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S Abstract

O We investigate the phase space of topological black holgisak ofsu(N) Einstein-Yang-Mills theory in anti-de Sitter space with
(\l .a purely magnetic gauge potential. The gauge field is desttigN — 1 magnetic gauge field functioas, j=1,...,N—-1. For

— su(2) gauge group, the functiam has no zeros. This is no longer the case when we considerea agge group. The phase space
(0 -of topological black holes is considerably simpler thantfa corresponding spherically symmetric black holes, bubf> 2 and

r—) 'aflat event horizon, there exist solutions where at leasbbtteew; functions has one or more zeros. For most of the solutiohs, al
N thew; functions have no zeros, and at least some of these arelyirstaiple.

Keywords: Topological black holes, Einstein-Yang-Mills theory
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ol Introduction
e

independent functions, so these stable black holes hava-an u
limited amount of gauge field “hair”.

Many properties of black holes in asymptotically anti-de Si. A natural question is whether there exist analogues of the

C;J ter (adS) space-time are ratheffdient from those of black purely magnetic, spherically symmetric black holessirfN)

|7 holes in asymptotically flat space-time. For example, &tati gy 'in ads with nonspherical event horizon topology. Re-

L) &ry vacuum black holes in four-dimensional asymptoticBdly  cently this question was answered in thiéreative [24], in

O Space-time must have spherical event horizon topolog¥l[1, 2 regimes: (a) for a negative cosmological constant wifh s

<t b‘_Jth'n ;‘]our-dlmeﬂsu_)nal ads Ispgce-tw_ne, VaC‘;“m blacgé‘meﬁciently large magnitude and (b) in a neighbourhood of an em-
‘1VJ'[]) other event horizon topologies exist (see, for exants beddedsu(2) solution. Furthermore, the proof of the existence

=112]). . . X
— ) . . _ of stable spherically symmetréay(N) EYM black holes in adS
— Many properties of black holes with nontrivial matter field [23] can be extended to these topologisa{N) EYM black

LO hair in asymptotically adS space-time alsdteli from the
properties of their asymptotically flat counterparts. sir(2)
- «Einstein-Yang-Mills (EYM) theory, spherically symmetric
~— asymptotically flat “coloured” black holes [13] are uns&abh-
der linear, spherically symmetric, perturbations [14]. cbm-
“— ftrast, there exist stable, spherically symmetric, asytigaly
adS, black hole solutions efi(2) EYM with a negative cosmo-
logical constant [15-17]. Analogues of these sphericalips
metric, asymptotically adS black holes with nonspherigahs
horizon topology also exist when the gauge group®) [18].
Furthermore, these topological EYM black holes are linearl
stable|[18].

holes, showing that at least some purely magnetic topabgic
black holes, in the intersection of the regimes (a) and (byab
are linearly stable [25].

The analytic work in[[24] 25] proves thexistenceof sta-
ble topological black holes isu(N) EYM in adS, but does not
tell us about the nature of the phase space of topologicekbla
hole solutions. In the spherically symmetric case, the @has
space of purely magnetic black hole solutionssefN) EYM
in adS has a very rich structute [26]. In this letter we explor
the phase space of numerical topological black hole saistio
of su(N) EYM in adS, drawing comparisons with the spheri-
s ) ) ) cally symmetric solution space studied inl[26]. We begin in
Since the discovery of stable black holessif(2) EYM in section 2 with a review of the salient featuressa{N) EYM

ads, black hole 59'““0”5 V\_’ith the largar(N) gauge group i, 443 pefore presenting our numerical results in se€liomd3 a
have been extensively studied (see |19, 20] for reviews). FOsur conclusions in sectidn 4.

all N, there exist stable, spherically symmetric, purely mag-
netic, asymptotically adS black holes[21+-23]. FafN) gauge

group, the purely magnetic gauge field is described\by 1
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2. su(N) Einstein-Yang-Millstheory in adS

We consider Einstein-Yang-Mills (EYM) theory in four
space-time dimensions, having the action:

