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A bstract
The research project presents a fundamental understanding of the fatigue crack growth 

mechanisms of AISI 420 martensitic stainless steel, based on the comparison analysis 
between the theoretical and numerical modelling, incorporating research findings under 
isothermal fatigue loading for solid cylindrical specimen and the theoretical modelling with 
the numerical simulation for tubular specimen when subjected to cyclic mechanical loading 
superimposed by cyclic thermal shock.

The experimental part of this research programme studied the fatigue stress-life data for 
three types of surface conditions specimen and the isothermal stress-controlled fatigue testing 
at 300 °C - 600 °C temperature range. It is observed that the highest strength is obtained for 
the polished specimen, while the machined specimen shows lower strength, and the lowest 
strength is the notched specimen due to the high effect of the stress concentration. The 
material behaviour at room and high temperatures shows an initial hardening, followed by 
slow extension until fully plastic saturation then followed by crack initiation and growth 
eventually reaching the failure of the specimen, resulting from the dynamic strain ageing 
occurred from the transformation of austenitic microstructure to martensite and also, the 
nucleation of precipitation at grain boundaries and the incremental temperature increase the 
fatigue crack growth rate with stress intensity factor however, the crack growth rate at 600 °C 
test temperature is less than 500 °C because of the creep-fatigue taking place.

The theoretical modelling presents the crack growth analysis and stress and strain intensity 
factor approaches analysed in two case studies based on the addition of thermo-elastic-plastic 
stresses to the experimental fatigue applied loading. Case study one estimates the thermal 
stresses superimposed sinusoidal cyclic mechanical stress results in solid cylinder under 
isothermal fatigue simulation. Case study two estimates the transient thermal stresses 
superimposed on cyclic mechanical loading results in hollow cylinder under thermal shock in 
heating case and down shock cooling case. The combination of stress and strain intensity 
factor theoretical calculations with the experimental output recorded data shows a similar 
behaviour with increasing temperature, and there is a fair correlation between the profiles at 
the beginning and then divergence with increasing the crack length. The transient influence 
of high temperature in case two, giving a very high thermal shock stress as a heating or 
cooling effects, shifting up the combined stress, when applied a cyclic mechanical load in 
fraction of seconds, and the reputations of these shocks, causing a fast failure under high 
thermal shock stress superimposed with mechanical loading.

Finally, the numerical modelling analyses three cases studied were solved due to the types 
of loading and types of specimen geometry by using finite element models constructed 
through the ANSYS Workbench version 13.0. The first case is a low cyclic fatigue case for a 
solid cylinder specimen simulated by applying a cyclic mechanical loading. The second is an 
isothermal fatigue case for solid cylinder specimen simulated by supplying different constant 
temperatures on the outer surface with cyclic mechanical loading, where the two cases are 
similar to the experimental tests and the third case, is a thermo-mechanical fatigue for a 
hollow cylinder model by simulating a thermal up-shock generated due to transient heating 
on the outer surface of the model or down shock cooling on the inner surface with the cyclic 
mechanical loading. The results show a good agreement with the experimental data in terms 
of alternative stress and life in the first case. In case two results show the strain intensity 
factor is increases with increasing temperature similar to the theoretical solution due to the 
influence of the modulus of elasticity and the difference in life estimation with the 
experimental output record is related to the input data made of theoretical physical properties 
and the experimental stress-life data.
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CHAPTER ONE

1- INTRODUCTION

1.1 Introduction:

The expectation of an increase in the world-wide demand for energy in the twenty- 

first century has encouraged the international community to consider ways to meet 

energy needs while maintaining and improving the environment. This has naturally led 

to improving the power generation industries such as the fission nuclear reactors and 

conventional fossil-fired power generation systems, dealing with components, which 

are subjected to higher loads at temperatures elevated than before, due to the increasing 

requirements regarding weight, performance and exhaust gas emission, such power 

generation can be produced without the environmental effects that accompany the use 

of coal or petroleum products. Although renewable energy sources offer the possibility 

of clean energy, there are challenges concerning the economic efficiency and reliability, 

whereas the economic reliability of the power generation has been demonstrated by the 

systems operating today. Rather than relying on the present generation of power 

industries, an international collaboration is directed toward developing a new 

generation that will produce abundant, reliable and inexpensive energy under safe 

environmental conditions [1].

Stainless steels are widely used in power generation industries. Operating 

experience with the various grades of stainless steels over several decades has generally 

been excellent. Nevertheless, stress corrosion failures have been reported in few cases. 

The first ferritic/martensitic steels were used for conventional power-generation 

applications in the 1920s. The 21/4Cr-lMo steel, designated by ASTM as Grade 22, was 

introduced in the 1940s and it is still widely used today. Along with Grade 22, 9Cr- 

lMo (T9) composition and 12Cr (AISI 410) which was an early development, the 

additional chromium was added for corrosion resistance. Since then, there has been a 

continual push to increase operating temperatures of conventional fossil-fired power-
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generation systems. This has led to the development of several “generations” of steels 

with improved elevated-temperature strengths. In the nuclear power generation, the 

ferritic/martensitic steels were first considered for elevated-temperature in-core 

application (cladding, wrappers, and ducts) for fast reactors in the 1970s, because of 

their excellent thermal properties and irradiation resistance (low swelling) relative to 

austenitic stainless steels, and for fusion reactors. In the 1980s, they were developed by 

the steel industry for use in conventional power-generation systems and in the 

petrochemical industry. Since then, steel technology has advanced, and it is of interest 

to examine the evolution of the elevated-temperature steels for use in those industries 

since the 1980s [1-2].

The next power generation will, in many cases, have been operating conditions well 

beyond those of earlier designs. As with most new technologies or technological 

advances, success often hinges on materials available to meet the new operating 

conditions. One of the challenging conditions for engineers and designers of structural 

and material selection should be considered when the industrial component material is 

subjected to higher loads at an elevated temperature. Considerable research effort has 

been concentrated on high temperature fatigue over the last years, since thermal fatigue 

is an area of concern in design. The heating and cooling cycles during start-up and shut 

down operations cause thermal stresses that often occur in combination with 

mechanical loads. For example, in power generation plant boilers and heat exchanger 

where steam generating pipe work and control valves employ thick sections, and where 

liquid metal cooling is used for fast reactors, thermal fluctuations promote thermal 

shock conditions. Furthermore, the fatigue crack growth due to thermal shock loading 

constitutes a problem for turbine blades, pressure-vessel, valves, pipes and in-cores for 

nuclear reactors such as cladding, wrappers and ducts all of which suffer non-steady 

temperatures.

Thermal fatigue can be defined as failure under repetitive application of thermal 

stresses resulting from the rate of temperature changes. It may have different meanings 

to the problem, depending on their previous training, current interests and professional 

responsibilities. The work may concern a small part of the problem seeking highly 

specific answers, whether it deals with the understanding of fatigue crack initiation, or 

the determination of the design life of components [3]. The thermal fatigue cycle 

consists of two types, thermo-mechanical and thermal shock fatigue. Thermo
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mechanical Fatigue (TMF) refers to the process of fatigue damage under simultaneous 

changes in temperature and mechanical strain. Fatigue damage at high temperatures 

develops as a result of inelastic deformation where the strains are non-recoverable. 

Therefore, thermo-mechanical fatigue damage is complex, as it may accumulate over a 

range of temperatures and strains under both steady-state and/or transient conditions. 

Thermal shock usually refers to cases in which a body experiences sudden changes in 

temperature due to either a change in external environment or to internal heat 

generation [4].

1.2 Aims of the Research:

This thesis reports the concerns for the development of a fundamental understanding 

of the fatigue crack growth mechanisms of AISI 420 martensitic stainless steel, based 

on:

1- The comparative analysis of the theoretical and numerical modelling, incorporating 

research findings under isothermal fatigue loading for solid cylindrical specimen.

2- The comparative analysis of the theoretical modelling with the numerical simulation 

for tubular specimen when subjected to cyclic mechanical loading superimposed by 

cyclic thermal shock loading.

1.3 Objectives of the Research:

The objectives of this research are to produce a comparative analysis of the material 

behaviour under low cycle fatigue and isothermal fatigue, improving to the transient 

thermal shock fatigue, based on three modelling solutions:

1- Experimental work:

> Study the fatigue life of the material at room temperature for different surface 

conditions types of specimens.

3



> Study the fatigue crack growth rate of the material at 300 - 600 °C temperature 

ranges.

2- Empirical Modelling Solution:

> Develop an empirical modelling solution for a solid cylinder specimen under 

isothermal fatigue based on the experimental properties and boundary 

conditions.

>  Develop an empirical modelling solution for a hollow cylinder under up and 

down shock fatigue cases.

3- Numerical Modelling Solution:

>  Simulate the fatigue life of the material at room temperature, similar to the 

experimental low cycle fatigue test.

>  Simulate the fatigue life of the material under high temperature ranges, similar 

to the experimental isothermal fatigue tests.

>  Simulate the up and down shock fatigue cases, similar to the empirical 

modelling cases.

1.4 Approach of the Research:

This research studies compares between the experimental fatigues testing of AISI 

420 martensitic stainless steel, the thermo-elastic-plastic empirical modelling solutions 

under thermo-mechanical induced stresses which initiate fatigue cracks and provide the 

driving force for crack propagation, based on the adding of the elastic-plastic thermal 

stress to the mechanical applied stress, utilizing the experimental mechanical properties 

and boundary conditions, and the numerical modelling solutions using ANSYS 

Workbench version 13.0 software based on the similarity to the experimental testing 

and empirical modelling cases.
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1.5 Summary of Thesis Contents:

This thesis serves by an eight chapters as a brief description of the methodology of 

the fatigue and fracture mechanics with literature review in Chapter Two, where the 

material selections with the experimental testing and modification design techniques 

are detailed in Chapter Three. The empirical modelling solutions in details for all cases 

are produced in Chapter Four, while the numerical modelling simulations are produced 

in chapter five. The experimental results with discussion are described in Chapters Six 

and Seven. Finally, the conclusion and the future work in Chapter Eight.
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CHAPTER TWO

2- LITERATURE REVIEW

2.1 Introduction:

High temperature fatigue has been investigated for a long time. It is difficult to cover 

all the published literature related to failure under elevated temperature in this short 

review due to different issue of the studies. However, as related to the present work, a 

brief historical background is offered with particular consideration given to the 

problems of isothermal and thermal shock fatigue specifically to fatigue crack growth 

due to the steady state and rapid thermal transient interacting with the failure process 

concerning the material AISI 420 stainless steel or other martensitic alloys.

This chapter serves as a brief description of the fatigue and fracture mechanics and 

the types of fatigue due to steady and unsteady loadings of high temperature and 

mechanical loads along with the numerical modelling solution for similar studies.

2.2 Fatigue Failure Mechanisms:

Fatigue failure under balanced cycling conditions takes place by the initiation and 

growth of one or more cracks until specimen separation occurs. In general, nucleation 

takes place at a free surface, and the crack grows in three stages, as illustrated in Figure 

2.1. Stage I growth is an extension of the initiation process (the initiation crack length 

being of the order of 10pm) and takes place along a crack tip shear plane. The extent of 

such growth is usually of the order of a few grain diameters. Stage II growth is normal 

to the applied stress and is controlled by the continuum response of the material. Finally, 

when the local crack tip deformation is of the order of the material in homogeneities, 

static fracture, e.g. voids growth, contributes to crack advance and leads to final failure, 

Stage III, [5]. The fractional area of fracture surface demonstrated in Fig. 2.1a and 

devoted to the various stages of failure depends on the applied strain level. At high 

levels, Stage II covers almost the entire fracture surface, whilst for low levels Stage I
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begins to dominate. Stage III only occupies a significant area for high strain level tests 

on less ductile materials.

A crack in a solid can be stressed in three different modes, as illustrated in Fig. 2.2. 

Normal stresses to give rise to the (opening mode) or mode I loading, where the 

displacements of the crack surfaces are perpendicular to the plane of the crack. In-plane 

shear results in mode II or (sliding mode) the displacement of the crack surfaces is in 

the plane of the crack. The (tearing mode) or mode III is caused by out-of-plane shear. 

The superposition of the three modes describes the general case of loading and the most 

important mode is technically Mode I.

2.2.1Fatigue Crack Initiation:

Fatigue crack initiation in a ductile metal is a consequence of reversed plasticity 

within a grain on a metallurgical feature scale of 10“3mm. Surface grains are weakest; 

they deform plastically at the lowest stress, and this leads to the production of a micro

crack within a grain. Such microplasticity, due to slip within grains, can occur at 

stresses much lower than the tensile yield stress. The slip can take place only on certain 

crystallographic planes within a grain. Resistance to crack initiation depends strongly 

on surface roughness, residual stress and environment, all of which are difficult to 

control [6].

Several equivalent models have been proposed to explain the initiation of fatigue 

cracks by local plastic deformation. The Wood's model exposed in Fig. 2.3 reveals that 

during the rising-load part of the cycle, slip occurs on a favourably oriented slip plane. 

In the falling-load part slip, takes place in the reverse direction on a parallel slip plane, 

since slip on the first plane is inhibited by strain hardening, and by oxidation of the 

newly created free surface giving rise to an extrusion or an intrusion in the metal 

surface. An intrusion can grow into a crack by the continued plastic flow during 

subsequent cycles. If the fatigue loading is a cyclic tension-compression this 

mechanism can still work since the plastic deformation occurring at increasing load will 

give rise to residual compressive stresses during load release [7].
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2.2.2 Fatigue Crack Propagation:

In the metal fatigue literature, the terms fatigue crack propagation and fatigue crack 

growth are both used for the increase in size of a fatigue crack. A Stage I crack 

becomes a Stage II crack. When it reaches a critical length, it changes direction and 

propagates normal to the maximum principal tensile stress. The critical length is 

strongly dependent on microstructural features and on stress conditions and it varies 

widely. It is usually less than 0.25mm and typically, around 0.02 mm. After the 

transition, a Stage II crack propagates through the majority of the cross section. More 

descriptive terms for Stage I and II, microcrack and macro-crack respectively, are 

sometimes used [6].

A model of Stage II crack propagation was presented by Tomkins [8] in 1968. This 

region is the primary region of growth for fatigue cracks. Moreover, Tomkins model 

demonstrates a repetitive deformation of crack tips through applied cyclic loads. The 

model is illustrated in Fig. 2.4, where a fully compressed crack, Fig. 2.4a, is loaded 

through a tension/compression cycle. On increasing the load through the tensile cycle 

the crack opens with 45° shear bands creating a plastic flow ahead of the crack tip, (Fig. 

2.4b). At the tensile strain limit, Fig. 2.4c, shear decohesion of the material occurs by 

these bands producing new crack surface. On the compressive reversal of loading the 

crack tip closes without recohesion of the new crack surface, (Fig. 2.4d). On returning 

to full compression a deformation of new surface occurs in the form of a ripple. Under 

repeated cyclic loading these ripples are repeated with each cycle producing the 

familiar fatigue crack surface effects of striations.

2.2.2.1 Factors Affecting Fatigue Crack propagations:

There are different types of factors affecting the fatigue crack propagation which can 

be classified into the following categories:

I- Microstructure of the material:

The effect of the microstructure depends on the grain structure, average grain size 

and microstructural flaws, which have a significantly high influence on the fatigue life 

and the crack growth. For example, a material with large grain size would exhibit a
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lower fatigue life limit, in comparison with smaller grain size when cycled at an 

ambient temperature: however, at a high temperature (in the creep range of metals) the 

coarse-grained materials appear to exhibit better fatigue properties [9].

II- Processing Techniques:

The effect of processing techniques such as forging, rolling and extrusion produce 

directional properties in the materials due to the grain orientation. For that the fatigue 

life is specifically increased in the oriented direction and it is lower in the transverse 

direction. Besides, heat treatment, case hardening, cold and hot working, surface 

coating, platting, cladding, etc. can all influence the fatigue life and the crack growth 

due to the residual stress production [9].

III- Load Spectrum:

The actual service loading may be a very complex-one due to the history, magnitude, 

sign, and rate of loading, which significantly influence the fatigue life and consequently 

the crack propagation rate [9].

IV- Geometry of the component:

The effect of the geometry is produced by surface finish, notches, welds, 

connections, and thickness where the surface finish has a significant influence on crack 

initiation. The geometric surface discontinuities in components such as holes, notches 

and joints are sources of stress (or strain) concentration and are often the site of crack 

initiation [9].

V- Temperature:

The fatigue crack growth mechanism at high temperature is a complicated process to 

study. The important factors influencing the crack growth process are the possibility of
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creep or creep-fatigue interaction, thermal ageing effects, thermo-mechanical effects 

and the environmental interaction [10].

Rising temperatures affect the slip character of the material, reduce grain boundary 

strength and accelerate oxidation. The combined effect of these processes is to speed up 

the fatigue crack propagation. Several materials obtained a fatigue limit above a certain 

temperature; the fatigue limit is considerably reduced, which means that the material 

can no longer be used at higher temperatures [11]. Intergranular crack growth rate was 

studied by Bown, et al., [12] at a particularly high temperature in a vacuum under static 

load, and the same behaviour was reported for martensitic alloys at different 

temperature ranges in air [13].

VI- Environment:

A corrosive environment causes degradation of the material, the most common 

visible effect being pitted or surface roughness (etching). These notch-like regions act 

as stress raisers and are generally the sites of crack initiation. Thus, one needs to 

shorten the crack nucleation stage and to increase the crack growth rate. The increase in 

temperature reduces the fatigue resistance of the material; thus increasing the crack 

propagation [9]. The high temperature fatigue failure studies concern themselves with 

the great effect on the environment which represents an important factor in the various 

regions of the crack growth rate curve. Several types of environmental effects on the 

crack growth rate curve are identified below:

a- The reduction or elimination of AKth and an overall enhancement of the crack 

growth rates until high AK levels are reached, at which the purely mechanical 

contribution to crack growth predominates [14].

b- An additional enhancement of crack growth rates owing to monotonic, sustained 

load fracture during the tensile part of the stress cycle. This behaviour is typical for 

fatigue in liquid environment that causes stress corrosion [15].

c- The sustained load caused by the gaseous environment usually hydrogen, [16], [17].

d- The overall enhancement of the crack growth rate explained in some instances by 

local corrosion on the crack surfaces, [18].
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The influence of the air and vacuum environment on the fatigue crack growth plays a 

very significant role where the fatigue lifetimes are reduced in air compared to the 

vacuum [17].

VII- Oxidation:

The influence of oxygen is more pronounced as the temperature is increased. A 

suggested mechanism is the embrittlement of grain boundaries due to oxygen 

penetration. This embrittlement is explained in terms of pinning the grain boundaries 

due to the existence of oxides and small cavities. During cyclic loading at a high 

temperature, the lack of grain boundary mobility may lead to intergranular cracking [9]. 

The model depicted in Fig. 2.5 is described by a monolayer of oxygen or an oxide layer 

form rapidly on the freshly formed slip step exposed in air during a tension cycle. In the 

compression part of the cycle, the slip reverse takes place on the same plane, and some 

of the freshly absorbed oxygen is drawn into the body of the crystal in the form of 

dissolved atoms. During the next cycle, this process is repeated and more oxygen is 

supplied to the crystal which could then diffuse along the slip band. Additionally, the 

chemisorptions of oxygen in, and near the slip band causes weakening in the persistent 

slip bands of the crystal eventually leading to crack [9].

The work represented by Fournier et al [19-21] for 9Cr-lMo Martensitic Steel, has 

concluded that the presence of the oxide layer filling the cracks leads to faster 

propagation. This layer thickness increases with the high strain in tension and 

compression. The oxide composition strongly depends on the environment, temperature 

and the exact chemical composition of the steel, where the effective behaviours 

concerned are the oxidation morphology and the oxidation kinetics.

VIII- Creep-Fatigue:

Creep of materials is classically associated with time-dependent plasticity under a 

fixed stress at an elevated temperature, often greater than roughly 0.5 Tm, where Tm is 

the absolute melting temperature [22]. It is one of the principal damage mechanisms for 

materials operating at an elevated temperature. It can produce larger strain deformation, 

stress relaxation, and crack initiation and growth. The combination of high temperature
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(below the melting point of the metal) and high stresses in the material make it 

susceptible to creep, and the interactions of creep and fatigue can seriously influence 

the properties and fatigue life of the materials. Fatigue-creep interactions occur by the 

propagation of fatigue crack into cavitate materials producing a reduction in endurance.

Tension Compression Next tension cycle

Absorbed 02

Dissolved O

Crack initiation sites

Figure 2.5 Oxidation mechanism assisted stage I crack growth.

Studies [19-20] conducted in 2008 pointed out that the true creep-fatigue is a 

stronger lifetime reduction factor, compared to the usual stress relaxation fatigue under 

tensile holding period. The compressive holding periods are more deleterious than the 

tensile ones where the lifetime fatigue is shorter. This difference is more pronounced 

for the low strain ranges. The two studies stated above are consistent in identifying the 

physical mechanisms responsible for damage based on the interaction between fatigue, 

creep and oxidation mechanisms. Fournier et al., [21], [23] proposed a model for creep- 

fatigue lifetime prediction depending on these two mechanisms for martensitic alloys.
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2.2.3 Unstable and Fast Fracture:

The Stage III has been generally identified as a region of rapid growth close to 

instability in a specimen in which crack tip microscopic fracture events such as ductile 

void age contribute to the overall growth rate [5].

The primary mechanism of ductile fracture is due to nucleation of microscopic voids, 

either at dislocation pile ups, points of severe deformation, or around the interface of 

particle inclusions. These voids grow in size ahead of the crack tip where the 

stress/deformation field is greatest, increasing in concentration until they coalesce to 

create larger voids or separate completely to form further crack surface. As with brittle 

fracture, ductile fracture can occur by a trans-granular or inter-granular fracture as 

illustrated in Fig. 2.6 where, the trans-granular fracture in ductile structural materials is 

caused by overloading depending on the constraint; it failed by a process called micro

void coalescence [14]. The inter-granular fracture results from a continuous fracture 

load or from the deficiency of ductility in the materials due to the segregation of the 

embrittling elements, particles and precipitates to the grain boundaries as is the case 

with temper-embrittle steels [14]. This depends on the amount of slip planes that are 

introduced in the material structure; the more the slip planes, the more dislocation pile 

ups that occur at grain boundaries; therefore, greater energy is required to initiate void 

growth and crack propagation. Consequently, face centred cubic materials have more 

slip planes than the body centred cubic; they are more likely to be fractured by inter- 

granular processes. At high temperatures, creep effects can also be present. These 

processes can combine to generate complex fracture processes.

Ferritic and austenitic steels demonstrate a range of fracture processes. Austenitic 

steels can specifically fracture under low loading for a long time by inter-granular 

processes. However, at high temperature trans-granular creep fracture dominates. This 

can, however, be attributed to inter-granular fracture. If inclusion or precipitations are 

present at the grain boundaries, fracture will occur due to their effect as a stress raiser 

[24] while, in the martensitic steel, the fatigue rupture mainly initiates on inclusion for 

low temperature or oxide crack at higher temperature; it always propagates trans- 

granularly [25].
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2.3 Fracture Mechanisms:

The Design engineer should consider the fact that there is always a certain 

possibility of risk that a structure may fail, and the probability of such a failure should 

be kept at an acceptably low level. Fracture mechanics methods help the designer to 

predict how fast cracks will grow and how fast the residual strength will decrease.

Conventional engineering design criteria are usually based on tensile strength, 

yield strength and buckling stress of structures. These criteria are adequate for many 

engineering applications, but they are insufficient when there is likelihood of cracks.

Fracture mechanics have developed into two distinct fields: Linear Elastic and 

Elastic-Plastic crack tip analysis. Linear Elastic, deals with elastic crack tip stress fields. 

The fundamental parameter of Linear Elastic Fracture Mechanics (LEFM) theory, the 

stress intensity factor Kh may be derived from the classical Griffith theory of fracture 

[7], or more directly from knowledge of the local stress distribution ahead of a crack as,

Kj = act.y /n T  (2.1)

To consider the size and geometry of the component, a dimensionless quantity (Y) 

can be introduced in the above equation, which is a shape function of (c/W), crack 

length (c) and a size parameter (W),

!<! = Y ayfn~c (2.2)

The solutions for several (Y) factors are given in stress intensity factor handbooks. 

Similarly solution for the stress intensity factors for mode II and III crack growth can 

be so obtained [7].

The application of cyclic loads (either thermal or mechanical. Or combination of 

both) can produce fatigue crack growth, even though the maximum load is lower than 

that required to exceed the appropriate (KIC) value for final fracture with 

monotonically increasing load. Thus, under cyclic conditions, the range of stress 

intensity factor AK can be a useful parameter for the correlation of fatigue crack growth.
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An empirical relation between the cyclic crack propagation or growth rates (—) and

cyclic stress intensity factor range, AK was given by Paris; it is known as the Paris Law 

[22],

(2-3)

where,

A/'T — K-max Kmtmax mm (2.4)

Here, Kmax and Kmin are the values of the opening mode I stress intensity factor, 

calculated from the maximum and minimum stress during the fatigue cycle.

Elastic-Plastic Fracture Mechanics (EPFM) methods extend fracture behaviour 

beyond the elastic regime, but they may have a limitation on their range of applicability, 

as is the case with LEFM. EPFM is generally applied to solve fracture problems in two 

ways, either by searching for characterizing parameters or by attempting to describe the 

elastic-plastic deformation field in detail, in order to find a criterion for local failure. 

Several theoretical contributions have been made to predict fatigue crack propagation 

rates. Generally, these theories are divided into three groups [26]; they are either:

1) Based on damage or strain accumulation at the crack tip or they

2) Consider a critical crack tip opening displacement as the crack advancing criterion.

More recent theories invoke an energy criterion with crack tip process zone; for 

example, the J-integral, crack opening displacement (COD), plastic zone size (rp) and 

the strain intensity factor (Ke).
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J-Integral:

It is a mathematical expression of a line or surface-type integral that encloses the 

crack front from one crack surface to the other; it is used to characterize the local 

stress-strain field around the crack front. The J-Integral specifies the plastic stress and 

strain intensity in a manner similar to that whereby the K parameter in LEFM 

represents the stress intensity of the surrounding elastic field in the crack vicinity. That 

depends on stress, strain, crack size, and the geometry of the crack and body [27]. The 

physical significance of J under monotonic loading is considered a measure of the 

intensity of the crack tip strain field for elastic-plastic materials. The J-Integral is 

defined, along a contour around the crack tip by the change in potential energy for a 

virtual crack extension (dc) [7];

Crack Tip Opening Displacement (CTOD):

It is a measure of the opening displacement mode of the crack face or a measure of 

the plastic strain at the crack tip. Several values of this parameter can be calculated 

from the load displacement records related to such characteristics as unstable cleavage 

fracture during and after ductile tearing, maximum load condition, first pop-in at brittle 

crack extension, and the onset of stable crack extension [27].

The general equation of the crack tip opening displacement is [7]:

CTOD = —  = K* v-2)- (2.6)
Y<Jys EycTys

Strain Intensity Factor:

The growth of short cracks has been analysed using a strain intensity factor in high 

strain fatigue tests conducted with controlled strain limits. Boettner et al., (1965) [28] 

proposed that for room temperature fatigue of copper, at relatively high strains, crack 

growth rates can be described by the relation,
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4 - c  (2.7)

And

A Ke =  A £p Vttc (2.8)

Solomon, [29] in 1972, proposed a range of pseudo strain intensity factors as,

A Ke =  A et yprzc (2.9)

Where, A et — is the total strain range given by;

Ae t =  Aep + A e e (2.10)

where, A ee and A ep are the elastic and plastic strain ranges respectively.

Equations (2.8) and (2.9) are almost the same at high plastic strain and some 

improvement can be made by using equation (2.9) when the elastic strain component 

becomes larger. Haigh and Skelton [30] in a study carried out in 1978 derived a strain 

intensity parameter to describe cyclic crack opening displacement in both high strain 

and liner elastic fatigue at room and elevated temperature as,

A Ke =  (a  ep + ^A €e ) yfiic  (2.11)

Whereby the term ^A ep +  ^A ee )  describes the strain range for which the crack was 

open.

