular area of Probability/Statistics.
The concept of the mean was chosen as it was expected
that there would be a great deal of research in this
area. It came as a great surprise therefore to find
that not only had there been very little consolidated
research in the understanding of this concept but in
the development of statistical concepts as a whole.

The lack of research, and hence knowledge, in this
area was particularly disturbing in view of the large
inclusion of 'Data Handling' in the new National
Curriculum. Having been an area previously neglected
in traditional school syllabuses past experience is
iimited. The question arose as to the basis on which
those who had composed the National Curriculum and
those who would be writing accompanying teaching
material could judge appropriate levels and ordering.
The National Curriculum gave specific ages by which on
average topics were expected to be known, and the order
in which these should be approached. Were these age
expectations reasonable and did the proposed ordering
of topics facilitate a good understanding of the basic
concepts? Similarly on what basis are the producers of
teaching material to make judgements on topic orderings

and teaching styles?
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The purpose of this project was then to begin to
establish a framework to describe the way in which
children's understanding in the field of Statistics
should be developed. What were the natural intuitions
which would either aid or hinder the learning process?
What was the 'normal' pattern of the development‘of
statistical concepts and at what age could children be
expected to have developed the mental capacity to
properly understand these concepts?

The early work in this project is concerned with
looking at previous work carried out both in
statistical concepts and in more general cognitive
development. The purpose of this was to suggest how a
framework for the development of statistical concepts
could be set up. Once a framework was established this
had to be rigorously tested. This presented problems
as there appeared to be no widely used techniques
available and the technique used had to be examined
itself for validity. Only when the structure of the
development of concepts had been established could the
National Curriculum be critically examined and
suggestions made as to suitable teaching styles.

The following flow diagram shows the progression of

work.
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Chapter 1

Research into Children's Understanding of Statistical

Concepts

1.1 Introduction

At the outset of this project there appeared to be
lttle consolidated research in the area of statistical
concepts. An extensive literature search revealed a
number of disjointed attempts to investigate this area
with no particular pattern. However, over the period
during which the project was carried out, several new
sources of material were published which, whilst not
having a significant influence, were relevant to the work
in this project. Indeed contact was made with the
International Study Group on the Teaching of Statistics
which provided many new sources. There has been great
interest in the last few years in the development of
understanding of statistics in children and it is hoped
this project will make a significant contribution.

In the area of probability (i.e. chance) there is a
long history of research from the early studies of Piaget
to the more recent detailed investigation of Green[1982].
The only other area in which there appears to have been
any significant study into statistical concepts is

incorporated in various studies of graphical



interpretation which have included statistical diagrams.
Where statistical understanding has been tested this has
largely been in the area of measures of location (i.e.
mean, median & mode), and a little on measures of spread
with a few miscellaneous topics such as areas under a
normal curve. Other ideas such as correlation and even
simple understanding of tables appear to have been given
little attention.(Kahneman, Slovic, Tversky [1982])

The research so far carried out in statistics appears
to fall into two main categories:-

(a) Large scale surveys of general mathematical
ability using a small number of statistical items .
Although the questions are limited in number and the
depth to which they examine statistical concepts is in
some cases doubtful, these projects nevertheless have
been éarried out on large numbers of school children and
give useful insights into the area of research.

(b) Small scale surveys carried out on limited
samples, often college students, to examine specific
areas of concern in more detail. Some are designed to
examine the reason for a particular misconception. These
are often used as pre- & post-tests for courses in
certain topics. Although giving more detailed
information on certain topic areas the results are not
useful for general interpretation as the samples are
small and usually represent a limited ability and age

range.



1.2 TLarge Scale Surveys

Amongst the large scale surveys mentioned above the
most notable in the UK are those of the Assessment &
Performance Unit (APU) [1981, 1987] and the National
Foundation for Educational Research (Cresswell & Grubb,
71987). Each of these surveys was carried out on large
numbers of 11-16 year olds. The tests contained a small
number of questions examining:-

(1) understanding & ability to draw statistical diagrams
(1ii) ability to calculate simple location measures.