January 8, 2016
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S= % fd“x V=G|R=2A = TrFysF |, (1)

whereR is the Ricci scalar and < 0 the cosmological con-
Here and throughout this paper we use units in which

stant.

immediately above the diagonal. These nonzero entriesean b
written in terms ofN — 1 functions ofr only:

Cijm=wi(r), j=1...,N-1 (9)

87G = c = 1. We also set the gauge coupling constant equal td he matrixD is constant and diagonal:

unity. The nonabelian gauge field strengih is given in terms

of the gauge field potenti#l, as follows:
Fuv = 0uA, = 0uA + [A A )

Varying the action[{ll) gives the EYM field equations:

T(yﬁ B
0, 3)

1
Raﬁ - ERgYﬁ + Ag(yﬁ =
VaF s + | Au, F%]

where the stress-energy tensor of the Yang-Mills field is:

1
Top = TrFo,FYs - 21g(,ﬁTr F.F, (4)

with Tr denoting a Lie algebra trace.
In this letter we are interested in asymptotically anti-itees

(adS) topological black holes. The metric ansatz we employG = Z‘”

takes the form:

ds’ = —u(r)S(r)? df? + [u(r)] ™ dr? + 12 (de? + 12(0) dg?), (5)

where the metric functiong(r) andS(r) depend on the radial

co-ordinater only. The metric functionu(r) can be written in
an alternative form in terms of a new functior):

ane A ©

In (8,[8), the constark can take the valug4, 0, —1}. The form
of the functionfy depends ot as follows:

sing, k=1,
k(@) =1 0, k=0, @)
sinhg, k

p(r) = k-

D=DiagiN-1,N-3,...,-N+3 -N+1}. (10)

The ansatz[{8) reduces in the cdse- 1 to that in [27] for
a purely magnetic spherically-symmetsigN) gauge field po-
tential. Forsu(2) EYM, it is the ansatz used in [18] for topolog-
ical black holes. The general forfd (8) was derived.in [24]e Th
su(N) gauge potentia[{8) is therefore described by the 1
magnetic field functions;(r), j=1,...,N-1.

With the form of the gauge potential (8) and the metric ansatz
(@,[8), the field equationg](3) simplify to the following Efaim
equations [24]:

m =#G+r2pk, = = (11)
with
N-1

1 N
). k—4—;w—w L —k(N+1- 21)]

12)
andN — 1 coupled Yang-Mills equations
2Ar3
0= rzluw'j' + (Zm— 2r3pk - T)w; + kajwj, (13)
where 1
wk,,-zk—wjhz( Wi g+ 0fy). (14)

As in thek = 1 case, the equationh {[11) for the metric variable
S(r) decouples from the remaining equations. Furthermore, the
field equations[{11,-13) are invariant under the transfoionat
wj — —wj for eachj independently, and also under> N — |
for all j.

We are interested in topological black holes with a regular
event horizon at = ry,, whereu(ry) = 0 andw/(r) > 0. We
assume that the field variablewr), S(r) andw;(r) have regular

Whenk = 1, the metric[(b) is spherically symmetric, with the Taylor series expansions in a neighbourhood ef ry, of the
t = constantr = constant hypersurfaces being two-spheresform

Fork = 0, thet = constantr = constant hypersurfaces are two-
dimensional Euclidean spaces, whilekot —1 these hypersur-
faces have constant negative curvature (see [3—12] fandurt

details).
An appropriate ansatz for a purely magneti¢N) Yang-

Mills gauge field potential on the space-time with metfit (5) The conditioru(r) = O fixesm(ry,) to be

is [18,124] 27]

A, dx’ = %(C—CH)da

pd fk (9)

'2 (C+CH)f®) + D

]d¢ ®)

whereC andD areN x N matrices. The matri€ has hermitian

m(r) = m(rp) +m(rn) (F — rp) + O(r — rn)?,
S(r) = S(rn) +S'(r) (r = rn) + O(r —rp)?,
wi(r) = wjlm) +wi(m) (r—m)+O(r—r)?.  (15)
Arg
m(ry) = (k— ?] (16)