The strain intensity approach was based on an equivalent elastic strain range that 

works well for fatigue crack growth in conditions whereby the environment and the 

creep have little effect [10].
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2.4 Low Cycle Fatigue:

Most machinery and structures in service do not operate under a constant load and 

stress. In fact, these loads and stresses are constantly changing. A good example of this 

is a rotating shaft such as the axle of a railroad car. The bending stresses change from 

tension to compression as the axle rotates. This constant change in stress can cause 

fatigue failure which suddenly fractures the material. The process that leads to fatigue 

failure is the initiation and growth of cracks in the material. Fracture occurs when the 

crack grows so large that the remaining un-cracked material can no longer support the 

applied loads.

Knowledge of the fatigue behaviour of materials at low endurance is required for 

economic and long life design. Low cycle fatigue of metals can be defined as failure 

resulting from cycles of loading comparatively less than about 104 cycles [31] and it is 

classified into isothermal fatigue and thermal fatigue.

Low cycle fatigue phenomena began to gain attention. Until World War II little 

attention was paid to the low cycle range, and most of the existing fatigue results were 

for high cycles only. Then it was realized that for some pressure vessels, pressurized 

fuselages, mechanisms for extending landing gears and controlling wing flaps, missiles, 

spaceship launching equipment, etc. only a short fatigue life was required [32]. Today 

many components in heat exchanger, gas and steam turbines, nuclear reactors and 

aircraft industries employ stresses appreciably above their yield stresses, which may be 

due to, for example, start-up and shut-down of the power plant, or the taking-off and 

landing of an aircraft. The frequency of cycling has usually different orders of 

magnitude and waveform depending on the experience life.

At high temperature the material deformation process is complex; it involves the 

addition of a number of thermally activated processes including grain boundary sliding, 

dislocation climb, etc. [33], and when the time factor is combined with high 

temperature, creep and environmental interactions may play an important part in the 

failure process.

Investigators have proposed several methods of analysis to study the failure of 

different materials under high strain low cycle fatigue at high temperature variables. To 

the best knowledge of the author, there are few studies that particularly deal with AISI
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420 martensitic stainless steel; most studies focus on different types of Martensitic 

stainless steel.

Numerous studies are conducted on strain controlled fatigue; for instance, Song et 

al., [34], analysed the cyclic softening observation employing a strain-controlled 

uniaxial push-pull low-cycle fatigue tests at room temperature and 600 °C; he 

discovered a cellular dislocation in 12Cr-WMoV martensitic stainless steel lath, and a 

high effect of the deformation density due to dynamic recovery under cyclic 

deformation at high temperature. Roessle et al., [35] undertook a study comparing 

monotonic deformation, cyclic deformation and strain-controlled fatigue properties of 

several steels used in the ground vehicle industry, obtaining a correlation between 

fatigue limit, ultimate strength, fatigue life, hardness and strain-life curves estimation 

relationship from the monotonic tensile properties. Earlier in 2010, B. Fournier et al., 

[23] tested three types of the 9-12%Cr martensitic steel family under pure fatigue and 

creep fatigue at 550 °C conditions compared to P91 steel; the experimental lifetimes are 

very close and the observation of the damage mechanisms remain valid for these three 

steel types. Other studies conducted by Barsom on the service life prediction, in 1971 

[36] displayed the relationship equations between the fatigue crack growth rates in 

different types of steel with the stress intensity factor range that can be defined by a 

single equation precisely meeting the engineering purposes.

Modem testing facilities have helped, in producing data close to the actual service 

conditions. It is difficult to design a test that takes into account all the possible factors 

contributing to plastic deformation; examples of some of the more important ones are: 

(a) load cycling, (b) mechanical strain cycling, (c) thermal strain cycling and (d) the 

effect of environment. Under actual service conditions, most components, if not all, 

experience a combination of all these loading effects. Furthermore, in the early 

experiments, data was generated under the individual loading conditions and, with 

appropriate methods of analysis; the life of the component was predicted. However, it is 

possible now to study high temperature fatigue behaviour under a combination of 

loading sequences and environments with advanced technology [10].Thus, the study of 

the low cycle fatigue at high temperature is a useful starting point for the present study 

once the parameters that control fatigue failure can be readily monitored and quantified 

in analysis, especially since many components are known to fail by thermo-mechanical 

stressing over hundreds of thousands of cycles.
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2.5 Isothermal Fatigue:

Isothermal fatigue (IF) is the simplest form of cyclic fatigue operating at a constant 

and uniform temperature. Cyclic loading may be applied externally or during operation 

of plant when alternative stresses due to vibration can cause fatigue. Indeed, other more 

complicated forms of cyclic loading sometimes referred to a single representative 

isothermal temperature. Therefore, more complex methods of evaluation requirement 

demand economic climate and high competition for accurate component specification 

in life as well as in performance.

Many investigators have concerns regarding the isothermal fatigue which studies the 

behaviour of the materials subjected to cyclic high temperatures. Others have used 

isothermal fatigue data to find out whether a relationship exists with the study of 

thermal shock fatigue crack growth behaviour in different materials. Usually it is 

assumed that maximum temperature of the thermal shock cycle is more damaging than 

the average temperature. Therefore, for correlation purposes, isothermal fatigue studies 

are normally performed at the maximum temperature of the thermal shock cycle [10]. 

Many studies are carried out on different types of martensitic stainless steel materials. 

Some investigators focus on the effects of the structured deformation, as a strain ageing, 

softening behaviour or damaging at temperature ranges. Armas et al., [37] studied the 

dynamic strain ageing effects in a low cyclic fatigue stress response of type AISI 420 

stainless steel in the temperature range 300- 823K; they observed a short initial 

hardening stage followed by a saturation period independent of test temperature; it is 

vulnerable to failure and a cyclic softening at all temperatures. The damage effect was 

considered an effective factor by Gerard et al., [38] who studied the influence of 

temperature damage on 12Cr martensitic stainless steel. They noted that the fatigue 

damage was controlled by two types of mechanisms depending on the plastic strain 

range mechanisms; they are the thermally activated mechanism and the non-thermally 

activated one. The contribution of the thermally activated mechanism increases when 

the plastic strain range decreases. Lindau et al., [39], [40] found out that the fatigue life 

reduction can be understood by the time evolution of the irradiation induced hardening, 

when they studied the damage ratio under strain-controlled post irradiation and in-beam 

fatigue loading under simultaneous irradiation temperature.
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The dependence of the cyclic softening behaviour of the martensitic stainless steel 

with temperature changes is a significant factor to be considered by other investigators. 

Kanazawa et al., (1979) [41] analysed the cyclic softening observation of two kinds of 

martensitic stainless steel at room temperature and at 400-600 °C ranges; the cyclic 

softening behaviour was observed at each test temperature and the temperature and the 

material dependences of low cycle fatigue life for a given plastic strain range coincide 

qualitatively with the dependences of the reduction in area in a tensile test. However, 

the dependences cannot be explained quantitatively by the equations of Coffin or 

Manson. Bernhart, [25] found out a cyclic softening without stabilization; the higher 

the initial strain amplitude, the more the material softens. The level of the plastic strain 

amplitude at half-life was found to be only dependent on the initial total strain, but the 

evolution rate is temperature dependent. Zhang et al., [42] analysed two hot working 

martensitic tool steels commonly used in forging industry under isothermal and thermo

mechanical fatigue conditions at a temperature range of 200-550 °C; they demonstrated 

the influence of the temperature, strain amplitude, strain rate and initial hardness on the 

cyclic softening behaviour. The isothermal and thermo-mechanical fatigue cyclic 

softening is observed to be rapid in the first stage but it soon flattens out. The same 

authors, [43] and [44], focused on the mechanisms involved in the softening of another 

tempered martensitic steel type under isothermal fatigue at different hardness levels at 

room to high temperature ranges. A sharp ageing is also observed even during the short 

time of the sample heating and temperature stabilisation stage before the fatigue test 

starts and the cyclic softening intensity increases with testing temperature from 300 to 

600 °C, but the maximal softening intensity occurs at room temperature. Negesha et al., 

[45], studied the low cyclic fatigue behaviour of tempered modified ferritic steel and 

martensitic steel at different strain amplitude and temperature range of 300-873 °C. 

They noticed initial brief hardening in the first few cycles, followed by a continuous 

and gradual softening regime that ended in stress plateau that resulted into the specimen 

failure. The fatigue life decreased as the temperature increased; that could be attributed 

to oxidation-fatigue interaction. Later, Fournier et al., [46], proposed a model based on 

the physical mechanisms describing the microstructural recovery (corresponding to a 

decrease of the dislocation density and sub-grain coarsening) observed experimentally. 

They also presented very good predictions and extrapolations of the cyclic softening 

effect observed in uniaxial tension-compression loadings for strain ranges larger than 

0.3%. Stress-relaxation and creep behavior are correctly predicted for high stress.
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Further detailed investigations are made to assess the creep fatigue interaction 

behaviour of different types of martensitic steel. Fournier et al., [19-21, 23], analysed 

the creep fatigue and oxidation mechanism of modified martensitic steel at high 

temperature. No creep or any type of creep damage was observed, except very close to 

the fracture surface; they suggested that it might be due to viscoplastic deformation 

rather than diffusion process, whereas oxide layer is observed in the compression creep 

fatigue holding period which is mainly subjected to tension stresses conversely for the 

tensile holding period. Fournier et al., [47], compared the cyclic behaviour of advanced 

ferritic-martensitic steels under fatigue and creep fatigue at high temperature; they 

displayed all observed cyclic softening effect linked to the coarsening of the sub-grains 

and laths and to the decrease of the dislocation density. These changes of the 

microstructure led to a drastic loss in creep strength for all the materials under study. 

However, due to a better precipitation state, several materials optimized for their creep 

strength still exhibit good creep resistance after cyclic softening. Mannan et al., [48], 

found out the effects of several time-dependent processes such as creep, oxidation, 

phase transformations and dynamic strain ageing depending on strain rate and 

temperature. It is reported that dynamic strain ageing enhances the stress response and 

reduces ductility. It localizes fatigue deformation, enhances fatigue cracking and 

reduces fatigue life. High-temperature oxidation accelerates trans-granular and inter- 

granular fatigue cracking. Other researchers focus on the physically based empirical 

modelling and on different martensitic steels to study the creep fatigue properties such 

as, Hyeong-Yeon Lee et al., [49]. Fournier et al., [20, 21, 23] proposed the interaction 

between fatigue, creep and oxidation damage model, On the other hand, Zhang [42] 

predicted an isothermal based upon the comparison of the experimental results. This 

model is useful to explain some experimental results such as the increase in strain 

softening when the strain rate decreases during isothermal testing, as well as the 

relation between the mean stress and the temperature range or the cyclic softening with 

strain amplitude in an isothermal condition.

Crack growth behaviour is also examined by several researchers. BOWEN et al., 

[50], identified the crack growth at low stress intensities, a low ductility type of inter- 

granular fracture; it is controlled by the dynamic segregation of sulphur to crack-tip 

regions. While at high stress intensities, the mechanism of fracture changes to inter- 

granular micro-void coalescence is controlled by the distribution of sulphides. This is
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when the micro mechanisms of high-temperature crack growth in martensitic steel have 

been studied in vacuum, under static loading at 500 °C. Kim et al., [13], examined the 

microstructural mechanism of the fatigue crack growth behaviour of reduced activation 

ferritic/martensitic steel at room temperature and at 400 °C. Machined and welded 

specimens revealed that the fatigue crack growth rate at 400 °C is significantly higher 

than at room temperature, slightly higher in welding than in machined specimen due to 

the finer lath structure of moderately tempered martensitic phase when the stress 

intensity factor range is normalized by Young’s modulus. This means that the 

difference of crack growth rates between room temperature and 400 °C primary results 

from the difference of Young’s modulus. Kuei-Chang Hsu et al., [51], investigated the 

fatigue crack growth behaviour for 17-4 PH martensitic precipitation-hardening 

stainless steel, in three heat-treated conditions at temperatures ranging from 300 to 

500 °C; the findings indicated that the fatigue crack growth rates increased with the 

temperature, except for conditions A and H900 which were tested at 500 °C and the 

exceptions could be attributed to an in-situ precipitate-coarsening effect during the test. 

The earlier work of NOGAMI et al., [52], considered the improvement of fatigue life 

assessment method by investigating the crack growth behaviour under low cycle fatigue 

for reduced activation ferritic/martensitic steel. They found out that the crack growth 

rate could be estimated using the total strain range and the surface crack length by 

introducing the concept of the normalized crack growth rate.

2.6 Thermal Fatigue:

Thermal fatigue may be defined as failure due to the rate of temperature changes 

and the alternating exposure at higher and lower temperatures influencing the life of a 

material. Thermal fatigue can be known by many different names; creep fatigue, 

thermal shock, craze cracking, thermal rupture, thermal strain fatigue, thermal stress 

fatigue and high temperature fatigue [26]. It can be broadly divided into two categories:

I- Stresses can that arise in the absence of thermal gradients due to the expansion and 

contraction of mechanically restrained structures [5].

II- Stresses that are produced from rapid changes in temperature; for instance, thermal 

gradient may cause different expansion through the section of the component.
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The process may be illustrated with an example. If a solid body is at high 

temperature and then it is suddenly cooled to room temperature, due to the rapid change 

in surface temperature, thermal gradients will be set up in the body, which leads to 

transient strains and associated stresses. The process of transient temperature variation 

in a body is commonly termed as thermal shock fatigue. Thermal shock of this type is 

always associated with fast heating or cooling rates. However, it is not necessary that 

the thermal stresses experienced in a structure are the result of differential rate of 

heating and cooling cycles. They may be experienced in a uniformly heated structure, if 

the free expansion of the body is suppressed by external constraints, thereby setting up 

compressive stresses. This leads to isothermal fatigue.

The majority of service loads involving thermal fatigue are substantially less 

complicated than those of mechanical loading situations, since thermal fluctuations are 

generally the result of machine start-up and shut-down. Elevated or even sub-zero 

temperatures are often held at an approximate constant whereby the start-up and shut

down of the system invariably causes most of the damage. Figure 2.7 shows the basic 

representations of the thermal load cycle. Turbine blades in a gas generator are prone to 

the scenario shown in Figure 2.7a, whereby the rise and fall in demand require the start

up and shut-down of further generators. A similar pattern would be observed in Figure 

2.7b (turbine blades in a jet engine) whereby the take-off and landing expose the blades 

to a large increase in temperature whilst the flight time incurs a steady-state and overall 

lower temperature [24].

A basic understanding of the thermal fatigue problem is an essential preliminary to 

the complete solution of superimposed thermal and mechanical fatigue problems.

2.6.1 Thermal Shock:

We cannot predict that a material has been sufficiently well chosen for its 

performance at elevated temperatures; hence, the cycles shown in Fig. 2.7a and b, 

become a case of primary damage due to the huge changes in temperature over a period 

of time. Indeed, some situations experience this kind of cycle. Fig. 2.7c exhibits such an 

event by cooling systems in liquid metal fast breeder reactors using molten sodium as a 

coolant following thermal fluctuations that vary rapidly and heat the extractor [24].
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Thermal Shock usually refers to cases whereby a body experiences sudden changes 

in temperature due either to a change in external environment or to internal heat 

generation. It is the transient feature of the temperature distribution that distinguishes 

thermal shock from ordinary conditions of static or slowly varying thermal stress [4]. In 

other words, it occurs when a thermal gradient causes different parts of an object to 

expand by different amounts. This differential expansion can be understood in terms of 

stress or of strain, equivalent. At some point, this stress overcomes the strength of the 

material, causing a crack to form. If nothing stops this crack from propagating through 

the material, it will cause the object's structure to fail. Thermal shock events primarily 

take place at elevated temperatures. As such the up-shock event (increasing temperature) 

is much more common as a repeating cycle than the down shock (decreasing 

temperature) event. This is due to cooling rate commonly left to natural cooling by 

conduction and/or convection. However, as mentioned previously the less common 

down shock events take place in extreme environments.

Rapid heating and cooling are incurred during the start-up and shutdown of chemical 

and nuclear reactors and steam and gas turbines. In nuclear reactors, thermal fatigue 

may occur in fuel elements and in pressure-vessel walls as a result of plastic strain and 

associated stresses arising from the thermal gradients set up during the repeated start-up 

of the reactor or on emergency shutdown. Moreover, the flame-tubes and blades of 

aircraft gas turbines are liable to thermal fatigue cracking, particularly as a result of the 

high transient temperatures induced at fuel-ignition.

The behaviour of brittle and ductile materials under thermal shock is similar to that 

of ordinary isothermal mechanical conditions. Brittle fracture tends to occur as a 

shattering of the specimen when multiple small cracks or craze cracking becomes 

unstable. Griffith’s brittle fracture theory holds that instability occurs when the elastic 

energy released in the crack exceeds the energy required to create new surfaces. 

Conversely, ductile behaviour can be analysed by modifying the surface energy term to 

include the energy for local plasticity around the crack tip. This may prove to be 

somewhat more complicated for thermal shock analysis since localized tensile and 

compressive stresses are set up, as well as plastic deformation, not solely due to the 

crack tip stress static [24]. Properties such as specific heat and conductivity, which do 

not enter directly into consideration for thermal stresses under known conditions of 

temperature, become important in thermal-shock applications because these properties
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determine the temperature gradients, and the rate of change of the gradients, which in 

turn, govern strains and strain rates. Some materials are more sensitive than others to 

stress gradients or to strain rate; hence, thermal shock may rank materials differently 

than slowly applied thermal stress [4].

Many considerable progressive studies are undertaken in recent years on different 

materials to understand the variables that govern such behaviours. Although a great 

deal of information exists in the literatures about the relative performance of various 

materials under certain conditions of thermal cycling (the gradual type and the rapid 

type that can be classed as thermal shock), the test conditions are frequently not 

sufficiently well defined to permit analysis on the basis of fundamental variables or the 

temperatures are excessively high compared to the use temperature of the material. For 

this reason much of the available data must be regarded as being specifically applicable 

only under test conditions imposed rather than utilized for more generalized 

comparisons. Still, it is useful to compile some of the more recently obtained data as a 

partial guide to material selection in design and as a starting point for the development 

of additional data for materials of interest in special applications [4].

The current research presented an empirical solution to analyse the thermal shock 

fatigue under heating and cooling conditions, more detailed explanation are provided in 

Chapter Four. Some investigators gave interesting insights on the martensitic stainless 

steel highlighting different effective variables of the thermal fatigue behaviour. Lin et 

al., [53-54] illustrated the effect of the residual stress decrease with an increase in the 

thermal fatigue cycle number. This is because the formation of the crack relieves the 

residual stresses of specimen due to solidification structure difference at low thermal 

fatigue cycle; additionally, the density of cracks on near fusion line is higher than that 

of the centreline. Also, the retained ferrite becomes a harmful factor for crack 

propagation tendency because too much ferrite content in AISI 420 martensitic matrix 

may result in a lower strength structure and the crack can propagate easily. 

Mitrokhovich, [55] studied the thermal fatigue of low-carbon martensitic steel and 

compared its resistance to thermal erosion with that of a conventional die steel. 

Akdogan et al., [56] analysed the heat transfer and material behaviour of the thermally 

cycled mould martensitic stainless steel used in glassware production.
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2.6.2 Thermo-mechanical Fatigue:

Thermo-Mechanical Fatigue (TMF) is a variation of mechanical fatigue of 

materials where heating and cooling cycles are applied to test a material added to a 

mechanical cyclic loading. The temperature cycles have, in most cases the same 

frequency as the loading cycles, but different phase shifts. If the phases shift <p =  0° the 

TMF tests are called In-Phase tests where the maximum mechanical strain occurs at the 

maximum temperature of the cycle. If the phase shift is (p = 180° the TMF tests are 

called Out-of-Phase where the maximum mechanical strains coincide with the 

minimum temperature as shown in Fig. 2.8. For special testing parameters, the phase 

shift can be applied between 360° > (p >  0°, to fit the real requirements for the tested 

material in later application fields [57].

Thermo-mechanical fatigue also refers to the process of fatigue damage under 

simultaneous changes in temperature and mechanical strain. Fatigue damage at high 

temperatures develops as a result of inelastic deformation where the strains are non- 

recoverable. Therefore, TMF damage is complex, as it may accumulate over a range of 

temperatures and strains under both steady-state and/or transient conditions.

It can contribute to the accumulation of TMF damage in various kinds of equipment, 

such as jet engines, land-based turbines for power generation, heat-exchangers and 

pressure vessels. For example, during straight and level flight, aircraft jet engines (or 

steady operation of power generation turbines) have essentially constant temperatures 

and imposed loads, where steady-state creep (and the environment) is the primary 

damage mechanisms. During take-off and landing of the aircraft engine or start-up and 

shut-down for power generation turbines; however, the transient demand for more 

power output induces load and temperature changes, which thus impose fatigue damage. 

Furthermore, the damage modes may interact in a TMF cycle in ways that are never 

encountered in conventional fatigue testing, which makes life prediction under TMF 

conditions, particularly challenging. Nevertheless, techniques have been proposed, 

validated, and introduced into practices that provide reasonable assessment of 

remaining life.

Life prediction in the TMF regime is particularly important in high-temperature 

turbines (jet engines and land-based turbines), the power-generation industry (both 

conventional and nuclear), and in the automotive industry, to name a few.
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Significant advances can be made by combining mechanical studies with 

increasingly sophisticated finite-element thermal stress analysis. Development of more 

refined engineering-based models should result in less reliance on component 

simulation, which is subject to some uncertainty. It has been customary to characterize 

materials in terms of their fatigue properties, (including creep, fatigue, environment 

properties) and to compute the life of components such as turbine blades using 

experimental data and models that implicitly or explicitly describe damage evolution as 

a function of the numbers of cycles. While such experimental and analytical 

information is essential for life prediction, it is not always sufficient.

The present work addresses the eliminations of the effect on the environment 

specially the corrosion effect due to the high resistance property of this type of material. 

To the best of the researcher's knowledge, there is no specific research that focuses on
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the material studied in this project, but some scholars studied the different types of 

martensitic steel. Mannan et al., [48] studied compression and the difference between 

high temperature low cycle fatigue caused by different times and thermo-mechanical 

fatigue for austenitic and martensitic steel materials; they noted that the effect of 

dynamic strain aging raise the stress response and reduce ductility and that the high- 

temperature oxidation accelerates trans-granular and inter-granular fatigue cracking in 

modified 9Cr-lMo steel. Besides, they suggested that the thermo-mechanical fatigue 

(TMF) studies are closer to the actual service conditions. Nagesha et al., [58] compared 

the In-phase and Out-of-phase thermo-mechanical fatigue with isothermal under 

different temperature ranges, for 9Cr-lMo ferritic martensitic steel; they discovered 

that fatigue life prediction under isothermal cycling at the maximum temperatures 

compared to both in-phase and out-of-phase thermo-mechanical fatigue cycling, 

leading to a life variation sequence; IF < OP-TMF < EP-TMF. Zhang et al., [42] 

formulated a cyclic anisothermal constitutive model with internal variables to 

understand and explicate experimental results such as the increase in strain softening 

when strain rate decreases in isothermal testing, as well as the relations between mean 

stress and temperature range or cyclic softening with strain amplitude under 

anisothermal conditions.

2.7 Fatigue Mechanisms and Numerical Analysis:

Nowadays, finite element (FE) theory and assessment is widely accepted and 

employed in industry for problem solving in areas of automobile suspension, chassis 

design and static, thermal, elastic and elastic-plastic stress analysis. Though the theory 

of finite element is complex, it possesses a foundation that can help tackle engineering 

problems. It is this aspect which makes it capable of programming into a versatile tool 

for modem engineers to advance their capabilities.

Much work was conducted in the 1970’s to expand the applicability of finite element 

(FE) to fracture mechanics and life prediction whilst also using it as a tool to test and 

assess the standard recommendations of fracture toughness testing. Efforts were also 

made to further understand the various parameters such as fatigue life and damage, 

crack initiation and the determination of stress intensity factors.
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The fatigue life is an important factor to assess the durability of the designed parts. 

Studies have been made on the evaluation of the fatigue life using finite element 

methods (FEM). Dietz et al., [59] presented a new method to predict the fatigue lifetime 

of a railway bogie under dynamic loads, based on a combination of frequency domain 

and time domain calculations, which allows lifetime prediction with reduced 

computational effort. The method is implemented on concurrent engineering software 

environment together with a computer aided design (CAD), a finite-element-method 

(FEM) and a multi-body system program to demonstrate the possibility to perform 

fatigue lifetime calculations without simulating the whole time-span of vehicle life. 

Mahmood et al., [60] disclosed that the accumulated fatigue damage model and the 

employed stochastic method are able to simulate the fatigue damage progress in a wind 

turbine composite blade. Similarly, MOVAGHGHAR et al., [61] studied the wind 

turbine blade performing a dynamic analysis with a full 3-D finite element method 

using ANSYS software; the study revealed that the calculated life of the analysed blade 

could meet the design requirement. Firat et al., [62] highlighted a numerical simulation 

of radial fatigue damage assessment of metallic automotive components and its 

application, based on the local strain approach in conjunction with linear elastic FE 

stress analyses. They observed that the fatigue test cycles prediction of using damage 

parameter is conservative and considerably close to actual test cycles for all camber 

angles. Furthermore, variations in cyclic damage values appeared to be insignificant. 

Initiation assessment is also very problematic as it is highly dependent on the minute 

features, like the microstructure and surface roughness. In 2010, Glodez et al., [63] 

performed a numerical simulation of crack-initiation with ABAQUS, using a plug-in 

that was written specially for handling micro-crack nucleation and coalescence, by 

introducing segmented slip bands, where micro-cracks nucleate in multiple stages. This 

demonstrated a reasonably good correlation with experimental testing, but it still has 

some deficiencies. Hongxia Yua et al., [64] used the explicit dynamic solver to analyse 

bolted steel connections. Comparing the results with those from static analysis and tests 

gives satisfactory predictions of the responses of steel connections up to post-failure 

deformations.
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2.7.1Thermal Fatigue Numerical Simulation:

Studying the effect of temperature on failure behaviour supported by the finite 

element method has taken a step further applying different thermal fatigue estimate 

models. In 2003, Yang et al., [65] produced FE analyses of the fatigue life when cyclic 

out-of-plane deformation applied on a printed circuit board (PCB) assembly inside a 

thermal chamber by twisting the PCB mechanically. The combined effects of the 

mechanical deformation and the coefficient of thermal expansion (CTE) mismatch of 

different materials accelerate the failure of solder joints, so as to reduce the reliability 

testing time of the PCB assembly; it achieved a good correlation between the 

simulation and the test results. Che et al., [66] inquired about the thermal cycling and 

thermal shock loads simulated in FE analysis to study the temperature ramp rate effects 

on fatigue life for PBGA components with Sn-3.8Ag-0.7Cu solder joints. Based on test 

results, the outermost ring elements averaging method gave better results compared to 

the mean time to failure.

Recently, numerical solution is significantly concerned with thermal fatigue life 

estimation and failure analysis. CL A" UDIO et al., [67] made a life prediction 

comparison between a FE technique and experimental test for a gas turbine disc 

subjected to high temperature. The FEM results obtained are in very close agreement 

with the experimental data for the disc. Even when considering that the propagation life 

for the disc was measured using a beach mark technique and errors in the experimental 

data, the solutions are quite close. Likewise, Revel et al., [68] investigated experimental 

data and the 3-D numerical simulation of the thermal loads and of the associated 

stresses for continuous casting rollers used in the steel industry; the analysis was 

conducted by the thermal loading of a cylinder with dimensions of one fifth of the real 

cylinder. The numerical simulation is carried out to evaluate strain and stress levels 

induced by thermal loading using the finite element method, in order to numerically 

estimate thermal loading with the highest accuracy optimized with industrial process.