With regard to statistical diagrams, graphs, block/bar
graphs and pie charts were used. The Cambridge Trust of
Education(CTE) [1981] in examining APU findings reported
that whilst the interpretation of diagrams was generaliy
well understood by even the younger children, the level
of success was dependent on the nature of the scale used
and in particular whether interpolation was required.
Construction of diagrams proved much more difficult and
the APU reported [1986] that drawing graphs, histograms,
cumulative frequency and pie charts was successful in
less than 50% of cases. The CTE reported similarly that
constructing and completing graphs proved difficult and
that pie charts were the most difficult. Care clearly
needs to be taken in interpreting these results. 1If
pupils are able to make inferences from diagrams this
indicates that a basic understanding of the nature of the
information portrayed exists. The difficulties of scale

interpretation are probably due to a lack of



understanding of scales rather than the statistical
concept involved. Further, the construction problems
could result from a number of other difficulties such as
the inability to use simple equipment e.g. a protractor.
The main area of statistical interest however in
these tests is the recognition and calculation of the
main measures of location, i.e. the mean, median and the
mode. Findings seem to differ slightly with the CTE &
APU reporting that the success rate in calculating these
was about 50%, but Cresswell & Grubb[1987] found an 80%
success rate on calculating means (the only measure
tested with secondary pupils). Several comments however
are fairly general. Firstly, all report a better
response to questions on the mean using the word
'average' and in particular the term 'arithmetic mean’
seems to have caused confusion. APU further report that
many teachers administering the test commented on the
language difficulties caused for some less able pupils.
They also report only half the subjects recognized the
definitions, but this could again be due to language
difficulties. The CTE findings tend to indicate that
most subjects were aware of the different measures and
that there was no confusion between these. Cresswell &
Grubb noticed that some subjects gave the total when
asked for the mean and that this became more prevalent
when non-integer values were used for data. None of the
questions appearing in these tests seems to have examined
the appropriateness of any of the measures in different

situations.



Other items in the NFER survey asked pupils to
comment on how they would carry out a survey and on areas
under the normal curve. In the area of survey techniques
the main difficulty appears to be in assuming that a
random method necessarily gave an unbiased sample, and
some failed to see the need for a sample to be unbiased;
that is they thought that a biased sample was a good
thing. Questions on normal curves gave a poor response
(38%) and teachers commented that this was an area pupils

were not familiar with.

1.3 Large Scale Research in the United States

Similar testing to the above has been carried out by
the National Council of Teachers of Mathematics in the
United States over the same age range. They emphasized
the purpose of Statistics was to 'organize and describe
information' with graphs, tables and descriptive
statistics. With charts, graphs and tables they divided
the questioning into four areas:- (i) Comparisons (ii)
Direct Reading (iii) Interpolation & Extrapolation (iv)
Problem Solving. They found that performance in areas
(1) & (ii) tended to improve with age and that there were
some subjects in the lower age ranges who were highly
competent in these stages. Subjects tended to acquire
the facility to handle items in (iii) & (iv) as they
approached the later ages but a substantial proportion of
even the oldest failed to cope with these more complex

skills. No questions were asked which involved subjects



constructing their own graphs. Questions on descriptive
statistics were only presented to subjects in the older
age groups. They report that less than half were able to
calculate the central measures, though questions which
used 'untechnical' terms were more successfully
completed(e.g. 'middle’' for median). Some testing was
carried out on the appropiateness of measures (e.g. A
shoe shop can only stock one size - which of the mean,
median or mode should it stock?) and the response to
these questions was poor. Questions on problem solving
involved weighted means, the affect of additional data
etc. The results from these were poor indicating low
problem solving ability, but apparently subjects were not
perturbed by answers which commonsense indicated were

wrongd.

1.4 Work on Probability

Since the early work of Piaget much has been written
on the development of concepts in probability. More
recently extensive work in this area has been carried out
as part of the Probability Concepts Project undertaken
by Green [1982]. Although examining areas outside of that
proposed in this study the Project nevertheless provides
a useful model on which to base a survey. The main
purpose of Green's research was to survey the probability
intuitions of children and to establish patterns of
development. The actual test used was developed over two

years with six pilot versions and the final test was



administered to 4000 subjects of whom 2390 were finally
used in a stratified sample based on General Reasoning
Ability tests. Tests were read out to younger pupils and
to those who might have difficulty in reading. Pupils
were then allocated to one of three 'concept levels'
according to how far they had progressed, questions
having been designated previously as indications of
certain levels of achievement. The results were also
compared with Piagetian stages of development.