The parameterS(r,) andwj(r) area priori arbitrary; the value
of S(ry) will be fixed by the boundary conditions at infinity.
From the field equation§ (L, 113) the valuesn®{rn), w/(rn)
andS’(ry) are fixed in terms offy, A and the values of the mag-

conjugateCt and is upper-triangular, with nonzero entries only netic gauge field functions on the horizan(rn) [24]. For a



regular event horizon at = r,, we requirew’(rn) > 0 and this  the values ofv; for which there is a regular event horizon, so
implies that that [I7) holds. In each plot, we show the region of the param-
1 eter space for which there are nontrivial topological blaole
M (rn) = r2p(rn) < > (k - Arﬁ), (17)  solutions and label these solutions by the quantitiesvith n;
being the number of zeros of the magnetic gauge field function
which places a (weak) constraint on the values of the magnetiw;. We review the numerical solutions fen(2) gauge group
gauge field functions on the horizes(r,). For thek = -1  [18] before discussing our new solutions fm(3) gauge group.
case, the relatiof (17) implies the existence of a minimulweva

of |A| for fixed ry: 3.1. su(2) topological black holes
Topological black hole solutions of they2) EYM field
IA| > 12(1+ N(N;)Z(NJ“D] (18)  equations[(T1[13) were first found in_[18]. In this case the
' 6r YM field is described by a single gauge field function(r).

In figure[1 we plot the phase space of solutionskier 0 and

Asr — oo, the field variables have the following expansmnsk _ _1in plots (a) and (b) respectively, with = 1 and varying

24]:
[24] cosmological constart. The black holes are parameterized by
mr) = M+0O(r?), S(r)=1+0(™h), A andv; = wy(ry), the value of the single magnetic gauge field
wi(r) = wje+0r™), (19) functiononthe horizon. Infigure 1 we show the space of the pa-

rameters 4, v;) satisfying the conditiori.(17) for a regular black
whereM and wj are arbitrary constants. The value of the hole event horizon at = ry,. This is the region underneath the
metric functionS(rn) on the horizon is fixed by the requirement gotted curves. For some values of the parameters:j such
thatS(r) — 1 asr — co. The local existence of solutions of the that [17) is satisfied, the numerical solution of the fieldaqu
field equationsi(111, 13) satisfying the boundary conditi  tions [11[IB) becomes singular at some co. Such points are
[19) is proven ini[24]. contained in the region labelled “no solution”, bounded gy t

The field equation§ (AL 113) possess a trivial solution whlen agotted and solid curves.

the magnetic gauge field functions are set to vanish iddhtica  Nontrivial topological black holes exist in the regionsdel
wj(r) = 0. In this case5(r) = 1 and the other metric function the solid curves in the plots in figure 1. The lime= 0 corre-

takes the form sponds to the trivial embedded Reissner-Nordstrom-aa&kbl
oM Q@ Ar? hole with mggnetic charge given Hy {21). As s_howr\ in [18],_ for

Hr)=k-——+"5 - — (20)  all the solutions for botlk = 0 andk = —1 the single magnetic

] ) ) . gauge field functiomw(r) has no zeros, sm = 0.
whereM is an arbitrary constant and the magnetic ch&pgs Fork = 0, we find nontrivial solutions for all values af

given by 5 with r,, = 1, but for|A| smaller than 16® the range of values of
QP = k—N (N+1)(N-1). (1) W for_vyhich there are solutions is very small, as in thig case th

6 condition [IT) reduces t& < —Arp. In accordance with this

Fork = 0, we haveQ = 0 and the solution is the embedded inequality, agA| increases, we find an increasingly large range
Schwarzschild-adS black hole with planar event horizowkop of v; for which nontrivial black hole solutions exist.

ogy. Fork = -1, the magnetic charg® > 0 and we have Fork = —1 andry = 1, the minimum value ofA| for which
an embedded (magnetically-charged) Reissner-Nordsa@® there is a regular event horizon, given byl(18), reducgs|te
black hole with constant negative curvature horizon. 2. Asin thek = 0 case, a$\| increases fok = -1, we find an

increasing range of values gf for which there are nontrivial
black hole solutions.