Some research studies focus on the estimation of the stress intensity factor by using 

FE method to study the crack initiation and growth under the effect of thermal fatigue. 

Donald et al., [69] produced a FEA model that could approximate a growing and 

arresting crack in the hot spot specimen. The model yields a very reasonable estimate of 

fatigue crack growth through the hot spot as well as potential arrest distance based on
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the stress intensities developed at each crack length. Nam Le et al., [70] developed an 

effective analytical approach that depended on the weight function method and on the 

Duhamel’s principle to estimate the time-dependant stress intensity factor of a plate 

with an edge crack submitted to thermal cyclic loading. The assessment with ABAQUS 

numerical simulation gave a very close agreement.

2.7.2 Thermo-Mechanical Fatigue Numerical Simulation:

Recently, more efforts are exerted to utilize the finite element methods to studying 

the fatigue life and the influential stresses of different components and devices under 

thermal and mechanical loads interactions. The fatigue life estimation of power devices 

investigated by Shinohara et al., [71-72] proposed an electrical-thermal-mechanical 

analysis of the solder layer during thermal cycling, based on the finite element method. 

The objective is to verify the calculation accuracy of this fatigue life evaluation method 

of a power device, to demonstrate how the mesh resolution affects the fatigue life 

evaluation. Concerning the solder joints, Yung-Chuan Chiou [73] modified an analysis 

process to study the effects of inter-metallic compound (IMC) growth on the fatigue life 

of the solder balls for flip-chip plastic ball grid array packages under thermal cycling 

test conditions, carrying out a series of non-linear finite element analyses to simulate 

the stress/strain history at the critical locations, and then to predict the fatigue life. He 

demonstrated that the solder joint fatigue life decreased as the IMC thickness increased 

and that the predicted thermal fatigue life of lead rich solders based on the effects of 

IMC growth is apparently smaller than that which does not consider the IMC growth in 

the reliability analysis.

The fatigue life prediction under high temperature effect is reported by Shang et al., 

[74]; it has not been dealt previously regarding the thermo-mechanical behaviour of the 

SPF die. The thermo-mechanical, time-dependent, elastic-plastic creep behaviour of a 

representative tool in a high-temperature superplastic forming press is simulated using a 

sequential finite element-based heat transfer and mechanical stress analysis approach; it 

is validated against laboratory measurements. The short-duration of minor cycles, 

associated with blank and part insertion and removal, had a predominant effect on die 

life, due to high temperatures and low material yield stress leading to significant cyclic 

plastic strains and thermally induced residual stresses and creep strain accumulation
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during the rapid residual stress relaxation. Earlier, similar work was reported by 

Deshpande et al., [75]; it predicted the thermo-mechanical life-limiting of a large SPF 

tool under realistic forming conditions using elastic-plastic-creep FE analyses. A plastic 

strain along the exposed sides (top edges) of the tool while opening the press shows a 

crack initiation leading to ratchetting phenomenon, based on uniaxial ductility 

exhaustion. This gives shorter life than the creep-fatigue prediction methodology, based 

on a bi-linear strain-range partitioning method to combine creep and fatigue damage.

Some researchers examine the thermal and thermo-mechanical stresses resulting 

from the applying load in order to predict the fatigue life of the components. Rodriguez 

et al., [76] produced a thermal mechanical finite element model to investigate the 

thermal stresses in the adhesive back bonds of the in-surface mounted structures and to 

examine the effects of thermal fatigue on soft solder interfaces in conventional power 

modules such as gate bipolar transistors modules. Chen et al., [77] presented a three- 

dimensional thermo-mechanical model based on finite element analysis to study the 

thermal history and thermo-mechanical process in the butt-welding of aluminium alloy 

and to validate the efficiency of the model by experimental values. They maintained 

that the high stress is located in the region extending down from the crown to the mid

thickness of the weld. Moreover, the prediction reveals that fixturing releases the 

welded plates that affect the stress distribution of the weld. Terriault et al., [78] 

produced an ID bilinear model program, through the USERMAT procedure in ANSYS, 

to present the mechanical and thermal hysteresis for actuated devices made of shape 

memory alloys. The model is validated through isothermal tensile testing; a good 

agreement with experimental results is exposed.

Other numerical simulations related to the thermal shock fatigue problems are 

developed by Kang et al., [79]; it is a three-dimensional thermo-elastic-plastic finite 

element program that investigates the dimensional change and stress distribution 

according to the carbon content and variations of the temperature and the volume 

fraction of each phase generated within the steel specimen during the quenching 

process. It was discovered that numerically obtained values were in good agreement 

with the experimental results available in the literature in terms of temperature and 

stress distributions. Panda et al., [80] modelled the temperature and thermal stress 

distribution in the sample using the finite element software on the thermal shock and 

thermal fatigue behaviour of alumina. The findings of the research studies proved that
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the fatigue life sharply decreased with an increase in initial crack length or by 

increasing the temperature difference of the fatigue cycles. Tomba et al., [81-82] 

estimated the temperature and thermal stress distributions during air impinging using 

finite element analysis for cordierite disks obtained by slip casting and sintering at 

1,450 °C for 2 h. The calculated cordierite thermal stresses were assessed by 

experimental data.

2.8 Summary:

The literature reviews studies have been made focusing on the behaviour of different 

types of martensitic stainless steels at room temperature and high temperature ranges 

under strain-controlled fatigue testing, analysed the cyclic softening and strain ageing 

described by initial hardening in the first few cycles followed by gradual softening.

This present research provide the fatigue crack growth rate data at high temperature 

using AISI 420 martensitic stainless steel under stress-controlled fatigue testing, 

correlated with developed empirical modelling solution and numerical modelling 

simulation employing ANSYS software.
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CHAPTER THREE

3 - MATERIAL AND EXPERIMENTAL WORKS

3.1 Materials:

The AISI 420 martensitic stainless steel is similar to low alloy or carbon steel, 

having a structure the same as the ferritic steel. Its structure is body centred cube (bcc) 

and it is classed as a hard Ferro-magnetic group. Grade 420 is high carbon high 

hardness martensitic steel, where the strength obtained by heat treatment depends on the 

carbon content of the alloy. An increase in the carbon content raises the strength and 

hardness potential but decreases ductility and toughness. Its best hardness and corrosion 

resistance is achieved when the metal is hardened and surface grounded or polished.

The development of elevated-temperature ferritic/martensitic steels began in 1920s 

with the introduction of Cr-Mo steels for conventional power-generation applications. 

The 2.25Cr-lMo steel, designated by ASTM as Grade 22, was introduced in the 1940s 

and it is still widely used today. Along with Grade 22, 9Cr-lMo (Grade 9), a Fe- 

9.0Cr-1.0Mo-0.6Si-0.45Mn-0.12C composition, it was an early development; the 

additional chromium was added for corrosion resistance. Since then, there has been a 

continual push for increased operating temperatures of conventional fossil-fired power- 

generation systems. This led to the development of several generations of steels with 

improved elevated-temperature strengths. Steels beyond the zero generation contained 

mainly 9-12% Cr for improved corrosion and oxidation resistance for elevated- 

temperature operating conditions [1]. The first generation, in addition to increased 

chromium, involved primarily the addition of the carbide formers, vanadium and 

niobium, to T22 and T9 compositions to add precipitate strengthening. For the second 

generation (developed in 1970-1985) carbon, niobium, and vanadium were optimized, 

nitrogen (0.03-0.05%) was added, and the maximum operating temperature increased 

to 593 °C. The third generation of steels was developed based on the previous 

generation, primarily by the substitution of tungsten for some of the molybdenum,
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although boron and nitrogen were also utilized. They were developed and introduced in 

the 1990s for 620 °C operations with 105 h creep rupture strengths at 600°C of 140 

MPa. Finally, the next generation of steels is being developed at present, where the 

intention is to push operating temperatures to 650 °C. These fourth-generation steels 

differ from the previous generation primarily by the use of up to 3.0% cobalt; they have 

projected 105 h creep-rupture strengths at 600 °C of 180 MPa [1]. Ferritic/martensitic 

steels considered for fast reactors in the 1970s, and for fusion reactors in the 1980s were 

developed by the steel industry for use in conventional power-generation systems and in 

the petrochemical industry. Since then, steel technology has advanced, and it is of 

interest to examine the evolution of the elevated-temperature steels for use in those 

industries since the 1980s [1]. The next power generation (both conventional and 

nuclear) plants will, in many cases, have been operating conditions well beyond those 

of earlier designs. As with most new technologies or technological advances, success 

often hinges on materials available to meet the new operating conditions. In Europe, 

much of the development effort is on a EUROFER oxide-dispersion-strengthened (ODS) 

steels composition that will be produced as martensitic steel because of its composition. 

Recently, the Japanese nuclear cycle development institute, which has been in existence 

since 1987, concentrated on martensitic ODS steel based on the F82H composition [83].

The selection of AISI 420 martensitic stainless steel in this present research study is 

made, due to the low cost of this material compared to the austenitic type and all 

research attention has been focussed on studying the high temperature fatigue behaviour 

of AISI 316 austenitic or 9Cr martensitic stainless steel; this type is not considered due 

to its high hardness and low toughness properties, while the power generation plants 

utilize this type of material in many of its components, like turbine blades, pressure 

vessels and valve parts. This project focuses on the high temperature operating 

conditions of AISI 420 martensitic stainless steel. The composition of AISI 420 

martensitic stainless steel, typical composition of two common types of steels used in 

power generation industry. They are MANET I, nominally Fe-0.14C-0.4Si-0.75Mn- 

10.8Cr-0.75Mo-0.2V-0.15Nb-0.009B-0.02N-0.9Ni and HT9, nominally Fe-0.2C-0.4Si- 

0.6Mn-12Cr-lMo-0.5W-0.25V-0.5Ni (all compositions in wt %), the typical physical 

properties used in this research are displayed in Tables 3.1 and 3.2.
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Table 3.1 The Chemical composition of AISI 420 martensitic stainless steel.

Grade C Mn Si P S Cr Mo Ni

420 0.14 0.74 0.38 0.028 0.021 11.55 0.03 0.23

* Testing  values in accordance  with in house procedures  for spark OES techn iq ue s  
introduced by Sheff ie ld Test ing  Laborator ies .

Table 3.2 Physical properties for annealed grade 420 martensitic stainless steel.

Properties AISI420
Density (Kg / m 3) 7800
Specific Heat (J/ Kg. K)

at T (0-100 °C) 460

Thermal Conductivity (W/m. K)

at (20-100 °C) 24.9

Coefficient of Thermal Expansion (cm/cm/°C)

atT (0- 100 °C) 10.3 x 10"6

atT (0 - 315 °C) 10.8 x 10"6

at T (0 - 538 °C) 11.7 x 10“6

at T (0 - 650 °C) 12.2 x 10~6

Melting point (°C) 1455- 1510

* Values  suppl ied  from (MatWeb,  M A T E R IA L  PR O P E R T Y  DATA) webs i te .

Martensitic stainless steels are commonly used for manufacturing components with 

excellent mechanical properties and moderate corrosion resistance, so that they can 

work under high and low temperatures. Unlike other stainless steels, their properties 

could be changed by heat treatment; hence these types of steels used for wide ranges of 

applications, like power generation industry as in steam generators and nuclear reactors 

[84]. The martensitic stainless steel is not as corrosion-resistance as the austenitic but it 

is extremely strong and tough, as well as highly machine-able, wear-resistance and can 

be hardened by heat treatment for best corrosion resistance is achieved when the metal
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is hardened, surface grounded or polished. Typical application areas are: pump 

components, turbine blades, piston rods, shafting fittings, steel balls, bolts, nuts, nozzles, 

pressure vessels, valve parts, glass and plastics processing tools, cutlery, dental and 

surgical instruments, seats for oil well pumps, offshore platforms for oil extraction, 

separating screens and strainers, springs, shears, and wear surfaces.

3.2 Specimen Design and Preparation:

Three standard geometry specimens used for different type of testing were carried 

out in this programme. The material used was the AISI 420 martensitic stainless steel 

supplied in the form of bars 32.5 mm in diameter.

The gauge portion of the specimen in a thermo-mechanical fatigue (TMF) test 

should be under ideal conditions, with constant gauge-volume and cross-section area. 

Therefore, the geometry of the specimen should not affect the resulting cyclic stress and 

lifetime behaviour, e.g. due to stress in-homogeneities, undesired stress gradient, etc. 

The specimen geometry should provide a uniform cross section of the gauge portion, 

and the shape should be chosen in such a way that the uniform distribution of stresses, 

strain and temperatures in the gauge length be ensured.

The geometry of the specimen design is chosen to minimize the risk of buckling in 

compression and to avoid failure initiation at the transition radius, allowing the 

extensometer to measure the strain without interference or slippage; moreover, the 

parallel length of the specimen has to be longer 20% than the extensometer gauge 

length. However, it must not exceed the gauge length plus the width of the gauge length 

in order to reduce the risk of failure outside the extensometer and the ratio between the 

parallel lengths over gauge length chosen with respect to an optimization of the axial 

temperature profile. The cross-sectional area within the gripping section should be at 

least two times the cross-sectional area within the gauge section, in order to avoid 

fracture in the gripping section [57]. Machining of the specimen may produce residual 

stresses in the surface region, which can (especially in the case of brittle materials) 

affect the TMF test results. Residual stresses may be caused by temperature gradients, 

which occur during machining, inhomogeneous plastic deformation of the near-surface 

regions during machining or by micro-structural alteration. Their influence is less 

marked in tests on ductile materials and in TMF tests with relatively high maximum
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temperatures, because in these cases the residual stresses are, to large extent, relaxed 

upon preliminary thermal cycling [26].

The types of the samples for the different tests are explained below:

3.2.1 Tensile Test Specimen Design:

The tensile test specimen is machined as received raw material depending on the 

standards of the validated Code-of-Practice for strain controlled TMF testing [57], with 

due consideration for the extensometer fixing location, the real sample image and the 

geometrical model are shown in Figs 3.1 and 3.2.

Figure 3.1 The real image of the machined tensile test solid cylinder specimen.
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3.2.2 Low Cyclic and Isothermal Fatigue Test Specimen Design:

Three types of the fatigue samples manufactured forms, as received row material is 

based on solid cylindrical specimens (machined, polished and notched), which are 

detailed as follows:

I- Machined and Polished Specimen:

The low cyclic and Isothermal fatigue test specimens are machined a rod as received 

row material depending on the standards of the validated Code-of-Practice for strain 

controlled TMF testing [57], without extensometer fixation location and M3 screw hole 

made for the current supply connection of the Direct current potential drop (DCPD) for 

crack growth monitoring device.

To avoid premature surface crack initiation along the gauge length part of the 

specimen due to the surface roughness, a primary fine grinding was performed with 

1000 grade silicon carbide paper, and then final polishing executed with 1 micron paste, 

with screw ended made for the polished specimen type, to be used in another testing 

machine, both real images and the geometrical model are shown in Figs 3.3 to 3.6.

Figure 3.3 The real image of the low cyclic fatigue machined specimen.
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Figure 3.6 The real image of low cyclic fatigue polished specimen,

II- Notched Specimen:

To investigate the difference between already cracked samples with no cracked, a 

fatigue test was carried out. The notched specimen, screw ended is made according to 

the (D/d) ratio of the E602-03, ASTM test method [85], the geometrical model and real 

image are shown in Figs 3.8 and 3.9.
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Figure 3.9 The real image of low cyclic fatigue notched specimen.

3.3 Tensile Tests:

A study of the material response under simple tension is an important step in the 

process of understanding the mechanics of material, and generating input data for low 

cyclic and isothermal fatigue tests. Tensile tests at room temperate and high 

temperature at different temperature level had been carried out. According to the high 

temperature test, the specimen stays for 15 minutes for temperature settled, which gives 

a difference temperature (25 -  50 °C) less due to the convection heat transfer effects of 

the gap between the specimen and the furnace liner. Engineering stress-strain diagrams 

of AISI420 stainless steel at room and high temperatures are presented in Figs 3.10.and

3.11. According to the experimental work of the obtained data for the ultimate tensile
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strength and the 0.2 per cent offset yield strength which is apparent at high temperatures, 

the ultimate tensile strength decreases with the temperature increase and the yield 

strength decreases with the temperature increase while at 550 °C, the yield strength 

increased and then decreased with the further temperature increase. The temperature 

range between 425°C and 525°C must be avoided owing to embrittlement at 475°C [86]. 

This is more significantly clear when it displayed the effect of the elevated temperature 

on elongation and the reduction in area for AISI 420 stainless steel is exhibited in Fig

3.12.

This steel is a harden-able stainless steel containing high chrome. In the quenched 

and tempered condition, its attributes may be numbered as a good tensile strength, good 

corrosion resistance to air and fresh water as well as to other mildly aggressive 

chemicals. It is generally supplied hardened and tempered either in tensile range 700 -  

800 MPa (condition R), or in the tensile range 770 -  930 MPa (condition S).

800
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600

500

400

^  300 ■ T=20°C 
• T=300°C

200 T=400°C 
♦ T=500 °C

100 * T=550°C
• T=600°C

0
0.250.15 0.20 0.05 0.1

Strain - e

Figure 3.10 Engineering stress-strain diagrams of AISI 420 stainless steel at room 
and elevated temperatures.
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Figure 3.11 The yield and ultimate strength of the AISI 420 material with 
temperature.
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Figure 3.12 Effect of elevated temperature on total elongation and reduction in 
area.
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The engineering stress-strain properties at high temperature are presented in Table

3.3.

Table 3.3 The engineering stress - strain properties at elevated temperatures.

Property 20 °C 300 °C 400 °C 500 °C 550 °C 600 °C

Ultimate tensile strength 

Guts ~ (MPa) 739 621 595 581 565 494

0.2% tensile yield strength 

oys - (MPa) 605 518 495 484 510 445

Modulus of elasticity 

E - (GPa) 132.38 121.6 193.36 78.06 100 87.08

Elongation - %EL 23 22.1 20 20.6 19.2 22.4

Reduction in Area - %RA 58.18 65.77 61.46 48.64 59.89 70.48

3.4 True Stress - Strain Property and Strain Hardening:

For each metal, there is a range of potential strength or hardness, which can be 

achieved by cold working, annealing, heat treating, etc. If a metal is initially soft, it will 

cyclically harden; if it is initially hard, it will probably soften [87]. The initial state is 

reflected by the monotonic strain hardening exponent, n. For most metals subjected to 

cyclic loadings, the value of the cyclic strain hardening exponent, n ' , lies between 0.1 

and 0.2. Consequently, if n is initially low (a "hard" metal), the expected cyclic 

behaviour would be for n' to increase. On the other hand, an initially high n (a "soft" 

metal) would indicate that n' will decrease [87].

The monotonic strain hardening exponent, n, is defined as the slope of the true stress 

- strain curve (log <7 — logep) as shown in Fig. 3.13, and the equation of the strain 

hardening exponent is exhibited below, Fig. 3.14.
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n = [(logoy -  log<r)/(loge/ -  loge)] =  (3.1)

The true stress that causes a true plastic strain to the unity can be expressed by the 

equation:

a = K epn (3.2)

The true plastic strain properties are listed in Table 3.4.

Table 3.4 The true plastic stress - strain properties.

property Remarks

True fracture strength - Of - (MPa) 850

True fracture ductility - 6f 0.094

Strain hardening exponent - n 0.0936

Strength coefficient - K - (MPa) 1000

9.00E+02

8.00E+02

7.00E+02

6.00E+02

S  5.00E+02

4.00E+02

3.00E+02

2.00E+02
Engineering

1.00E+02
° True

0.00E+00
0.00E+00 5.00E-02 1.00E-01 1.50E-01 2.00E-01 2.50E-01

Strain , e

Figure 3.13 The true and engineering stress - strain curves of AISI 420 stainless 
steel at room temperature.
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Figure 3.14 The relation between the true stress, strain and the monotonic strain 
hardening exponents.

3.5 Fatigue Life (S -  N) Tests:

Three series of uniaxial low cyclic fatigue tests at room temperature were carried out, 

the first on the machined specimen, the second on the polished specimen and the third 

on the notched specimen. Tests on the different types of specimens were conducted to 

establish the compatibility and reliability of data generated and to analyse the effect of 

stress concentration induced due to specimen machining surface roughness and also, 

already, cracked samples. The nominal stress is required to cause a fatigue failure in 

number of cycles. These test results data can be illustrated as a curve graph of cyclic 

stress range versus number of cycles to failure. The data is received from cycling 

smooth (machined or polished) or notched specimens until failure. The procedure is to 

test the first specimen at a high range stress where failure is expected in a fairly short 

number of cycles, after that the test is decreased in percentage for each succeeding 

specimen until specimens do not fail in the specified numbers of cycles, which is 

usually taken in this research study at least 107 cycles. The highest stress at which a
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runout (non-failure) occurs is interpreted as the fatigue threshold. In this research, the 

non-failure tests are usually terminated after about ( 5 X 106 — 12 x 106) cycles.

The stress versus number of cycles (S-N) fatigue data collected in the laboratory is 

generated using a ratio-reversed stress cycle. However, actual loading applications 

usually involve a mean stress on which the oscillatory stress is superimposed, as shown 

in Fig. 3.15. The following definitions are used to define a stress cycle with range, 

alternating and mean stress.

+
r >  Act = m ax m in

O

Cycle m ax
m

m in
0

Time

Figure 3.15 Typical cyclic loading parameters.

The stress range is the algebraic difference between the maximum and minimum stress 

in a cycle:

(3.3)&max ®min

The stress amplitude is one-half the stress range:

On =
A O’ &max &min (3.4)

The mean stress is the algebraic mean of the maximum and minimum stress in the 

cycle:
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Gmax ®min11 tU - A  -  I I L L I L  r  o  r - x

°m =  n  (3.5)

Two ratios that are often defined for the representation of mean stress are the stress 

or load ratio R and the amplitude ratio A:

R = 2m s. (3.6)
Omax

a a 1 ~  R
a = t - =  t t v  W&m 1 T R

In this present research study, a ratio-reversed loading type is conducted; it is called 

tension-tension cycle with R-ratio of 0.1, which is the minimum stress; it is equal to 0.1 

times the maximum stress. This is often used for aircraft components testing. The sine 

wave spectra cyclic loading of the specimen was carried out in all fatigue tests, by 

setting the maximum and minimum load of the cycle in the input program of the servo 

hydraulic machine to maintain a fixed R-ratio, for a 5 Hz cyclic test frequency. Cyclic 

maximum and minimum loads could be monitored on the output screen of the servo 

hydraulic machine computer. The cyclic stress range versus number of cycles to failure 

is illustrated in Tables (3.5, 3.6 and 3.7) for different types of specimens.

Table 3.5 The stress versus number of cycle’s data used for the machined specimen.

Machined Specimen

Test No. Stress Range, Ao, (MPa) Number of Cycles, (cycle)

SN13 605 65212

SN7 544.5 152728

SN11 517.275 5225926

SN8 490.05 12007424
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Table 3.6 The stress versus number of cycle’s data used for the polished specimen.

Polished Specimen

Test No. Stress Range, Ao , (MPa) Number of Cycles, (cycle)

PSN1 605 355760

PSN2 544.5 5438976

PSN3 490.05 9815040

Table 3.7 The stress versus number of cycle’s data used for the notched specimen.

Notched Specimen

Test No. Stress Range, Ao , (MPa) Number of Cycles, (cycle)

NSN1 605 6839

NSN2 544.5 9204

NSN3 363 42914

NSN4 121 5533440

3.6 Isothermal Fatigue Tests:

When a tensile test is applied on the material at different temperatures, it is clear that 

the yield strength is reduced with an increase in the temperatures due to the softening 

and material ductility increase. But when the material is subjected to cyclic mechanical 

loading at constant temperature, it becomes more complex and it is frequently assumed 

that the higher temperature cycles will inflict more damage than those at lower range.

In this research, a cyclic mechanical loading (stress range) equal to the yield stress or 

slightly exceeds it is applied to the solid cylindrical specimen at selected high 

temperatures leaving it for 30 minutes to soak with the temperature range less than 

approximately (20 -  30 °C) due to the convection heat transfer effect of the gap
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between the furnace liner and the specimen in order to study the fatigue crack growth 

under uniaxial loading conditions. The details of the isothermal fatigue tests are 

presented in Table 3.8. The main objectives of conducting this experiments was to 

observe the crack growth behaviour of the AISI 420 stainless steel under different high 

thermal loading conditions, and to correlate the isothermal fatigue data with the 

theoretical and numerical modelling calculated results.

Table 3.8 The Isothermal Fatigue Test Results.

Test

No.

Temperature

(°C)

Cyclic Stress 

Range

(MPa)

No. of Cycles 

(cycle)

R- ratio Frequency

(Hz)

MIF300 300 518 139032 0.1 5

MIF400 400 540 86360 0.1 5

MIF500 500 493.7 149520 0.1 5

MIF600 600 448.675 7150 0.1 5

3.7 Testing Facilities:

Testing was carried out on two MAYES uniaxial machines, different in size and 

specimen gripping design type. According to the tests conditions requirements, furnaces 

were assembled and used with one of the machines to perform the elevated temperature 

tensile and isothermal fatigue tests.
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3.7.1 Loading Controlled:

The servo hydraulic machine controlled the load applied in the tests by sine spectra 

for 5Hz cycle test frequency achieving the load ratio, R =  in fixed magnitude of
a max

0.1. The numbers of the cycles are recorded in the machine computer output screen 

together with the extension displacement of the specimen due to the live position of the 

grip which is recorded. The difference between the two servo hydraulic machines 

employed is the size and the type of the specimen gripping. The first small machine 

used the screw grip with the screw end specimens; the other big machine with the split 

grip type is used with the button head specimen. The photos of the servo hydraulic 

machines are exposed in Fig. 3.16 and 3.17.

Figure 3.16 The small servo-hydraulic testing machine with screw grip type.
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Figure 3.17 The big servo-hydraulic testing machine with split grip type.

3.7.2 Strain Measurement:

An axial extensometer displayed in Fig. 3.18 is employed in the tensile tests of this 

research; it is spring-loaded on to ridges made at the ends of the specimen gauge length, 

using a spring outside the furnace in case of elevated temperature tests. The
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displacement measured is transferred by means of rods outside the furnace, usually to a 

linear variable differential transformer (LVDT). To minimise the effects of bending in 

the specimen, the mean strain were determined for the two LVDTs positioned 

diametrically opposite each other on the specimen/loading rod chain [88].

Furnace

Extensometer

LVDT

Figure 3.18 The image of the used axial extensometer in the tensile tests.
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3.7.3 Heating System:

To achieve the primary requirements of the heating system for the high temperature 

tensile and fatigue tests, one has to produce the required temperature uniformly along 

the specimen and to maintain this condition for the duration of the test. Electrical 

muffle furnace was used in this research for testing. Electrical resistance coils were 

embedded in the refractory mouldings defining the cylindrical shape of the heating 

space. The heater assembly is encased in refractory insulation and the whole is 

contained in a robust metal case. For testing work, there are three windings defining a 

central zone which is employed in the present tests along with two outer zones. The 

muffle furnace is a book form type, with consists of two longitudinally divided half 

cylinders hinged together as revealed in Figs. 3.18 and 3.21. This type allows a high 

degree of access to the specimen-grip-extensometer and the crack growth measurement 

arrangements.

3.7.4 Crack Growth Monitoring:

In this research, the crack initiation and propagation measurement have been made 

by utilizing the Matelect DCM-2, direct current electrical potential drop (DCPD) device. 

The electric potential method is based on the fact that there will be a disturbance in the 

electric potential field related to any discontinuity in a current carrying body; the 

magnitude of the disturbance depends directly on the size and shape of the discontinuity. 

For the present test piece geometry, a constant direct current of 5 Amperes (Amp.) was 

selected to pass through the specimen during the test, and the resultant change in 

electrical potential between two points on the specimen was monitored as a function of 

crack depth.