Although the specific probability findings are not
relevant to this project, some useful conclusions can be
made from this work. Firstly Green notes that
development is more dependent on General Reasoning
Ability than other factors such as age or sex, though
boys did perform significantly better than girls. He
also notes, in line with similar findings in Science,
that most pupils fail to reach the Piagetian formal
operations stage. Green comments that diagrams seem to
help greatly with understanding and that pupils’
abilities to express probability ideas verbally are weak.
This tends to support the idea that many of the
difficulties encountered in such tests are of
understanding the question and knowing what is required.
Green also notes that with more complex problems often a
range of strategies were used to bring about the correct

solution.



1.5 Small Scale Investigations

A number of much smaller scale investigations have
been carried out into pupils' understanding of
statistics. These have been generally carried out on
small groups of'students' who are undertaking courses
connected with statistics and although the surveys are
limited in their general application they do provide a
deeper insight into areas only partially examined in the
larger surveys, and attempt to look at understanding
rather than learnt techniques.

Work has been carried in various science research
projects and others in Mathematics on interpretation of
diagrams including those giving statistical information.
Thornton[1986] in a recent unpublished pilot study in
this field establishes four levels of understanding of
statistical 'graphics':- (i) No ability (ii) Simple
plotting & interpretation (iii) Interpolation, more
difficult scales and more than one source (iv)
Continuity, accurate interpretation & criticism.
Questions were allocated to levels in the manner of Green
and the test was applied to a limited sample. Results
indicate that the levels were fairly well defined and
that pupils at different ages did not vary greatly in the
level thay had achieved. Although it is not intended in
this research to investigate diagrams in depth, in view
of the extensive work carried out elsewhere, this

nevertheless provides a useful model for research.



A study by Barr[1986] asked technician students to
calculate measures of location from a frequency table.
Although there was an element of misunderstanding over
the information shown in a frequency table, many subjects
still made errors in calculating the measures. Again
Barr points out that this was partly due to only a
'surface understanding of the vocabulary'. Other areas
of difficulty arose in calculation such as failing to
order unordered data for the median, or giving the
'middle' item/group irrespective of frequencies.

Jolliffe[1986] comments, though without empirical
evidence, that students have difficulty in reading
frequency tables when groups are of uneven size. She
also notes the confusion caused by comparing percentages
when totals are differént, for example the failure to
recognize that a 5% proportion from a total of 20 is less
significant than a 5% proportion from a total of 100.
This is clearly a lack of understanding of the basic idea
of ratio.

Goodchild [1988] has more recently carried out
detailed investigations by interviewing a small number of
13/14 year olds regarding their understanding of the
mean. When asked what was understood by the words
'average contents 35' on a box of matches, students
generally gave answers indicating that the mean was a
rough measure of location. Few used the term 'expected’
but when asked to bet on the number of matches in a
particular box few chose 35. Pollatsek et al[l981] also

found similar responses in their work. Further



questioning asked pupils to identify the distribution of
100 boxes. The younger pupils showed no pattern in their
responses but older pupils tended to opt for a bell-
shaped distribution. He also comments that students did
not seem to realise that a larger sample meant more

proportionate variation.

1.6 Analyses of Mental Processes

Pollatsek et al[1981] have come to the conclusion,
from their research, that most students have a
computational knowledge of means but that this is
'minimal instrumental understanding'; they have little
idea when it is appropriate to calculate the mean or when
the mean gives a reasonable answer. They have used
questions involving weighted means, where phrasing of the
questions is such that the calculation required is not
necessarily obvious. Predictable mistakes are made when
calculating weighted means. They have broken down
knowledge of a term such as the mean into three
categories:-

(1) Functional - a meaningful real world concept i.e.
what does the mean tell an individual about the data.
Pollatsek et al found that this type of knowledge was
generally poor, though when dealing with more concrete
quantities such as weights subjects performed better at
this level.

(ii) Computational - knowledge and ability of a
computational formula. Individuals have a feeling for

the numbers and an understanding of the basic number
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rules.

(iii) Analog- visual or 'kinesthetic' images, for
example seeing the mean as a balancing instrument.
Whilst not necessarily enabling a numerical solution to
be found, this knowledge would prevent a conceptual
mistake from being made.

Mevarech[1983] extended the work of Pollatsek in
looking for the reasons why some of the 'misconceptions’
noted had occurred. He felt that some of the
difficulties with weighted means problems might result
from a failure to realise that the normal rules of number
do not apply to means, for example they cannot, be simply
added. His research justifies this conclusion and the
lack of group operability of means & variances was a
major source of problems. Many students in fact realised
that they did not have the correct answer but did not
know how to compute the correct solution.