The phase spaces in figlde 1 for 0 andk = —1 are much

We now integrate the field equatiodis {1I] 13) numericallysimpler than the corresponding phase space of spherigafly s
We begin our integration close to the event horizoar,, us-  metric k = 1) black holes (see, for example, [26]). In the 1
ing the expansion of the field variabl€s15) as initial ctinds. ~ case, for fixedy, and stficiently large|A|, all the black holes
We then integrate for increasinguntil either the solution ap- are such that1(r) has no zeros. However, g§ decreases)y
proaches the boundary conditiofs](19) to within a suitatile t increases (for example, withh| = 104, there arek = 1 black
erance or the solution becomes singular. The field equatiortsoles withw;(r) having up to four zeros [26]). Ag\| — 0, the
(I1,[13) are invariant under the transformatiofir) —» —w;(r)  phase space d&f = 1 black holes fragments and reduces to the
for each j independently, so without loss of generality we asymptotically flat “coloured” black holes [13]. K 1, there
may restrict our attention to values of the parameters duah t is no asymptotically flat limit. Fok = —1 the phase space of
wj(rn) > 0 for all j. topological black holes simply ends whex| < 2, while for

In this section we plot the phase spaces of topological black = 0 the phase space shrinks to zero sizRA@s-> 0.
hole solutions of the field equations, fiximg = 1, so that all In [18] it is shown that all thé&k = O topological black hole
length scales are in units of the event horizon radius, and co solutions shown in figurig] 1 are stable under linear, sphigrica
sidering varioug\. The plots show the spaces of initial parame-symmetric perturbations. Fde = -1, solutions for which
tersv; = wj(rn) which determine the solutions, and we explorew; . > 1 in (I9) are shown to be stable [18].

3

3. Topological black hole solutions
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Figure 1: Phase space of topological black hole solutions@) EYM for (a) k = 0, (b) k = —1. In both plots we have fixed the event horizon radius tonbe 1
and variedA|. Black hole solutions exist in the regions below the solidves. For parameter values above the solid curves thereoaselutions. The region
bounded by dashed and solid curves denotes that regionarhpser space where the conditibnl(17) for a regular eveitdroholds, but we did not find a suitable
numerical solution. All topological black hole solutionga&uch thatv(r) has no zeros so thag = 0.

3.2. su(3) topological black holes zeros i1, np) of the magnetic gauge field functioas(r), w2(r)
All the su(2) solutions shown in figufd 1 can be embedded aéeSDeCt'erly' )
solutions ofsu(N) EYM theory for anyN [24]. Setting From figure§ [ 13, the region of parameter space where we
have nontrivial topological black hole solutions expansis\a
wi®) = VT(N= w(r). 292 increases, both in absolute size and in its size relativéaeo t
i) ¢ Detr) (22) size of the region of parameter space for whicH (17) holds. Fo
and defining rescaled quantitiest, A as follows: bothk = 0 andk = -1, embeddedu(2) topological black
hole solutions lie on the ling; = v,. From [22) and the dis-
f= N*%r, = N*%m, A = NA, (23)  cussion in sectioh 3.1, for these embedded solutions the two
magnetic gauge field functions are equal and have no zeros so
where n; = 0 = np. Since the field equations(11,113) are invari-
N = }N (N - 1) (N + 1) (24) ant under the transformation — N — |, the phase space of
6 ' su(3) black holes is symmetric about the ling = vo. The

it is found thatw andrf, considered as functions nfsatisfy the ~ point wherev; = 0 = v, gives_ the trivial_embedded Reissner-
su(2) EYM field equationd {11, 13) with cosmological constantNordstrom-adsS black hole with magnetic cha@e: 2k (21).