The simplest implementation of the potential drop method requires four electrical 

connections for two specimens, one as a reference (constant), which is outside the 

furnace and testing machine and the other as a testing specimen (variable). In the 

present laboratory tests, the current connection leads, which are made of 80/20 nickel- 

chrome alloy wire, size 2 mm with 0.33ohm/m resistance at room temperature were 

screwed on the specimen by means of solid nickel ring terminals; the voltage leads that 

are made of 80/20 nickel-chrome alloy wire with 0.913mm size and 1.64 ohm/m
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resistance are spot welded diagonally in a distance ( 4 - 5  mm) outer the gauge length 

(in the slop section to avoid fracture in the welding position), between the current leads. 

The appropriate placing utilized is shown in Figs.3.19 to 3.21.

4 -5 mm

I in I out

V o lta g e V o lta g e  p r o b e s  
o n  su rface

A m plifier C h a r t
R e c o rd e r

C onstant Current 
S ou rce

Figure 3.19 Schematic diagram of the DCPD placed connections.

Figure 3.20 The DCM-2 DCPD connections with the reference specimen.
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Central
zone

Input Current leads

Output voltage 
leads

Figure 3.21 The image of the book form muffle furnace used in the tests with the 
DCM-2 DCPD device with the specimen connections.
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The DCPD device is operated by supplying a constant current passing through the 

free load specimen called reference, which is used as a standard; then, it is used 

continuously through the tested specimen. The resultant output voltage ratio between 

the Specimen (x) and the reference (y) was measured. This technique is utilized 

quantitatively, by a calibration curve fitting equation related to the potential change to 

the crack depth of the material type. This equation is found by many repeated test. The 

DCPD device layout and the real image are shown in Figs.3.22 to 3.24.

x/y analogue output

x analogue output To PC OR Chart Recorder

Main Unit with display
Machine cycle input

From Testing 
Machine

Pre-amplifier

Current
outputs

Screened signal cables
Out Voltage

High Capacity
connecting
cables

Reference (y)Specimen (x)

Figure 3.22 Schematic diagram of a typical DCPD test configuration.
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Figure 3.23 The real image of the DCPD device with connections.
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Calibration
Equation

Specimen
Voltage
Reading

Reference
Voltage
Reading
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Ratio

Current Supply
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Crack
length

Crack length with time graph
«oww

Figure 3.24 The program data display of the DCPD device.
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3.7.4.1 DCPD Calibration:

Calibration depends on the particular test-piece geometry (diameter/length) and the 

distance between the positioning of the current input leads and the potential 

measurement probes, displaying the current-voltage basis relationship for electrical 

conductivity materials, which is found to be fixed and similar in all the tests; it can be 

described by the equation.

4Re. AL. I
Vo1 = - t v -  (3-8)

where;

Vol: is the Voltage.

Re: is the specific electrical resistivity depending on the material type.

AL: is the distance between the output voltage leads.

I: is the current.

D: is the specimen gauge length diameter.

The aim of the calibration is to find out the potential behaviour equation of the 

conductive material depending on the current supply and the crack depth (which means 

the change in resistance). The equation is created by conducting a fatigue crack test but 

in the opposite direction, that means supplying a constant current, which uses 5 Amp. in 

the tests passing through the reference and specimen cutting the specimen in particular 

measured depth and recording the result output voltage ratio data at each depth. The 

same sequence is repeated until the specimen is separated or until it becomes very thin. 

From the recorded voltage ratio data and the measured cutting depth (crack depth), the 

resultant curve is plotted; the curve fitting equation was found. It is used as a calibration 

equation for testing the material utilized in the DCPD device to measure the crack depth 

when applying the real fatigue test. The plot and equation of the crack depth simulation 

with the output ratio is presented in Fig.3.25.
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y = 35.192X5 - 273.94x4 + 850.3x3 - 1319.1x2 + 1028.2x - 320.72
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Specimen to Reference Voltage Ratio, x/y

Figure 3.25 The calibration curve fitting equation of the conducting material 
utilized in DCPD device.

3.7.4.2 Error Factors Affecting on the DCPD Reading:

The accuracy of the crack growth rate measurements obtained using the DCPD 

method is limited by a number of error factors. These error factors which are 

characteristic of those encountered in the measurement of very low resistances arise 

from the following sources as a witness in laboratory testing:

I) The resistance of a stainless steel specimen is typically a few micro-ohms that 

provide a direct measure of the resistance of the specimen then for accurate 

measurement of crack length; it is essential to reduce the current to the minimum as it is 

used in test 5 Amp.

II) The dynamic extension and compression of the specimen is due to the applied cyclic 

loading (tension and compression load phase). Regarding the direct constant current 

supplied, it obtains a significant variation in the recording data due to the changes in 

length between the potential voltage leads positions; this is the reason to present a 

zigzag profile. This occurred because of missing synchronization between the cyclic
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loadings of the servo-hydraulic machine with the recording program of the DCPD 

device. For that reason, the selection of the maximum recorded data is made for all the 

behaviour profiles of the tested specimens in the crack growth curve fitting and 

calculations data; for example, the isothermal fatigue test at 600 °C is shown in Fig 3.26.

1.6

1.4

1.2

0.8

0.6
T3

0.4

0.2

1000 3000 5000 6000 80002000 4000 7000
- 0.2

Life, N (cycle)

Figure 3.26 The real zigzag output and the selected data of the 600 °C test 
behaviour profile.

III) Because of the free running (continuous) reading of the DCPD device, the timing 

shift which is developed by the recording data by the DCPD device takes about 1.6 sec 

in one period reading. During this period, the applied cyclic load on the cyclic loading 

machine is doing a 5cycle/sec; this causes a shift and oscillation in reading because of 

the change in the length by the tension or compression of the specimen, subsequent to 

the length between the voltage measured points leads of the DCPD, that is the reason of 

not having smooth recording of the data.

IV) The computer program coupled with the DCPD device takes 15 sec to do one 

record, which work as a filter but due to a long delay, the records are affected by the 

cyclic position saved in peak or trough levels.
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V) The most significant and often overlooked error is caused by the temperature, where 

the coefficient of resistance of steel is about 5 x 10-3 K~x. The error caused by a 5 K 

change in temperature can therefore amount to 2.5% [89]. Furthermore, the temperature 

increased the ductility of the testing specimen; it was behind all the flaws mentioned 

earlier. Specially, the length between the voltage lead.

3.8 Fatigue Crack Growth Rate Test Results Calculations:

The rate of mode I crack growth is determined by subjecting fatigue cracked or 

uncracked specimen, to constant amplitude cyclic loading. The incremental in crack 

length is recorded along with the corresponding number of elapsed load cycles 

acquiring stress intensity (Kj), crack length (a), and cycle count (N) data during the test. 

The data was monitored using a DCPD technique, and the crack growth rate was 

determined by the incremental polynomial method using a least squares curve fitting of 

a second order parabola joining groups of seven crack length readings, to get the crack 

propagation, and to find the crack growth rate, by differentiation to give the extension 

per cycle. A modified Matlap program for solid cylinder specimen illustrated in 

appendix A, was modified based on the ASTM test method for the constant-load- 

amplitude fatigue crack growth rate [90].

The crack growth calculation can be possibly solved by two methods: I) the secant 

method or point-to-point calculation, and II) the incremental polynomial method. Both 

methods are known to give approximately the same average growth rate response. 

However, the secant method often results in the increased scattering in growth rate 

relative to the incremental polynomial method, since the latter numerically smooth's the 

data [90].

The incremental polynomial method was selected to compute crack growth rates, 

which involved fitting a second order polynomial (parabola) to sets of (2p+l) 

successive data points, where for our calculation, a Matlap program is made with the 

value of p =3, which is seven points, it was selected to deal with a solid cylinder 

specimen. The form of the equation for the local fit is as follows:
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where;

/Nj — Ci\—1 < —̂  J < +1 f o r  i — p < j  < i  +  p
2

(3.10)

And b0, b± and b2 are the regression parameters that are determined by the least 

squares method over the range q_p <  c <  q +p. The value q  is the fitted value of 

crack length at Nt . The parameters;

are used to scale the input data, thus avoiding numerical difficulties in determining the 

regression parameters. The read and measured crack growth data of a test utilized in 

room temperature is presented in Fig. 3.27 showing the slow increase of crack length 

primarily then the sharp one at the end and the isothermal fatigue test data conducted in 

the temperature range of 300 to 600 °C; they will be presented in Chapter six.

The rate of crack growth at Ni is obtained from the derivative of the above parabola, 

(Eq. 3.9), which is given by the following expression:

and > (3.11)

Nt- „ -  M

(3.12)

The fatigue crack growth rate curve is found by presenting the data I terms of the 

growth rate per cycle of loading from Eq. 3.12, versus the fluctuation of stress intensity



factor at the tip of the crack; the value of crack length q  is obtained from the regression 

calculation (Eq.3.9) used to calculate the stress intensity factor range.
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Figure 3.27 The read and measured crack growth data.

3.9 Stress Intensity Factor Calculation:

A room temperature fatigue test and isothermal test conducted in the temperature 

range of 300 to 600 °C, (to be discussed in Chapter Six), for a solid cylinder were 

carried out under controlled sinusoidal cycling at 5 Hz with R-ratio of 0.1. The stress 

intensity factor for a crack subjected to cyclic mechanical stresses at constant 

temperatures was calculated by the following relationship [91]:

Kj = a yfnc F
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The geometry factor f Q-j  is a function, given by Tada [91], for uncracked solid 

cylinder under tension and approximated by the following polynomial expression:

This function has an accuracy of 15 FOR ( ^ <  0.6).

Fatigue crack growth under linear elastic conditions is primarily governed by the 

stress intensity factor range experienced by a crack. Besides, if reversed loading is 

applied to the specimen, the compressive half of the stress cycle contributes little to 

crack growth since the crack faces are pushed together to make a closure. Therefore in 

calculating the stress intensity factor range (AK), the following rules were applied as,

where, Kmax is the maximum positive stress intensity factor in the applied stress cycle 

and Kmin is the minimum stress intensity factor. However, with R-ratio of 0.1, negative 

stresses were not included in this series of tests. The fatigue crack growth rate versus 

the calculated stress intensity factor range for fatigue test at room temperature is 

represented in Fig.3.28.

When the crack growth rate to number of cycles is plotted against the stress intensity 

factor range, both scales being logarithmic, the equation of the crack growth rate of this 

work material is based on Paris Law [7], which describes the slope of the stage II of the 

fatigue crack propagation behaviour of the material, through the information derived 

from the fatigue crack growth test represented as follows:

&min 0 tflGTl AK — Kmax Kmi-max min (3.15)

dc
7777= C (AK)m (3.16)
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Figure 3.28 The fatigue crack growth rate of AISI420 martensitic stainless steel.

dc dcThe constant C is equal to — at the intersection point of the slop with Y-axis (—),

dcat (log (AK) =1), and the exponent m is defined as the slope of the (log(—) — log(AK)) 

curve, which is:

m

(dc_\ 
, KdNJ

f d c \
\dNJ1

log (AK);
(A K \

(3.17)

The crack growth rate equation of this work material is:

^ .  = 5X 10"7 (Aa:)1161 
dN

(3 .18 )
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3.10 Modified Thermo-Mechanical Fatigue Test Techniques:

In a thermo-mechanical test, the temperature is cycled either in-phase or out-of

phase with the applied mechanical strain or stress in a completely controlled manner 

with a fast response. This is a much more difficult test to carry out at that temperature to 

accurately cycled, thermal and mechanical loads synchronized. The merits of the test 

are that deformation and rupture data can be obtained under conditions, which are close 

to service conditions. A Thermo-mechanical test facility was designed to assist studies 

of the growth of cracks under repeated severe cooling shocks. This facility enables three 

types of test to be performed: I) an isothermal fatigue test, in which the specimen is 

maintained at a constant temperature, and an alternating mechanical load is applied, II) 

an In-phase thermo-mechanical fatigue test, where the phase of cycling loads of 

temperature and alternating mechanical applied load are the same, and III) an Out-of 

phase thermo-mechanical fatigue test, where the phase of cycling loads of temperature 

and alternating mechanical applied loads are the opposite.

According to the test conditions required, modifications to the thermo-mechanical 

test machine were made to carry out a thermo-mechanical fatigue test which provided 

transient down shock cooling control by transient circulation of cooling fluid through 

the testing specimen. The modifications are described in two parts, as follows:

3.10.1 Modified System Cooling Layout Design:

The operation of the new development design of thermo-mechanical machine is by 

circulating oil in two ways through the machine: the first transient way involves 

injecting oil in the specific measured, and controlled by the electrical valve (solenoid) 

passing inside the grips of the machine then through the testing hollow cylinder 

specimen. The second way is by the oil continually flowing to the upper and lower grips 

of the machine for grip cooling. The two ways are connected to pass the oil to the filter 

and later to the radiator for cooling by the water and fan, finally to achieve continuous 

circulating, the oil is pumped again. The system layout is shown in Fig.3.29.
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3.10.2 Modified Specimen Gripping Design:

Assembling the parts of the combined grip device for the threaded end hollow 

cylinder specimen was designed not just to transmit the imposed cyclic forces without 

backlash, but also to ensure the alignment of specimen axis and its axis. Moreover, the 

grip is based on generating cyclic temperature loading by controlling the flow of the 

coolant oil inside the bore of the hollow cylindrical specimen. The grips are designed 

either to water, force air or oil cooled in order to allow quick cyclic stabilization of the 

longitudinal temperature distribution within the gauge length of the testing specimen 

and to provide stable thermal conditions during the experiment, the working diagram is 

illustrated in Fig. 3.28 and the parts and assemblies in Figs 3.30 to 3.40.

Machine
grips

Electrical Thermostat

i! Heating 
ii System

Flexible
Pipes

Oil pump

O il Filter I Oil

Fan

W ater

Radiator / / / / / / A
kT 1 1

--------------- * Water inlet
S ~ /

------ >

A
/ — >  \Vater outlet

Figure 3.29 The working diagram of the modified thermo-mechanical fatigue 

testing machine.
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CHAPTER FOUR

4 - THERMO-MECHANICAL MODELLING

4.1 Empirical Modelling:

The crack growth analysis, stress and strain intensity factor approaches are analysed 

and presented as case studies.

Case one presents the analysis of the estimated thermal stresses superimposed on 

sinusoidal cyclic mechanical stress results in the solid cylinder under isothermal fatigue 

simulation on the crack growth. Case two analyses the estimated transient thermal 

stresses superimposed on cyclic mechanical loading results in the hollow cylinder under 

thermal shock in heating case and down shock cooling case.

Case one calculation depends on the same experimental thermal and mechanical 

loading to assess the link between the two studies. Thermo-Elastic-Plastic analysis data 

of the two cases are obtained by the series of calculation as follows:

> Temperature distribution calculation.

>  Thermal stresses calculation.

>  Elastic-Plastic stress calculation.

>  Thermo-Mechanical stress calculation.

> Stress and Strain Intensity Factor calculation.

4.2 Temperature Distribution Calculation:

To analyse the two types of cylinders subjected to transient thermal loading in 

isothermal loading, heating and down shock cooling cases, a temperature distribution is 

estimated. It evaluates the thermal stresses induced by the thermal loading assuming 

that the material is uniform, homogeneous and isotropic. Furthermore, the temperature
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distribution varies only with the radial coordinate through the cylinder wall, and the 

cylinder is initially at a uniform temperature in which results vary with the position of 

the wall thickness and time.

The transient temperature distributions for the solid cylinder is subjected to constant 

thermal loading at the outer surface; a hollow cylinder geometric model is also 

subjected to thermal loading during heating or re-heating and down shock cooling cases 

are given by employing the solution of the general conduction heat equation given by:

r t )  ( d 2 @(rt) 1 d O ( r t ) \- ^ T  = D — - M + - — ™  , a < r < b ,  t >  0. (4.1)
o t  \ o r 1 r  o r  J

where

0(r,t) — T(r<t) — T0 (4.2)

T0 is the initial temperature of the cylinder corresponding to zero time and stress state 

and T(r>t) is the temperature distribution at time t and r position through the wall
Jcthickness. Also, D is the coefficient of diffusion (i.e., D =  ----  ; k,p, cp are being thep-cp

thermal conduction coefficient of the cylinder material, the mass density, and the 

specific heat).

Carslaw and Jaeger [92] proposed model for solid and hollow cylinder making use of 

the application of Laplace transformation in a cylindrical region and the Bessel function 

of the first and second kinds with the boundary conditions of each case studied. In this 

model, four Bessel function roots are used to give an acceptable stability for the 

solutions, Nied and Erdogan [93], calculated the transient thermal stress for hollow 

elastic cylinder fast cooled from inside obtaining Laplace transformation for the 

solution using the first four roots (i = 1,...,4) while Cho et al [94], introduced an elasto- 

dynamic solution for the thermal shock stresses in thick cylinder subjected to sudden 

thermal loading using Laplace transformation with Bessel function and Hankel 

transform by employing the first ten roots (i = !,...,!0).
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4.2.1 Solid Cylinder Model:

Many investigators have dealt with the infinite long solid cylinder under different 

loading conditions. Ishikawa, [95], studied the theoretical transient thermal stresses 

when the surface is subjected to a sudden temperature drop after a sudden temperature 

rise. Molina and Trujillo, [96], estimated the thermal stresses when a constant heat flux 

is applied to its surface employing hyperbolic heat conduction model. Zhao et al, [97], 

presented an analysis of transient thermo-mechanical study for a solid cylinder material 

under rapid exposure to connective medium of different temperatures, obtaining the 

analytical solution formula by using the separation of variables method. Aouadi, [98], 

studied the thermoplastic-diffusion interactions when applying a thermal shock on the 

solid cylinder surface employing the Laplace transformation and numerical Laplace 

inversion in the solution.

The present work reports the outer surface of the solid cylinder which is subjected to 

constant temperature and the initial temperature assumed to be at a selected temperature 

range.

Gmech.

The general boundary condition is:

Tb =  300, 500 and 600 °C, r  = b , t >  0

Tb

The solution of Equation (4.1) gives, the temperature distribution through the solid 

cylinder wall, in this case, it is:
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/

9 ( r , t ) =  Tb .
V 1=1

J o ( r . Z . j )
Xi-htb.Xi) (4.4)

where;

Xi are the positive roots of the equation:

h i b . x  i) = 0. (4.5)

During the isothermal boundary conditions, temperature gradients are introduced 

across the solid cylinder specimen that resulting in thermal stresses that varies with 

both time and position through the specimen.

Figs. 4.1 to 4.3 shows the temperature distribution calculated through the solid 

cylinder wall during different time intervals at (300 °C, 500 °C and 600 °C) outer 

supplied temperature. The temperature profiles dropped from outer surface reaching the 

minimum, when it is closes with the cylinder centre line, this temperature will rise with 

the increase in the outer surface supplied temperature and time interval reaching the 

steady equalized to the outer surface temperature. Figs. 4.4 to 4.6 show the calculated 

temperature distribution with time at selected radii to present the behaviour and the 

timing period for the temperature distribution to become steady at each radius. Also the 

temperature at the outer surface was constant at all-time which indicates a satisfactory 

agreement with the boundary conditions.
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Figure 4.1 The temperature distribution through the solid cylinder wall at 
different times subjected to Tb = 300 °C.
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Figure 4.2 The temperature distribution through the solid cylinder wall at
different times subjected to Tb = 500 °C.
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Figure 4.3 The temperature distribution through the solid cylinder wall at 
different times subjected to Tb = 600 °C.
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Figure 4.4 The temperature distribution with time at selected radii by supplying
Tb = 300 °C.
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Figure 4.5 The temperature distribution with time at selected radii by supplying 
Tb = 500 °C.
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Figure 4.6 The temperature distribution with time at selected radii by supplying
Tb = 600 °C.
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4.2.2 Hollow Cylinder Model:

Work has been carried out on the hollow cylinder with different case studies. Radu 

et al. [99], presented a set of analytical solutions using a finite Hankel transform and 

Bessel functions with several new features developed for the field of temperature and 

thermal stresses in a hollow cylinder affected by a sinusoidal transient thermal loading 

at the inner surface. Additionally, Kardomateas [100, 101], exposed the stresses and 

displacement in an orthotropic hollow circular cylinder applying a thermal load on the 

boundary surface employing Carslaw and Jaeger solution for temperature in terms of 

Bessel function and using Hankel expansions. Jabbari et al., [102,103], utilized a thick 

hollow cylinder made of functionally graded materials under one or two dimensional 

steady-state temperature distribution with general thermal and mechanical boundary 

conditions using the method of Navier equation. Ehteram et al., [104], presented a 

theoretical solution for the transient thermal stress in a two layered isotropic hollow 

cylinder with un-similar temperature in the circumferential direction whereas Clayton, 

[105], studied the experimental and analytical damage of the temperature and stress in 

reactor structural components subjected to a thermal shock using the Carslaw and 

Jaeger transient temperature solution.

A- Heating or Re-heating Case:

In this case the outer surface of the hollow cylinder is subjected to heating flux and 

the inner surface is kept at a constant temperature (600 °C).

The general boundary conditions are:
O-mech.

d r  d r  k
,r  = b , t > 0

b
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The distribution of temperature through the shell wall in this case is:

0(r,t)=  Ax +  A2ln^ +  ^  i43j. [ /o (r A;). K0 (a Aj) — Y0(r Xi).J0 (a A,) ] (4.8)
1 = 1

where;

Al9 A2 , A3i are constant shown in Appendix B. and are the positive roots of the 

equation below, where (i =  1,... ,4 ) are chosen:

\}0 (a A() . Y1(b A,) -  K0 (a  A() -h(b  A() ] =  0 (4.9)

Fig. 4.7 presents the temperature distribution through the hollow cylinder when 

supplying an induction heating flux at the outer surface and the inner surface controlled 

to be at constant temperature 600 °C. The temperature profiles have been drawn for 

different time intervals. Fig. 4.8 presents the temperature distribution through the 

hollow cylinder wall with time at selected radii. The maximum temperature will be at 

the outer surface facing the supplied heating flux and at the beginning of the time due 

to the heating flux shock then equalized. Also the inner radius temperature is constant 

matching the controlled temperature at 600 °C in the boundary conditions.
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Figure 4.7 The temperature distribution through the hollow cylinder wall at 
different times in the heating case.
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Figure 4.8 The temperature distribution through the hollow cylinder wall with
time at selected radii in the heating case.
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B- Down Shock Cooling Case:

The outer surface of the hollow cylinder will be controlled at constant temperature, 

and the inner surface will be down shock cooled by forced air, and the initial 

temperature is assumed to be at room temperature.

The initial and general boundary conditions are:

d 6 (a ,t)   d T(a q _
dr dr k (Ta Tair )  ,V — CL, t  0

0(b,t) — T(p,t) — T'o — Tf, , r  — b , t  >  0

Ta -  T air

Tb

(4.10)

(4.11)

The distribution of temperature through the shell wall in this case is:

0(r,t) =  + B2 ln £  +  £  B3i [ }0 (r A,). Y^a A,) -  Y0(r  A,).A (a  A;) ] (4.12)
i=1

where;

H is the coefficient of surface heat transfer when the inner surface is exposed to 

cooling by forced air depending on the air velocity and the diameter of the pipe and Blt 

B2,B3i are constant as exposed in Appendix B. Also, are the positive roots of the 

equation where (£ =  1, ...,4) , as follows:

[A (a  A;) . Y0(b A,) -  Y1 (a Af) J (b  A,) ] =  0 (4.13)
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Figure 4.9 The temperature distribution through the hollow cylinder wall at 
different times in the down shock cooling case.
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Figure 4.10 The temperature distribution through the hollow cylinder wall with
time at selected radii in the down shock cooling case.
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Fig. 4.9 illustrates the temperature distribution through the hollow cylinder wall 

when supplying a transient cooling at the inner surface. The temperature profiles show 

the decreasing path through the wall which rises with time to be steady and equal to the 

outer surface temperature. Fig. 4.10 illustrates the behaviour of the temperature 

distribution with time at selected radii. The profiles show the significant drop due to 

rapid cooling at 0.1 second which then achieves steady temperature with the passage of 

time.

4.3 Thermal Stresses Calculation:

An elastic relation for resultant thermal stresses have been established by 

Timoshenko and Goodier, 1970, [106]; it is later applied to long circular solid and 

hollow cylinders due to non-symmetrical temperature distribution under zero axial 

strain (ez =  0).

The general thermal stresses formulas for the cylindrical region in plain strain is 

given by:

(4.14)

a e-th -  ^ 2
aE  1

a E (4.16)

where;

a = 0, at the solid cylinder case.
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4.3.1 Solid Cylinder:

From the substitutions of the temperature distribution of the solid cylinder case in 

the general formulas, the thermal stress estimation is given below; useful integration 

details are shown in Appendix B.

a E T b ^  Cl
° r- th =  1 3 7 -  L  a~ •

i = 1

I i( r-Aj) JiCa.Ai)
(4.17)

aETb y 1 Cl
- th =  I —  • 2 j  a t

Ji(r.Ai) J1(a.Ai)
(4.18)

00
1 v 1 c i ‘2 v  '

(7Z—th oc E Tb .
1 +  1 - v  Z i  Aj ■

i = 1

—  • I i ( a. A , ) - A i.Jo(r.Ai) 4.19)

where;

Figs. 4.11 to 4.13 show the thermal radial stress distribution through the solid 

cylinder wall at different time intervals. The profiles show the maximum tension stress 

in the position close to the centre line, for the cylinder; it is reduced rapidly with time 

reaching zero which is equal to the outer surface stress. Additionally, the higher 

supplied temperature gives higher thermal radial stress in the core of the cylinder. The 

profiles of the thermal radial stress distribution along with time taken at different 

selected radii, show that the maximum tension stress at the radius closes to the cylinder 

centre line (r = 0 m) and rapidly decreases with time reaching to zero. Also, at the outer 

surface, the radial stress is constant, equal to zero, as shown in Figs. 4.14 to 4.16.

103



t=0.5 sec

t = 1 sec

t = 1.5 sec

t = 2 sec

t = 2.5 sec

t = 3 sec

0.7 0.90.2 0.3 0.4 0.5 0.6 0.80.1

Figure 4.11 The thermal radial stress distribution through the solid cylinder wall 
at different times by supplying Tb = 300 °C.
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Figure 4.12 The thermal radial stress distribution through the solid cylinder wall
at different times by supplying Tb = 500 °C.
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Figure 4.13 The thermal radial stress distribution through the solid cylinder wall 
at different times by supplying Tb = 600 °C.

r = 0.001 m

r = 0.002 m

r = 0.003 m

C/2

2.5 3.51.5

Time, t - (sec)

Figure 4.14 The thermal radial stress distribution in the solid cylinder with time at
selected radii by supplying Tb = 300 °C.
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Figure 4.15 The thermal radial stress distribution in the solid cylinder with time at 
selected radii by supplying Tb = 500 °C.
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Figure 4.16 The thermal radial stress distribution in the solid cylinder with time at
selected radii by supplying Tb = 600 °C.
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Figs. 4.17 to 4.19 show the thermal hoop stress through the solid cylinder wall at 

different time intervals. The curves show that at (r/b = 0.54), it is equal to zero at all 

times, which is an inversion point, the tension stress below the point, the maximum 

tension hoop stress closes with the centre line (at the centre line goes to infinity) and 

over the point, the compression stress, where the maximum compression stress was at 

the outer surface. This stresses were reduced suddenly with time reaching zero. Also, 

the higher supplied temperature gives the higher tension and compression stress. The 

curves path is clearer when the thermal hoop stress distribution is drawn with time at 

selected radii, it then represents the compression stresses at the outer radius (r = 0.003 

m), also at (r = 0.002 m) which are over the inversion point; the tension stress at the 

radius closes to the cylinder centre line, then all are reduced rapidly with time reaching 

zero during 2 seconds, as shown in Figs. 4.20 to 4.22.

0.3 0.4 0.50.2

5  -10
a.