Loosen et al[1985] have carried out some interesting
research into students' intuitions of the standard
deviation (S.D.) The S.D. is a measure of spread which
relates all the data to a central measure i.e. the mean.
It was felt that many students did not realise this fact
and that textbooks did not emphasize this enough.
Students were given data in the form of groups of blocks
of varying length and asked to indicate which were more
spread out. Two fundamental mistakes were made
(1) that the S.D. depended on the size of the blocks
(ii)data well-grouped away from the mean would have a

smaller S.D.than data less well grouped, but around the
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mean. This indicates that the S.D. is thought of as an
absolute rather than relative measure of dispersion.
Lovie & Lovie [1976] have looked at the ability of
their students to estimate means and variances. This
they claim is fundamental to analysing their
understanding of statistics as it is unfettered by
'statistical routines which merely follow a learnt
algorithm and may even confuse'. Students were examined
by computer timed testing. Their results indicate that
the estimates are influenced by such factors as sample
size, the values of the other parameter and the size of
the parameter. For example when a set of data had a
higher mean than another set it was automatically assumed
that the set had a higher S.D. Familiarity with the task
however improved performance. It is not clear from their
work how familiar the students were with the standard
deviation which would clearly affect their judgement.
This study indicates however that being able to estimate
parameters shows some intuition as to the basic function
and purpose of.the two measures in terms of centrality

and spread i.e. Pollatsek's analog stage.

1.7 Work on Bivariate Data

One area on which there has been scattered comment or
research is in the comprehension of bivariate data
techniques. This is surprising since the National
Curriculum [Appendix 1] requires this to be introduced at
early secondary stage. Kahneman et al [1982] have

brought together many articles on the psychology of
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'prediction'. These investigations considered mainly
people's intuitive ideas about correlation in everyday
situations rather than detecting correlation from hard
data or applying particular techniques. They used
previous research to maintain that laypeople have a poor
ability to interpret 2 x 2 tables, looking at totals
rather than proportions. 'Katz[1985] maintains, although
unsupported by empirical evidence, that simple 2 x 2
contingency tables are easily interpreted in terms of
association at an elementary level. Perhaps what is even
more elementary is the interpretation of scatter diagrams
with respect to correlation. Garfield & Ahlgren[1987]
list some misconceptions they have discovered over time
among which they include students' tendency to
overestimate correlation if it is expected and vice
versa, and the classic fallacy of implying cause and
effect. In the light of comments by Lovie & Lovie, in the
work in the last section on estimating means & variances,
this appears to indicate that individuals have an
intuitive expectation about the value of a measure before
actual calculation which may or may not be correct.
Mosteller et al[1981] have investigated students’
ability to draw regression lines through data. Students
were given a transparency with a line on it and asked to
place it over scattergrams with different regression
lines and degrees of correlation. They found that
students tended to minimize horizontal differences and
that accuracy deteriorated with lower correlation. They

also noted that some students consistently gave a line
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too steep in relation to the least squares line, whilst
the intercept was well estimated. Again it is not clear
whether this 'natural' skill has been interfered with by

teaching or whether it is purely intuitive.

1.8 Other Topic Areas

The other topics to which reference has been made are
the problems of obtaining 'unbiased' samples and expected
areas under normal curves. Whilst the concept of
unbiasedness is perhaps more closely related to the
concepts of probability, clearly the idea of a sampling
distribution of a statistic should be considered in the
understanding of the mean and is a fundamental stepping
stone to more sophisticated ideas such as sampling.

Rubin et al [1990] identify two apparently
contradictory principles in statistical inference:-
(1) 'sample representativeness' where a sample has
identical properties to the population
(ii) 'sample variability' where all samples vary from
the population and therefore never have the same
characteristics.
They found that most students new to statistics tend to
favour the 'representativeness' notion, though true
understanding of inference requires a balanced measure of
both principles.
Whether it is intuitive to have some notion of what
proportions lie in the various regions of a Normal curve
is less clear. Though familiarlity with graphs from data

handling experience should make the shape familiar, there
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are other concepts such as using area under curves to

calculate proportions which confound the issue.