A [24]. In [24] it is proven that there exist nontrivial (tha, i For k = 0, the condition[{17) makes no constraints on the
nonembeddedju(N) topological black holes in a neighbour- magnitude of the cosmological constanand we find nontriv-
hood of these embedded(2) black holes. ial topological black holes for all values @f examined. For

In figure$2 anfll3 we plot the phase space§B) topological eachA we find a region of nontrivial topological black hole so-
black holes fok = 0 andk = —1 respectively. In each case we lutions for which both gauge field functions andw, have no
fix r, = 1. The black holes are now parameterizedvpy= zeros, whose existence was proveriin [24] fdfisiently large
w1(rh), Vo = wo(rp) andA. We fix a few selected values of  |Al. This region contains the embeddad2) solutions. For
for bothk = 0 andk = —1 and plot the phase space in, () larger values ofA|, all nontrivial solutions found are such that
in each case. As in thau(2) case, we scan over those values ofbothw; andw, have no zeros.
(v1, v2) for which the condition[(17) is satisfied. However, for smaller values ¢A| we find nontrivial topo-

In each plot in figurel]2 arid 3, the conditignl(17) for a regu-ogical black hole solutions for which at least one®gf w; has
lar event horizon is satisfied by parameter values in theoregi zeros. The corresponding regions of parameter space lie be-
enclosed by the axes and the dotted curve. It can be seen hdween the nodeless = 0 = n; regions (which contain all the
the size of this region expands [&g increases, in accordance embeddedu(2) solutions) and the “no solution” region. When
with (I7). For some values of the parameters such fhat (17h = -1 we find solutions withn; = 0, n; = 1 andn; = 1,
holds, we are unable to find a suitable numerical solutiod, ann, = 0 in very small regions exterior to the = 0 = n, region.
these values of the parameters are in the region labelled “n®he size of the regions of parameter space containing 1,
solution” between the dotted and solid curves. We find nentri n, = 0 orn; = 0, n, = 1 solutions increases #%s| decreases, as
ial topological black hole solutions for values of the paesens  a proportion of the total size of the region of parameter spac
(v1, v2) in the regions bounded by solid curves and the axes. Th#or which there are nontrivial solutions. For = —0.01 we
regions with solutions are labelled according to the nunaber also find numerical solutions withy = 2, n, = 0 andn; = 0,

4
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Figure 2: Phase space of topological black hole solutionsi&) EYM for k = 0. We have fixed the event horizon radius torRe= 1 andA to have the values
(a) -0.01, (b)-0.1, (c) -1 and (d)-7. Black hole solutions exist in the region bounded by thesa the solid curves. For parameter values outside the soli

curves there are no solutions. The region bounded by dasttedddid curves denotes that region of parameter space wihe@ndition[(I]) for a regular event
horizon holds, but we did not find a suitable numerical solutiRegions where there are nontrivial topological blacle Isolutions are labelled according to the

number of zerosy, np of the magnetic gauge field functions, w; respectively.

n, = 2, but the relevant regions of parameter space are too smalpace seen when= 1 [26]. This is because fd¢ = 0 there is
to be seen in figuilg 2(a). They lie just outside the regiong&he no solution in theA| — 0 limit; instead the phase space simply
shrinks in size ap\| decreases.

there is a regular event horizon|is| = 5. Unlike the situation

n=1n=0o0rn=0,n, = 1.
The overall shape of the region of parameter space for which Fork = -1, withr, = 1, the minimum value ofA| for which

there are nontrivial solutions with= 0 also changes a4]| in- _ :
creases: for small\| we see a cusp-like shape at the maximumfor k = 0, fork = —1 all the topological black hole solutions
values ofv; andv in this region, but this smooths out for larger that we find numerically are such that both magnetic gauge: fiel
values of|A|. This qualitative feature is also seen the= 1  functions have no zeros, 89 = 0 = ny. Fur_thermore, the shap_e_
spherically symmetric black holes discussed. in [26]. of th(_e region of parameter space for which there are noatrivi

The phase space shown in figliie 2 is much simpler than thg!utions does not vary much @ increases.