-20 t=0.5 sec
□ t = 1 sec

fS -30 t = 1.5 sec
 1 = 2 sec

-40 t = 2.5 sec
t = 3 sec

-50

Figure 4.17 The thermal hoop stress distribution through the solid cylinder wall at 
different times by supplying Tb = 300 °C.
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Figure 4.18 The thermal hoop stress distribution through the solid cylinder wall at 
different times by supplying Tb = 500 °C.
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Figure 4.19 The thermal hoop stress distribution through the solid cylinder wall at
different times by supplying Tb = 600 °C.
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Figure 4.20 The thermal hoop stress distribution in the solid cylinder with time at 
selected radii by supplying Tb = 300 °C.
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Figure 4.21 The thermal hoop stress distribution in the solid cylinder with time at
selected radii by supplying Tb = 500 °C.
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Figure 4.22 The thermal hoop stress distribution in the solid cylinder with time at 
selected radii by supplying Tb = 600 °C.

The thermal axial stress distribution behaviours are similar to the hoop stresses but 

all are in compression and the inversion point is shifted to (r/b = 0.9). The minimum 

stress approaches the cylinder centre line and above the point is the maximum 

compression stress at the outer surface. Likewise, the higher outer surface supplied 

temperature increased in the axial stresses (shift the curves up), as shown in Figs. 4.23 

to 4.25. In Figs. 4.26 to 4.28, the thermal axial stresses profiles are drawn against time 

to present clearly the behaviours of the stresses at different radii and the rapid reduction 

during 2 seconds to the steady state stress equal to (-E a Tb).
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Figure 4.23 The thermal axial stress distribution through the solid cylinder wall at 
different times by supplying Tb = 300 °C.
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Figure 4.24 The thermal axial stress distribution through the solid cylinder wall at
different times by supplying Tb = 500 °C.
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Figure 4.25 The thermal axial stress distribution through the solid cylinder wall at 
different times by supplying Ta = 600 °C.
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Figure 4.26 The thermal axial stress distribution in the solid cylinder with time at
selected radii by supplying Tb = 300 °C.

112



-3.40E+02
3.51.5 2.5

-3.60E+02
r = 0.001 m

-3.80E+02
r = 0.002 m

-4.00E+02 r = 0.003 m

-4.20E+02

-4.40E+02

-4.60E+02

-4.80E+02
Time, t - (sec)

Figure 4.27 The thermal axial stress distribution in the solid cylinder with time at 
selected radii by supplying Tb = 500 °C.
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Figure 4.28 The thermal axial stress distribution in the solid cylinder with time at
selected radii by supplying Tb = 600 °C.
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4.3.2 Hollow Cylinder model:

A- Heating or re-heating Case:

The temperature distribution equation is divided into three parts, as

T'i — A1

^2 — ^ 2  In-a

T3 = A3i [Jo ( r ^ . Y 0( a W  -  Y0(r W M * A { ) ]

(4.21)

By the substitutions of the divisions in the general formulas of the thermal stress 

estimation; it is solved alone as shown below. The useful integration details are shown 

in Appendix B.

For the radial stress is:

arl =  0 (4.22)

Or2 ~
a E A2

2 r 2{b2 — a 2). (1 — v)
r 2(b2 l n - +  a 2 In -)  +  a2b2 \n y  

r  a b.
(4.23)

«rr3 —
a E  A3i

At r 2 (1 — v)

+  Y0(a A;) j r  J1 (r At) 

2 (b2 -  r 2)

(b(r2 — a 2)
Jo (a ' . iiOb Af) -  r. Yx{r Af)(b2 -  a 2)

b(r2 — a 2)
(b2 — a 2)

JidbAj)

+ n At ' (b2 — a 2)
(4.24)
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The final radial stress for the heating case is given by:

crrl "h &r2 0 r3 (4.25)

The hoop stress is:

aei =  0 (4.26)

002 —
a E  A2

2 r 2(b2 — a 2). (1 — v)
[r2 |b 2(ln ^  -  1) +  a 2( l n ^ + l ) j

+  a2b2 In
ti j

(4.27)

003 ~

a E  A3i 
r 2 (1 — v)

( b(v2 +  a2} t )
Jo (a ^ ) b . ( f t 2 -  a 2) -r i ( fc/li) “  J - Yi ( r A i ) + r 2Yo(rAi»

{T b(r2 +  £Z2)
T i h  (rA-) + A.(fc2_ a2) A ( b  A)

+ £■ A C r ^ / o C r A , ) } - (4.28)

The final hoop stress for the heating case is given by:

00 =  °ei  +  002 +  °63 (4-29)

For the longitudinal stress, it is:

<rzi =  — a  E A i  (4.30)

115



GZ2 ~
a E  A2
TT3 ^

V V

{ b 2 -  a2) {b In b — a2 In a] +  (1 — v) In a — In r  — — (4.31)

aE-Ao;
Gz3  — (1 v)

J o  (a  A,) { ~Z) . n  (f> A,) +  Y0 ( r  Af)}

“  Y°(a ^  { A (fcz _  g2) A A) +  /o (X Af) |

4 v
n Xf(b2 — a 2)

(4.32)

The final longitudinal stress for the heating case is given by:

Gz =  Gzl +  gz2 +  gz3 (4.33)

During the heating case of the hollow cylinder, Fig. 4.29 shows the thermal radial 

stress distribution through the hollow cylinder wall drawn at different periods. The 

stress profiles illustrate the maximum compression stress at the inner surface equalized 

to zero at the outer surface. With time, there is a rapid rise reaching zero at the inner 

surface and changed to maximum tension stress in the middle of the hollow cylinder 

wall. Also at the present, the thermal radial stress distribution behaviour with time at 

selected radii is presented in Fig. 4.30, which indicates that the maximum compression 

stress at the inner radius goes to zero with 1 second. Figs. 4.31 and 4.32 display the 

thermal hoop stress distribution drawing varying with position through the wall and 

time. The stress profiles illustrate that the maximum tensile stress occurred at the inner 

surface turned to compression stress at the outer surface; it is rapidly reduced to be 

steady-state profile at 1 second. The thermal axial stress distribution with radius and 

time is shown in Figs. 4.33 and 4.34. The figures are all in a compression mode; the 

maximum stress occurred at the outer surface in the beginning; with time, arrived to a 

steady-state profile through the hollow cylinder wall.
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Figure 4.29 The thermal radial stress distribution through the hollow cylinder 
wall at different times in the heating case.
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Figure 4.30 The thermal radial stress distribution with time at selected radii in the
hollow cylinder heating case.
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Figure 4.31 The thermal hoop stress distribution through the hollow cylinder wall 
at different times in the heating case.
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Figure 4.32 The thermal hoop stress distribution with time at selected radii in the
hollow cylinder heating case.
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Figure 4.33 The thermal axial stress distribution through the hollow cylinder wall 
at different times in the heating case.
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Figure 4.34 The thermal axial stress distribution with time at selected radii in the
hollow cylinder heating case.
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B- Down shock cooling Case:

The temperature distribution equation is divided into three parts, as;

T2 — B2 In — 
a

T3 =  B3i [Jo ( r A d .Y ^ a W  -  Y0(r W-Ji(a  A*)]

(4.34)

Similarly, by the substitutions of divisions in the general formulas of the thermal 

stresses estimation; it is solved separately, (useful integration details are provided in 

Appendix B).

For the radial stress is:

orl =  0 (4.35)

<Jr2 —
a E B2

2 r 2(b2 — a 2). (1 — v) .
r 2(b2ln— + a 2ln—) +  a2b2\nj- 

r  a b.
(4.36)

<Tr 3 —
a E  Bsi 

Xt r 2 (1 — v)
(b (r2 — a 2)

A (g^ ) { ~  r.Y^rXd

+ Y^aXi) |r  A(rAi) 

b(r2 -  a 2)
(b2 — a 2) A (b Xt) (4.37)
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The final radial stress for the heating case is given by:

<rr =  <rr l  +  < Jr 2  +  c r r  3 (4.38)

The hoop stress is:

Gqi =  0 (4.39)

° 02 ~

a  E  B 2
2 r 2 ( b 2 — a2) . (1 — v)

+ a 2 b 2 ln- 
a .

[r2 {fc2( ln £ - l)  + a2(ln^+l)j

(4.40)

t t E  B 3i  

r 2 (1 — v)
f b ( r 2 + ci2) v

J i  (a W  f . (b2_ a2)- Y i t t  W  + j t - Y i ( r  At) + r2. Y0 ( r  A,)

f
r hfr2 + a2)

^ i ( r ^ ) + ^ . ( / , 2 _ a 2) A ( ^ i )

- r 2 J o i r A i ' ) (4.41)

The final hoop stress for the heating case is given by:

00 = 00i + 002 + 003 (4.42)

For the longitudinal stress, it is:

a z l  =  - a E B 1 (4.43)
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°z2 —
a E B2 v

l(b2 -  a2)
{b2 In b — a 2 In a} +  (1 — v) In b — In r  — —

2
(4.44)

az3
a E  B3i 
( l - v ) A (a A<) { A,- (fe2 —a2) 'Kl(6 A) + Ko(r A,)]

-  yi(aA<){̂  (6 2 _ a2) J i ( . b W +  Jo 0  ̂ ;)]] (4.45)

The final longitudinal stress for the heating case is given by:

<*z =  ozi +  (Jz2 +  oZ3 (4.46)

During the down shock cooling case in the hollow cylinder, Figs. 4.35 and 4.36 

show the thermal radial stress distribution varying with radius and time. The profiles 

indicate that the stress is steady at the inner and outer radius and the maximum 

compression stress is in the middle of the hollow cylinder wall due to the opposed 

direction effects of the heating and cooling at two surfaces of the hollow cylinder; this 

effect vanished rapidly and turns to tension stress with time regarding to the balance 

between heating and cooling action effects. The thermal hoop stress distribution with 

the radius and time appears in the tensile mode in the inner surface due to cooling 

effects and compression in the outer surface due to the heating effects. The maximum 

hoop stress occurs in the middle of the cylinder thickness and also at the beginning of 

time; it is then reduced to zero at 0.7 second due to the equalized action of the loadings, 

as shown in Figs. 4.37 and 4.38. The thermal axial stress distribution with radius and 

time is illustrated in compression mode; the maximum stress in the inner surface and at 

the beginning of time but it reduced rapidly to steady-state level with time as shown in 

Figs. 4.39 and 4.40.
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Figure 4.35 The thermal radial stress distribution through the hollow cylinder 
wall at different times in the down shock cooling case.
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Figure 4.36 The thermal radial stress distribution with time at selected radii in the
hollow cylinder down shock cooling case.

123



1.00E+01

O.OOE+OO
0.2 0.4 0.6 0.8

-1.00E+01

CD

-2.00E+01

-3.00E+01

-4.00E+01
t= 0.1 sec

□ t= 0.5 sec
-5.00E+01

t= 0.7 sec

X1 t= 1 sec
-6.00E+01

h= (r - a) / (b - a)

Figure 4.37 The thermal hoop stress distribution through the hollow cylinder wall 
at different times in the down shock cooling case.
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Figure 4.38 The thermal hoop stress distribution with time at selected radii in the
hollow cylinder down shock cooling case.
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Figure 4.39 The thermal axial stress distribution through the hollow cylinder wall 
at different times in the down shock cooling case.
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Figure 4.40 The thermal axial stress distribution with time at selected radii in the
hollow cylinder down shock cooling case.
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4.4 Elastic-Plastic Stress Calculations:

The accumulative influence of the thermal stress component is generally a high 

strain process especially at high temperatures; additionally it increases when combined 

with mechanical loading. The Elastic-Plastic analysis is introduced by using the Von 

Mises Plasticity criterion given by:

In the isothermal fatigue case, the distributions of the elastic-plastic equivalents

shown in Fig. 4.41. The overall behaviour of the von-Mises thermal stress starts with

decreases reaching to the steady-state at (1 sec). For that reason, the isothermal fatigue 

study will depend on the steady-state section only. Increasing the temperature has

value due to the high modulus of Elasticity (E) magnitude.

In the transient cases, the distribution of the equivalent elastic-plastic von Mises 

stress occurred in the inner surface of the hollow cylinder. In the heating case, the 

maximum thermal up-shock occurs at the start time (0.05 sec), it then decreased 

reaching to the minimum steady level in the fraction of a second as shown in Fig 4.42. 

This is due to the high heating flux supplied to the outer surface mentioned before in 

the boundary conditions. While, the thermal down shock is clearly occurs in the starting 

time, it then increased reaching to the maximum steady level in fraction of second due 

to the cooling effects as shown in Fig. 4.43.

C^r-th ^0-th) "1" th ^z-th) 07z-th ®r—th) 2 GyVM (4.47)

von Mises stress is given by;

(o~r - t h  g 9 - t h ) 2 ^~(g 6 - t h  <rz - t h ) 2 ~^(g z - t h  ° r - t h ) 2 (4.48)

von Mises stress through the solid cylinder outer surface (outer radius) with time are

high value at the beginning (0.05 sec) due to the thermal shock, then it rapidly

increased the elastic-plastic thermal stress, except at 400 °C where it reaches its higher
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Figure 4.41 The von-Mises equivalent stress distribution with time at the outer 
surface of the solid cylinder at different temperature levels.
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Figure 4.42 The von-Mises equivalent stress distribution with time in the inner
surface of the hollow cylinder under heating case.
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Figure 4.43 The von-Mises equivalent stress distribution with time in the inner 
surface of the hollow cylinder under cooling case.

4.5 Thermo-Mechanical Stress Calculation:

The mechanical load is formed by employing tension-compression sinusoidal 

mechanical stresses based on yield stress equal to the stress range and oriented to the 

axial axis of the cylinder making a ratio of minimum to maximum applied stress 

(R = = 0.1) and using frequency (f = 5 Hz) similar to the experimental test, by
0max

using the formulas:

A a . (0 .55 +  0 .4 5 . s in (2 7 i.f .t))
^mech. ~R) ' (4 .4 9 )
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In this theoretical solution, the assumption of the interaction influence of the thermal 

stress with the mechanical stress can be described by solving thermal stress in elastic- 

plastic stress added to the cyclic mechanical loading to estimate the thermo-mechanical 

combined stress as expressed by the equation:

^comb. — T̂VM "h ^mech. • (4.50)

It is difficult to predict the behaviour of the interaction effects of thermo-mechanical 

loading through the cylindrical coordinates in reality. The distributions of the thermo

mechanical combined stress for all testing temperature in the solid cylinder and hollow 

cylinder case studies related with time are presented in Figs. (4.44 to 4.46). In the solid 

cylinder, thermo-mechanical combined stress increased with the increase in the 

temperature because the effect of the thermal elastic-plastic stress on the cyclic 

mechanical loading raises the value of the stress effect. Except at 400 °C, the stress 

value jumped regarding the highly thermal von-Mises and the applying mechanical 

stress. The cyclic behaviour is dominant on the combined stress profile regarding the 

constant thermal stress value especially over (1 sec), which is the steady state referred 

to as isothermal fatigue case. While in the hollow cylinder of the two cases, the effects 

of the thermal up-shock and down shock at the starting time are showing a significant 

influence on the combined stress, maximized the stress level in the heating case and 

minimized it in the cooling case, causing a very high stress range between the 

maximum and the minimum stress. Therefore, the repeat of these shocks will be a 

reason of component failure due to thermo-mechanical fatigue.
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Figure 4.44 The distribution of thermo-mechanical combined stress with time at 
the outer surface of the solid cylinder.
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Figure 4.45 The distribution of thermo-mechanical loads with time in the inner
surface of the hollow cylinder at heating case.
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Figure 4.46 The distribution of thermo-mechanical loads with time in the inner 
surface of the hollow cylinder at cooling case.

4.6 Stress and Strain Intensity Factor Formulation:

Researchers have undertaken specific works on the stress intensity factor 

calculations with crack depth; they started in the internal surface of a hollow cylinder 

subjected to transient thermal stresses. Shahani and Nabavi, [107], improved a formula 

for the evaluation of the transient thermal stress intensity factors assisted by the weight 

function method for an internal semi-elliptical crack in a thick-walled cylinder 

subjected to transient thermal stresses. Additionally, Jones, [108], examined the 

impulse response model to estimate the stress intensity factors in the thermally striped 

internal surface of a hollow cylinder circumferentially cracked.

In this work, the stress intensity factor has been estimated by employing a formula 

derived by Tada et al., [91], who induced in a solid cylinder externally circumferential 

crack under uniaxial tensile stress for the isothermal fatigue case and hollow cylinder 

internally cracked under uniaxial stress for the thermal shock fatigue cases, through the
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substitution of the difference between the maximum and minimum combined stress as a 

thermo-elastic-plastic stress range at that particular crack growth length and the 

division of the stress intensity factor by the modulus of Elasticity to find the strain 

intensity factor.

4.6.1 Solid Cylinder Solution:

The stress and strain intensity factor estimation in the solid cylinder isothermal 

fatigue case is carried out by using the following equations.

Ki =  Aacomb. t/ tlc  . F  (4 .51)

at r = b

©  = (i -  % y ' 2
f 1.122 -  1.302 £  + 0.988 ( r  )2 -  l. h n 0.308 t ) 3}. (4.52)

Ki (4.53)

The distribution of the stress and strain intensity factors as a result of the combined 

stress range against the crack growth in the isothermal case for different temperature 

levels are shown in Figs. (4.47 and 4.48). The profiles illustrate the increment of the 

stress intensity factor with crack propagation through the solid cylinder wall and the 

decrease with the increasing temperature, except at 400 °C which is maximized due to 

the highly thermal and mechanical stresses. Also the curves give an indication that the 

theoretical estimation of the material behaviour is bounded by the maximum stress that 

occurred at 400 °C and the minimum at 600 °C. While the strain intensity factor also 

increased with crack propagation but it not always increases with the rising temperature. 

This is because of the effect of the modulus of Elasticity of the material on the profiles, 

which is clear significantly, especially at 400 °C and the strain intensity is bounded 

between the maximum at 500 °C and 400 °C.
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Figure 4.47 The distribution of the stress intensity factor range with crack length 
in the isothermal fatigue simulations.
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Figure 4.48 The distribution of the strain intensity factor range with crack length
in the isothermal fatigue simulations.
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4.6.2 Hollow Cylinder Solution:

The stress and strain intensity factor estimation in the hollow cylinder thermal shock 

heating and down shock cooling fatigue cases is performed by the following equations.

Ki — Â comb. . Vti. c  . F ^  (4.54)

c l  H - « 2 9  ( C/th) +2« ( 7 t h )  - 0 . 6 S 4 l ( c / t h )  + 1.122}

F (b )  = -------------------------- T77T-------------------------  (4'55)

where; 

th =  b — a

Ki
*• = ¥ ■

(4.56)

In the hollow cylinder under heating and down shock cooling cases, the 

distribution of the stress and strain intensity factors resulting from using combined 

elastic-plastic stress range with the ratio of the crack growth to the hollow cylinder wall 

thickness are shown in Figs. (4.49 to 4.52). The range of the stress and strain intensity 

factors profiles rapidly increased at the start indicating the high influence of the thermal 

shock; it is then gradually increased. The effect of the heat flux in the heating case is 

high, raising the curves in this case over the down shock cooling case.
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Figure 4.49 The distribution of the stress intensity factor range with crack growth 
ratio to the hollow cylinder wall thickness in the heating case.
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Figure 4.50 The distribution of the stress intensity factor range with crack growth
ratio to the hollow cylinder wall thickness in the cooling case.
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136



CHAPTER FIVE

5- NUMERICAL MODELLING

5.1 Introduction:

Finite element methods are techniques for approximating the governing 

differential equations for a continuous system with a set of algebraic equations relating 

a finite number of variables [116]. The major finite element analysis (FEA) application 

is the determination of stresses and temperatures in a component or member in 

locations where failure is most likely to take place. If the stresses or temperatures 

exceed allowable or safe limits, the products can be redesigned and then reanalyzed. 

Analysis can also be diagnostic, supporting interpretation of product failure data; it can 

be used to assess performance and serve to minimize weight and cost without loss of 

structural integrity or reliability [117].

In this chapter, three numerical modelling analyses case studies were solved due to 

the types of loading and types of geometry specimen by using finite element models 

constructed through the ANSYS Workbench version 13.0. The first case is a low cyclic 

fatigue case for a solid cylinder specimen simulated by applying a cyclic mechanical 

load at one end of the specimen toward the cylinder axis. The second is an isothermal 

fatigue case for solid cylinder specimen simulated by supplying different constant 

temperatures on the outer surface with cyclic mechanical load at the end of the 

specimen, where the two cases are similar to the experimental tests and the third case, is 

a thermo-mechanical fatigue for a hollow cylinder model by simulating a thermal up- 

shock generated due to transient heating on the outer surface of the model or down 

shock cooling on the inner surface to the cyclic mechanical loading.

ANSYS is a general objective finite element modelling software package for 

numerical solution of mechanical problems, which are regarded as linear or non-linear 

static/dynamic structural analysis, heat transfer and fluid dynamics, as well as
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electromagnetic and acoustic problems. Fatigue was initially presented as a new facility 

in version 6.0. It was intended to give useful information to the engineering designer 

when fatigue is introduced. Fatigue results can have a convergence attached. Currently, 

a stress - life approach has been adopted for conducting the fatigue analysis as well as 

calculating the mean stress and loading conditions.

The general methodology for numerical analysis simulation has classically been 

performed as follows:

1- Pre-processing stage.

2- Simulation and Solution stage.

3- Post-Processing stage.

5.2 Pre-processing stage:

The behaviour of a phenomenon in a system depends upon the geometry of the 

system, the property of the material and the boundary, initial and loading conditions. 

For an engineering system, the geometry can be very complex. Furthermore, the 

boundary conditions can also be complicated. Therefore, it is very difficult to solve the 

governing differential equation via analytical means. In practice, most of the problems 

are solved employing numerical methods. ANSYS program has many finite-element 

analysis capabilities, ranging from a simple linear static analysis to a complex nonlinear 

transient dynamic analysis. It is important to remember that ANSYS does not assume a 

system of units for intended analysis. In the present numerical simulations cases, the 

preparation of model analysis needs to be attempted as two separate appropriate 

analysis types: thermal (in steady state and transient thermal loading) and structural 

(fatigue) analysis, which either works separately in low cyclic fatigue or it is combined 

with thermal, to produce thermal stresses and thermal fatigue solutions.

The procedure of computational modelling using the finite element method (FEM) 

consists of four main steps for the pre-processing stage [118]:
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1- Creating the model geometry.

2- Mesh Generation.

3- Specification of material property.

4- Specification of boundary (Initial and loading) conditions.

5.2.1 Creating the model geometry:

The ultimate purpose of a finite element analysis is to create an accurate 

mathematical engineering model; this model contains all the nodes, elements, material 

properties, real constants, boundary conditions and other features that are utilized to 

represent the engineering system [119]. The real structure geometry is very complex, it 

is eventually represented by a collection of elements, and the curves and curved 

surfaces are approximated by piecewise straight lines or flat surfaces, if linear elements 

are used. The accuracy of representation of the curved parts is controlled by the number 

of elements used. Conversely, the more elements, the longer the computational time 

that is. Hence, due to the constraints on computational hardware and software, it is 

always necessary to limit the number of elements [12 0 ].

Depending on the ANSYS software used, there are three ways to create the finite 

element geometric models.

i) Direct Generation:

The location of each node and the connectivity of each element are manually 

defined. Points can be created simply by keying in the coordinates. Lines and curves 

can be created by connecting the points or nodes. Surfaces can be created by connecting, 

rotating or translating the existing lines or curves, and solids can be created by 

connecting, rotating or translating the existing surfaces. Points, lines and curves, 

surfaces and solids can be translated, rotated or reflected to form new ones.

ii) Solid modelling:

The geometry of the shape of the model is described by the boundaries; it establishes 

controls over the size and element shape and then instructs the ANSYS program to 

generate all the nodes and elements automatically, as it's done in the heating and down 

shock case studies.
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iii) Importing a model:

As an alternative to creating a model directly in ANSYS, there is a possibility to 

create a solid geometrical model, firstly, in any preferred computer aided design (CAD) 

software packages and importing into the ANSYS program, as it's done in the low 

cyclic and isothermal fatigue cases by using Solid Works 2010 software.

5.2.2 Mesh Generation:

The performance of meshing is discrete the geometry created into small pieces 

called elements or cells. The discretion means dividing (meshing) the problem domain 

into small elements or cells using a set of grids or nodes, where the solution within an 

element can be approximated very easily using simple functions such as polynomials. 

The solutions for all of the elements provide the solution of the whole problem. Mesh 

generation is a very important task of the pre-process. It can be a very time consuming 

task for the analyst, and usually an experienced analyst will produce a more credible 

mesh for a complex problem.

To generate a mesh of nodes and elements utilized in ANSYS software package, one 

has to follow the following main steps, [119]:

I) Setting element attributes which include the element type, real constants and material 

properties.

II) Setting mesh control, where ANSYS provides a large number of mesh controls. Also 

a free and mapped mesh is appropriate for the analysis. A free and mapped mesh is 

restricted by constraints of the elements shapes and the mesh pattern. A mapped area 

mesh contains either only quadrilateral or triangular element, while a volume, mesh 

contains hexahedron or tetrahedral element. In addition, a mapped mesh typically has a 

regular pattern, with clear element rows. This type of meshing techniques was utilized 

in the two simulations due to its simplicity and uniform symmetric geometrical models.

IE) Generating the meshing of the solid model.
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The problem domain has to be meshed properly into elements of specific shapes such 

as triangles and quadrilaterals. Triangulation is the well-established way to create 

meshes with triangular elements. It can be made almost fully automated for two- 

dimensional (2D) planes, and even three-dimensional (3D) spaces, as the basis of 

tetrahedral and hexahedral three-dimensional (3D) solid elements, where the 

formulation of three-dimensional elements is straightforward, because it is basically an 

extension of two dimensional solid elements. Therefore, it is commonly available in 

most of the pre-processors. The additional advantage of using triangles is the flexibility 

of modelling complex geometry and its boundaries. In contrast, the accuracy of the 

simulation results based on triangular elements is often lower than that obtained by 

quadrilateral elements. Quadrilateral element meshes, however, are more difficult to 

generate in an automated manner.

In this chapter, two types of three-dimensional solid elements are considered, 

tetrahedral and hexahedral elements in shape with either flat or curved surfaces. Each 

node of the element will have three translational degrees of freedom. The element can 

thus be deformed in all three directions in space.

I- Tetrahedral Element:

The most popular three-dimensional elements are the tetrahedral elements. However, 

it is occasionally difficult to partition a domain into only elements of this type. For this 

reason, tetrahedral elements are often combined with hexahedral and pentahedral 

elements. This element has four surfaces and four nodes each having three degrees of 

freedom (u, u and w), making the total degrees of freedom in a tetrahedral element 

twelve, as shown in Fig. 5.1.