1.9 Conclusions

These investigations show a rather fragmented attempt
to examine various elements in Statistics. Although they
provide some useful insights into the difficulties
experienced by some pupils, only in certain areas (e.g.
Green's work) are there attempts to propose a structure
for how thinking develops in a young person. Lovie &
Lovie's comment [1976] that

"Intuitive statistics is ............concerned with the
behaviour of a human being when he is required to
appreciate and make inferences about an environment which
is presented to him in numerical form"
sums up what we are really trying to examine in looking
at the understanding of statistical concepts. 1In
relation to this there are however some fundamentai
questions to be asked. For example, at what point do
pupils understand the difference between spread and
central tendency? It is pointless trying to investigate
whether a pupil can calculate a standard deviation if the
concept of spread is not understood. The ability of
students to estimate the S.D. with practice noted by
Lovie & Lovie might merely be a response to reward with
no in depth understanding of what the figures stand for.
In order to test these basic concepts it will be
necessary to design a procedure which overcomes language
influences and examines intuitive ideas of what the

various elements of statistics represent, rather than the
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ability to carry out routine algorithms to arrive at an
answer.

The various extracts begin to establish the structure
of statistical ideas. The different areas examined show
that there are several components which, while they have
common elements, form separate branches within the
overall area of Statistics. 1In addition, the various
difficulties highlighted by these researchers gave
details which were useful in establishing a structure for
the thinking process.

The methodology used in these earlier researches was
critically examined with reference to how it might
usefully be applied in this project. In some cases
specificvquestioning has been repeated where this was

felt appropiate to this project.
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Chapter 2

The Conceptual Development of Children's Thinking

2.1 Introduction

In order to establish a framework of concepts a
detailed review was carried out on past research on the
underlying developmental psychology of children, both
generally and with particular reference to mathematics.
The work can be categorised into three related areas:-

(1) general theories on the nature of a concept,

(ii) theory pertaining to the general development of
thought processes in children,

(iii) theory relating to establishing the specific
thought processes followed in the development of subject

related concepts.

2.2 Psychological Background

The psychology of a child's mental growth is a vast
field and it is not considered appropriate here to
discuss the breadth of literature published in this area.
A brief review of current views in this area was however
felt necessary as a precedent to more specific work in

the area of mathematics.
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Mick & Brazier [1980] summarize many of the theories
proposed in recent years under what they call
‘constructivist’' theories. Constructivism states that:
" «¢s... conceptual structures are spontaneously and
gradually constructed through the learner's active
participation in abstraction and generalization

processes. The resulting conceptual structures then
reorganize themselves through reflective processes"

According to Mick & Brazier all such theories originate
from the work of Piaget & Inhelder and they conclude that
all children pass through three distinct stages of mental

development.

(1) Where cognitive structures have their origins in
actions.. These are of two types (a) individual actions
and (b) co-ordinated actions. These merge into one
another setting up a correspondence between one action

and another and form the basis of all logical structures.

(ii) Where the actions are internalised as mental
representation or images. This is called the 'pre-
operational' stage. Transformation of reality then
occurs by means of internalised actions that are grouped
into coherent and reversible systems. The second level
within this stage, called 'concrete operational’', is
distinct in that it deals with operations instead of
images or static states. Concrete operational thought is
characterised by "an extension of the actual in the
direction of the potential"”. However thought still

remains attached to empirical reality.
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(iii) Where there is a reversal of the direction of
thinking between reality and possibility. 1In this stage
of 'formal operational' thinking, thought begins with the
formation of hypotheses which are then later empirically
verified. These systems result from both structural
integration and combinatorial systems. Structural
integration occurs where previously unrelated schemes are
consolidated to form new concepts. The most important
feature of this formal stage however is the existence of
combinatorial systems whereby all possible outcomes of an
experiment can be logically determined. At this level it
is no longer necessary to relate thought to objects, and
individuals can describe relations between relations.