4. Discussion
In this letter we have constructed numerical solutions of

thesu(N) Einstein-Yang-Mills (EYM) equations in anti-de Sit-

ter (adS) space-time representing purely magnetic topolog
These solutions generalize the numerical

for spherically symmetric solutions witk = 1 [26]. When
k = 0 there are nodeless solutions for any valug\¢fno mat-

ter how small (in a neighbourhood of the embedsi#@) solu-
tions), whereas whei= 1 and/A| = 10~* there are no nodeless
solutions|[25]. For a fixedA|, we also find a smaller range of
values ofn; andn; whenk = 0 compared wittkk = 1. For
example, with|]A] = 0.1, whenk = 0 we find the following
combinations oftf;, ny): (0, 0), (1,0) and (Q1), but withk = 1
there are also the combinations 1}, (2 0), (2 1), (2 2), (1 2)
and (Q2) [26]. As|A| decreases towards zero, in the 0 case
presented here we do not see the fragmentation of the phagen topology) and = —1 (when the event horizon is a surface

cal black holes.
spherically-symmetric black holes and solitons discussee-
tail in [2€6]. We have explored the phase space of solutions fo
su(2) andsu(3) gauge groups, for both= 0 (planar event hori-

5
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Figure 3: Phase space of topological black hole solutiors:(¥) EYM for k = —1. We have fixed the event horizon radius torhe= 1 andA to have the values
(a) -5.1, (b) -7, (c) —10 and (d)-20. Black hole solutions exist in the region bounded by thesaand the solid curves. For parameter values outside thie sol
curves there are no solutions. The region bounded by dastiedadid curves denotes that region of parameter space wteondition[(II) for a regular event
horizon holds, but we did not find a suitable numerical sohutiRegions where there are nontrivial topological blacle Isolutions are labelled according to the
number of zerosy, np of the magnetic gauge field functions, w» respectively. For all solutions found we have= 0 = n,.

of constant negative curvature). holographic superconductor models the gauge field is dyonic

In thesu(2) case, the (single) magnetic gauge field functionwith nonzero electric and magnetic parts. The magnetic part
has no zeros for all topological black holes with bkth 0 and  Of the su(2) gauge field forms a nontrivial condensate outside
k = -1 [18]. ForN > 2, the existence of topological black the event horizon and vanishesras> oo [2G,130]. A natural
holes for which all the magnetic gauge field functions have ndluestion is whether enlarging the gauge groupu(®) yields
zeros is proven in[24]. These solutions are of particutargst ~ Solutions which also model holographic superconductoes. R
because at least some of them have been proven to be stalRntly the existence of dyonic topological black holesui(N)
under linear perturbations of the metric and gauge field.[25] EYM in adS was proverl [31], but in that paper the solutions
the su(3) case, all the numerical solutions we find fo= —1  shown to exist are such that all the gauge field functions have
have nodeless magnetic gauge field functions, but this iweot N0 zeros (including at infinity), which are not relevant foidr
case fork = 0. Whenk = 0, as well as the nodeless solutions graphic superconductors. A numerical study of the solstifn
whose existence was proven in[[24], we also find topologicathe field equations for a dyonic gauge field, extending thekwor
black holes for which at least one of the gauge field functiondn this letter, is therefore needed. We leave an investigaif
has one or more zeros. this for future work.

Topological black holes with Ricci-flak(= 0) event hori-
zons have attracted a great deal of attention recently aglsod
of holographic superconductors (see, for example, [28]afor Acknowledgments
recent review). In particulagu(2) EYM black holes in adS
with k = 0 have been studied as gravitational analogues of The work of E.W. is supported by the Lancaster-Manchester-
p-wave superconductors [29]. Unlike the situation in this pa Shefield Consortium for Fundamental Physics under STFC
per (where we consider only purely magnetic gauge fields), igrant SJL0O0052Q1.
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