The fundamentals of the displacement vectors are described in many FEM references 

[121-123]. The variation of each component of displacement with nodes can be 

assumed in terms of a polynomial, defined by four constants as follows [121]:
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-► vb

Figure 5.1 A tetrahedral element.

u(x,y ,z)  = A0 + A±x + A2y + A3z 

v(x ,y ,z ) = A4 + A5x + Aey  + A7z 

w {x,y,z) = A8 + Agx  + A10y  + Axlz  J

(5.1)

Where A0, A4 and A8 represent the rigid body translations of the element along the x, y 

and z axes respectively. Writing these equations in the matrix form:

u(x, y, z) 
{U} = { v{x,y,z) 

w(x,y, z )
(5.2)

and

{A} — {A0 A± ... A10 A n}7 (5.3)

The nodes displacements are obtained by substituting the coordinates of the nodes into 

Eqs.5.1 and writing these displacements in the following matrix form:
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{«} =  [c] {A} (5.4)

Where

{u} = {uai vai wai ubi vbi wbi uci vci wci udi vdi wdq t

And

p
1 ya za 0 0 0 0 0 0 0 0
0 0 0 0 1 ya za 0 0 0 0
0 0 0 0 0 0 0 0 1 *a ya za

1 xb yb zb 0 0 0 0 0 0 0 0
0 0 0 0 1 xb yb zb 0 0 0 0
0 0 0 0 0 0 0 0 1 xb yb zb

1 *C yc zc 0 0 0 0 0 0 0 0
0 0 0 0 1 *c yc 0 0 0 0
0 0 0 0 0 0 0 0 1 *C yc zc

1 Xd yd zd 0 0 0 0 0 0 0 0
0 0 0 0 1 *d yd zd 0 0 0 0
0 0 0 0 0 0 0 0 1 *d yd zd

The strain within the element can be displayed in a matrix form as follows:

{£} = [«] [o '1] 1

rua> 
Va
Wa

Ub

Vb
Wb
Uc

Vc
Wc

Ud

KWd J

(5.7)
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Where

{€} =

fBx x  >

r du > 
dx

dv
dy

eyy dw
&ZZ dz

p
► = < du dvcxy

dy  +  dx
QyZ

dv dw

 ̂ ezx J dz dy

dw du 
dx dz

< j

(5.8)

And, by differentiating Eqs.5.1 according to the scheme of Eq.5.7, we can demonstrate:

r° l 0 0 0 0 0 0 0 0 0 °10 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0

Lo 0 0 1 0 0 0 0 0 1 0 OJ

II- Hexahedral Element:

This element consists of a rectangular parallelepiped shown in Fig.5.2; it has eight 

nodes located at the corners and six surfaces. The sides are parallel to the reference 

axes. The study of the properties of this element is facilitated by introducing the non- 

dimensional coordinates, x' ,y'  and z', defined in matrix form:
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Figure 5.2 A hexahedral element.

The variation of each component of displacement with nodes can be assumed in terms 

of a polynomial, defined by eight constant as follows:

u{x’ ,y ' , z ’} = A0 + Arx' + A2y'  + A3z' + A4x 'y '  + Asy 'z '  + Aez'x ' + A7x 'y ' z r 

v(x' ,y ' ,z ')  = A8 + A9x ' + A 10y'  + An z' + A12x 'y '  + A13y 'z '  + A14z'x '  + Alsx 'y 'z ’ 

w (x ',y ' ,z ')  =  A16 + A17x' + A18y' + A19z' + A20x 'y ’ + A21y 'z '  +  A22z 'x '  + A23x 'y 'z '

(5.11)

Writing these equations in the matrix form:
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'u(x' ,y'  ,z')  
{U}= <{ u(4y',4) 

w (x ' ,y ,, z ,\

{̂4} = {A0 i4x l22 ^23}1

(5.12)

(5.13)

The nodes displacements are obtained by substituting the coordinates of the nodes into 

Eqs.5.11 and writing these displacements in the following matrix form:

{u} — {uai Vai Wa(

And

[c] =

\ l l 5ll2̂ m 2 S2
3̂ m 3 S3

L u m4 s4\

y-M vin wm] (5.14)

(5.15)

In Which

( M  = <

{L2} =

{l 3} =

rl 4 4 4 4 4 4 4 za.Xa 4 4 4
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

r  1 x’c y'c 4 4 4 4 4 4*<; xcyci
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1 4 y'a 4 4 4 4 4 4 4 4 4 -
0 0 0 0 0 0 0 0

 ̂ 0 0 0 0 0 0 0 0

rl 4 y'e 4 4  y'e 4 4 4 4 4 4 4 '
0 0 0 0 0 0 0 0
0

4
0 0 0 0 0 0 0

\
1 xf y) zf 4 4

a _ /

4 Z/
/ / 

z/ 4
0 0 0 0 0 0 0 0

VO 0 0 0 0 0 0 0  j

(5.16 a)

(5.16h)

(5.16c)
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{ i4} =

{MJ =

{M2} =

{Ms) =

{M4} =

r 1 4 4 4 4 4 ygzg 4 4 4 4 4 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

< ►
1 4 yA z 'k 4yA yA4 4 4 4yA4
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 >
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0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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r° 0 0 0 0 0 0 0 11 4 ye 4 x'ey'e 44 4 4 x'ey'e 4
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1 4 y'f 4 f y f y 'r i 4 4
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xf y f zr
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(  0 0 0 0 0 0 0 0 ^
0 0 0 0 0 0 0 0
1 4 y'a 4 X'a y'a y'az 'a 4 4 xa.yaza

0 0 0 0 0 0 0
►

0
0 0 0 0 0 0 0 0

, 1 4 y ’b 4 4  y'b yA4 4 4 4 yA4 '

(5.16d)

(5.16e)

(5.16/)
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(5.16i)
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{S2} =

{S3} =

{S4} =

f  0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 X’c y ’e 4 4yc y ’c z ’c Z’CXc x'cy'cZ'c
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1 1 4 y'a 4 4  y'd
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Vdz d 4 4 x '&y'dz 'd>
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0 0 0 0 0 0 0 0
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xf y f zf  j

f ° 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0
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(5.16;)

(5.16/c)

(5.16Z)

The strain within the element can be displayed in a matrix form as follows:

{6} = [IV] [C-1] (

f u a'\

Va
Wa
Ub

Vb
Wb

U9
V9
W9
Uh
Vh

\whj

(5.16)
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Where

M  =

f t  XX ^

6yy

tzz

Yxy

Yyz

 ̂ Xzx J

1 du
hx dx'

1 dv
hy dy'

1 dw
hz dz'

1 du 1 dv
hy dy' hx dx'

1 dv 1 1 dw
hz dz' hy dy'

1 dw 
------- - +

1 du

(5.17)

And, by differentiating Eqs.5.11 according to the scheme of Eq.5.17, we can 

demonstrate:

[N] =

0 — 0 0  f -

0  0

0  7T

0  7Th7

0  — — 0
hx hy

0  0  —  — —
h

0  7T 0 7Thv hv

x y
Ty +  ̂

0  7T 7Th7 h-y

0

y  z
hz hy J

y

x'
hz

z'
/lv

z x
y x + h2

y 'z ' 
hv

X  Z

x 'y '

rx 'z ' y ' z r
+ h ,

fx 'y '  x 'z r 
K  hv

y 'z ' x 'y r
h,

(5 .18)
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The element stiffness matrix, for instance, will be given from the primary matrix forms 

by:

M  = [c-1] T [K] [c-1] (5.19)

where;

m  = V . [NY [D] [N] (5.20)

V =  }  dx dy  dz  = Volume of the element type. 

[D] = Material property matrix.

5.2.3 Specification of Material Property:

The important aspect of pre-processing in the finite element analysis simulation is 

the material property requirements, depending on the application and the material 

selection. In the ANSYS software, different types of material property data sets are 

stored in the archived material library file; each material property set has reference 

number and its own library file. If the material is not included in the library as is in the 

present two cases, the capability of adding a new archive material library file is possible 

by defining the selected material property data in the ANSYS Main Menu / Material 

Models, as the data used in the three cases was produced for AISI 420 martensitic 

stainless steel.

In the fatigue analysis, the fatigue material data is stored as tabular and graphical 

view as stress versus life points along with the ability for creating the self-generated 

material fatigue data and the capability to define the mean stress dependent or multiple 

R-ratio curves, if the data is available.

The relation between the stress and strain in anisotropic material property is found in 

many finite elements studies [122, 123].
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M  =  [0 ] {£> (5.21)

where;

r&xx

O y y

®zz

Try

Tyz

T-zxJ

( 1  +  v )  ( 1  — 2 v )

1  — V V V 0 0 0

V 1 — V V 0 0 0

V V 1 — V 0 0 0

0 0  0
1  — 2 v  

2
0 0

0  0

0  0

1 — 2 v

[e]

0

1 — 2 v

(5.22)

5.2.4 Specification of Boundary Conditions:

The models are usually subjected to different service environments and operational 

conditions during their lives. It is, therefore, important to consider the material type and 

all possible scenarios of external loads and constraints, which are called boundary 

conditions. The results of analysis directly depend on the specified loads and 

constraints which are applied to the geometrical entities as features that are fully 

associative to geometry and automatically adjust to geometrical changes. The types of 

loads and constraints available in the simulation depend on the type of the study. They 

are applied by fixtures which allow zero or non-zero displacements on vertices, edges, 

or faces for use with static, frequency, buckling, dynamic and nonlinear studies and 

external loads, which are combined to directional and thermal loading.

The cases studied are made by applying the boundary conditions as a fixtures, 

external loading and temperature similar to the experimental tests which are carried out 

in the laboratory by fixing one end of the solid cylindrical specimen with zero 

displacements in all directions and applying the maximum force of the cyclic tension
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load on the other end, with and without supplying a constant temperature on the outer 

surface of the specimen, also a transient heating or cooling thermal shock loading is 

subjected to the outer and inner surface, respectively in the hollow cylinder specimen.

In the case studied, complete model within element boundaries is subjected to 

mechanical loading described by body forces and thermal strain due to temperature 

effects. In general, the mechanical nodal forces for all nodes, corresponding to the x, y 

and z coordinates are:

rF i(x ,y , z ) '

f t]  = = ft] {u} (5.23)

{Fn( x ,y , z p

These forces are equal to zero at the fixed end and maximum applied load at the 

loaded end as a mechanical applied load. While the thermal strain due to thermal 

expansion in an isotropic material, can be simplified.

[eth] =  a T <

f  l-\ 
1 
1 
0  
0

W

(5.24)

where; T is a constant temperature in the isothermal fatigue case and a function of time 

in the transient thermal shock case.

5.4 Simulation and Solution Stage:

A set of discrete simultaneous system equations based on the mesh generation can 

be formulated using existing approaches. There are many types of approaches for 

establishing the simultaneous equations. However, the engineering practice has so far 

shown two approaches that are most often used for solid and complex structures. The

152



first is based on energy principles, such as Hamilton’s principle, the minimum potential 

energy principle, and so on. The traditional finite element method is established on 

these principles. The second approach is the weighted residual method, which is also 

often used for establishing finite element method equations for many physical problems, 

such as heat transfer problems [120].

When the computational model has been made, it is then fed to a solver to give the 

solution of the discrete system, simultaneous equations for the nodes of the mesh 

elements. This is the most computer hardware demanding process. Different software 

packages use different algorithms depending upon the physical phenomenon to be 

established. There are two very important considerations when choosing algorithms for 

solving a system of equations, one is the storage required and the other is the Central 

Processing Unit CPU time needed. There are two main types of methods for solving 

simultaneous equations, direct and iterative methods. Commonly used direct methods 

include the Gauss elimination method and the LU decomposition method. Those 

methods work well for relatively small equation systems, and also can be coded in such 

a way as to avoid full assembly of the system matrices in order to save significantly on 

the storage. Direct methods operate on fully assembled system equations, and therefore 

demand larger storage space. Iterative methods include the Gauss-Jacobi method, the 

Gauss-Deidel method, the SOR method, generalized conjugate residual methods, the 

line relaxation method, and so on. These methods work well for relatively larger 

systems [120].

The general thermo-elastic-plastic finite element simulation for a body with force 

and applied temperature, which is a steady state in the isothermal fatigue case and 

transient in the thermo-mechanical case, to its exterior boundary can be produced by 

solving the set of equations.

The temperature distribution in terms of the nodal values in the steady-state case can 

be obtained by the equation.

- V T k V T  + Q = 0 (5.25)

where

153



V = <

( d \
dx
d_

dy
d_

^dzJ

(5.26)

Q = a relevant quantity generated by the case boundary condition.

The temperature distribution in terms of the nodal values in the transient case can be 

obtained by the equation.

d T
—  -  v2 T = 0 (5.27)
d t

The general stress-strain relationship for a three dimensional isotropic body under 

thermo-mechanical loading is given by:

M = [D] {f} -  [D] [e«J (5.28)

The plastic von Mises stress distribution in terms of the nodal values can be obtained 

by the equation.

O V M  =  J ( ( < ? x  ~  O y f  +  [ P y  ~  ° z f  +  f e  ~  ff*)2) /2  (5.29)

And the stress and strain intensity factors of nodal by the equations.

Kj — &vm Y yjn u (5.30)

Ki
K* =  i

(5.31)
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The stress life fatigue module analysis is based on the S-N curve, which is 

experimentally existed as an input data at different mean stress and R-ratio. The 

determination of the alternating and mean stresses for the applied loading can be 

measured by taking the applied load as the maximum value of the cyclic loading 

expressed by the equations.

The expected life of the body under the applied load can be accounted for directly 

through the interpolation between the material input data [124].

5.5 Post-Processing Stage:

The results generated after solving the system equation usually have to be visualized 

in such a way that it is easy to interpolate, analyse and present. The visualization is 

performed through the post-processor, usually packaged together with the software. 

Most of these processors allow the user to display three dimension objects in many 

convenient and colourful ways on the screen. The object can be displayed in the form 

of wire-frames, group of elements, and group of nodes. The user can rotate, translate 

and zoom into and out of the objects. Tools to enhance the visual effects are also 

available, such as shading, lighting and shrinking. Animations and movies can also be 

produced to simulate the dynamic aspects of a problem. Outputs in the form of tables, 

text files and x-y plots are also routinely available.

ANSYS software runs to calculate the results of the optimum design. Each case 

study is based on a set of values for the design variables and the software runs all 

studies associated with the objectives, functions, and constraints. In the present study, 

the viewing of the solution results produces an equivalent von-Mises stress, stress 

intensity factor, strain intensity factor, alternating fatigue stress and fatigue life.

max (5.32)

max (5.33)
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5.6 The Cases Studied:

5.6.1 Low Cycle Fatigue Analysis:

In this case study, solutions are provided by selecting the appropriate project model

in the analysis system choosing the static structural.

5.6.1.1 Pre-Processing Stage:

During this case study, the main material properties added to the solution types are 

as follows:

1- Physical properties:

- Density.

- Isotropic secant coefficient of thermal expansion.

2- Linear Elastic properties:

- Young's modulus of elasticity (inserting as table and graph of temperature,

young's modulus and poison's ratio).

- Poisson’s ratio.

3- Experimental stress - strain data (inserting as table and graph of uniaxial tension test 

data).

4- Life:

- Alternating and mean stress - life data (inserting as table and graph of mean 

stress, cycles and stresses).

5- Strength properties:

- Tensile yield strength.

- Tensile ultimate strength.

A geometrical model of the solid cylindrical samples is created by following the 

steps below:
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1) Create the geometric model by using Solid Works 10.0, especially for complicated 

models, which is easy having more tools to create models, as the one used in this 

study; it is shown in Fig. 5.3.

2) Save the models in IGES files format.

3) Import the models into ANSYS Workbench 13.0 software as shown in Fig. 5.4.

A free and mapped mesh is applied to the geometrical model that contains the 

elements shapes and the mesh patterns employing the tetrahedral element type due to 

irregular geometric model with the total number of nodes (2913) and the total number 

of the elements (1651); the meshed model is shown in Fig.5.5.

45.98

143.98

36 13.99

30
17.98

p o lish
R a 1 ( 1 m ic ro n

|aM3
SECTION A -A  

SCALE 1 : 1

ISO THERM AL FATIGUE SPECIMEN

DETAIL B 
SCALE 2 : 1 A4

Figure 5.3 The solid cylindrical geometrical designed model for low cyclic and 
isothermal fatigue tests created by using Solid Works 10.0 Software.
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0.00 40.00 (mm)^ -----------------------------  - j

20.00

Figure 5.4 The geometrical model imported in ANSYS Workbench 13 software.

0.000 0.040 (m)
0.020

M esh
29/06/2012 15:44

Figure 5.5 The meshing geometrical model of the low cycle fatigue case in the 
ANSYS Workbench 13 software.
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5.6.1.2 Boundary Conditions for the Solution:

The boundary conditions of the low cycle fatigue case are:

1- Constraints:

Applying fixed support (zero displacements in all directions) at one end of the solid 

cylinder specimen.

2- Mechanical load:

Supplying a tension load which is equalized to the maximum applied stress, which

equals(omax =  — ■), in the experimental tests on the gage length of the solid cylinder

specimen; it is repeated at different applied stress levels, 100%, 90% and 85% from the 

ratio of the range stress to the 0.2% yield strength of the material. The settings of the 

fatigue tool details are described below, where the boundary conditions are shown in 

Fig. (5.6):

- Fatigue strength factor (Kf) = 1

- Loading type is ratio R = = 0.1
amax

- Scale factor = 1

- Analysis type is for stress - life.

- Using the mean stress curves by interpolation with input data (Mean stress-Number 

of cycles-Stress) experimentally generated as S-N curve.

- The applied stress component is equivalent (von-Mises) stress.

- The cyclic load frequency is: 1 cycle = 1 cycle (also one can use 1 cycle = 0.2 

second for 5Hz frequency, to find the life in seconds)

5.6.1.3 Post-Processing Stage:

In this case study stage, viewing of the solution results are described as follows:

- Equivalent von-Mises Stress: The maximum estimated equivalent von-Mises stress 

is shown to occur in the gauge length due to the minimum cross sectional area and
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maximum applied stress in all applied loads ratio, because of the interaction effects of 

the stress components in the von-Mises criteria. The estimated equivalent stress at 

different ratios is shown in Fig.5.7a, b and c, where the per cent is the ratio between the 

applied stress range and the material yield strength.

o.ooo 0.050 (m)
0.025

A: Static Structural
Force 
Time: 1. s 
04/06/2013 10:45

ggj Fixed Support 
[B] Force: 19007

Figure 5.6 The boundary conditions of the low cycle fatigue case at 100% stress 
range to 0 .2 % yield stress percent ratio.

- Stress Intensity Factor: The total stress intensity factor is directly affected by the 

stress and solid cylinder shape factor. The estimated intensity factor in the software 

employed the equivalent von-Mises stress as it is selected in the boundaries. So, it 

clearly shows that the pattern of the stress intensity factor is similar to the estimated 

equivalent stress but it is different in magnitude. The maximum influence occurred 

along the gauge length, where the distribution for all the simulation is shown in 

Fig.5.8a, b and c.
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Figure 5.7 The equivalent (von-Mises) stress in low cycle fatigue case due to stress 
range to 0.2% yield stress ratio, (a) 100% (b) 90% and (c) 85% stress ratio.
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Figure 5.8 The stress intensity factor in low cycle fatigue case at (a) 100% (b) 90% 
and (c) 85% stress ratio.
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- Strain Intensity Factor: The total strain intensity factor patterns are distributed 

similarly to the stress intensity factor, but in different magnitudes and also the 

maximum occurred along the gauge length as shown in Fig.5.9a, b and c.
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Figure 5.9 The strain intensity factor in the low cycle fatigue case.
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- Fatigue Equivalent Alternating Stresses: The equivalent alternating stress depends 

on the loading ratio and the estimated equivalent von-Mises stress. The finding of the 

alternating stress is equal to half of the stress range; this is the result of the subtraction 

of the minimum stress from the maximum where the estimated von-Mises stress is 

taken as the maximum stress, while the minimum results from the multiplication of the 

load ratio (R) (used in the fatigue input setting is equal to 0.1) of the maximum stress. 

Thus, it is higher than the practical alternating stress. The result shows very close 

values compared to the experimental for all load ratios. For example, at 100% applied 

stress level, the estimated result is (317MPa) while the experimental value is 

(302.5MPa) and also the same comparison is valid for the other load ratios and the 

patterns as shown in Figs. 5.10 to 5.12.
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Figure 5.10 The equivalent alternating stress at 100% applied stress level.
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Figure 5.11 The equivalent Alternating stress at 90% applied stress level.
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Figure 5.12 The equivalent Alternating stress at 85% applied stress level.

165

A: Static Structural
Equivalent Alternating Stress 
Type: Equivalent Alternating Stress 
Unit: Pa 
Time: 0
04/06/2013 11:23

2.711e8 Max
2.4103e8 
2.1096e8 
1 809e8 
1.5083e8 
1.2076e8 
9.0688e7 
6.062e7 
3.0551 e7 
4.8169e5 Min



- Fatigue Life: The estimated life patterns of the sample under low cycle fatigue at 

different applied loading are shown in Figs 5.13. to 5.15. From the fatigue tool setting, 

the maximum applied load employed is the von-Mises stress, which is estimated before. 

The finding of the fatigue life of the specimen under von-Mises stress results from 

interpolation with stress range data used as an input data of mean stress-number of 

cycles-stress, which are used instead of alternating stress because the generated 

experimental data are made by using stress range and also the estimated von-Mises 

stress, will be higher than it. To use the alternating stress, we should subject half the 

maximum applied load. For that reason, at 100% load level from the yield stress, the 

specimen failed at the minimum life in the input data, because the applied stress is very 

close to the highest load level in the S-N curve. When the applied load is reduced to 

90%, the simulation result shows that the failure life value is the same to the 

experimental data at the same load which is included in the S-N curve input data and it 

is the same for 85% level. Also the simulation shows the failure that occurred in the 

gauge length ends; this is similar to happened experimentally.

0.000 0.040 (m)
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Figure 5.13 The life of 100% applied stress level.
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Figure 5.14 The life of 90% applied stress level.
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Figure 5.15 The life of 85% applied stress level.
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5.6.2 Isothermal Fatigue Analysis:

In this study, the solution starts by selecting the type of the project model in the 

project model in the analysis system through choosing the steady state thermal, 

combined with thermal stress simulation analysis.

5.6.2.1 Pre-Processing Stage:

The thermal properties are added to the main material structural properties employed 

in the low cycle fatigue case:

1- Thermal property:

- Isotropic thermal conductivity.

The creation of the geometrical model of the solid cylindrical samples and the free 

meshing are the same as in the first case; they are shown in Figs 5.4 and 5.5.

5.6.2.2 Solution and Boundary Conditions Stage:

The thermal boundaries are appended to the employed mechanical loading boundary 

conditions in the low cyclic fatigue case as detailed below:

1- Steady state thermal loading.

Supplying a selected constant temperature (Tb = 300, 500, 600 °C) at the outer 

surface of the solid cylinder specimen is shown in Fig 5.16 a, b and c.

5.6.2.3 Post-Processing Stage:

In this case study stage the viewing of the solution results are described by the 

following:

- Equivalent von Mises Stress: The equivalent von-Mises stress obviously occurred in 

the gauge length section due to the minimum cross sectional area which is reduced with 

raising the temperature except at 500 °C; this is due to the increment of thermal stress 

superimposed with the reduction in the applied mechanical stress. The results show a 

little higher than the experimental applied stress range, except at 300 °C are lower.
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Figure 5.16 The boundary conditions of the isothermal fatigue case at a) 300 °C, b)
500 °C, c) 600 °C supplied temperatures.
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Thermal stress is mainly influenced by the modulus of elasticity of the material at 

the conducted temperature; the total results show the minor effects of the thermal stress. 

The main effect is indicated by the reduction of the material strength. The effects of the 

stress concentration in the sharp and holes at the ends of the specimen give a high stress 

value especially at 600 °C (neglecting viewing it because we focus on the gauge length 

and realty, the holes made less depth with high curvature). The distribution patterns in 

different temperatures are shown in Figs. 5.17 to 5.19.

- Stress Intensity Factor: the stress intensity factor depends on the equivalent von- 

Mises stress. The rise in temperature decreases the stress intensity; this is similar to the 

estimated equivalent von-Mises stress. The distribution patterns at different 

temperatures are shown in Figs. 5.20 to 5.22.
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Figure 5.17 The equivalent von-Mises stress of the isothermal fatigue case when 
300 °C temperature is supplied.
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Figure 5.18 The equivalent von-Mises stress of the isothermal fatigue case when 
500 °C temperature is supplied.
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Figure 5.19 The equivalent von-Mises stress of the isothermal fatigue case when
600 °C temperature is supplied.
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Figure 5.20 The stress intensity factor of the isothermal fatigue case when 300 °C 
temperature is supplied.
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Figure 5.21 The stress intensity factor of the isothermal fatigue case when 500 °C
temperature is supplied.
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Figure 5.22 The stress intensity factor of the isothermal fatigue case when 600 °C 
temperature is supplied.

- Strain Intensity Factor: the elastic strain intensity factor depends on the stress 

intensity factor; the two factors are similar in pattern but different in magnitude; the 

strain is increased with the rise in temperature; it is similar to the theoretical solution 

and the reduction at 600 °C proportion to thermo-mechanical combined effect, which is 

very clear caused by the influence of the modulus of elasticity. The distributions in 

different temperatures are shown in Figs. 5.23 to 5.25.

- Fatigue Life: The life of the specimen depends on the combined effects of the 

applied mechanical load with high temperature. The increase of temperature decreases 

the strength of the material which leads to a reduction in the supplied mechanical load. 

The maximum and minimum values of the pattern contour are the highest and lowest 

input data of the S-N curve, which is generated experimentally at room temperature. 

This result showed that raising temperature increases the fatigue life in the gauge length 

of the specimen; also at any temperature the mechanical load supplied is changed due
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to the tensile yield stress data and to the reduction of the applied load at the conducted 

temperature which interpolated with nearest value in the S-N input data. This is the 

reason which explains why the simulation life results are so far from the experimental 

output data. This is because of the S-N curve input data are generated at room 

temperature. In order to get acceptable results, we should use the curves at the selected 

temperature. Also the presentation of the high effects of the stress concentration in the 

sharp edge nearest to the specimen fixed end is at 600 °C. The distributions of the life 

in different temperatures are shown in Figs. 5.26 to 5.28.

- Fatigue Equivalent Alternating Stress: The equivalent alternating stress estimation 

results from the half difference between the maximum and minimum loads, conducting 

the von-Mises load as the maximum stress as mentioned before. So, the increase of 

temperature decreases alternating stress; this is similar to von-Mises stress. The results 

show very close values with the applied experimental data. Also the high temperature 

effects are clear in the sharp edges due to the stress concentration. The results patterns 

are shown in Figs. 5.29 to 5. 31.
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Figure 5.23 The strain intensity factor of the isothermal fatigue case when 300 °C
temperature is supplied.
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Figure 5.24 The strain intensity factor of the isothermal fatigue case when 500 °C 
temperature is supplied.

Figure 5.25 The strain intensity factor of the isothermal fatigue case when 600 °C
temperature is supplied.
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Figure 5.26 The life in seconds of the isothermal fatigue case when 300 °C 
temperature is supplied.
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Figure 5.27 The life in seconds of the isothermal fatigue case when 500 °C
temperature is supplied.
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Figure 5.28 The life in seconds of the isothermal fatigue case when 600 °C 
temperature is supplied.
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Figure 5.29 The alternative stress of the isothermal fatigue case when 300 °C
temperature is supplied.
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Figure 5.30 The alternative stress of the isothermal fatigue case when 500 °C 
temperature is supplied.
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Figure 5.31 The alternative stress of the isothermal fatigue case when 600 °C
temperature is supplied.
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5.6.3 Thermo-mechanical Fatigue Analysis for Heating and Cooling 

Shock Cases:

In these two studies, the solution starts by selecting the type transient thermal 

simulation combined with the thermal stresses analysis.

5.6.3.1 Pre-Processing Stage:

In addition to the main material structural properties used in the low cycle fatigue 

case, the properties added are:

1- Thermal property:

- Isotropic thermal conductivity.

- Specific heat.

The geometrical shape of the hollow cylindrical model is described by the size 

boundaries, the inner radius (a = 4 mm), the outer radius (b = 5 mm) and the length (L= 

22 mm) established in the ANSYS program to generate the model depending on the 

standard of the hollow cylinder specimen gauge length as shown in Fig 5.32. The free 

meshing is used to generate the nodes and the elements automatically employing the 

hexahedral element type due to the regularly geometric model with the total numbers of 

nodes of (3501) and the total number of the elements (558) as shown in Fig.5.33.
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9.000 (mm)

4.500 :

Figure 5.32 The hollow cylinder geometrical model created by ANSYS 
Workbench 13 Software.

M esh
1 9/07/201 2 1 2:49

0.009 (m)
0.0045

Figure 5.33 The hollow cylinder meshed model created by ANSYS Software.
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5.6.3.2 Solution and Boundary Conditions Stage:

In these cases, the boundary conditions are divided into two types: transient 

thermal and low cycle fatigue boundaries. The thermal boundaries are described for 

each case as follows:

I- Heating Case:

1- Thermal loading.