Dienes[1967] claims that Piaget was the first to see
that the process of forming a concept took far longer
than had previously been believed. Dienes maintains that
experiences are gradually built into a meaningful whole
which leads to a concept 'clicking into focus' or being
understood. The individual then tries to apply this new
concept to new circumstances in order to test it and this
in turn leads to a whole new crop of concepts. Dienes
notes that there are two ways in which these experiences
can be connected:-

(1) Conjunctive - where experiences are seen to occur
together,

(ii) Disjunctive - where events are necessarily

mutually exclusive.
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In the classic Piagetian model it is assumed that
these stages develop within approximate age bands. There
have been attempts to prove that passage between stages
is not necessarily bound by age constrictions.
Bruner[1960] in particular has expounded the view that
provided material can be presented in an amenable form
age is no barrier, but this theory has not yet been
satisfactorily supported by empiriéal evidence and there
is considerable criticism of this viewpoint. The
Cognitive Acceleration in Science Education project (CASE)
as described by Adey[1988] and Adey & Shayer[1992] has
~attempted to show in recent years that the onset of
formal operational thinking can be brought forward with
appropriate teaching. Their 'intervention' lessons
create 'cognitive conflict' whereby individuals are
confronted with situations which are discordant with
previous experience and understanding. Their evidence
suggests that this does not always lead to new
conceptualizations but that "without conflict theie can
be no accommodation". Their most recent findings (1992)
suggest a bimodal effect with some individuals benefiting
greatly from such intervention whilst others show no

significant difference.
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2.3 Intuition

Whilst some researchers accept the basic validity of the
Piagetian structure others argue that it does not give
the whole picture of intellectual development.
Fischbein[1975] points out that
"the intellectual development of the individual
involves more than assimilation and organisation of
conceptual systems. In addition to such structures,
whose dynamics are explicitly determined by
definitions and combination rules, intellectual
activity involves cognitive and problem solving

modalities which are less explicit, though not
necessarily more primitive."

More specifically, 'intuition' denotes the existence
of long-verified mechanisms, stabilised by experience.
Concepts can be acquired through ordinary learning
whereas intuition is formative and requires conviction
based on a feeling of inward necessity. Fischbein
subdivides intuitions into Primary Intuitions, which are
derived directly from the experience of the individual,
and Secondary Intuitions which are formed through the
process of education. Skemp[1986] states that intuitive
intelligence is difficult for an individual to explain.

"Being able to do something is one thing; knowing how
we did it is quite another."”

Skemp refers to 'creative mental activity' in which an

intuition enables a new idea to be produced in an

unconscious and involuntary way.
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This has important implications if interview testing is
to be used, since a child who cannot explain how s/he
arrived at a particular result does not necessarily
indicate that the process was carried out with a lack of
understanding.

Fischbein defines three levels of intuition which

closely resemble the Piagetian stages, namely:-

(1)Pre-operational - synthesis of experience to confer
speed, adaptability and efficiency on an appropriate
action. These are essentially Primary Intuitions.
Fischbein warns however that experience which is
confirmed and fixed in intuitions can confer false
validity on an erroneous interpretation or prediction.

(ii) Operational- coming to a conclusion given that a
given set of axioms is true. Fischbein éays that the
major need of intelligence at this level is for
quantifiable predictions. Children in this stage have a
deterministic view of life

(iii) Post-operational- where past experience leads to
a rapid solution without concrete operation. The
'stable, structural schemas which select, assimilate and
store everything in the experience of the individual’
provide the basis for extrapolation which, claims
Fischbein, is the essential characteristic of intelligent

behaviour.

Fischbein points out that once the basic cognitive

schema are established at about 16/17 years of age,
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modifications to the intuitive substrata are difficult if
not impossible. This suggests that misunderstandings at
the earlier stages, if not corrected, can readily distort

concepts at the higher level.

2.4 Developing Mathematical Concepts

One of the most comprehensive analyses of the nature
of concepts in mathematics is by Skemp[1986]. Although
his work relates specifically to mathematics many of his
theories apply in the wider field of concept development.
Skemp describes a concept as

"a lasting mental change as a result of
abstracting, which enables us to recognise
experiences as having similarities to an already
formed task.™

Initially Skemp makes the distinction between habit

learning (rote memorising) and learning involving
understanding. This was the underlying principle applied
later in his work when he considered concept development
and setting out the test procedure. For example, rather
than testing whether subjects have remembered a specific
algorithm which enables them to calculate a mean from a
set of data, they were more concerned with whether the
subject understands what the answer means in terms of the
data. Resnick and Ford[1981] define 'computation' as
consisting of two elements:-

(i) simple associations - ie. the basic number rules

(ii) algorithms - a number of steps in a fixed sequence

which achieve a desired result.
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They claim that the bulk of elementary school experience,
despite educational reform, is still of the computational
type.

Skemp states that a new concept has been learnt when
the resulting combination of previously held concepts
results in properties which would have been difficult to
predict from the previous concepts. A new concept al