Assuming a constant temperature (Ta = 600 °C) at the inner surface and a heat flux 

(P=10500 W/m2) supplied on the outer surface of the hollow cylinder simulation model, 

similar to the theoretical study.

2- Fatigue loading.

By fixing support at one end of the hollow cylinder and supplying a load component 

oriented to the cylinder axis (Fz = ays. A a t T  = 600 °C ), as shown in Fig. (5.34).

0.01 (m)

0.005

A: Transient Thermal
Heat Flux 
Time: 1. s 
05/04/2013 14:05

[A] Temperature: 600. “C 
fH Heat Flux: 10500 W/m3 
[fH Fixed Support 
[U] Force: 14096 N

Figure 5.34 The boundary conditions of the heating case.
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II- Down shock Cooling Case:

1- Thermal loading.

Assuming a constant temperature (Tb = 600 °C) at the outer surface and a forced-air

( dT  H \— = — . ('Ta — Tair ) ) on the inner surface of the hollow cylinder
d v  k J

simulation model, similar to theoretical case study.

2- Fatigue loading.

By fixing support at one end of the hollow cylinder and supplying a z-axis force 

component (Fz = oys. A a tT  = 600 °C ), as shown in Fig. (5.35).

________ CL01 (m)

0.005

Figure 5.35 The boundary conditions of the down shock cooling case.

A: Transient Thermal
Convection 
Time: 1. s 
05/04/2013 1 4:07

P I Fixed Support 
Force: 14096 N 

[C~| Temperature: 600. “C 
[D~| Convection: 20. °C, 3.83e-
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5.6.3.3 Post-Processing Stage:

In this case study stage, the solution results are described by the following:

- Temperature Distribution: The temperature distribution through the hollow

cylinder wall at the selected time in the two cases is very close to the theoretical 

calculation, especially in the down shock cooling case. The results give a significant 

indication of the up shock in the heating case and down shock in the cooling case which 

started in the beginning of the starting time, and then proceeds to steady during the 

continuous running time; the results are shown in Figs. 5.36 to 5.39.

N o n co m m erc ia l use
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A: Transient Thermal
Temperature 
Type: Temperature 
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600.16 
600.1 
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Figure 5.36 The temperature distribution of the heating case through the hollow 
cylinder wall at 1 sec.
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Figure 5.37 The temperature distribution with time through 1 second in the 
heating case.

A: Transient Thermal
Temperature 
Type: Temperature 
Unit: "C 
Time: 1 .e-002 
04/06/2013 12:33

600 Max
538.89 
477.78 
416.67 
355.56 
294.45 
233.34 
172.23 
111.12 
50.007 Min

0.009 (m)
0.0045

Figure 5.38 The temperature distribution through the hollow cylinder wall at 0.01
sec in the down shock cooling case.
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Figure 5.39 The temperature distribution with time through 1 second in the down 
shock cooling case.

- Equivalent von-Mises Stress: The maximum equivalent von-Mises stress in the two 

cases occurred close to the fixed supported end because of the superimposed effect of 

thermal and tensile mechanical stresses, which are higher than the ultimate tensile stress 

at 600 °C; this means that the possibility of failure is takes place in the outer surface of 

the hollow cylinder estimated at one or fraction of second as a period of time. The von- 

Mises stress pattern in two cases is approximately similar but in the heating case, it is a 

resolution of up shock effect. In contrast, the cooling case results from the down shock 

effect; also they are all related to the maximum temperature 600 °C, but the difference 

is the timing of the effect; the results are shown in Figs. 5.40 and 5.41.

- Stress Intensity Factor: the stress intensity factor depends on the effective stress, the 

equivalent von-Mises stress and the geometrical shape factor of the hollow cylinder. 

For that distribution pattern, the stress intensity factor is similar to the equivalent
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stresses in the two cases but it is obviously different in magnitude; the results are shown 

in Figs. 5.42 and 5.43.

- Strain Intensity Factor: the elastic strain intensity factor mainly depends on the

stress intensity factor and the modulus of elasticity, for that the strain pattern is similar 

to the stress pattern in the two cases; the results are shown in Figs. 5.44 and 5.45.

- Alternating Fatigue Stress: the distribution of the alternating stress pattern is 

apparent; the maximum stress effects are close to the supporting end especially in the 

outer surface of the hollow cylinder due to the high thermal stress obtained at 600 °C 

temperature and the difference between the two cases patterns is related to the 

difference of the opposite supplied action as a heating or down shock cooling loads and 

the effective periods of time as shown in Figs. 5.46 and 5.47.

- Fatigue Life: the fatigue life distribution pattern in the two cases indicates that the 

possibility of fracture started very close to the supported end, which the maximum 

equivalent stress obtained from the combined effect of the thermal and mechanical 

stresses as shown in Figs. 5.48 and 5.49. The fatigue life comparison between the 

generated experimental isothermal fatigue tests at 600 °C temperature with the two 

cases of simulation results is highly different, because the S-N curve uploaded in this 

software input data is generated experimentally at room temperature and this is the 

main cause of the large gap.
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Figure 5.40 The distribution pattern of the equivalent von Mises stress in the 
heating case.
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Figure 5.41 The distribution pattern of the equivalent von Mises stress in the down
shock cooling case.
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Figure 5.42 The distribution pattern of the stress intensity factor at the heating 
case.
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Figure 5.43 The distribution pattern of the stress intensity factor in the down
shock cooling case.
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Figure 5.44 The distribution pattern of the strain intensity factor in the heating
case.
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Figure 5.45 The distribution pattern of the strain intensity factor in the down
shock cooling case.
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Figure 5.46 The distribution pattern of the alternating stress in the heating case.
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Figure 5.47 The distribution pattern of the alternating stress in the down shock
cooling case.
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Figure 5.48 The distribution of the fatigue life pattern in the heating case.

N o n c o m m e r c i a l  u s e  o n ly

_______ 0009 (m)
0.0045

B: Static Structural
Life
Type: Life 
Time: 0
04/06/2013 12:39

m  1.2007e7 Max
m  1.0947e7 

9.9808e6 
9.0996e6 
8.2962e6 
7.5637e6 
6.895966 
6.2871 e6 
5.732e6 

— 5.2259e6 Min

Figure 5.49 The distribution of the fatigue life pattern in the down shock cooling
case.
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CHAPTER SIX

6 - EXPERIMENTAL RESULTS

This chapter outlines the experimental program results obtained during this research 

study. The presentation of the results falls into two parts: the fatigue stress-life data and 

the isothermal fatigue data.

6.1 Fatigue Stress-Life Results:

Three sets of fatigue stress-life data, described in Tables 3.5 to 3.7, are collected 

from different geometrical surface finished samples; they are polished, finely machined 

and notched (already cracked) types. The fatigue life property results look for a 

combination of the three types of geometry samples specified by the relation between 

the applied stresses ranging with the test life expressed by a number of cycles as shown 

in Fig.6.1. Tests are conducted at room temperature; the applied stress range was equal 

in magnitude to the yield stress of the material. The notch depth in the cracked 

specimen is created depending on the standard of the (D/d) ratio of the E602-03, ASTM 

test method [85]. The results shown in Fig.6.1 are the polished types, the higher 

strength with a small slope and the threshold stress level are equal to (A(TpoiiShed — 

0.9 <jys), while the machined type shows low strength; nearly the same slope depends 

on the surface roughness with a threshold stress level equal to (Actmachined = 0.81 cry s ); 

the effect of the stress concentration is significantly clear in the notched type, which 

gives a lowest strength with sharp slope and the level equal to (Aanotched =  0 .2 2  ays).

The behaviour in Fig.6.2 for the AISI 420 martensitic stainless steel material 

employing the machined samples under low cycle fatigue at room temperature was 

observed by the DCPD machine in details, showing an initial hardening of the test after 

the fast elastic extension passes through the plastic zone; it is indicated by an increase 

in the DCPD machine reading, due to the specimen extension; it is then followed by 

decelerates to be a flat curve due to the process of strain ageing and cyclic softening of
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the material that has taking place, until the saturation of the plastic deformation reaches 

the crack initiation companion with a sharp fast crack growth and specimen failure.
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Life, N (cycle)

Figure 6.1 The stress range ratio to yield stress versus the number of cycles for 
different types of specimens.

6.2 Isothermal Fatigue Results:

One of the challenges of this research work was to monitor crack propagation using 

uncracked solid cylinder specimen under isothermal fatigue instead of the standard 

cracked combat type (CT) specimen, which is easily used and monitored, besides the 

small size of the testing section of the sample used in this research project. Nevertheless, 

an acceptable output data are obtained. The series of isothermal fatigue tests results 

have been described. Presentations of the properties are summarized in graphical and 

tabular forms. Results have been divided into parts: a) Material behaviour, and b) Crack 

growth analysis. The calibration analysis of the data was carried out by calculation 

method described in Chapter Three.
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6.2.1 The Material Behaviour:

Several uniaxial isothermal fatigue tests are conducted on solid cylinder specimen. 

The tests were carried out at temperature range 300 °C to 600 °C, with one-half of 

monotonic yield stress or very slightly higher, taking the cyclic stress range at the 

respective testing temperature. The normalization profiles very clearly show the 

material characteristics change during the temperature range for isothermal fatigue tests, 

described by the DCPD machine reading for the specimen extension or crack growth 

during the isothermal fatigue test life. The behaviour of the material for the machined 

samples was detailed in Fig.6.2.showing a fast elastic extension due to the combined 

thermo-mechanical loading effects, observed by the increase of the DCPD machine, 

followed by hardening superimposed with dynamic strain ageing and softening, through 

the deceleration of the readings to be flat curves until plastic saturation reaches the 

crack initiation and the specimen fail. At 400 °C, the flat curve is nearly clear due to the 

high hardness increase in this temperature. Generally, all the profiles can be divided 

into three regions: a) thermo-elastic region, b) thermo-plastic region, and c) fatigue 

crack initiation, growth and fracture region, as shown in Fig.6.2.

AR. T.
T= 300 °C

♦  T= 400 C 
□ T= 500 °C
XT= 600 C

Crack grow th regionT herm o-p lastic region

20000 40000 60000 80000 100000 120000
T herm o
ela stic  region Life, N - (cycle)

Figure 6.2 The behaviours of the material during the test series at different
temperatures.
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6.2.1.1 Thermo-Elastic Region:

This is a quick extended region that started at the beginning of temperature range 

and speeded up by applying the cyclic load of the test as a result of softening under load 

interaction, as shown in Figs.6.3., the fracture surface shows the effect of the increase 

in temperature by rough surfacing to the gauge length necking. The incremental 

temperature increased the elastic level or the specimen extension limit of this region, 

which can be practically indicated by the output grip position of the servo-hydraulic 

machine display where the range of the extension is between (1.5- 2.9 mm) proportions 

to total gauge length (20 mm), as for this research specimen at temperature range (300 

-  600 °C) respectively. This extension is illustrated clearly in the beginning of the 

behaviour profile graph in Fig.6.2. This means that the curve level at 600 °C is the 

highest and at 300 °C, it should be the lowest, but this is affected by the DCPD 

machine voltage calibration between the testing specimen and the reference sample, 

which have directly affected the extension levels due to the calibration equation.

6.2.1.2 Thermo-Plastic Region

This is the stage where the material behaviour showed an initial hardening indicated 

by the decay of the curves, followed by a slow speed extension due to the 

microstructural changes taking place, which alters the dislocation substructure by strain 

ageing and dynamic recovery of the material, and also by the ductility caused by the 

interaction of the applied temperature and mechanical softening. The thermo-plastic 

region occurs when the material behaviour crosses the elastic zone passing to the plastic 

due to the loading interaction that reaches plastic saturation, which means getting fully 

plastic. Finally, the fatigue crack initiation and growth take place till failure and this is 

indicated by the crack initiation and growth region.

The interaction influence of the thermal and mechanical loading has been obtained 

by the soft or brittle material microstructure. The strain ageing continues under 

combined loading reaching fully plastic, which can be indicated by the length of the 

straight profile of this region in the curve as in Fig.6.2 and also the type of fracture 

surface observation on the broken sample face as shown in Fig.6.3.
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Cracking

Necking
Rough
fracture

Figure 6.3 The image of the fracture surfaces of the isothermal fatigue test 
samples.

6.2.1.3 Fatigue Crack Initiation and Growth Region:

The crack initiation and propagation region started at different intervals of lives 

depending on the fully plastic deformation of the sample material, which is explained 

by the thermo-plastic region. Four sets of fatigue crack length data are plotted against 

the test life duration illustrated in Fig.6.4. The tests were carried out under uniaxial 

fatigue loading at 300 °C to 600 °C temperature ranges, employing electrical 

monitoring for the crack propagation by using the DCPD machine. The applied stress 

range employed in the tests is equal to the monotonic yield stress of the material in 

300 °C test and the other tests are slightly higher in case of increased hardening levels.

The observations recorded showed that the cracking occurred in the specimen body 

below the fix end section, especially at 300 °C and 400 °C tests and as a result of hard 

material fracture obtained in the higher load region while, at the high temperatures, the 

cracking with slight necking takes place in the middle of the gauge length of the 

specimen due to softening and cross sectional area reduction. These are clearly 

illustrated in Fig.6.3. The crack initiation started at different intervals of lives 

depending on the fully plastic deformation of the specimen material, explained by the
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end of thermo-plastic region as shown in Fig.6.4. The result shows a sharp slop crack 

growth with a small crack length and the crack initiation period all reduced by 

increasing the temperature. At 300 °C, cracking started after the period is extended (7 

hours and 43 minutes), 400 °C crack initiation started after 4 hours and 47 minutes and 

at 600 °C, 24 minutes, except for 500 °C when crack initiation started, after 8 hours and 

18 minutes, which is approximately close to the 300 °C test. This can be explained by 

balancing the combined effect of thermal strain ageing, which is also due to the 

interaction between the mechanisms of dislocation and the precipitation hardness under 

high temperature, with the mechanical softening which can be clearly observed at the 

fractured specimen faces in Fig.6.3.

2.5
•  T= 300 °C

♦  T= 400 °C

♦  ♦□ T= 500 °C

XT= 600 °C
1.5

0.5

100000 120000 140000 1600008000040000 6000020000

-0.5
Life, N (cycle)

Figure 6.4 The crack length ratio with number of cycles at different temperatures 
range.

The crack growth can be expressed in three observations, which are illustrated in 

Fig.6.4. The first is the fast growth indicated by the sharp profile, especially at 300 °C 

and 400 °C tests, because of the hardness of the material with minimum softening due
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to the temperature increase. The crack continuity arrest also occurs at 400 °C test due to 

the hardness increment caused by the precipitation of the intermetallic carbides. The 

second observation is the slow growth caused by the interaction of the dislocation 

(strain ageing) and the hardening behaviour. This is shown by the graduate of slope at 

500 °C test. The last observation is the very fast growth due to creep-fatigue interaction. 

This is obtained at 600 °C test, where the strain ageing of the material is described by 

the necking of the sample gauge length superimposed by the crack propagation.

C rack  surfaceFracture  surface

Figure 6.5 The SEM images of the isothermal fatigue crack length at different 
temperatures, a) at 300 °C, b) at 400 °C, c) at 500 °C and, d) at 600 °C.
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The crack length and the microstructure checking are made for the fractured surface 

by utilizing the scanning electron microscope (SEM) images, to find the real crack 

length that occurred at specified temperature; it confirmed the accuracy level of the 

output DCPD machine reading and also the curve fitting calibration calculation; these 

images are shown in Fig.6.5. In addition, a general fatigue body information ratio is 

made between the cracks lengths to the original sample diameter of testing at different 

temperatures as shown in Fig.6.6. These results show that the crack length is reduced 

with the increase in temperature due to the combined load softening of the material; this 

means the long crack has a hard fracture and the small has a soft fracture.

0.35

0.3

0.25

0.15
♦  DCPD measure

0.1
□  Curve fitting program

0.05
ASEM measure

700200 300 400
T em perature, T  - °C

500 600100

Figure 6 .6  The crack length to the sample diameter ratio with temperature.

6.2.2 Fatigue Crack Growth Analysis:

The crack growth results are indicated by the stress or strain intensity and crack 

growth rate can be obtained by calculating the measured crack length and number of 

cycles. The crack growth data from a series of isothermal fatigue tests have been 

analysed and plotted as stress or strain intensity factors range against the crack length,
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and fatigue crack growth rate y ~ j -  Tables 6.1 to 6.4 contain the isotherm al fatigue

tests data, as measured and calibrated crack length and elapsed number of cycles are 

complied, together with crack growth rate and the stress and strain intensity factors 

calculated by the modified program discussed in Chapter Three, based on the data 

reduction technique [90]. Some of the crack growth rates have a negative value due to 

the continuous reading of the extended fluctuations and these will be neglected in the 

Log-Log graph.

Table 6.1 Uniaxial isothermal fatigue test data at 300 °C.

Test
No.

N

c y c le

c - Exp. 

m m

c - ca l. 

m m

AK

M P aV m m

AKe

Vmm

dc/dN

m m /c y c le

MIF300
120960
121430
124145

0
0.019377
0.038721

126175 0.058031 0.0831 1.53E+02 1.30E-03 1.48E-05
126560 0.115766 0.0889 1.64E+02 1.40E-03 1.44E-05

129015 0.134947 0.1286 2.39E+02 2.00E-03 1.93E-05

131670 0.154095 0.1833 3.43E+02 0.0028 3.82E-05

132945 0.173211 0.2967 5.66E+02 0.0047 1.08E-04

133095 0.268326 0.3482 6.71E+02 0.0055 3.45E-04

133295 0.306158 0.3659 7.07E+02 0.0058 4.82E-04

133370 0.530719 0.4586 9.04E+02 0.0074 6.57E-04

133985 0.824267 0.8097 1.77E+03 0.0145 4.96E-04

134110 0.860542 0.8611 1.91E+03 0.0157 5.00E-04

134660 1.058617 1.0974 2.70E+03 0.0222 5.38E-04

134935 1.165744 1.2312 3.24E+03 0.0267 5.00E-04

135010 1.307745 1.2924 3.53E+03 0.029 4.22E-04

135210 1.484187 1.3922 4.04E+03 0.0332 5.09E-04

135485 1.466586 1.3951 4.06E+03 0.0334 1.66E-04

137115

137190
138055
138115

1.642297
1.65984

1.940363
1.922819

1.6671 5.96E+03 0.049 2.19E-04
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Table 6.2 Uniaxial isothermal fatigue test data at 400 °C.

Test No. N

cycle

c - Exp. 

mm

c - cal. 

mm

AK

MPaVmm

AKe

\mm

dc/dN

mm/cycle

MIF400
40090

41115
45020

0
0.0569
0.1278

45845 0.1929 0.2053 401.9231 2.10E-03 8.29E-05

45970 0.2151 0.2097 410.7604 2.10E-03 1.07E-04

46570 0.2418 0.28 555.053 2.90E-03 1.64E-04

46770 0.3337 0.2984 5.94E+02 0.0031 2.37E-04

47045 0.3458 0.3729 7.52E+02 0.0039 3.25E-04

47185 0.4193 0.441 9.03E+02 0.0047 2.86E-04

47460 0.5397 0.514 1.07E+03 0.0055 2.75E-04

47525 0.5711 0.519 1.08E+03 0.0056 3.83E-04

47935 0.5926 0.6938 1.52E+03 0.0079 6.04E-04

48085 0.691 0.7664 1.72E+03 0.0089 7.46E-04

48150 0.9886 0.8533 1.97E+03 0.0102 4.99E-04

48360 1.0163 1.0302 2.56E+03 0.0132 6.72E-04

48425 1.0583 1.0432 2.61E+03 0.0135 5.42E-04

48835 1.1046 1.1678 3.10E+03 0.016 2.46E-04

48910 1.2132 1.1751 3.13E+03 0.0162 2.40E-04

49035 1.2581 1.1893 3.19E+03 0.0165 5.07E-05

49750 1.3338 1.2566 3.50E+03 0.0181 5.51E-05

57010 1.5159 1.6014 5.65E+03 0.0292 3.55E-05

59775
64860
75295
80815

1.7635
1.8133
1.8991
1.9254

1.6844 6.38E+03 0.033 2.90E-05
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Table 6.3 Uniaxial isothermal fatigue data at 500 °C.

Test No. N

cycle

c - Exp. 

mm

c - cal. 

mm

AK

MPaVmm

AKe

Vmm

dc/dN

mm/cycle

MIF500

114690
117480
124390

0
0.0193678
0.0386594

125200 0.0386594 0.0495 86.5823 0.0011 3.36E-06

125965 0.0578749 0.0511 89.4495 0.0011 3.54E-06

129045 0.0386594 0.06 105.2417 0.0013 6.75E-06

131500 0.0770144 0.0804 141.2734 0.0018 1.81E-05

133010 0.0578749 0.1192 210.6245 0.0027 3.06E-05

133225 0.0770144 0.1167 2.06E+02 0.0026 5.53E-05

133715 0.133978 0.147 2.61E+02 0.0033 7.48E-05

133990 0.1528144 0.1745 3.11E+02 0.004 8.37E-05

134415 0.1715754 0.2056 3.68E+02 0.0047 8.26E-05

134540 0.1902608 0.2189 3.93E+02 0.005 8.32E-05

134740 0.2274059 0.2317 4.16E+02 0.0053 9.54E-05

135115 0.2458656 0.2745 4.97E+02 0.0064 1.06E-04

135330 0.2642503 0.2962 5.38E+02 0.0069 1.00E-04

135830 0.28256 0.3611 6.65E+02 0.0085 9.60E-05

136230 0.3729885 0.3995 7.41E+02 0.0095 8.79E-05

136505 0.3908509 0.4126 7.68E+02 0.0098 6.60E-05

138070 0.4263534 0.4221 7.87E+02 0.0101 4.67E-06

138695 0.4439937 0.4105 7.63E+02 0.0098 -6.31E-
06

139585 0.4263534 0.3964 7.35E+02 0.0094 -1.50E-
143250 0.3908509 0.3301 6.04E+02 0.0077 05

146205
147545
147880
148845

0.3370407
0.3189552

0.3370407
0.3550518

0.3284 6.01E+02 0.0077 -8.50E-
06

1.11E-05
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Table 6.4 Uniaxial isothermal fatigue test data at 600 °C.

Test No. N

cycle

c - Exp. 

mm

c - cal. 

mm

AK

MPaVmm

AKe

\m m

dc/dN

mm/cycle

MIF600

4460
4660

4720

-0.0005
0.024

0.0716
4945 0.0757 0.1325 213.2033 0.0024 2.94E-04

5170 0.2455 0.2084 339.0271 0.0039 2.69E-04

5310 0.2685 0.24 392.5215 0.0045 2.29E-04

5510 0.2525 0.2909 480.1689 0.0055 1.85E-04

5795 0.3066 0.2917 481.5299 0.0055 7.38E-05

6015 0.3317 0.3061 506.6833 0.0058 8.34E-05

6275 0.2885 0.3252 540.147 0.0062 2.10E-04

6560 0.369 0.3836 644.7232 0.0074 3.96E-04

6635 0.3765 0.4074 688.1059 0.0079 4.47E-04

6760

6960
7035
7100

0.5424

0.5938
0.6508

0.865

0.4762 816.7583 0.0094 7.01 E-04

6.2.2.1 Stress and Strain Intensity Factors Results:

The calculation of the stress and strain intensity factors was carried out by a 

traditional approach using experimental crack length data and standard shape function 

corresponding to the solid cylinder specimen externally cracked under uniaxial fatigue 

loading.

Figs.6.7 and 6.8 show the stress and strain intensity calibration related to the crack 

length in a number of isothermal fatigue tests at 300 °C to 600 °C temperature range, 

which increases with the increase in the crack length and the stress intensity factor 

decreases with the increase in temperature, except at 400 °C. While, the strain intensity 

factor curves are bonded between the maximum values at 500 °C and the minimum at 

400 °C. The correlation between the theoretical solution and the experimental data
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calculation for stress and strain intensity factors find out a convergence in less than 0.5 

mm crack length limit, which then diverge with the increase in the crack length, more 

closely at the stress intensity factor, but the behaviour relation with the increasing 

temperature is similarly, as shown in Figs. 6.9 and 6.10.
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Figure 6.7 The stress intensity factor in relation to the crack length at different 
temperatures.
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Figure 6 .8  The strain intensity factor in relation to the crack length at different 
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experimental solutions.

6.2.2.2 Crack Growth Rate Results:

The effect of the elevated temperature on the fatigue crack growth rate in the un

notched fine machined solid cylinder specimen is shown in Figs.6.11 and 6.12. It is 

described in terms of two rational plots, as crack growth rate (dc/dN) against stress or 

strain intensity factors. The plots illustrate the influence of the crack growth rate due 

high temperatures, and the effects of the modulus of elasticity on the crack growth 

behaviour of the material. Tables 6.1 to 6.4 contain data from series of isothermal 

fatigue tests at 300 °C to 600 °C temperature range. The crack growth rate and stress or 

strain intensity factor is calculated by the modified programme in Appendix A, based 

on the data reduction technique employing the measured crack length and the elapsed 

number of fatigue cycles.

The results illustrated in Fig.6.11 display the relation between the crack growth rate 

and the stress intensity factor; the crack rate increases with the increasing temperature. 

They also show that at 500 °C, the crack rate started quickly due to the softening
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obtained by the thermo-mechanical interaction loading; the growth rate at 600 °C is less 

than that at 500 °C. The profiles show that the crack growth rate against the stress 

intensity factor at different temperature ranges is bonded between the minimum at 

300 °C and the maximum at 500 °C.
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Figure 6.11 The crack growth rate as related to the stress intensity factor range at 
different temperature levels.

The results in Fig.6.12 show that the relation between the crack growth rate and the 

strain intensity factor is significantly influenced by the modulus of elasticity, making 

the results bonded between the maximum at 400 °C and nearly one line of the other 

temperatures.

The dispersion of the last data right side the dashed line in Figs.6.11 and 6.12, is 

related to the influence of the crack discontinuity before failure of the material on the 

crack growth rate calculations, especially at 300, 400 and 500 °C temperature tests.
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Figure 6.12 The crack growth rate as related to the strain intensity factor range at 
different temperature levels.
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CHAPTER SEVEN

7- DISCUSSION

Many factors affect the material failure mechanism at room and high temperature 

fatigue. This chapter discusses and analyses the factors discovered in the experimental 

program results obtained during this research project. It outlines two sections: section 

one that deals with the analysis of the low cyclic fatigue finding at room temperature 

and section two that presents the isothermal fatigue findings.

7.1 Low Cyclic Fatigue Analysis:

Low cyclic fatigue tests were carried out at room temperature to assess the 

fatigue life properties specified by the S-N curves by combining three different 

geometry specimens: polished, finely machined and notched. The results are shown in 

Fig.6.1: the highest strength is the polished specimen, while the machined shows low 

strength and nearly similar slope depending on the surface roughness, and the lowest 

strength due to the high effects of the stress concentration in the notched specimen. The 

reason for that is martensitic stainless steel consists of high carbon and chromium 

material; the increase in this content increases the strength and hardness potential but 

decreases the ductility and toughness. The large carbides do not enter into the 

hardening process, but they provide additional abrasion resistance and precipitate from 

the melt as primary carbides, while the other elements which are added have indirect 

influence through their control over the phase stability, making the martensitic stainless 

steel a hard material that tends to be nearly brittle fracture [126]. To confirm this 

property, the sharp and fast crack growth is observed in the last stage of the material 

behaviour as shown in Fig.6.2. During a subcritical anneal and hardened structures of 

type 420, the visible carbides are precipitated, mostly on the grain boundaries [126]. 

Fournier et al., [23] observed the damage mechanisms taking into account the increased
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cracks density and the grain size effect on crack initiation causing the shorter cyclic 

lifetimes of the three different 9-12%Cr martensitic steels.

The behaviour of the material under low cycle fatigue at room temperature for the 

machined samples in Fig.6.2, shows an initial hardening after fast elastic extension, 

passing through plastic deformation by cyclic softening until saturation, reaching the 

crack initiation and specimen fracture. The cause of the hardening is related to the 

characteristics of structure transformation from body centric cubic martensitic stainless 

steel to hexagonal closed packed lattice phase type at room temperature. It is closely 

related to stacking-faults [126]. Faulted material is considered to have surface tension, 

which tends to pull the partial dislocations together. This configuration is one of 

relatively high energy. Its formation and stability depends on the magnitude of the 

surface tension or the stacking-fault energy. The deformation processes involves 

dislocation slip or, particularly at higher temperatures, climbing cannot readily slip past 

each other or climbing from one plane to another. In this manner, the work-hardening 

behaviour or strength of the material can be increased [126]. Similarly, Armas et al., 

[37] observed the fully annealed AISI 420 initial hardening followed by a saturation 

stage while carrying out a strain control test at temperatures ranging from room

temperature to 823 K. Furthermore, Song et al., [34] revealed the cyclic softening

observed at room temperature and at 600 °C related to the cellular structures of 

dislocations formed in the fatigued specimens at both room and elevated temperatures.

7.2 The Isothermal Fatigue Analysis:

The results of the isothermal fatigue tests show the material is affected by various 

factors due to cyclic softening, microstructure deformation high temperature, stress and 

strain intensity factors, fatigue crack growth and creep-fatigue.

7.2.1 Cyclic Softening and Dynamic Strain Ageing:

The behaviour of cyclic softening and dynamic strain ageing results shown in 

Fig.6.2 has a rapid extension due to the ductility of the material at high temperature and 

the increase in temperature; this is clear in the first region. The important aspect is to
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note the thermoplastic region where the material at room and high temperature 

produces an initial hardening, followed by slow extension until it reaches fully plastic 

saturation followed by crack initiation and growth eventually reaching the failure of the 

specimen.

Martensitic stainless steel is one of those that contain more than 11.5% chromium; it 

has a predominantly austenitic microstructure at elevated temperatures that can be 

transformed into martensite by suitable cooling at room temperature or as a result of 

deformation [126]. The compositions of most precipitation-hardening or age-hardening 

stainless steel are carefully balanced to produce hardening by two separate mechanisms: 

first, an allotropic transformation of austenite to martensite produced by thermal 

austenite-condition treatment or by cold working, and the second is the resulting 

structure giving a simple, low-temperature aging treatment that is hardened by 

chromium carbide precipitation; it simultaneously tempers the martensite [127].

The experimental observation shows that at 300 °C, the effect of the temperature is 

not high on the material microstructure behaviour. Thus, the strain ageing obtained by 

the mechanical softening is more like the thermal effect. This can be designated by the 

length of the nearly straight curve of this region. A good sign of the mechanical 

softening effect is the rough fracture surface of the test sample, which is still in the 

brittle phase, as shown in Fig.6.3. A similar behaviour observation is made by Armas et 

al., [37] for the same material and by Negesha et al., [45] for other martensitic steels. 

They demonstrated that the cause of the slower cyclic softening is related to the 

dynamic strain ageing effects. Zhang et al., [42] also noted that cyclic softening is 

generally explained by the modification of the dislocation structure and density and/or 

the carbide morphology, chemical composition and density for hot working martensitic 

tool steels. On the other hand, Gerard et al., [38] showed that the fatigue damage 

control depends on the thermally activated plastic strain range mechanisms and the 

mechanisms which are not thermally activated.

The stainless steel with higher carbon and chromium contents exhibits the higher 

hardness at any specific tempering temperature. These steels do not soften appreciably 

until the tempering temperature exceeds 482 °C. Moreover, a secondary hardening 

occurs when tempering at about 427 °C. Tempering between 538 °C and 760 °C 

decreases the hardness of these steels considerably [126]. Heating in air can lead to 

surface decarburizing. The carbon loss may be reduced by heating in a nitrogen
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atmosphere. However, that nitrogen may absorb and stabilize the austenite against 

transformation. The M23C6 carbide begins to nucleate about 482 °C and becomes 

predominant above 538 °C these carbides tend to be too large to influence strength. 

Additionally, they are stable enough to significantly reduce the matrix carbon content 

which remained high during the lower temperature temper treatment. The net effect is 

the observed drop in hardness [126]. Experimentally, at 400 °C, and due to the high 

heating rate of the isothermal fatigue test, hardness increased very clearly due to 

tempering caused by this temperature; this is expressed by the decay of the thermo

plastic region profile after the elastic region; it then continued slowly till fully plastic is 

formed and the fatigue cracking appears (see Fig.6.2). The short length of the thermo

plastic region is caused by the combined highly applied mechanical load 9% over the 

yield strength, whilst the ultimate to the yield stress ratio is 20%. The thermal loading 

effect can be displayed by the partially rough fracture sample face shown in Fig.6.4. 

The initial hardening was identified by Isfahany et al., [84], that is due to tempering in 

the range of (400 - 500 °C), the attribution of the secondary hardening phenomenon 

increased. This is generally associated with the formation of the precipitation of 

M7C3carbides within martensite lath; the softening occurred when the M7C3 carbides 

started to coarsen and partially transform to M23C6 carbides.

At 500 °C, the interaction balance between the hardening due to the tempering range 

with the strain ageing and cyclic softening is obtained by the cyclic loading with the 

high temperature ductility. This strain ageing continues to reach the fully plastic state. 

This is indicated by the long duration length of the straight profile of this region. The 

good sign of the high thermal effect can be presented by the smooth fracture sample 

surface shown in Fig.6.3.

At 600 °C, this is the creep temperature range for the martensitic material [8 6 ]. The 

action of creep-fatigue in this isothermal fatigue test can be observed by the short 

duration of this region, which is caused by the interaction of the sample straining 

(necking) and cracking.
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7.2.2 High Temperature Effects:

The isothermal fatigue test observations show the influence of the high temperature 

on the fatigue crack initiation and growth. Increasing temperature leads to surface 

oxidation, dropping the carbon contains and hardness. The formation of large and stable 

chromium-carbide precipitation causes the weakness of the grain boundary strength, 

leading to reduce crack initiation period and fast crack growth. At 300 °C and 500 °C 

cracking initiation started at long testing duration approximately close intervals, while 

at 400 °C and 600 °C, the tests are in short intervals. This can be explained by the 

interaction of the thermal strain ageing between the mechanisms of dislocation and 

precipitation hardness under high temperature, with mechanical softening, which can be 

clearly observed by the fractured specimen faces in Fig.6.3.

The crack initiation behaviour is observed; it results from mechanical cyclic 

softening in the low temperature, indicated by rough fracture surface transmitted to 

thermal softening and creep-fatigue at the high temperature; this is indicated by necking 

with small crack length as shown in Fig.6.4.

Martensitic stainless steel is a hard material that softens under cyclic loading; the 

elevated temperature decreases the strength and increases the flow stress of the plastic 

deformation. The crack length observed is decreased with the increase in the 

temperature due to the balance between the hardening and softening of the material, 

which means passing from the hard to the ductile phase, causing the interaction of the 

ageing of the second phase particles; it is expressed by the specimen necking and the 

crack propagation. This is shown more clearly by the scanning electron microscope 

(SEM) measurement shown in the images Fig.6.5; the longest crack depth is related to 

the lowest temperature due to the hardness of the material. The crack length of the 

original sample diameter ratio is related to the temperature as shown in Fig.6.6; it gives 

significant information to the engineers on the crack limitation for the usage and 

replacement of design components made from this type of material. Also, the images 

did not give any evidence of striation at elevated temperature range as tested in this 

project.

The crack growth is expressed as fast growth indicated by the sharp profile at low 

temperature; it slows down with increasing temperature till 500 °C due to the 

interaction of the dislocation (strain ageing) and the hardening behaviour. Latterly, at
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high temperature, there is fast growth due to the creep-fatigue interaction. The reasons 

for that are that the precipitation of M23C6 carbides formation and the effect of the 

retained austenite significantly reduce the yield strength level at higher temperature 

[1261. Many investigators [38, 41-47], showed that the cyclic softening of the 

martensitic steel is increased with increasing temperature. Bemhart et al., [25], found 

out that the plastic strain amplitude depends on the initial total strain, but the evolution 

rate is temperature dependent.

7.2.3 Stress and Strain Intensity Factors Analysis:

The calculations of the stress intensity factors are shown in Figs. 6.7. They are 

directly influenced by the high temperature, which decreases with increasing 

temperature, where the increase of the temperature decreases the strength of the 

material. This is for all temperatures except at 400 °C, where the maximum value is due 

to increase hardness.

Introducing the elastic region by dividing the modulus of the elasticity of the 

material at the applied temperature with the stress intensity factors is illustrated in 

Fig.6.8; it is expressed by the strain intensity factor showing the minimum at 400 °C 

because of the high mechanical loading effects with high modulus of elasticity and the 

activation of microstructural transformation indicated by the hardening of the material. 

The maximum strain factor is shown at 500 °C due to the thermal effects indicated by 

the ductility and strain ageing. This is because the AISI420 martensitic stainless steel is 

a high carbon with chromium contents exhibiting secondary hardening when being 

tempered at about 427 °C due to the precipitation nucleation which decreases the 

hardness between 538 °C to 760 °C due to the austenite and precipitation 

transformation [126]. Kanazawa et al., [41], deals with two kinds of martensitic 

stainless steels (types 403 and 616) at room temperature, 400, 500 and 600 °C. For both 

materials, they showed that the elastic strain range decreases with increasing test 

temperature and that the plastic strain range changes to 400 °C but above 400 °C, it 

increases with temperature.
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The correlation between empirical estimation and experimental calculation is 

shown in Figs. 6.9 and 6.10. The values are close at the beginning about 0.5 mm from 

the crack length but it then diverge due to the combined effect of the cyclic softening of 

the material with fast crack growth, which could not be displayed in the empirical 

formulation especially in the geometrical function F(c/r). But the empirical results show 

the same observation of the effects of the temperature and mechanical loading with 

experimental finding as the maximum and minimum stress and strain intensity factors 

magnitudes.

7.2.4 Fatigue Crack Growth Rate:

The increment of the temperature improves the fatigue crack growth rate against the 

stress intensity factor as shown in Fig.6.11. The discovery of creep-fatigue range at 

600 °C causes a reduction of growth rate less than 500 °C. Conversely, at 500 °C, the 

crack initiation is produced as a combination of cracking and reduction area resulting 

from the accumulation of softening created by the addition of mechanical cyclic 

softening with thermal strain ageing during the test period. The observation of the crack 

growth rate of the material under isothermal fatigue tests shows that it is bonded 

between the lower bond at 300 °C and the upper bond at 500 °C, because of the 

transmission from nearly brittle fracture to ductile with increasing temperature.

The variation of the crack growth rate with the strain intensity factor is shown in 

Fig.6.12, where the fatigue crack growth rate is bonded between the upper bond at 

400 °C and the lower bond; it nearly seems to be in line with the other temperatures 

ranges. This is related to the effects of the modulus of elasticity and additionally to the 

thermal and mechanical loadings. Kim et al., [13] showed that the fatigue crack growth 

rates increase with the increase in test temperature: it is expected that the fatigue crack 

growth mechanism at elevated temperature would change to one similar to the common 

metallic materials, whereby crack blunting and resharpening is the dominant 

mechanism and the main reason for the increased crack growth rate at elevated 

temperature. KUEI-CHANG HSU [51], pointed out that the precipitates would become 

coarser leading to a decrease in strength and to hardness which is the main reason of the 

fatigue crack growth increase.
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7.2.5 Creep-Fatigue Effect:

Concerning the A ISI420 martensitic stainless steel properties, the creep temperature 

is 600 °C [8 6 ]. The fatigue crack growth test at this temperature gives an indication that 

creep-fatigue interaction is taking place. The cyclic softening and the strain ageing are 

very fast in this temperature range due to the microstructure deformation, which is 

clearly shown by the reduction area (necking) with small crack length on the fracture 

specimen face Fig.6.3. This is a retained austenite that significantly reduces the yield 

strength level; another potentially serious reaction can be the later martensitic 

transformation following tempering. This volume change could lead to cracking [126]. 

Foumiera et al., [47], studied the fatigue and creep-fatigue tests carried out on 9 - 

12%Cr tempered ferritic-martensitic steels at high temperature. They conclude that the 

creep-fatigue is affected by the cyclic softening because it is correlated with the 

decrease in dislocation density and with the sub-grain coarsening. Bmic et al., [8 6 ], 

performed the short-time creep tests for the same AISI 420 martensitic steel; it becomes 

apparent that the creep strains can be acceptable when the stress level does not exceed 

50% of 0.2 per cent offset yield strength. Even if the stress level at the temperature of 

600°C is under 20% of 0.2 per cent, the offset yield strength and the creep strain may 

be acceptable.
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CHAPTER EIGHT

8 - CONCLUSIONS AND FUTURE WORKS

8.1 Conclusions:

In the present study, three methods of analysis are applied to study the fatigue crack 

growth rate behaviour of the AISI 420 martensitic stainless steel under high 

temperature fatigue conditions. This research produce an experimental work under 

uniaxial stress-controlled fatigue testing at elevated temperatures providing the crack 

growth rate data, which is less data about this material available due to its high 

hardness and low toughness properties. The empirical modelling develops a solution 

based on adding the experimental fatigue applied load to the calculated thermo-elastic- 

plastic stresses depends on the mechanical properties generated under high temperature 

tensile tests, giving a good agreement with the experimental work results. Finally, the 

numerical modelling solution using ANSYS software gives a good agreement with the 

experimental work results, moreover, with the theoretical solution. The following 

conclusions are drawn from the research study:

8.1.1 Experimental Study:

The conclusions collected from the experimental work are:

1- The low cycle fatigue life observation of the tested specimens at room temperature 

shows the highest strength in the polished specimen, while the machined shows low 

strength and nearly same slope is observed to the polished, and the lowest strength 

is that of the notched specimen due to the high effect of the stress concentration. 

That is because AISI 420 martensitic stainless steel is a hard material influenced by 

the surface roughness condition.

2- The DCPD machine monitoring presented the material behaviour during the 

isothermal fatigue tests; it is described by three regions. The fast extension started
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when supplying the temperature; it is accelerated with applying the cyclic 

mechanical load, denoted by thermo-elastic region. The hardening interacted with 

graduate extension denoted by thermo-plastic region. The Final region is the 

process of crack initiation and propagation until the fracture takes place.

3- The material at room and high temperature produces an initial hardening, followed 

by slow extension until fully plastic saturation is realized; it is then followed by 

crack initiation and growth eventually reaching the failure of the specimen, 

resulting from the dynamic strain ageing occurred from the transformation of 

austenitic microstructure to martensite and also, the nucleation of precipitation in 

grain boundaries.

4- The crack growth is represented as a fast rough crack at 300 °C and 400 °C due to 

hardened phase of the material while it decreases gradually at 500 °C in a ductile 

phase due to the combined mechanical and thermal softening effects.

5- The general observation of the behaviour of the crack growth for all isothermal 

fatigue tests, except 600 °C are described as a fast fatigue crack growth at the 

beginning of cracking followed by crack growth arresting, especially at 400 °C and 

500 °C.

6- The effects of increasing temperature decrease the crack initiation period and also 

the crack length. The crack length ratio to the original diameter gives important 

information to the engineers to determine the design limitation of the components 

made from this material.

7- The stress intensity factor increases with crack growth and decreases with 

increasing temperature, as a result of decreasing the applied mechanical load. It is 

bonded between 400 °C and 600 °C, due to the hardness increase at 400 °C and the 

creep-fatigue effects at 600 °C.

8- The increment in temperature increases the fatigue crack growth rate with stress 

intensity factor and the crack growth rate at 600 °C test temperature less than 

500 °C, because the creep-fatigue takes place.

9- The relation of the strain intensity factor with the crack length is significantly 

influenced by the modulus of elasticity with the temperature and the bond between 

400 °C and 500 °C temperatures.
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10- The relation between crack growth rates against stress intensity factor shows an 

effective region limited by the lower bond at 300 °C and the upper at 500 °C. 

Where the lower is obtained by the mechanical softening and the upper by thermal 

softening.

11-The crack growth rate against stress intensity factor at 500 °C test is observed step 

down curve caused by the addition of softening under mechanical and thermal 

loading. This is observed by interaction of cracking and dislocation (necking) of the 

specimen.

12- The crack growth rate against strain intensity factor is limited between the upper 

bond at 400 °C and nearly same line for the other temperatures.

13-The creep-fatigue action is significantly noticed in 600 °C isothermal test due to the 

cyclic softening behaviour of the material caused by the microstructure deformation 

and retained austenite significantly reduce the yield strength level.

8.1.2 Theoretical Study:

The conclusions collected from the theoretical solutions are:

A-For Isothermal Fatigue Case:

1- The effects of the temperature explained by the von Mises thermal stresses 

increases with the increase in temperature. The jump of high stress at 400 °C is due 

to hardness increase in the material; it is indicated by the high modulus of elasticity 

(E). This effect superimposed by the applied mechanical cyclic stress raises the total 

combined effects.

2- The effect of the mechanical stress on the combined loading is present as the 

effective loading rather than the thermal loading.

3- The stress intensity factor calculation shows an increase in temperature which 

decreases the intensity factor due to reduction of the strength of the material, which 

is indicated by the reduction of mechanical cyclic loading and the increment of 

temperature. Except at 400 °C, the increases of both thermal and mechanical 

stresses give rise to the highest values due to the hardness increase.
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4- The strain intensity factor calculation is bonded between the upper bond at 500 °C 

and the lower at 400 °C temperature, due to the significant influence of the modulus 

of elasticity of the material at the test temperature.

5- The combination of stress and strain intensity factor theoretical calculations with 

the experimental output recorded data shows the same behaviour with increasing 

temperature, and there is a fair correlation between the profiles at the beginning 

until (0.5 mm) crack length after the divergence increases, due to the combined 

effect of cyclic softening with fast crack propagation on the behaviour of the 

material.

B-For Thermal Shock Fatigue Cases:

1- The transient influence of high temperature in the heating or cooling cases for 

hollow cylinder are taking place suddenly, giving a very high thermal shock stress 

as a heating or cooling effects, shifting up the combined stress, when applied to a 

cyclic mechanical load in a fraction of seconds; the recurrence of these shocks 

cause a fast failure under high thermal shock stress superimposed by mechanical 

loading.

8.1.3 Numerical Study:

The conclusions collected from the numerical solution are:

1- The expectation of failure position depends on the geometrical shape of the 

simulated low cyclic and isothermal fatigue models.

2- The low cyclic fatigue simulation shows very close results. These are in agreement 

with the experimental data in terms of alternative stress and life. For example, in 

100% case the estimated alternating stress is equal to (317 MPa), while the 

experimental is (302.5 MPa) which is very close and for 90% life simulation cases, 

the possibility of failure value is the same as that of the experimental output data.

3- The isothermal fatigue simulation results show the estimated equivalent von Mises 

stress and stress intensity factor are reduced with increasing temperature, except at
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500 °C. The strain intensity factor increases with increasing temperature similar to 

the theoretical solution due to the influence of the modulus of elasticity.

4- The estimated alternating stress is very close to the experiment data. While, the 

difference in life estimation with the experimental output record is related to the 

input data obtained from the mixture of theoretical physical properties, and the 

experimental stress-life data, which are generated at room temperature. Also the 

observation shows minor effects of thermal stress in the simulation on the 

equivalent von Mises stress.

5- The thermal stresses are increased with increasing the temperature.

6- The transient temperature simulation of the hollow cylinder for heating or cooling 

cases gives very close temperature distribution results to the theoretical calculations.

7- The failure that occurs in the transient cases is close to the fixed ends; this is 

because of the increased stresses in this section, rather than the free moving ends. 

Also, similar results are noted between the two cases; this is related to the 600 °C 

temperature but the difference is in the timing of the effects.

8,2 Future Works:

Recommendations are made while drawing the conclusion of the three-way 

solutions for the present study; they can be further elaborated and scrutinized. The 

following recommendations are made for each of the three solutions.

A- The Experimental Solution Recommendations:

1- The generation of the S-N curve under different temperature levels for the 

material will be very useful for the model behaviour and assessment.

2- Creep has been discovered in this research at 600 °C with stress range equal to 

0.2% yield stress. The search for the minimum load level causing the creep or 

creep fatigue of the material is a very important indication for the design 

limitation of designing engineering.
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3- One of the effective factors influences the fatigue crack growth at elevated 

temperature studies. Further studies are required to investigate the effects of 

oxidation on fatigue crack closure.

4- The manufacturing of the designed thermo-mechanical system is developed in 

Chapter Three to set a thermal shock testing and thermo-mechanical in and out 

phase testing by conducting a hollow cylinder specimen.

B- The Empirical Solution Recommendations:

1- The linear integral accumulation technique is used for solving the empirical 

solution results. The usage of a finite element or difference for solving could 

improve the results.

2- The temperature is assumed to be one directional effect in this solution. The use 

of two directional effects can provide more reliable information.

C- The Numerical Solution Recommendations:

1- The employment of the S-N curve data at the selected temperature with 

different applied mechanical loads will produce a good assessment.

2- The importance of the use of a finite element simulation is to optimize the 

geometrical design by utilizing the collected material properties data of the 

experimental testing. The simulation of a real model with more complicated 

geometry; for example, turbine blade under isothermal fatigue by using the 

material testing data is also recommended.
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APPENDIX A

MATLAP modified program for data reduction by using seven point incremental 

polynomial techniques.

The input data are:

N- Number of cycles read from DCPD machine, 

a- Crack length read from DCPD machine, 

m- Number of data read.

Pmax- Peak cyclic applied load 

Pmin- Trough cyclic applied load

clear all
N , ] ;
a= [---,---] ;
m=8; 
n=3; 
r=3

E=193.36e3
Pmax=600
Pmin=60

delP=Pmax-Pmin 
Rratio=Pmin/Pmax

for i=l:n 
Nol=i 
Cycle=N(i) 
aMeas=a(i)

end

p=0

for i=l:(m-2*n) 
i

1=0
p=p+l
pl=p+6

for j=p:pl 
1=1  + 1
a a (I)= a (j)
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nn(I )=N(j )
end

Cl=0.5*(nn(1)+nn(7)) 
C2=0.5*(nn(7)-nn(1))

SX=0
SX2=0
SX3=0
SX4=0

SY=0
SYX=0
SYX2=0

for k=l:7 
k
X=(nn(k)-Cl)/C2 

Y=aa(k)

SX=SX+X 
SX2=SX2+(X.A2 )
SX3=SX3+(X.A3)
SX4=SX4+(X.A4)

SY=SY+Y 
SYX=SYX+(Y*X)
SYX2=SYX2+(Y*X.A2)

end
Terml=((SX2*SX4)-(SX3)A2) 
Term2=((SX*SX4)- (SX2*SX3)) 
Term3=((SX*SX3)- (SX2)A2)

Term4=((SYX*SX4)-(SYX2*SX3)) 
Term5=((SYX*SX3)-(SYX2*SX2))

Term6=((SYX*SX4)-(SYX2*SX3)) 
Term7=((SX*SYX2)- (SX2*SYX))

Term8=((SX2*SYX2)- (SX3*SYX)) 
Term9=((SX*SYX2)-(SX2*SYX))

D=7*Terml-SX*Term2+SX2*Term3
B0=SY*Terml-SX*T.erm4+SX2*Term5
Bl=7*Term6-SY*Term2+SX2*Term7
B2=7*Term8-SX*Term9+SY*Term3

bO=BO/D
bl=Bl/D
b2=B2/D

Ymean=SY/7
rss=0
tss=0

for k=l:7 
k
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X=(nn(k)-Cl)/C2 
YReg=bO+bl*X+b2*X.A2

rss=rss+(aa(k)-YReg)A2 
tss=tss+(aa(k)-Ymean)A2

end
r2=l-rss/tss

dadN(i+n)=(bl/C2)+ (2*b2*(nn(4)-Cl)/C2A2 )

X=(nn(4)-Cl)/C2

ar=bO+bl*X+b2*XA2

c=ar/r

Fc=(l.122-1.302*c+0.988*cA2-0.308*cA3)/ (1-c)A1.5 

j=i+n

delK(j)=delP*Fc*(pi*ar)

delKE(j)=delK(j)/E

dadN=dadN(j) 
deltK=delK(j) 
delKE=delKE(j)
MCC=r2 
aReg=ar 
aMeas=a(j)
Cycles=N(j)
No=j

end

for i=m-n+l:m 

No3=i

EndCycles=N(i )

Endameasure=a(i)
end

The output data are:

dadN- The crack growth rate.

deltK- The stress intensity factor range.

delKE- The strain intensity factor range.

aReg- The regression crack length (measured crack).

Cycles- Number of cycles at the crack length.
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APPENDIX B

The Bessel functions are defined by the equations:

t f i  ' v+2iv-'1 C“ (2 z)
7vO) =  ^  i! f ( v  +  i +  1)

„  , v Jv (z) cos v n -  ]_v{z)
W )  = ------------- :------------------sm v7T

Isothermal Temperature Distribution for Solid Cylinder Case:

The details of stresses integrating are given below:

J  r n+1. Jn(Atr)dr  =  j  , r n+1 J n+1U jr)

So, at n = 0.

f r 1r  .Jo (Afr )  d r =  — r j ^ r )
J  0

And at the outer radius of the solid cylinder, r = b, n= 0;

I  rj°(r!)dr=?rA(r!)
Where; (  =  A,, b
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Thermal Shock Temperature Distribution for Hollow Cylinder Case:

In the temperature distribution through the hollw cylinder wall for the two cases 

in equations (4.3) and (4.6), the constant are given as follows:

I-Heating Case:

A t =  Ta

t h ( b  TahQ> A;) -
A3i =  —n e DXi t .----------- 7-------------------------- r--------

h  {Jo^aAO-h^bAO)

II-Down shock cooling Case:

B, = Th

aH
Bz — r~ ( Ta — Tair )

. ;0( b * d - { 4 -  (-Ta - Tair) . U b  Ai) -  Aj Tfc/iCa A;)]
B3i = n e - 0 ^ .  --------- ^ ^ ^ ------------ i

Ai ( j i 2(.al.i) - J o 2(.bXi))

H =  5.5 x  10_5.u a8 .d -02

where:

u - is the flow velocity of forced air. 

d- pipe diameter.

The details of stresses integrating are given below:
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(B.8)

(B.9)

(B. 10) 

(B. 11)

(B. 12) 

(B. 13)



Where; C is represented to the constants A2, B2 in the case studies.

u
I  r. U0(r Af) dr = -

d U0(rAi)

r.

d r

d U0(r A;)
d r

d i/0(rAi)
d r

For the Heating Case:

U0 (rXj) =  ; 0 (r A,). K0 (a Af) -  Y0 (r A,).;0 (aAf)

r.
d U0(r Aj)

d r
=  A,.i> { A {bXi).Y0(aXi) -  Y^bXd-JodaXi)}

r=b

d U0(rAi)
d r

=  Xi. a { J 1 (aXi).Y0(a i ) -  Y ^ a X O J o W }  = ~~

(B. 16)

(B. 17)

(B .18)

(B .19)



r b 2
J r. U0(r Ai) dr = -  .{ Y^b XOMaXO ~ h  (fc A^CaA*)} -  (5. 20)

and;

r

I  r. U0(r A) dr =  AO A)JoOA) -  A (r A). A>0 A)} -  (B. 21)

For the down shock cooling Case:

Uo(r A*) = Jo (r A*). ̂ (a  A*) -  Y0(r W-JifaW (5. 22)

r.
d Uoirl i j

d r = Xi.b{ A O A,). A (a A) -  A (6 A)-AOA)}
r=b

(5.23)

tv
d tfoOA*)

= A- a { A O A), n o  A) -  n o  A)-AOA)} = 0 (B. 24)
r=a

r.
d U0(r A)

d r = A,, r { A (r Af). ^ (a  A*) -  *i(r A,).A(aA*)} (5.25)
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